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SOME STABILITY PROPERTIES
FOR MINIMAL SOLUTIONS OF —Au = Ag(u)

THIERRY CAZENAVE, MIGUEL ESCOBEDO and M. ASSUNTA P0zIO

Presented by J.P. Dias

Abstract: We study the stability of the branch of minimal solutions (uy)o<x<x+ of
—Au = A g(u) for anonlinearity g which is neither concave nor convex. We show that it is
related to the regularity of the map A — w). We then show that in dimensions N = 1 and
N = 2, discontinuities in the branch of minimal solutions can be produced by arbitrarilly
small perturbations of the nonlinearity g. In dimensions N > 3 the perturbation has to

be large enough. We also study in detail a specific one-dimensional example.

1 — Introduction

Let © ¢ RY be a bounded, smooth domain. Consider a C!, positive, increas-
ing function g: [0,00) — (0,00). It is well-known that there exists A* € (0, oo
such that for 0 < A < A* there is a minimal solution of

—Au=Ag(u) in Q,
1) g(u)
u =0 in 002,

and for A > A* there is no solution (we consider only positive, smooth solutions).
The branch (u))o<a<a+ is increasing. (See e.g. Amann [1], Theorem 21.1.) More-
over, A1 (—A —Ag'(uy)) > 0 for all 0 < A < A*. (Indeed, if A\;(—A —Ag'(uy)) < 0,
and if o1 is a corresponding positive eigenvector, then uy — e 1 is a supersolution
for € > 0 sufficiently small. Since 0 is a subsolution, there exists a solution below
the minimal one, which is absurd.)
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It is also well-known that if g is convex, or if it is concave, then the minimal
branch is stable in the sense that Aj(—A — Ag/(uy)) > 0 for all 0 < XA < A*.
We sketch the proof for completeness. Assume by contradiction that Aj(—A —
Mg (uy)) = 0 and fix p € (0, \*). We have

(1.2) — Ap1 = Mg (ur) 1,
(1.3) —Auy = Ag(uy) ,
(1.4) — Auy, = pg(uy) -

Multiply (1.2) by uy, (1.3) by ¢1 and make the difference. Next, multiply (1.2)
by wu,, (1.4) by ¢1 and make the difference. Forming the difference of the two
relations thereby obtained, we see that

(15) [ ()~ g(u) — s~ ) g ) o1 = 252 [ gl

If g is convex, the left-hand side of (1.5) is nonnegative and we get a contradiction
by choosing p > A; if g is concave, the left-hand side of (1.5) is nonpositive and
we get a contradiction by choosing p < A.

The property A1(—A — Ag’(uy)) > 0 implies in particular that the solutions
(u))o<x<x+ on the minimal branch are also stable for the evolution problem

ug—Au=Ag(u) for t>0, z€Q,
(1.6)

u(x,t) =0 for t >0, x € 090,

in the following sense: for every 0 < A < A*, there exists € > 0 such that if
@ € L>®(Q) satisfies 0 < ¢ < uy + ¢, then the unique positive solution of (1.6)
with the initial condition «(0) = ¢ is global and satisfies u(t) — uy as t — oc.

We are interested in investigating under what conditions on the nonlinearity
g, the stability property A1(—A — A\g’(uy)) > 0 holds or fails along the minimal
branch of solutions of (1.1).

Our first result is a general criteria, established in Section 2. It says that the
property A1(—A — Ag'(uy)) > 0 is equivalent to the property that the mapping
X\ — uy is C'. More precisely, we have the following result.

Theorem 1.1. Let g be a C2, positive, increasing function [0, 00) — (0, 00)
and let (uy)o<x<x+ be the maximal branch of minimal, positive solutions of (1.1).
Given X\ € (0,\*), the following properties are equivalent.

(1) A(=A = Ag'(ur)) > 0.
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(ii) The mapping p — u, is C* from a neighborhood of A to L>(2).

(iii) / luy — upl? do(z) do = o(|A — p|), as p — A, where dgq is the distance
Q
to OS.

Our second observation is that it is quite easy to introduce discontinuities in
the branch of minimal solutions by modifying the nonlinearity g. The following
results are established in Section 3.

Theorem 1.2. Suppose N =1 or N =2. Let g be a C!, positive, increasing
function [0,00) — (0,00) and let (uy)o<x<r+ be the maximal branch of minimal,
positive solutions of (1.1). Let A € (0,\*) and set M = ||uy||z. Given ¢ > 0,
there exists a C!, increasing function g : [0,00) — (0,00), with the following
properties.

(i) The branch of minimal solutions uy of (1.1) associated with g is defined
on the maximal interval (0, \*) with A* > )\, and ) = uy for 0 < X\ < \.

(ii) g — g is supported in [M, M + €| and ||g — |1~ < €.
(iii) The map X\ — uy has a discontinuity in [\, A + €].
Theorem 1.3. Suppose N > 3. Let g, A and M be as in Theorem 1.2.

Suppose further that g(u) — oo as u — oo. Given € > 0, there exists a C*,
increasing function g: [0,00) — (0, 00), with the following properties.

(i) The branch of minimal solutions ) of (1.1) associated with g is defined
on the maximal interval (0, \*) with \* > A\, and uy = uy for 0 < XA < \.

(ii) g — g is compactly supported in [M, o).
(iiii) The map X\ — wy has a discontinuity in [\, A + ].
We observe that in Theorem 1.2 (i.e. if N < 2), the perturbation of g can be

arbitrarily small, while in Theorem 1.3 the perturbation may be large. This is
motivated by the following examples.

A one-dimensional example. Consider the equation

{— " =Xg(u) in (0,1),

1.7
7) u(0) =u(l)=0.

In the elementary case g(u) = a > 0, the equation (1.7) has the unique nonnega-
tive solution uy(x) = Aaxz(l — x)/2 for every A > 0.
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Given 0 < a < b and a > 0, let now g be defined by

a if 0<u<a,
(1.8) g(u) = ,
b if u>a.

Even though the nonlinearity g is not continuous, it displays some interesting
properties. One can calculate all solutions of (1.7). They may be of two types:
those for which maxu < «, and those for which maxu > «. The first ones are
obtained by solving the equation —u” = X\ a and requiring maxu < «. They exist
if and only if A < 8a/a and they are given by u(x) = Aaz(l — x)/2. The
second ones exist whenever there exists 0 < z < 1/2 such that the C! function
u satisfies w(0) = u(1l) = 0, —u” = Aa on (0,2) U (1 —z,1) and —u” = X\b on
(z,1 —z). It is not difficult to see that this amounts in finding z € (0,1/2) such
that (2b—a) 22 —bz+2a/\ = 0. Therefore, we can draw the following conclusions.
If 0 < A < 8(2b — a)/b?, then there is one positive solution of (1.7), which is of
the first type. If A = 8a(2b—a)/b?, then there are two positive solutions of (1.7),
one of the first type and one of the second type. If 8a(2b—a)/b? < A < 8a/a,
then there are three positive solutions of (1.7), one of the first type and two of the
second type. If A =8a/a, then there are two positive solutions of (1.7), one of
the first type and one of the second type. If A > 8a/a, then there is one positive
solution of (1.7), of the second type. In other words, the branch of solutions
is S-shaped. It is easy to verify that, whenever there are multiple solutions,
they are ordered. Moreover, there is a discontinuity of the branch of minimal
solutions at A = 8a/a. Indeed, at that particular value of A the minimal solution
is u(x) = 4dax(1 — x), while the second one is

4ax<2b2—2ab+a2_x> for 0cme O
() a(2b — a) 2(2b —a) ’
u(x) =
ab(4b —3a)  4ab a
o — (2b—a)2 -+ a CL’(].—IZ:) for m<$<1/2

The branch of minimal solutions u) is continuous for A < 8« /a and converges to
uw as A T 8a/a; it is continuous for A > 8a/a and converges to u as \ | 8a/a.

A three-dimensional example. We now consider the problem

{—Au:)\g(u) in Q,

upn =0,

(1.9)

where (2 is the unit ball of R? and A > 0. We consider spherically symmetric solu-
tions, so that, with the usual change of variables v(r) = r u(r), the equation (1.9)
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reduces to

—v":)\Tg<U> for 0<r<1,
(1.10) r

v(0) =v(1)=0.

As in the previous example, we consider g defined by (1.8) with 0 < a < b and
a > 0. We easily see that any solution of (1.10) is positive and concave on (0, 1)
and that v(r)/r is decreasing. Therefore, the solutions of (1.10) are of one of two
types. Either v(r) < ar and —v” = Xar for all 0 < r < 1; or else, there exists
0 < r < 1 such that v(r) > ar and —v” = Xbr for 0 < r < r and v(r) < ar
and —v” = Xar for r < r < 1. Solutions of the first type exist if and only if
0 < A < 6a/a and they are given by v(r) = alr(1 —r?)/6. Second type solutions
exist whenever there exists a solution r € (0,1) of the equation

Aa b a\ 5 Ab—a) 3
o 5 )\<3 2)£—|— 3 ro=20.

Analysing the above equation, we see that the situation depends on the jump
in the nonlinearity. If 2b < 3a, i.e. if the jump is not too large, then for all
A > 0 there is only one radial solution of (1.9). The solution is of the first type
if A < 6a/a and of the second type otherwise. It is not too difficult to check
that the branch of solutions is continuous. If 2b > 3a, i.e. if the jump is suffi-
ciently large, then the situation is similar to the one-dimensional case. For

—1
A< 670‘(1 + %) , there is one radial solution of (1.9), which is of the

first type. For A = 670‘(1 + %
one of the first type, one of the second type, the second one being larger. For

6o (1 4 20800 V71 \ 6o/, th three radial solutions of (1.9 f
7( + m) < A\ < 6a/a, there are three radial solutions of (1.9), one o
the first type, the other two of the second type. For A = 6a/a, there are two radial
solutions of (1.9), one of the first type, the other of the second type. If A > 6a/a,

there is one radial solution of (1.9), which is of the second type. Solutions are

-1
) , there are two radial solutions of (1.9),

ordered, the first-type solution being the smallest. The branch of minimal solu-
tions is discontinuous at A = 6ca/a. As opposed to the one-dimensional case, the
jump in the nonlinearity must be large enough to produce multiple solutions and
discontinuity of the minimal branch.

On the other hand, one may look for a necessary condition on the nonlinearity
g in order that A\;(—A — Ag’(uy)) > 0. That problem seems to be more delicate
and we do not have a general answer. In Section 4 we consider the example

glu)=u’+u?, 0<qg<l<p,
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which is neither convex nor concave. Nevertheless we show that in the case
N =1, the minimal branch of solutions satisfies the stability condition
A (—=A = Ag'(uy)) > 0. (See Proposition 4.1 and Corollary 4.2.) Whether or
not this is true in higher dimensions is an open question.

Similar problems have previously been considered in the litterature. The most
closely related reference is probably the work by K.J. Brown, M.M.A. Ibrahim and
R. Shivaji [3]. These authors are interested in determining whether the branch of
solutions is “S-shaped”. They consider general elliptic operators but their results
are less precise than ours in particular in dimensions N > 2. Previous examples
of discontinuous minimal branches may be found in the work by M.G. Crandall
and P.H. Rabinowitz [5].

2 — Proof of Theorem 1.1

We proceed in three steps.
STEP 1. (ii)=-(iii). This is immediate.

STEP 2. (iii)=(i). We already know that A\j(—A — A\g'(uy)) > 0, so we
assume by contradiction that A\j(—A — Ag’(uy)) = 0. Fix A < A < \* and let
M = |Jug|[pee. For 0 < 2,y < M, we have [g(z) —g(y) — (z —y) ¢'(y)| < Cla—y/?
since g is C2. Therefore, we deduce from (1.5) that for all A < pu < A

21 [A—plg(0) < \A—m/ggm)sol < cx/ﬂyw—umwl,

where ¢; is the first eigenfunction of —A — Ag/(uy) normalized by [,¢1 = 1.
Since ¢1 < C'dg, we deduce from (iii) and (2.1) that |A — u| g(0) = o(|A — u|).
Letting i | A\, we obtain that ¢g(0) = 0, which is absurd.

STEP 3. (i)=-(ii). We first show that

(2.2) HUH—U)\HLoo —0.
H—A

Note that the mapping u — u,, is increasing on (0, A\*). More precisely, if u > v
then u, > w, and u, # u,, so that by the strong maximum principle u, >
u, + € dq for some € > 0. Set

u=limu, and wu=Ilimu, .
HIA KA
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It is clear that u < uy and that u is a solution of (1.1); and so, u = u). We claim
that @ = u). Indeed, since (i) holds, there exists a unique solution of

—AYp—Ag (uy)v=1 in Q,
=0 on 02 .

We set v = uy + d1 for § > 0, so that
—Av—(A+0)g(v) = §—0g(v) = A[g(v) = g(wr) = (v = wr) g'(wn)] -

Since g(v) < g([luallr= +3[|¢[|L=) and |g(v) — g(ux) — (v —uy) g'(ur)| = 0(0), we
deduce that

—Av—(A+0)g(v) = 6 —0g([lurllze +6ll¢l[L>) — 0(0) .

Therefore, we see that for ¢ sufficiently small, there exists 6 = 6(J) > 0 such that
—Av — (A+0) g(v) > 0. This implies in particular that uy4y < v; and so, u < v.
Letting 6 | 0, we obtain @ < uy, thus @ = uy. So we see that u,(z) — uy(x) as

p— A, for all z € Q. Since u,, is increasing in p and u, € C(2) for all p < \*,
the convergence is uniform and (2.2) holds. It then follows easily from (2.2) that
M(=A = pg'(uy)) = M(=A — Ag'(uy)) as p — A In particular, we deduce
from (i) that there exist 6,7 > 0 such that

(2.3) AM(=A = pg'(uy)) > n,

for |4 — Al < 9. This means that (i) holds with A replaced by p such that
| — Al < 6; and so we deduce from (2.2) that

(2.4) the mapping 4 — u, is continuous (A — 6, A\ +6) — L=(Q) .
We next show that there exists C' such that
(2.5) s =l < Clu— ],

for | — Al, v — A| < 0. Indeed, it follows from (2.3) that

2 2 / 2

M= wlfe < [ 19— w)? = n [ o) (w,— )
— [ (= ) [~ = ) — () 1 = )]

:/Q(Uu_ uy) (ﬂ [Q(Uu) —g(uy) — g/(uu) (Uu_ uy)} + (u—v) g(“l/))'
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Since, by (2.4), plg(uu) —g(w) — ¢’ (uu)(up—w)| < e(|p — v|)|up— u,| with
e(t) — 0 as t — 0, we obtain

Nl — w72 < e(lp— v lup —wllis + Cli— vl oy — wlre

so that |lu, — uy|/z2 < C|p — v|. Since

~Adwy —w) = p(g(w) = g(w)) + (n—v) glw,) ,

and [u(g(uu)—g(w))+(p—v)g(u,)| < Cluy—u,|+Clu—v|, (2.5) now follows from
the L? estimate and an obvious bootstrap argument. Suppose now |u — A| < 6.
It follows from (2.3) that there exists a unique solution w, of

- Awu - Mg/(uu) Wy = g(“u) in y
wy, =0 on 0f).
By (2.3), w, is bounded in H'(f2), and by standard regularity w), is bounded in

C(Q). Using (2.5), we deduce that w, is continuous (A — §, A + §) — L®(€).
Property (ii) follows if we show that w, = ﬁu#. This means that

W = Ug — uy — (0 — p) wy .0
o— U o=

in L*(£2). We have

—A¢—M9/(uu) Y = (ug—uy) g/(uu)—i-a UZ:ZM g(uy) — Q(UMJU__(ZZ_ uy) g'(uy) 7

and it follows from (2.5) that the right-hand side converges to 0 in L*°(Q) as
o — p. Using (2.3), we conclude that ||¢||p~ — 0 as o — . »

Remark 2.1. Step 2 of the proof of Theorem 1.1 shows that if A — u)
is any branch of solutions of (1.1) which satisfies property (iii), then

A (=A = g'(un)) # 0. 0

3 — Construction of discontinuities

In this section, we prove Theorems 1.2 and 1.3. We consider g as in the
statement of these results, and the minimal branch (u))o<y<x+. Fix A € (0, \*)
and set

M = [lup[[ree = sup [uxllze -
0<A<A
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We want to modify g(u) for u > M in order to produce a discontinuity near A\ of
the branch corresponding to the modified nonlinearity. The following observation
is crucial for our proof. Given r > 0, we denote by B, the ball of RYof radius r
and center 0. For 0 < p < R, we consider the problem

—A¢p:1BP in BR,
(wp)lé)BR :0 N

We have the following estimates.

(3.1)

Lemma 3.1. For0< p< R/2,

(3.2) inf ¥, = 2K (p)

where the behavior of K(p) as p | 0 is of the form
R/p if N=1,
K(p) ~ { llogpl|/2 if N=2,
22" N/N(N-2) if N>3.

Proof: If N=2, ¢, is given by

2 2 _ (.2
p—(logR—logp) + = lal® for |z| <p,
2 4
Vp(z) = 9
%(logR—logM) for p<|z|<R.
If N# 2,1, is given by
N 2 2
P —N+2 _ p—N+2 p°— |z if <
Yp(z) = N
p ~N+2 _ p—-N+2 if o< <
gy (el = R it pli <R,

and the result follows. n

Corollary 3.2. Letc, i > 0 and g € Q. If N > 3 suppose, in addition, that
pjc < 22N /N(N—2). There exists § > 0 such that if

— Aw > Cl{w>u\x—zo|2}7 xe,
w >0, T €0,

and w # 0, then w > ddq.

(3.3)
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Proof: We may assume zg=0. Consider R >0 such that Br C (.
Since w > 0 by the strong maximum principle, there exists 0 < p < R such that
{w> plz|*} D B,. Set

ﬁ:sup{0<p<R; {w>,u\x]2}DBp} > 0.

We deduce from (3.3) that if p < p, then w > c1,, where 1, is defined by (3.1).
Letting p T p, we obtain, w > cv5. If p > R/2, we deduce that w > cir.
2

Otherwise, it follows from Lemma 3.1 that w > c¢p?K(p) for |z| < 2p. In par-
ticular, w > p|z|? for |z| < p min{2,/cK(p)/u}. This implies, by definition of
p, that p > pmin{2,\/cK(p)/u}, i.e. K(p) < p/e. By Lemma 3.1, this implies
that p > p1 for some p; > 0, and we have w > c1),,. Setting p = min{p;, R/2},
we have w > ng- We observe that p is independent of w, so the result follows
from (3.3) and the strong maximum principle. n

We now define the modified nonlinearity g by

Uu if 0<u<M,
(3.4) 3(u) = {g( :

gM)+s if u>M,

where s > 0 is to be chosen later. We observe that g is discontinuous at M, but
left-continuous.

Lemma 3.3. For every A > 0, there exists a minimal solution uy of the
equation

(3.5)

—Au=Ag(u) in Q,
u=0 in 0F) .

In addition, Uy = uy for all 0 < A\ < \. Furthermore, if A(g(M) +s)/g(M) < X*,
then iy < u, with p= Ag(M)+s)/g(M).

Proof: Since g is nondecreasing, the result for A < )\ is obvious. We now
assume A > A. We apply the usual increasing iteration method, i.e. we solve

— Au"t = \G(u"), zecQ,
u"tt =0, r €N,

starting from u® = 0. It is clear that u <u! < .- <u" <. < A\ (g(M) + 5) 7,
where 1 is the solution of the equation —A = 1 in Q with Dirichlet boundary
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condition. Therefore, (u™),>0 converges in C(£) to a function u, which is clearly
a solution of (3.5) by left-continuity of g.

Next, if w is a nonnegative supersolution of (3.5), then u” < w and by iter-
ation (since g is nondecreasing), u™ < w for all n > 0. Therefore, u < w and in
particular, v is the minimal solution. Finally, if u = A(g(M) + s)/g(M), then
Ag < pg; and so, if A(g(M) +s)/g(M) < A*, then u, is a supersolution of (3.5).
The last statement follows. n

Lemma 3.4. Suppose s >0. If N> 3 suppose, in addition, that s is suffi-
ciently large. There exists § > 0 such that if

*AUZA:(]\(U)v r €,
u>0, x €00,

and u # uy, then u > uy + d dq.

Proof: Set w =u —uy. We have

—Aw > A(./g\(uA_FU)) —g(UA)) > A‘Sl{ui—I—w>M} .

Let g € Q satisfy uy(zo) = M. Since uy € C?(f), there exists u > 0 such that
uy(z) > M — plz — xo|? for all z € Q. Therefore, Liuptwsmy = Liwspla—mo)2}s
and the result follows from Corollary 3.2. u

Corollary 3.5. Suppose s>0. If N>3 suppose, in addition, that s is suffi-
ciently large. It follows that the mapping A — u) is discontinuous at A. More
precisely, there exists 6 > 0 such that uy > uy + 6 dg for all A > .

We now consider a local modification of g. Given s, ¢ > 0, such that
(3.6) g(M) +s < lim g(u),

let g satisfy

g(u) if u<M,
(3.7) glu)=9 gM)+s if M<u<M+1,
g(u) if u>M+2¢,

and be C! and increasing on [M + ¢, M +2/]. In other words, g is nondecreasing,
coincides with g on [0, M] U [M + 2¢,00), and has a discontinuity at M. Note
also that g coincides with g on [0, M + £].
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Lemma 3.6. Suppose

. lim ||| pee — M
(33 £> lim sl e = M .

where Uy is defined in Lemma 3.3. It follows that there exists A > A such that
for every A € (0, ), there exists a minimal solution %) of the equation

59 {— Au=\g(mw) in Q,

u=0 in 00 .

In addition, uy = uy for all 0 < X < A. Moreover, Ty = uy forall 0 < A < A+ ¢
if € > 0 is small enough.

Proof: The result is a consequence of Lemma 3.3, since § > g and g coincides
with g on [0, M +/]. Note that the assumption (3.8) clearly implies the last
statement. n

Corollary 3.7. Let s > 0. If N > 3 suppose, in addition, that s is sufficiently
large. If (3.8) holds, then that the mapping X — Ty is discontinuous at A. More
precisely, there exists 0 > 0 such that wy > uy +ddqg for all A\ < A < .

Proof: The result follows from Lemma 3.6 and Corollary 3.5. n

Proof of Theorems 1.2 and 1.3: Let § be as in (3.7) and consider a
sequence g, € C1([0,00)) of positive, increasing nonlinearities such that g, (u) =
g(u) for u < M and u > M + 2¢ and such that g, (u) 1 g(u) for M < u < M 4 2¢.
In particular, g, < g so that the branch of minimal solutions for g,, exists at least
for A < A. If u} is the corresponding minimal solution, then u% is nondecreasing
in n and v} = wuy if A < A Since g is left-continuous, it is not difficult to
show that u} 7w, as n— oo. Suppose that the assumptions of Corollary 3.7 are
satisfied. Given € > 0, we claim that if n is large enough, then the mapping
A — uY has a discontinuity in [A, A + €|. Indeed, assume by contradiction that
for some sequence ny — oo, uy* is continuous on [A, A + €. Since u\* = uy for
all k, we have ||u}*||r~ = M. On the other hand, it follows from Corollary 3.7
that there exists v > 0 such that |||z~ > M ++ for A > A. Therefore, if we
consider A < A < A+¢, we have |[u}*|zec > M +~/2 for k large enough. It then
follows from the contradiction assumption that if 0 < v < /2, then there exists
a sequence (Ag)k>o such that A, | A and |JuyF|| = M +v. Since gn, (u}¥) is
bounded in L*°(2), we may assume (up to a subsequence) that u\* — w in C ()
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for some w € C(9Q). Now we observe that if w(z) # M, then g, (u’}\’; (z)) — g(w)
as k — oo. If w(z) = M, then

lim inf g, (u3} () > g(M) = g(w(z)) .

Therefore, likn_l>i£f Gn (uZ:) > g(w), so that —Aw > A\g(w) > A\g(w).  Since
|wl]| g = M + v, this is absurd by Lemma 3.4 if v is sufficiently small.

In the case N > 3 and g(u) — oo as u — 00, we just choose s large enough
and the ¢ satisfying (3.8), so that the assumptions of Corollary 3.7 are satisfied.
Theorem 1.3 follows by choosing g = g, with n sufficiently large.

Finally, suppose N = 1 or N = 2. If the mapping A — wu) is discontinuous
at A, then we may let § = g. So we now assume that the mapping \ — w) is
continuous at A. It then follows from the last statement in Lemma 3.3 that

i sl o < N
i in [Grllee < lupllLee

where y = )\ ggj\({\)gs — X as s | 0. Thus we may choose ¢ satisfying (3.8) and

such that ¢ | 0 as s | 0. In particular, we may assume by choosing s sufficiently
small that ||g — g||z~ < €/2 and that g — g is supported in [M, M + ¢]. We then
let g = g, for n sufficiently large, and the conclusions of Theorem 1.2 follow. u

4 — A one-dimensional concave-convex nonlinearity

In this section, we consider positive solutions of the equation
{—Au:)\(uq—i-up), xeQ,

(4.1)
u=0, x € 0N,

where 0 < ¢ <1 < p and A > 0. The nonlinearity g(u) = u? + u? is not positive
at the origin. However, the singularity of ¢’ at the origin allows the existence of a
branch of minimal, positive solutions u) defined for 0 < A < A* with 0 < \* < co.
For A = \*, there is a (possibly singular) minimal, positive weak solution wuy».
For A > \*, there is no solution, even in a weak sense. See [2,4](!). We now
consider positive solutions of the related heat equation

{ut—AU—/\(uq—l—up), xeQ,

(4.2)
u=0, x € 0N .

(*) In the papers [2,4], the nonlinearity is Au?+u? rather than A(u?+uP). The two problems,
however, are equivalent by an obvious scaling.
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The initial value problem for (4.2) is studied in [4]. If 0 < A < A*, the minimal
solution wuy is stable from below, in the sense that if ¢ € L*(Q), ¢ > 0 and
¢ < wuy, then the (unique) positive solution of (4.2) with the initial condition
u(0) = ¢ is global and satisfies u(t) — wu) as t — oo. The convergence holds in
L®(Q) if A < X* and in LPTH(Q) if A = \* (see [4]). The stability from above is
related to whether or not Aj(—A — Ag’(uy)) > 0. Since g is neither concave nor
convex, none of the usual criteria apply. In the one-dimensional case, we have
the following result, based on ODE techniques.

Proposition 4.1. Suppose N = 1. Given 0 < A < \*, there exist exactly
two positive solutions of (4.1), uy and vy > uy. The mapping X +— uy is C* and
increasing (0,\*) — L*>(Q). The mapping X+ vy is C': (0, \*) — L*(Q),
and the mapping X — ||va||re is decreasing (0,\*) — R.  Furthermore,
(ux —uy)/do — 0 and (vy —v,)/do — 0 uniformly in Q as p — X € (0,\").
In addition, A\1(—A — Ag'(uy)) > 0 and A\ (—A — A¢g'(vy)) < 0 for all X € (0, \*).

Proof: We may assume without loss of generality that Q = (—1,1). We
proceed in three steps.

STEP 1. An auxiliary equation. Given p > 0, consider the solution w = w,,
of the equation —w” = w? 4+ w? with the initial conditions w(0) = p, w’(0) = 0.
w is even and is given by

1 e d¢
v NG /w(x) \/uq“f&“l TR ’

q+1 pt1

for 0 <z < 6(u), with

O S

) = 1 /# d
NG LAt _gatl | ot _gprl
\/_ 0 \/ q+1 + p+1

In particular, w is decreasing on [0,60(u)] and w(f(u)) = 0. We now study the
behavior of §(u) and, for further convenience, we write 6(u) in three different

forms:
1 1 d€
(4.3) o) = = |
2 _1 1—¢atl _1 1—¢ptl
V2 Jo \/“q ' e ! il
1—
1 d
(44) = lu\/; /0 17£q+1 é.p_q 1,§p+1
\/ q+1 + p+1
_p=1 1 d
(4.5) _ M\/; /0 — Hfﬂ —r -
\/“ g1 T Tpri
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We deduce from (4.4) and from (4.5), respectively, that

(4.6) 0(w) AL Ou) .0

We now claim that there exists u* > 0 such that
(4.7) O(n) >0 for O<pu<p*; (<0 for p>u*.

Indeed, we deduce from (4.3) that

(48) Ql(lu) = q+

[ - ae e
0

3
1—ga+l p—q 1=€P+172
{ 1 TH 1

We now observe that for all 0 < & < 1,

1_§q+1 >q+1
1_§p+1 p—l—l’

so that we deduce from (4.8) that

(4.9) 1>

1— -1 p— 1
/ﬁﬁ—%wﬂwﬂﬂ
0

3
17£q+1 + up—a 17§p+1 2
g+1 p+1

ds > 1'% 230/(n)

>/01 [(1—Q)—(p—1)up_q] (1—¢rth s

3
1_§Q+1 _ 1_§p+1 2
(p—i_l){ ok T }

It follows in particular that if

1

M<M1=(;:611>H,

then ¢'(u) > 0 and if

(1-4q) (1+p)) 7
(14+4q) (p—1) ’
then 6'(11) < 0. The claim will now be proved if we show that for every & € (0, 1),

the integrand in (4.8) is a decreasing function of u € (u1, p2). Letting 7 = puP~9,
we set

M>M2=<

nr) = et = per (- &

1_§q+1 + 1_§p+1 %
q+1 p+1

I
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so that
1=g2t! (5 ptl (1—q) (p+1)
W(r) = (1) (-2 |- o (25 +3 6] .
2 (p + 1)2 [17§q+1 1— £p+1:| 2
q+1 p+1

It follows from (4.9) that

1— gatl (2p+1

<1_q><p+1>> _ ern[i-0+20-0)]
—&¢Ht g+l (g+1)(p-1)

(g+1)(p—1)
(p+1)(A—9q)

> = — sup T.
(q+1)(p—1)  m<p<ps

Thus h/(7) < 0, which proves the claim (4.7).

STEP 2. The solutions u) and vy. Given p > 0 and w as in Step 1, set
(4.10) u(z) =w(x () .
We see that u is a positive solution of (4.1) if and only if
(4.11) A=0(n)?.
In this case, we have

(4.12) [ull oo (@) = w(0) = 1 .

Setting
AF = 0(ﬂ*)2

it follows from (4.6)—(4.7) that (4.1) has a positive solution if and only if 0 < A < X"
Given 0 < A < A*, let 0 < p_ < py be the two solutions of A = 6(u)?, and let
uy and vy be the corresponding solutions of (4.1) given by (4.10). It follows that
uy and vy are the only positive solutions of (4.1). Moreover, ||ux|[zee < |[valLoe
by (4.12). Thus uy must be the minimal solution; and so vy > uy. Since 6 is C*

n (0,00), the mappings A +— pu+ are C' on (0, \*), and one deduces easily that
the mappings A\ +— uy and \ — vy are C' (0,\*) — L*>®(Q). It follows easily
that (uy—u,)/dg — 0 and (vy—wv,)/dg — 0 uniformly in Q as p — X # 0.
(ux)o<r<x+ being the minimal branch is increasing. Finally, by (4.7) and (4.12),
v (0) is decreasing.

STEP 3. A1(—A — A¢g'(uy)) > 0 and A\ (—A — Ag'(vy)) < 0 for all A € (0, \*).
We first show that A;(—A — A\g'(uy)) > 0. (Note that we may not apply
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Theorem 1.1 because ¢ is not smooth at the origin.) We already know that
A (—A — Ag'(uy)) > 0 by Remark 3.2 in [2], so we assume by contradiction that
A (=A—=)\g' (uy)) = 0and fix A < XA < A\*. Given A < p < A, we deduce from (1.5)
that

(1= N [ gun)or < A [ Jgw) = g(un) = g () (= wr)or

Since uy < uy < uy, we see that there exists C' such that

2
Uy, — U
l9(wu) = glun) = ¢'(un) (wy —up)| < Clu, —up|* +C %27_(1
A
< olm-ml,
q
Y1

and so,
lu, — upl? .
(1= [ o) < € [P0 < Cllug-uilite [ o0 < Clu-aP,
Q Qg Q

since uy is C'. A contradiction follows by letting p | A. We finally show that
A(—=A = Ag'(vy)) < 0. We observe that an obvious modification of the above
argument (taking p < \) shows that A (—=A — Ag’(v))) # 0. We then assume by
contradiction that Ay (—A —M\g'(vy)) > 0. Given 0<0<1, set ¢ = (1—0)u)+6v)
and let u be the positive solution of (4.2) with the initial value u(0) = ¢ (see [4]).
It follows from the maximum principle that uy < u(t) < vy. In particular, the
w-limit set of ¢ is well-defined and is either {uy} or {vy}. On the other hand, since
A (—=A — Ag'(uy)) > 0, it follows from standard techniques that w(y) = {uy} if
6 is small enough; and since A\;(—A —Ag'(vy)) > 0, w(p) = {va} if 0 is sufficiently
close to 1. Also the set of 6 such that w(p) = {u)} is open and so is the set
of 0 such that w(yp) = {v)}. It follows that there exists § € (0,1) such that
w(p) # {ur} and w(p) # {va}, which is absurd. =

Corollary 4.2. Suppose N =1. Given 0 < A < \*, let ¢ € L>®(Q2), ¢ >0
and let u be the positive solution of (4.2) with the initial condition u(0) = .
The following properties hold.

(i) There exists € > 0 such that if ¢ < uy +¢€ or if ¢ < vy, @ Z vy, then
u is globally defined and u(t) — uy uniformly as t — 0.

(ii) If ¢ > vy, @ #Z vy, then u blows up in finite time.

Proof: (i) Since A\(—A — A\¢'(uy)) > 0, it follows easily that there exists
e > 0 such that if || — up||p~ < &, then u(t) — uy in L>°(Q) as t — oo. Since
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uy is stable from below, we see that if ¢ < wuy + ¢, then u(t) — uy in L*>(Q)
as t — oo. Suppose now ¢ < vy, ¢ Z vy. It follows from the strong maximum
principle that there exists § > 0 such that u(1) < vy — § dg; and so, there exists
A < p < A* such that u(1) < wv,. Since v, is clearly a supersolution of (4.2), we
have u(t) < v, for all t > 1. Now the w-limit set w(¢) of ¢ is either {uy} or {v)}.
Since u(t,0) < v,(0) < vx(0), we deduce that w(p) = {uy}.

(ii) It follows from the strong maximum principle that there exist d,e > 0
such that u(e) > vy + ddg; and so, there exists 0 < p < A such that u(e) > v,.
It thus remains to show that the positive solution z of (4.2) with the initial
condition z(0) = v, blows up in finite time. We assume by contradiction that z is
globally defined. Since v, is a subsolution of (4.2), z(t) is nondecreasing. Using
the technique of [4] (see in particular the proof of Lemma 3.1), it follows that
z(t) converges as t — 0o to a positive weak solution of (4.1), which is either uy
or vy. This is absurd since z(¢,0) > v,(0) > vx(0) > u(0). m

Remark 4.3. If A = \*, then the stability of u) can be studied in any
dimension. Note first that uy~ is stable from below, see [4]. Using the techniques
of Martel [6], one then shows that wy- is the unique, positive weak solution
of (4.1) for A = A*. (The nonlinearity is not convex, but it is convex for u
large, and one can proceed as in [4] to construct the appropriate supersolutions.)
If uy« € L>°(Q) (which is the case in particular if p is not too large), then uy- is
unstable in the sense that if o € L (), ¢ > uy+, ¢ # uy+, then the corresponding
solution u of (4.2) blows up in finite time. (See the proof of Corollary 4.2 (ii).)
If uy- ¢ L>°(Q), then uy~ is unstable (by “instantaneous blow up”) in the sense
that if @ > uy«, ¢ # uy~, then there does not exist any positive weak solution
of (4.2) satisfying u(0) = uy«. This follows from the techniques of Martel [7]. o
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