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OF A MULTILAYERED PIEZOELECTRIC BODY
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Abstract: A transmission problem for a class of dynamic coupled system of hyper-
bolic equations having piecewise constant coefficients in a bounded three-dimensional
domain is considered. Assuming that in the entire boundary, dissipative mechanisms
are present and that suitable geometric conditions on the domain and the interfaces
are satisfied, we prove that the total energy associated with the model decays exponen-
tially as ¢ — +oo. Exact boundary controllability is then obtained through Russell’s

“controllability via stabilizability” principle.

1 — Introduction

This paper is devoted to study the uniform stabilization as ¢ — +oo of the
solutions of a transmission problem for a class of dynamic coupled system of
hyperbolic equations from which a distinguish example is the coupled system
of electromagneto-elasticity governed by Maxwell equations and the system of
elastic waves. Let € be a bounded region of R? with smooth boundary 9Q = S.
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We will assume that € is occupied by a multilayered piezoelectric body whose
motion is governed by the system (see [4] and [7]):

u —23: a(A"au)-i-zg: 9 (arE) =0
p Ut 6.%'1 K 8xj = 81‘Z ' -

ij=1

o DE+23:A.3_“ — curl H = 0
ot pt " Oz; o -

(2

(1.1)
BHy+curl E =0

3
ou
div{DE +2Ai} =
i=1 O

divH =0

in Qx(0,400). Here z = (z1,22,23) € Q and t denotes the time variable.
In (1.1) we denote by

u = (ui,u2,u3) = the displacement vector

E = (E1, Ey, E3) = the electric field

H = (Hy,Hy,Hs) = the magnetic field

B(z) = the electric permeability

p = the density
and the 3 x 3 matrices A;j(x), A; and D(x) will satisfy suitable assumptions

given below. In the simplest case, when we consider an isotropic medium, then,
we will have that

23: 0 <A a) pA + (A4 p)V div
— (4ij =— ) =
ij=1 ze 82?]'

where A and p are the Lame’s constants (>0, A+p > 0), D will be the identity
matrix, V the gradient operator, A the (vector) Laplacian,

0

3
=1

0 (AJE) = acurl B
T

and ;
0 ou
a E AZ aiajl = —Q Curlut
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where « is a coupling constant. Here A} denotes the adjoint of A;. The coupled
system (1.1) is complemented with initial conditions

{u(x,O) :fl(x)7 ’U,t(.’IJ,O):fQ(.f)
(1.2) in €
(2,0) = f3(x), H(z,0)= fa(x)
and boundary conditions
> du
Z z]a i — ZA*EWZ* a(z) ug — b(z)u

(1.3) 4j=1 t
x(Exn) = a(x) Hxn + 'y(a:)/o {H(w,ﬂxn} exp(—a(x) (t— T)) dr

on 0N x (0,+00) where “x” denotes the usual vector product and n = n(z)
denotes the unit outward normal to 902 = S at x. The functions a(z), b(x),
a(z), v(x) and o(z) will satisfy suitable conditions given below. In the simplest
case they are just positive constants.

Finding uniform rates of decay of the solution of problem (1.1), (1.2) and
(1.3) as t — +oo is of interest to understand the evolution of the model and
consequently for the phenomenon described by it. Even more interesting is the
so called transmission problem associated with model (1.1)—(1.3). Let us describe
our main result of this article: Let  C R? be as above and consider a finite num-
ber of subsets of €2, {By}}_, which are open, connected, with smooth boundary
0By, = S and such that By C Bpyq for 1 <k <n — 1. We denote by 2y = By,
Q= Bpy1\Bg for k =1,2,...,n—1 and Q, = Q\B,,. Now, we consider system
(1.1) restricted to each set Qi x (0,7), k =0,1,2,...,n. We complement (1.1)
with the initial data (1.2) also restricted to Qx, k = 0,1,2,...,n. The boundary
conditions on S x (0,+00) are given by (1.3). Furthermore, we will require the
following interface conditions to be satisfied

L1 ()
(9u (k Ou®)
ZAz(k 1) ZA*E(k 1) :ZAi‘) _ZA*
(1.4) Q=1 ’ ig—1 ! 8:0] i=1

an(k_l) = an(k)
nXH(k_l) = an(k)

for any (x,t) € Spx(0,+00), k = 1,2,...,n. Here, n = n(z) = (n1,m2,n3) is the
unit normal vector pointing the exterior of By and Agf , u® E® and H® are
the restrictions of A;;, u, E and H to €1 respectively.
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We will assume to be valid the following conditions

HYPOTHESIS 1.

1)

A;j = A;j(x) are 3 x 3 matrices given by A;;(z) = [C,?h(:c)}g ; where
X

Cih(@) = (1= dindix) aimjn (@) + 0irdjn aingu(x)

with dp, = { (1) g E;Z and a;jzp, are Cartesian components of the elastic

tensor with the symmetric properties
Qijkh = Qjikh = Qkhij -

A; and D = D(x) are 3 x 3 matrices given by
Ai = [ekhi] and D(%‘) = [dz]({l?)]

where eyp; and d;;(z) are Cartesian components of the piezoelectric and
electric permittivity tensors respectively and satisfy the following condi-
tions:

3
dn=dnr, Y din&kén > do[€]?
koh=1

for some dy > 0 and any vector & = (&1, &9, £3) € R3.
The matrices A;;(x) satisfy the condition

3

3
Z AU(.T) Vj Vg 2 COZ ”UZ"Q
i=1

t,j=1

for some ¢, > 0 and any vector v; = (vi,v?,v}) € R3. Here the dot .

denotes the inner product in R3.

We assume that ajpn(x), dij(z) and B(x) >0 are piecewise constant
functions which lose continuity only on S7,Ss, ...,y .

p and eyp; are real constants, p > 0.

The functions a = a(z), b =b(z), a(z), y(z) and o(z) are real-valued
and continuously differentiable functions on S = 0f2. Furthermore, a > 0,
b>0,a>0,y>0and ¢ >0 forallz € 5.0
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Observe that from the symmetry of the a;jp, it follows that AF; = Aj; . Also,
for an isotropic medium, the constants a;;x, are given by

aijkh = A0ijOrn + 1 (Oixdjn + dindjx)

where A and p are the Lame’s constants. Furthermore, assumption 3) in Hypoth-
esis I holds for an isotropic medium with the constant ¢, = p > 0. In fact, in
that case, direct calculation shows that

3

3 N2 3. . 3
> Agryn = O (S0f) + 0D 2 p Y Il
=1

ij=1 i=1 ij=1

Let {u, E, H} be the global solution of problem (1.1) satisfying the initial con-
ditions (1.2), the boundary conditions (1.3) and the interface conditions (1.4).
We consider the (total) energy £(t) given by

&) oy k)
e ) Ou U
Z / {p|ut + Z g 0z Y Oy

3,j=1

(1.5) + DB E® | EE) 4 k)] H<k>,2} da

—i—/s{b|u(n)]2 + v ‘/Ot[H(x,T)xn] eXp(—a'(t_T)) dr

2
} is
where (™ =3 and u(™ = u.
We (formally) calculate the derivative of £(t), use the equations together with

the boundary conditions as well as the interface conditions to obtain that

% = —2/3{a|ut|2—|—a|Hx77|2
(1.6) . )
+ U’y‘/o {H(wy)xn} exp(—a(t—T)) dr } as .
Thus @ L,
a  —

Assuming suitable geometric conditions on 2 (and Si) as well as monotonicity
assumptions on the coefficients of the system, we are able to prove that

E(t) < cexp(—wt)&(0)

for any t > 0 where ¢ and w are positive constants.
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As an application of the above result, we study the following exact control-
lability problem: Assume that v = 0. Given a time 7" > 0, the initial distri-
bution F(z) = (fi(x), fa(z), f3(x), fa(z)) and a desired terminal state G(x) =
(g1(z), 92(x), g3(x), ga(x)) where F and G belong to an appropriate function
space, to find vector-valued functions p(z,t) and ¢(x,t) such that the solution
of (1.1), (1.2) and (1.4) with boundary conditions

3 3
ou
Aij — i — ATEn; +bu = p(x,t)
(1.7) 5231 ’ O ;
nxE = ¢(z,t)

on S x (0,7), satisfy
(1.8)  w(z,T)=gi(x), w(z,T)=g2x), ET)=gs(x), HxT)=ga(z).

Let us mention some bibliographical comments: Boundary controllability in trans-
mission problems for the wave equation has been considered by J.-L. Lions [22]
and S. Nicaise in [24] and [25]. Uniform stabilization and exact control for the
Maxwell system in multilayered media were studied by B. Kapitonov in [10].
Boundary controllability in transmission problems for a class of second order
hyperbolic systems has been studied by J. Lagnese [18]. Stabilization and exact
boundary controllability for the system of elasticity were considered by J. Lagnese
[17], [18], F. Alabau and V. Komornik [1] and M. Horn [6] among others.
The exact controllability problem for the Maxwell system has been studied by
D. Russell [27] for a circular cylindrical region, by K. Kime [14] for a spherical
region and by J. Lagnese for a general region. In [9] and [19] the exact control-
lability problem has been studied by means of the Hilbert Uniqueness Method
introduced by J.-L. Lions [20], [21]. Uniform exponential decay of solutions of
Maxwell’s equation with boundary dissipation was proved by B. Kapitonov in
[10] and [11], including the uniform “simultaneous” stabilization for a pair of
Maxwell’s equations.

The results obtained in this article generalize previous work of the authors
[12], [13] where a transmission problem was considered either for Maxwell system
with boundary conditions with memory and for the system of electromagneto-
elasticity.

Let us describe the sections of this paper: Solvability of (1.1)-(1.4) in the
appropriate class of functions is shown in Section 2. This is done via semigroup
theory and the main technical difficulty comes from the memory term (see (1.3))
on 09 x (0,+00). In Section 3 we prove the uniform exponential decay of the
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energy £(t) via the multiplier method. At this point, we needed to modified
“slightly” the usual multipliers in order to take care of the additional bound-
ary terms which appear after integration (in space) of the fundamental identity.
We also needed to assume suitable geometric conditions on €2 and S} as well as
some monotonicity assumptions on Al(-?), D®) and %), In the last section, the
controllability problem (1.1), (1.2), (1.4), (1.7)—(1.8) when v = 0 is solved.

Since p is a positive constant we may assume without lost of generality that
p = 1. When studying system (1.1) the restrictions of u, E, H, 3, Aj;, D, to
Qr (k=0,1,2,...,n—1) will be denoted by u®), E®) H®) etc. When k = n
we will write ©(™ = u, E™ = E, etc. At each point z belonging to one of the
boundaries S = 99, 51, 53, ..., S , the unit normal vector pointing the exterior
will be denote by n = n(z) and its components by 7;. We use the standard
notations, for example H™ () and H"(92) will denote the Sobolev spaces of
order m and r on Q and 9 respectively. The norm of a vector v € R? will be
denote by |v|. Due to the techniques we use in this article (the multiplier method)
in order to achieve the result on the exponential decay we needed to assume that
b = b(x) is bounded above by a suitable constant (see (3.15) in Theorem 3.5).

This is, apparently, a limitation of the method.

We conclude this introduction with some comments on the boundary condi-
tions (1.3). The second line in (1.3) combines the so-called Leontovich’s boundary
condition (when v = 0) and a dissipative term of memory type with an exponen-
tially decaying kernel. A boundary condition in electromagnetism with memory
was introduced by M. Fabrizio and A. Morro in [5]. Later V. Berti [2] studied
the asymptotic stability of such models. When v = 0 and «a(x) > 0 then, Leon-
tovich’s boundary condition is also of dissipative type. In V. Komornik’s book
[16] (pg. 120) a nice geometrical meaning of such boundary condition is given in
case a = 1: The tangential component of the magnetic field H is obtained from
the tangential component of the electrical field E by a rotation of angle 90° in
the positive direction in the tangent plane. The term —a(x)u; in the first line of
(1.3) is also a dissipative mechanism and the left hand side (of the first line of
(1.3)) could be interpreted as an stress tensor for the system at the boundary S.

2 — Well-posedness

In this section we will prove the well-posedness of problem (1.1)—(1.4) using
semigroup theory. The main (technical) difficulty arises from the memory term
appearing on the boundary condition (1.3).
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Let us consider the Hilbert space X consisting on triples v = (v1,va,v3) of
three-component vector-value functions v;(z) such that

vi,ve € [, k=0,1,2,...,n
curlvy, curlvy € [L2 ()2, k=0,1,2,....,n

and
v3 € [L*(S))?, v3.n=0 on S .

We define the inner product in X as follows. If v, w € X, then

Z / {Curlv1 curlwgk) + curl vék) . curl wék)
Qp,
+ D(k)v§ ). w1 ) 4 B(k)vék) . wék)} dr + /vag w3 dS .

The following lemma was proved in [12] (see also B.V. Kapitonov [8]):

Lemma 2.1. Assume that a(x) and v(z) belong to C1(S). Then, the
mapping
u = (u1,ug,u3) — up —n(ur.n) —auzX n—yus
from [CY Q)] = {u® e [CY Q)3 k =0,1,2,...,n} into [C1(S)]® extends by
continuity to a continuous linear mapping from X into [H~/%(S)]® which we also
denote by

u — up —nur.n) —auexn—yug = w(u;a,y) .

Remark 2.2. Well known results (see for instance the book of G. Duvaut
and J.-L. Lions [3]) imply that for any u € X, the expressions nxu; and nxus
where n = n(z) is the unit normal vector pointing the exterior of Sy, are well
defined on Sy, and belong to [H~1/2(S})]3. o

Lemma 2.1 and Remark 2.2 make it possible to introduce in X, the closed
subspace

V= {u = (u1,ug,u3) € X such that
nxugkfl) _ nxugk), nxugkfl) —nx ugk) on Sy, k=1,2,...n

and wu; —n(u1.n) —augxn—yuz =0 on S} .
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Let us denote by Z the (real) Hilbert space which consists of all elements
w = (w1, w2, ws, wy, ws) of three-component vector-valued functions w;(x) such
that wMe [H1(Q)]3, wi w wl € [L2(Q)]3, k=0,1,....n, ws € [L2(S),
wgk):wgk_l) on Si, k=1,2,...,n. The inner product in Z is given by:
If w,v e Z, then

< 5wt el g gy

+ D(k)wék) . vék) + ﬁ(k)wflk) . vflk)} dx

+ /9(bw1.v1+7w5. v5)dS .

The norm in the space Z will be denote by | |z = (-, -)12/2. In Z we define
the unbounded operator A with domain D(A) which consists of all elements

w= (wl,wg,wg,w4,w5) € Z such that, for k=1,2,...,n

: A%) ) Ow 4 1
DAY o = Are? e [H Q)P
3,7=1 J i=1
wy € [HY ()P, (w3, wa,ws) €V, wyxn € [L3(S)
3 Oowy
ZAUa ZAw3?7z+aw2+bw1—0 on S
ij=1
wék_l) :wgk) on S
and
: (k-1) 8w§ ¥ k 1)
YA i Z Ajw =
ij=1

3 (k )
B (k) Owy N B
= Z Aij 3:E] ;A w3 17Z on S, k=1,2,...n

then A: D(A) C Z — Z is defined as

5.0 oy 3
o (o S i) £

ij=1

3
(3’[1)2
A D—l( lwg — > A; )
ws , curlwy 2 8.%'1

1
— B eurlws , w4x77—aw5>

whenever w = (w1, wa, ws, wq, ws) €
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Next, we consider the adjoint operator A*. We can verified in a similar manner
as in [12] that the domain of A* coincides with the following subspace

D(A") = {v:(vl,vg,vg,m,w)) € Z such that vék)E[Hl(Qk)]B, (v3,va,v5) €V,

a (k) 3 i
> A g~ 2 A € [H QP vaxa € [1(S)P,
ij=1 i i=1

ovy
ZAZJa i — ZAvgm—avg—i—bvl—O on S,
i,j=1
vék_l) = vék) on S, k=1,2,...n,

(n—1) 3 3 (k) 3

Z UL o D D, s o e
ij=1 Oz i=1 ij=1 Oz, i=1

on Sy, k= 1,2,...,n}

where V is as in the definition of V with —a(z) instead of a(z). Given v =
(v1,v2,v3,v4,v5) € D(A*) then, we have that

3
w, 8 81}1 _ avg
Ay = (vg E 8%( ij 8%) E 8 Svs (curl V4 E A; a%)

i,7=1
— 7 curlws, v4x17+0'v5> .

We note that the operator A is closed since it coincides with the adjoint operator
of A*. Clearly A is densely defined. Furthermore, we have

Lemma 2.3. Assuming Hypothesis I given in the introduction (with p =1),
then, the operators A and A* are dissipative, that is,

(2.1) (Aw,w)z <0 for any w € D(A)

and

(2.2) (A*v,v)z <0 for any v € D(A) .
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Proof: It is enough to prove (2.1) for a dense subset of D(A). In fact, the
set of piecewise smooth vector-valued functions w = (w1, wa, w3, wy, ws) € D(A)
such that wy € [C?()]3, we, w3, wy € [CH(W)]3, ws € [C(9))3, k=0,1,2,...,n
is dense in D(A). Let w be an element of such dense subset. Taking the inner
product of Aw with w in Z and using the divergence theorem we obtain that

powd  ow®
(Aw,w)z Z/Q {Z ij (913 Y Oxy
3 3
9 5‘w1 wi®
i ijzl Oz < ) E:: ] -
) _ v 5w(k) (k) ) . (k)
+ |curlw, ' — ZAZ' (9x2~ cwy —curlwy” . wy p dx
=1 ¢

—I—/S{bwg.wl + 'y(w4xn—aw5).w5}d5

. Lo eenwY 3 (k—1)
= AT =S Afwy | wlt
>/ [zu i~ 2 At n] u

(2.3) =

_ [ 23: rokiling 3w1 Z At m] o
ij=1

b D, <wgkfl>xn> o, <w§f>xn>} 5,

+/S{

3
Z ij 771 ZA w3 n;
8

ij=1

+ wyg e (wsxn) + bwe «wy + ’y(w4xn—aw5).w5} ds

= /S {(_aw2_bw1)-’w2 + w4.(w3xn) + bwsy «wy

+ Y(waxn — o ws) .w5} s .

Now, we use the fact that (w3, wy,ws) € V. Therefore

ws —n(ws.n) —awgxn—yws =0 on S
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which together with the fact that ws.n =0 on S give us that

(—awy —bwy) vwy + wy s (w3xn) + bwe «wy + Y(wgxn — ows) w5 =
= —a|u)2|2 —bwy . wo + w3« (MXwWy) + bwe . wi + y(wax1N) w5 — ’ya|w5|2
gy = ol = aelusf o) (g — )
= —alws|* — yolws|? + wyx7n. [—n(wg . 1) — qwy xn]

= —alws|* = yolws xn|* — alwyx7|* .
Therefore, from (2.3) and (2.4) we obtain that
(Aw,w)z = —/ [a!w2\2+va|w5xn|2 +a|w4xn|2} s <0.
S

The proof that (2.2) also holds for A* can be done in a similar way.

Therefore, A and A* are dissipative operators and clearly A is a densely
defined closed operator. We use a classical result (see [26], Corollary 1.4.4, which
says “Let A be a densely defined closed linear operator. If both A and A* are
dissipative, then A is the infinitesimal generator of a C'y semigroup of contractions
on the Hilbert space Z”)) to conclude that A is a generator of a C° semigroup
of contractions {U(t)},., on Z. u

Lemma 2.4. Let M; be the orthogonal complement of the subspace
M = {v € D(A*) such that Av* = 0} in Z. Assume Hypothesis I given in
the Introduction (with p =1). Then, the following properties are valid:

1) U(t) takes M1 ND(A) into itself.
2) Any element w = (wi,wq,ws, wy,ws) € My ND(A) has the following
property

awgk)
axi

3
dh/{l)“ﬁuék)+»§:i4i

} =0, dive® =0, k=0,1,..,n
i=1

in the sense of distributions.

3) Any element w = (wy, we, w3, wy, ws) € My ND(A) satisfies the additional
interface conditions

BV Y oy = g0 W Ly

(h-1), (k1) , o dwi* ™ B, () L dwi”
(D Ws —i—;Ai oz, ).77: (D ws +2Ai oz, >.77

i=1

for any x € S, k=1,2,...,n.
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Proof: First, we observe that the kernel of A* is nonempty. In fact, it
contains elements of the form v = (v1,0, Vi1, Voo, 0) where 1 and ¢3 belong to
H?(2) N HE(Q) and vy is a solution of the following problem

3
Z o ( AP )21 ) Z *Ver in Qp, k=0,1,...,n
i,j=1 1
o
(2.5) (k 1) 3 (k)
ZAk b 7N = ZAU-C)OUI 7, on Sy, k=1,2,...,n
xj — Y Ox;
3,j=1 i,j=1
E:AZ v m+bv1 = ZA niVpr on S.
J 8
7] 1 i=1
The proof of 1) is simple. Indeed, if v € Ker(A*) and w € M; ND(A), then
d
%(U(t)w,v)z = (AU()w,v)z = (U(t)w,A™v)z = 0
which proves 1). Now, let us prove 2): We will prove that
. 5. gl
(2.6) / [wag 'S A4V de = 0
Qk i=1 a 7

for an arbitrary ¢ € H?(Q2) with support contained in €. Clearly (2.6) implies
that

b3 gu®
div {D<k>w§ '3 4 —1} =0
i=1 Oz

in the sense of distributions. Let us take any such ¢ and v; a solution of problem
(2.5). We consider the element

0 = (v1,0,Ve1,0,0)
which belongs to the kernel of A*. Then, for any
w = (wy,wy, ws, wq,ws) € M;ND(A)
we have that

u® 9o
0= (w92 _Z/ { A 5y " o + DM Vo, t da

1,5=1

(2.7)
-f-/ bwy.v1 dS .
S
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However, using the divergence theorem and (2.5) we deduce that

AW Owlk) 8v§k)

; . dr =
Z/Q J ax] Ox; v

k4,5=1
(k)
k) Ov k
:Z/ oz; (Uaal;-)'w%)d:"
Qk Z] 1 j 3
(k—1) 3 (k)
k 1) 9vy (k-1) (k) OV (k)
+Z/Sk{ oz, it _‘Z_Ajz' 9z dSk
3,j=1 2,J=1
+ / ZA]Z 0y« wy dS
=1
(2.8) o
_ k) 4
Z/Q Zzla i Vor.w) " do
(k (k)
+Z/ { lk 1)761}1 —ZA 1 } wgk) dSy,
Sk i,j=1 i,j=1 Lj

+/ {ZA;‘nz-Vgol—bvl}.wl dsS
S |,Z

o>

Substitution of (2.8) into (2.7) completes the proof of (2.6). It can be shown in
a similar way that div wflk) =0 by taking in this case © = (0,0,0, Vipg,0) where
9 is an arbitrary element of H2(Q) with support in Q.

Finally, let us prove 3): Since v = (0,0,0, Vg2, 0) belongs to the kernel of A4*
for an arbitrary o € H2(Q) N HE () it follows that for w € M; ND(A) we have
that

Ozwvz—z:/ﬁ(’C V«pgdm

dm—/bwl v1dS .

kzl

— /Sﬂ@wi”-nm 45y —/ ﬂ“)wi”-m dsi + ---
1

+ [ Bl ey asy — [ 8w ings as,
Sn
Now, we choose g such that g2 =0 on S1,...,Sk_1, Sk+1. Then

A8 = 59wl o on dsi = 0
k
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which implies that
/3(]{:—1 (k 1 ﬁ(k . on Sk‘? ]{} = 1,2, ...,TL .

Now, elements of the form o = (v1,0,V¢1,0,0) belong to the kernel of A* for
an arbitrary 1 € H3(S) with v being a solution of (2.5). Thus, for any w €
M; N'D(A) we have that

. Lo 0w ou ®
oz(w,@)ZZZ/ {ZA” ou; " D + DWWy Vgol}dx

* iy j=1

Using the divergence theorem and (2.5) we deduce that

Z / Ay awlk) . 8v§k) de =
Q A Or;  Ox;

kg,5=1

. 5 oY 1) () v )
—i—Z/{ZAﬁ By 7j « Wy —ZAji B 0j « Wy }dSk

i,j=1 i,j=1

n 3
= Z / —Z 0 i V. wgk) dr + / —bvy . wy dS
— — 8.%'1 S

0

n 3
:Z/ ZAi—wgk).Vgold:c—/bvl.wldS’.
_ T al'l S

Substitution of (2.10) into (2.9) implies that

3 o (k)

0= (i, =S DR, () A2 d
(w,9) 7 ,;)/Qk{ ws —i—z B, Vi1 dx

i=1
(k—1)
1

n 3
. 0
(2.11) = Z/S [D(kl)wék 1)+ZA,~ w@x 1.7“01 dsSy,
_ k . 7

(k)

«n 1 dSk -
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Now, we choose ¢ such that ;=0 o0n Sy, ..., 51, Sk+1, ..., Sp and obtain from
(2.11) that

(k)

(k=1),, k 1) (k Y _ (k),, (k) : dwy
i=1 g

on S, k=1,2,...,n, which completes the proof of Lemma 2.4. n

Theorem 2.5. Let M; be the orthogonal complement of the subspace
{w € D(A*) such that A*w = 0} in Z. Assume Hypothesis I given in the
Introduction (with p = 1) and let f = (f1, fa, f3, f1,0) € M1 N D(A) then, there
exists a unique solution {u, E, H} of problem (1.1)—(1.4) such that

5(k—1) (k=1) = g E®)

(h-1) 3 (*)
1) e 1>+ZA ‘9“8 1_,7: lDw)E(k)jLZAiau_]_n
i1 €T; " 1

(2.12) [

for any x € S, k=1,2,...,n and t > 0. Furthermore
t
(u, ug, B, H, / [H(m,T)xn} exp(—a(sc) (t— T)) dT) € MiND(A)
0
for any t > 0 and (1.6) is valid for any t > 0 where £(t) is given by (1.5).

Proof: Let w=(wi,ws,ws, wys,ws)=U(t)f € MiND(A) then (w;,ws,wy) =
(u, E, H). The relation

d d

give us that

g _

ot °

Owo 3 0 own 0

2 = i A7

ot Z.jzzlaxz< 7 dx; > 2 gy 1
(2.13) % = D! (curluu—ZA

% = B tcurlws

811}5

W = Wy X7 —O0Ws .
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From the last equation in (2.13) we obtain the identity

(wixn) exp(o(z) 1) = 5 (explola) ) ws)

which implies that

(2.14) ws(x,t) = /Ot [w4(x, T) xn} exp(—a(t - 7')) dr

because ws(x,0) = 0. Since w € M; ND(A) then (w3, ws, ws) € V (see the defi-
nition of V' after Remark 2.2). Consequently

(2.15) wg —n(wgn) —awgxn—yws =0 on S.
Substitution of (2.14) into (2.15) and writting ws = F, ws = H implies that

x(Exn) — aHxn — 'y/ot[H(x,T)xn} exp(—a(t—7)> dr =0

on S because nx (Exn) = FE —n(E.n), (|n| =1). The first boundary condition
in (1.3) is also satisfy because w € M; ND(.A) and the interface conditions (1.4)
for the same reason.

Lemma 2.4 implies the validity of (2.12) as well as the last equation in (1.1).
Finally, let us prove (1.6) for a dense subset of M; ND(A), namely, the set
of piecewise smooth vector-valued functions w = (wy, we, w3, wy, 0) belonging to
MiND(A) such that wy € [C%(Q)]3, wj € [CH(Q)]?, j=2,3,4and k=0,1,2,...,n
Let us take the inner product of 2us, 2F and 2H by the first, second and third
equation of (1.1) respectively. We obtain the identity

3 o 3
0:2ut. Utt—za (Ua )
1

i,j=1

0 ou
T 2E.{at<DE +;Ai M) —curlH} + 2H. {BHt—FcurlE}.

Using the identity div(UxV) = V.curlU — U.curl V valid for any pair of vectors
U and V in R3, we obtain from (2.16) that

(2.16)

_ 0 2 2 :
0 = E{W + DE. B+ B|H|*} — 2 div(H xE)
Ouy

3
(2.17) + 2 {Z; = } +2E. ZA dz;
3 3 Ju Ou
-2 x{ ]Z U 9z, }+2.21Aij67j'axi'

)=
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Since A7; = Aj; and

3
8ut *
2;14@-8—% E = Z A} E}
S0, 3 Ouy . aut "
2ut.; axiAiEJrQ;Ai@—xZ .E = Z AYE AiE

Then, we can rewritte (2.17) as follows

B , o ou  u
= — Ay — .
! at{“t| ﬂ.;l I oz; " O

}

3 3
— 2div(Hx E) Z {2ut.<ZAij§::—A:E>}.
=1 j

(2.18)

Integration of identity (2.18) over Qj and summation in k from zero up to n give

us
© o
Z/ ZA(k L pWE® B0 4 g W2 dr =
8t { ij=1 8.%
(2.19) Z/ (F&=D — F®) ds +/FdS
where
k) _ 0 g0 k) Out p
F —Q(H xFE ) n 2u .{]z:lAJ 8% ;A }
and
(2.20) F=2(HxE)+ 2u. {ZAUa n; — ZA*Em}.
1,7=1

Due to the interface conditions (1.4), the integrals over S on the right hand side
of (2.20) are equal to zero for k = 1,2, ...,n. Now, we use the boundary conditions
(1.3) to get the identities

2(HxFE).n=2F.(nxH)
= 2{n(B-n)+nx(Exn)}.nxH}, |nj=1,
= 2{nx(Exn)}.{nxH}

(2.21) !
=2{nxH}. {a(Hxn) + 7/0 (Hxn) eXp(_a(t_T)) dT} -
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)

0 t
= —2alHxn*- = ‘/H —o(t—7))d
o |H x| 8t{v O( xn)exp( o( T)) T
2

— 270 '/Ot(Hxn) exp(—a(t—T)) dr

and

{ZAZJa ni — ZA*EnZ}

1,j=1

(2.22) 2uy o {—auy — bu}

0
= —2aful’ — o (bluP) .

Using (2.21) and (2.22) together with (2.19) where F is given by (2.20), we obtain
that

R B
t Q

t,j=1 wi

2

/Ot(Hxn) exp(—a(t—r)) dr

3 ( ‘/ (Hxn) exp( (t—T)) dr 2—|— b|u]2>} as

which implies (1.6). This concludes the proof of Theorem 2.5. m

/ {2a|]—[xn|2+2a|u\ —2~0
i

Corollary 2.6. Under the assumptions of Theorem 2.5, let f=(f1,f2,f3,f1,0)
€ Z, then U(t)f is the weak solution of the problem

dw

Proof: Let f(m) — ( Fmplm) - glm), fim),o) € D(A) such that f0™ — f
in Z as m — oo. Then, U(t)f (m) gatisfies the following identity

(2.23) /OT{ (U(t)f(m), %)Z + (U(t)f(m), A*w)z} dt = — (f(m), MO))Z

for any ¢ € L?(0,T;D(A*)) such that ¢; € L?(0,7;Z) and ¢(T) = 0. Passing
to the limit in (2.23) as n — +o00, we obtain

(2.24) /OT{ (U(t)f, ‘Z’)Z + (U(t)f, A*¢)Z} it = — (f, w(O))Z

which proves Corollary 2.6. n
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Remark 2.7. We note that U(t) takes M into itself. Indeed, if g € Ker(A*)
and take ¢(t) = (T —t)g, then from (2.17) it follows that

/()T(U(t)f7g)z - T(f7 g)Z

which implies that (U(t)f,9), = (f,9)z, Vt > 0 whenever f € M; .o

3 — Stabilization

In this section we will prove the main result of this article, that is, the ex-
ponential stabilization of the solution of problem (1.1)—(1.4). The proof is based
on the theory of multipliers and it is motivated by the invariance of system (1.1)
(with constant coefficients) relative to the one-parameter group of dilations in
all variables. The multipliers have to be conveniently modified in such a way
that the extra boundary terms appearing in the identities can be estimated by
appropriate bounds. Let ¢ = ¢(z) be an auxiliary (scalar) smooth function on
Q which we will choose later. Let us fix tg > 0 and consider the multiplier

(3.1) Liu = (t+to)ur + (V. V)u+u
o 0 0
where V = (%’8@’59&3)7
PR N

87301 6$1 671‘2 8%’2 8733‘3 61‘3
and v = u(x,t) = (uy, ug, us).
We also consider the multipliers

(3.2) LQ = LQ(E,H) = (t+t0)E+ﬂVg0XH
and

(33) L3 = L3(H,E,u) = (t+t0)H — Vo x

DE+Y 4, a“]
o Om

We take the inner product (in R®) of Lju, Ly and L3 with
3 3
0 ou 0
— — Aij =— ATE)
it Z 81‘1( jax]>+;8xz( ' )

ij=1

2 DE—I—Z?):A'% — curl H
at i— 18331-

BHy + curl B |

and
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respectively. Finally, we multiply div {DE + Z A; (‘(99 } by E .V and div H
=1 T

by BH.V. Since {u, E, H} is a solution of (1 1) then, adding the identities we
obtain that

OF 3.0l

(3.4) &~ dive G — ;axi ~J =0
where
9 ou Ou 9
Fo= (t+to) § |uel”+ ZAwa 5ot DE-E+8H|
t,j=1
(3.5) + 2u . (Vo.V)u + 2u;.u + 23(Vopx H) . DE
+28(VxH). (ZA )}
G = 2(t+tg)) HxE +Vo(DE.E) + (Vo) B|H|* — 2DE (E.Vy)
3
ou
(3.6) — 2BH(H.Vy) + 2E x (V(p X ;Aiam> ,
I; = 2{(t—|—t0)ut+(Vg0Vu—l—u}.[ZAUa E]
J=1
(37) e Z ou
' ¢ pq@xq (%cp
p7
and
Oou Ou 82@ Oou Ou
= (Ap—1) Y Ay Ajj
T =By Z 7 9x; " 0w 22, Ox,0r, " 0x; " Or,
i,j=1 i,5,p=1
%p
+ (3— A¢)|ut12+2z 5 s a dijE;E, — (Ap—1)DE.E
i,5,k=1
(3.8) + 2 Z BH; H; — (Ap—1)B|H|?

P 81‘2 8333

+2E Z To_ 4 0u iA@v v
) ik:laxiamk kaxz k&xk' 4
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1
Observe that if we consider p(z) = 3 |z — x0|? for some fixed zo € 2, then J= 0.
In this case (3.4) will be a conservation law. However, due to the expressions

of G and I; we can see that we will need (after integration in €y of identity

0
(3.4)) a definite sign for aigo We will choose () as a “little” perturbation of
n

1
3 |z —20|? for some zo € Q. Let f = (f1, f2, f3, f1,0) € MiND(A) and {u, E, H}
be the corresponding solution of problem (1.1)—(1.4) obtained in Theorem 2.5.

Integration over Qi x(0,t) of the identity (3.4) and summation over k implies
that

(t+t0) Z/ {|u "2 +Z

1,7=1

t=T

+
t=0

au(k)
" Oy

+ D) gk k) 4 g(k)| (k) 2} dr

+ 2 Z / { - (Vo.V)u *) 4 ugk) cut) 4 ﬁ(k)(VgoxH(k)) . D® k)

t=T

+ BB (vpx H®) <ZA u®) )}
(3.9)

t=0

Z// Vi1~ Vi) dSkdt+//Vdet+Z/ el ) v

where

3
k)
Vi = 2+l + (T i) S AR S a0
J

ij=1

0 3 ou®) oy
+(’D{u§k)|2—ZA(-’?) Y . Y +2(t+t0)’l7-(H(k)XE(k))

on i Yo O0x;  Ox;
(3.10) ’
N Z‘S PR EE gk ?;s BRHBE _ 2(DWE® 1) (BF vy)
*) () (*) =, 0 (*)
=260 (HY ) (HY V) + 24 Veox( 3 Ai 5 — AnxE®}
i=1 t

and Jg(x,t) is the restriction of J(z,t) (given in (3.8)) to the subset €.
Here 8—@ denotes the normal derivative of ¢ at x € Si.

The proof of the main result will follow as long as we can get appropriate
estimates for all terms on the right hand side of identity (3.9). The following
three Lemmas will take care of such estimates. Since their proofs are quite long
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and technical we prefer to give the precise statement postponing their proofs to
the end of the section. The first Lemma tell us that the differences Vj_1— V.

will have a “good” sign if we choose ¢ conveniently together with a monotonicity
condition on {A{}, {DW} and {5®)}.

Lemma 3.1. Let f = (f1, fo, f3, f1,0) € M1 ND(A) and {u, E,H} be the
corresponding solution of problem (1.1)—(1.4) obtained in Theorem 2.5. Then,
the identity

dp h=1) (k) OuF=D gylk=1)
oy Y% AkR=D gk .
Vk; 1 Vk; 877 {ijzl( i 7] ) al’j 8%’1
R J 8xj axj 8% 8.%]
4,7=1
(3.11)

+ DE=D(Ep®) _ pt=1y (gk) _ pk-1))

B Bk
+ (8% — gED) {|H(k) xn* + F0=1) |H®) |

holds for k =1,2,...,n.

Let us choose a convenient function ¢(z): Let ®(x) be the solution of the
Neumann problem

AP =1 in Q
0®  measure()
i 4 Q
on area(.S) on 9

which admits a solution ® € C?(Q)NC*(Q). Let 6 > 0 and x¢ € Q (to be chosen
later) and define

(3.12) o(r) = 6®(x) + % |z — 2% .

Thus, the normal derivative of ¢ is given by

dp _ 00()
on —  On

+(z—x0) .7 .

n_ T
Now, we concentrate our discussion in estimating the term Z / Ji(x,t) dx dt
0JQ
k=0 k
in (3.9), where Ji is given by (3.8).
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Lemma 3.2. Under the assumptions of Lemma 3.1 and Hypothesis I (with
p = 1) and choosing ¢(x) as in (3.12), then, the following estimate

n T
Z/ Ji(x,t) dedt <
k=0 70 /<%

T 3 ou®) gy
< ey [ 43 ARSI S DWER L EW 4+ g0 HOR Y dadr
im0 10 e |52 Ox; 0x;

holds for any 6 > 0 and some positive constant c¢s which depends only on ¢ and
the norms of the matrices A;j, A; and D.

We will impose some geometric assumptions on €2 and Sy :

HYPOTHESIS II. There exists a positive constant §; > 0 such that

a) 5165<1,
o .
b) 518774-(:3—:1:0).7720 for some point xg € Q and all z € Sy,
Q
o) 5%“%_%).””@%11%5,

where ¢5 is given as in the conclusion of Lemma 3.2 and n = n(z) denotes the
unit outward normal to Sy (or to S in ¢)). o

Remark 3.3. We note that the above assumptions on Hypothesis II hold
with 01 = 0 for star-shaped surfaces S, S9,Ss3,..., S, and strictly star-shaped
surface S with respect to xg, i.e.

(x —x09).m >0 forall z€S.
If all surfaces 51, 59, ..., Sy, are strictly star-shaped with respect to a point zg € €2,
then conditions a) and b) hold with §; > 0 for a class of domains €2 which includes

star-shaped regions. o

Lemma 3.4. Under the assumptions of Lemma 3.1, Hypothesis I and II
(with p = 1) then, the following estimate

T
//Vndet <
0JS
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2
}dS

t=T

< —(t+t0)[9{b\u|2+v‘/[)t[ﬂxn] exp(—o(t—17))dr

t=T T
—/a!u\zdS —//(1—06b)b]u\2d5dt
S t=0 0JS

//{ (t+to) a—agp—07}|ut2d5dt
on

t=0

ou Ou
50w|} ZAUG e dS

//{2 t+to)a—( ﬁ+c80‘)(3+50_1)!V90]—09}]Hx77]2 S dt
//{2 t+to)o—1—vyco(B+5 )|V<P|—Cl1}
v ’/0 [H x 1] eXp(—U(t—T)) dr 2det

holds, for some positive constants c¢j, 6 < j < 11 (which will be defined in the

proof of Lemma 3.4).
Finally, we will requere the following monotonicity assumptions:

HYPOTHESIS III. We assume the monotonicity conditions on {Ag?)},
(D} and {50},

3

1) > (Ag-c_l) — Al(f)) vj.v; > 0 for any v; € R3 and all 1<k <n.
ij=1

2) (D(k)—D(k_1)> v.v >0 for any veR3 and all 1<k<n and k=1,2,....n

3) 3% > k=D forall 1 <k <n.o

Let us consider the following quantities: Let dp > 0 be such that

0
(3.13) 6—;’; > 00|Vy| forany ze€S
Oy
which is possible because a— > 0 on S and S is compact. Let
n
(3.14) No = max{ |z — x| + 61|V},
€N

where xg € (2 and §; are as in Hypothesis 1I.
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With the help of the above Lemmas now we can prove the main result of this
paper.

Theorem 3.5. Let us assume Hypothesis I, II and 11l and

(3.15) bw) < 5

where the constants 01 and cs appeared in Hypothesis II, §y in (3.13), ¢ in
Hypothesis I and \g in (3.14). Let f = (f1, fo, f3, f4,0) belong to M1 N'D(A) and
{u, E, H} be the unique solution of problem (1.1)-(1.4) obtained in Theorem 2.5.
Then, there exist positive constants ¢ and w such that

E(t) < cexp(—wt)E&(0)
for any t > 0 where E(t) is given by (1.5).

Proof: We will use identity (3.9). First, we observe that we need to get a
bound for the term

I=2 Z / { (Vo V)u® Py ® 4 g0 (v x gk, k) pk)

) el

Each term on the integrand of (3.16) can be bound in the same way as in the

(3.16)

+ gk )(VgoxH k) (

t=0

proof (which we will give later of Lemma 3.4). Except that will appear the term

f: |u®)|2 dz. However, since u®) € [H ()] for k = 0,1, ..., n then, we know
k=0JQ
that t}kue following inequality

Ouk)

C12ZHU ||[L2(Qk)]3 < Z/ ij 33:] o dx —I—/Sb|u|2d5'

holds for some positive constant ci5. Here u(™ = u. Thus, the term I in (3.16)
can be estimated by

(3.17) ‘I‘ S C13 5(T) S C13 5(0)

for some positive constant ci3. Observe that all terms on the right hand side of
the conclusion of Lemma 3.3 can assume to be with a fixed sign provided we take
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0
to > 0 large enough. In fact, 1 —cgb > 0 by assumption (3.15), 8—90 — 0|V >0
n

on S by (3.13). The coefficient {2 (t+to)a— g(p - 07} as well as the last two
n

coefficients on the inequality in Lemma 3.3 will be positive for all ¢ > 0 as long as
we choose ty = T large enough. Now, we use Lemmas 3.1, 3.2 and 3.3 together

with (3.17) to conclude from identity (3.9) that

T
(3.18) (T+T0)E(T) < e13£(0) + b1 / £(t) dt
0
for any 7' > 0. Recall that d;1¢5 < 1. Let us denote by g(7") the right hand side of
T T+ To)P
(3.18). Clearly ‘z] ((T)) < T(sf“;o which implies that ¢g(T") < (+T(1)DO) 9(0) where

p = 01¢5 < 1. Returning to (3.18) we obtain that

C14
(3.19) E(T) < T3 T £(0)

where c14 = c13T; . Now, we can choose T' > 0 large enough in (3.19) so that
c14/(T + Ty)' 7P is strictly less than one. The semigroup property then implies
the conclusion of Theorem 3.5.

Corollary 3.6. Under the assumptions of Theorem 3.5, let f =(f1,f2,f3,f4,0)
€ My, then
a) The same conclusion as in Theorem 3.5 holds.

b) If v=0, then, the semigroup {U(t)}+>0 associated with problem
(1.1)~(1.4) takes the closed subspace My into itself and ||U(t)||z(z.2) <1

1/1-p
for any t>T0K613> —1}.
1o

Proof: a) follows from a density argument and Theorem 3.5. Item b) is a
consequence of (3.19), again by a density argument. m

Now, we will prove the technical Lemmas 3.1, 3.2 and 3.4.

Proof of Lemma 3.1: The idea is to use the interface conditions (1.4).

In order to simplify notations let us denote by E¢V=p F® =g gk _f
~ o ~ e B~ B -
H®W=H, p*D=p, DW=D, A"V=p;, AP =P, ph-V=p p0=p
u*=1 =4 and u =4. Using the interface conditions (1.4) and (3.10) we find
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that
o o
Vs = Vi = Lt o BHI = 52 B = 2 (H.n) (V)
L d B
+ 2/3(H. ) (H. w) aﬁpE E—a—;/;(DE E)
3
(3.20) —2{<DE+;A ) }{E.w}
{(oree) ey
+2—E {lZA 81‘1}_2 {ZZA am,}
where
i,5=1
Ou 8u 3 =
A - 9 0u
+ 5 Pij =—. .
on {sz:l Jéh:j awi}
Using (2.12) we obtain the identities
~ ~2 ~
B21)  plHx + BH.0P = BlHxoP + | 0P
(3.22) B(H.n)(H.Vg) = B(H.n) {n(H.n) +nx(Hxn)}. Ve

because H = n(H.n)+nx(Hxn) since |n| = 1. Observe also that (3.21) it is
equal to B|H|? because |H|?> = |Hxn|> + |H.n|?>. Furthermore (3.22) can be

written as

™

ﬁ.n—i—nx(ﬁxn)}.ch =

>{

(. {n

Il

Ez

mz
<] Ql?bz

Il
e
/-\
\_/
/\
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From the above discussion, we can write the identity
0 dp = ~ L~ -
gy O = 5B =2 6(H.n) (H.0) + 2 5(H.n) (H-Vp) =

d¢ o 3~ 0p (3 = .
= 8—n{ﬁ!Hxn!2+g\H-n!2}——{ﬁlenl2+ﬁlH-n!2}

(323) - 2B(H.n) (H.Vp) -2 gw 8) Golnl? + 25(H. ) (.9¢)
= —Z—T; {(B — B)|H xn|* + g(ﬁ ﬁ)lﬁ-nP}

Using the interface conditions

U=1u
(3.24) .
Z‘Plja i — ZAET}Z—Z-PUa N — ZAETh
i,j=1 i,j=1
0 0 _ .
on Sy and the fact that 8—(u —u) =n — an (u — @) on Si because u — 4 = 0 for

x € S, we deduce the following identities

2(Ve.V)u (pra i — ZA*E771>
J=1
3
2(Ve.V)i (ZPua i — ZA?Em) =
=1

i,7=1

= (VQD-V ( Z ]Dz] 8 772 ZA*ET]’L>

3,J=1

(3.25) + (Vo.V) (u—1a) <ZPU@ N — ;A?Em)

J=1

O (9 "
= 5 <ZRJ8 n — ZAEm>

4,j=1

dp 0 Fp | —
+3_77(9_77 (sz]a i — ;AZE/'/]Z) -

1,j=1
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e [ ou 8 . .
—%{;P@Ja—%m ZA g “>}

dp 3. 9a “ -
*an{izpwamj'axz ZA g >}‘

Substitution of identity (3.25) into the expression of L (given after (3.20)) give
us that

o[, Ou 0 5 O Ou
L—‘an{zpwaxj'axl 2 Pigy - axz}

,5=1 ,7=1
Do S ou Do S~ O
3.26 ~ S At B+ 2y AR
( ) on = Oz + on ; ox;
0o S~ ou ~  Op S~ Ou ~
- — A; E 4+ = A; JE .
on = Oz + on ; ox;
The following identities will be useful:
ou Ou 5.0 00 Ou
Py By .= =
;1 J 896] 8.7:, ”zz:l J Ox; Ox;
3 -
~  Ou OJu ou ot ou
=S (P Pj) e — ( —)
”z_:l 7Y 0y Oy ;1 oxj Ox;) Oz
3 -
~  Ou OJu au ou  0u
3.27 = P — P) —. — —
( ) Z_:( J i) Ox; O0x; Z 81’] (3% &UZ-)
5,5=1 i,j=1
3 -
~ Ou OJu ou ou ou
= P —P)—. P;; —
z_: (P i) Ox;  Ox; Z J 8x] (81'2- 8.7}1')
t,j=1 t,j=1

3 _

~ Ou ou  Ou

+ Z Pij 8753 ) (8@ B 81‘1> '
i,j=1

Substitution of (3.27) into (3.26) give us that

dp | & ~ Ou u o~ Ou (Ou i
L=-2"8% (Pj—Pyj)g—m—— > Pjn—» -
an ). (P i) dz; " Oz ”z::1 J Oz; <0xi (‘91:@)

5.~ Ou ou
(3.28) +Zﬂja—%.<a—% 8%) ;A .E - ZA

- 3 ot~
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Again, we use the interface conditions (3.24) on Si to obtain

ou (0u Ou 3 o Ou
P;; — — *E. — =
Z 7 Ox; j (&m ox; > Z ATE <8xi ox; )

4,j=1 i=1

oun  Ou ou 3./00  Ou
3.29 = ( —)PZ— P — (———)-AfE i
( ) ”Zl on On J Ox;j " ; on On 4
3 -
~ ot Ou
B0 S AEn, {—}
(oS-G5

Substitution of (3.29) into (3.30) give us that

3
B 7@ 8u ou
N on {z:: 833] YOz,
3
P

2 au m — ZA*Em .

1,j=1

3 ~ 3 ~
ou ou Ou ou  Ou s
+ Z gl 8$J (8:6, B 6:75@) + Z((‘)xz B 8.%1) .AiE}

oo | & -~ Ou Ou 5. 9a [0u  Ou
o {zz o =) Ou; " O +ijZ:1Pij dz; <393z' - 5%‘)

3 7 3 7
.= (Ou  Ou ~ Ou ou  Ou
(3.30) +z;AiE'<6:z:-_8m') + Zﬂj(‘)?j'((?x-_ax')
i= i V= ! '
23: (8u B aa> ‘5
“\0z; Ox; ’
9y 3 ~  Ou Ou
= o | 2=
7,7=1 J
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Now, we return to (3.20) and use (3.23) with (3.30) to obtain that

dy ~  Ou Ou
Vi = Vi = _%{Z(P”_P”)axj'am

i,j=1

ot ou ot ou
+ Z P”(&c] 8@) ) <8x¢ B 8@)

zgl

—2ZA E+2ZA Ou
(3.31) (B B) [ Hxnl? + g(ﬁ—ﬂ) Hf?
- 2F f:AB— + 2F -4 2% - pe E + DE.E
. i=1 " Om; . o Om - .

3 -
P {(f)E +3 A g;‘}) -n} (E.Vp}
Z? ou
-2 {(DE—I—ZAZ' 833}) -n} {E .V} .
i=1 ?

Let us write in a more convenient form some of the terms in (3.31):

_ 9 ¢ 55 &
K = 3 DE.E— 5 DE.E
Oy 3 ou dp ~ 3 ou
+25 E. ZAZ%J—Q%E.[;AZ%

=1

—2 {(DEJFZAZ?:Z) -n} {E .V}
=1 t

a" ~
+ 2 {(DE—I—ZA B Z) .77} {E-VSD}
(3.32)
_ ?;;DE o Z—iﬁE-E + (DE.n) (E.V¢) — (DE.7n) (E.Vy)
3 3
ou Op ~ ou
nE LzlAZ&ri] ~ ZA, 8@]

3 8 3
Aia ]{E Vo) — lZAz ]{E W}}

8@ Oy
— —DFE.F —DE E .
on + on
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Next we use the identity
(axb).(cxd) = (a.c)(bad)— (b.c)(a.d)
valid for any vectors a,b, ¢, d € R? to obtain the following identities

2(VpxDE). (nx E) = 2{(Vp.n) (DE.E) - (DE.7) (E.V¢)}
i

= 25" DE.E — 2(DE.n)(E.Ve)
U

2(VoxDE).(nxE) = 222 DE.E — 2(DE.n) (E.Vy),

5. ou Oy 3 ou 3 ou
i=1 v i=1 ¢ i= t
and

2 (v XZS:A% (nxE) = 222(EB 23}4»‘9“ —2 23}4-@ (E.Vy)
PxY Aigy, - 1xE) = 25 (B2 A 2 Aigy, |- 1E-Ve)

i=1

Substitution of the above identities in (3.32) give us that

K = 2(VoxDE).(nxE) —2(Vox DE).(nxE)

3 3
ou ou ~
+ 2 (Vgox E AZ-(%>.(77XE) -2 (Vgox g Aiax).(an)
i=1 ¢ i=1 ¢

3
(3.33) = 2(an).<V<px{DE+ZA¢%}>

. S X o0
— 2(77XE).<VLP X{DE‘FZAi%})

% pp.p+ 2 PE.E
on on
0o ~ S O~ Do ~ S du
2°CF.Y A—FE —2-LFE.Y 4,— .
* on ; on on ; ox;
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If we use the interface conditons nx E =nx E together with (2.12) we can sim-
plify some terms of K:

3 3 ~
2(nxE). <VQOX{DE —i—ZAzg—xu}) —2(nxE). (VQOX{EE —I—ZAZS—U}) =
i=1 ¢ -1 9T

)

= 2(nxE). <V¢X{DE —l—ZA 66;: })
— 2(nx E). <chx{DE +ZA gg })

(2

(3.34)

.00 ~ ou ~ ou
= Qa_nE.{DEJrZA 8%}— 2(E.w){DE+ZA &cz} "

00 = [ == ol ~ ~ ot
— 28—E.{DE+;A18%}+ 2(E.V¢){DE+;A,a$i}.n

Ui

_ 2% p DE+§:A-au %5 DE+ZA Ou
- Tonp T = Oz on " ;i
Substitution of identity (3.34) into (3.33) give us that

Oy

. K =
(3.35) po

{D(E E).(E-E) + (f)—D)E.E} .
Using (3.35) in (3.31) we finally deduce that

Oy 3 ~  Ou OJu
Viei = Vi = =5 {'Z (Ps=P5) 50" oy

3 ~ ~
~ (0 ou ot ou
P o) (e o)

i,j=1

L (B-p) lﬁxvﬂ n g |ﬁ-n12]

+ D(E—-E).(E—E) + (E—D)E.E}

which completes the proof of Lemma 3.1. n
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Proof of Lemma 3.2: Straightforward calculations using (3.8) and ¢(z)
chosen as in (3.12) lead us to the identity

ouk) oy k A®) Au®) oy k)
=4 Ak .
i = ;1 9 Oz, 8901 Z 895]0 5’9:Z Aij Ox; &cp
2420 Z a a A EMED 1 26 Z a ’f>H§’“>HJ(.’“)
(3.36) st v
_sDW®EkE  pk _ 5ﬁ(k)|H(k)|2
3 2 (k) 3 (k)
0°® oulk ou
20 Bk Aj— d—> Ai—» .
+ { pzl Ox; Oy Ap o0x; <Z >V jz::l J Ox; }

Let us estimate the terms on the right hand side of (3.36): We claim that for any
e > 0 we have that

Yy 23: R0 (g ou®  gu®)
Oxp 0x; i Ox;j ) Ox, ~—

i,5,p=1
ou®) gy
<55 AW .
21 Y Oz 695@
(3.37) I 5
P — Oy 0x; Oxy ) 2= Oxp Ox; Oy '
3 2 (k)
D
In fact, let v; = Z 0 Ou and € > 0 then, we can write
Oxp Ox; Oxp

3
dulk ) 1 ouk) 1
2 54k o= — S AW (e =
]z:l ? 8:75] ’ 'Jz:l U( \/g ) (ﬁ Oz; +\/gv
3
Z vj . V;

ouk u () 1
AW . -
te 3221 i G:ch 6301 £,

3 (k) a<
(k) Ou u
<ed Ay oz,

4,j=1

_1ZA Vj - U

Ti i,j=1

because AZ(-?) satisfies assumption 3) of Hypothesis I. This proves (3.37). Let
0*®
co = max ||A; ()], €3 = max |———
2 el H zJ( )H 3 en 8xi8xj

4,j=1,2,3 ,j=1,2,3
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where || || denotes the norm of the matrix. With this notations, we have that
3
ouk)
| <
‘UZ| - 03{2 8.%']'
J=1
and
3 ®) 3 2
> Au < 3 YOIl < o (Z rvjr)
(338) 1,j=1 4,j=1 J=1
3 ? ou®) |*
= 96263 {g ox; } - ox;
From (3.38) we deduce that
1 AW ou®)  guk)
(3.39) JZlA v v < 27cacicg le i axj * e

where ¢ is the positive constant in Hypothesis I (item 3)). Using (3.39) into
(3.37) we get that

% k) oul ou)
-2 A .
0 z; Oxp0x; Y Oxy
(3'40) 7.]7p

Oxy,

3

u®  gu®
< {et2Terdeyte L Y AW :

> {€+ 7020300 € }i’jl ij an Ox;

Let us bound the last term on the right hand side of (3.36). Let

— A;
ca = max 4]

then
3 2 ()
0“®P ou
41 A
(3 ) 1 8:5@ 8xp P 8:1/‘1
and
3 3
Auk) ou
42 A <
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Also

(A oulk) ) _y ( R I i S i )2
J 83:] a1 8:6% @2 0x1 0o 3 Ox1 0x3

i=1

N ( 0’°® N 0*® N 0*® )2
s o .y
L 0x1 Oxg 2 Ox3 3 Oxs Ox3

+( R I T @)2 v
@ Ox1 0x3 42 Oxo Ox3 43 3:U§

<.
Il
—

<.

k)
where (a1;,a9;,a3;) = Aj—— -
J J 3.7) J 837]'
Thus
3 ouk)
(3.43) > ( )vq>
j=1 Oz,

From (3.41)—(3.43) we obtain the estimate

3 2 (k) 3 (k) 3 (k)
0 ou 8u ou
E § § Vo — E A, — <
20 { Ox; Oz, Ap ox; ( A B ) ® J Ox; } -

i,p=1 j=1 j=1
au(k)
(k
(3.44) < 26|E" )!{60304+C4}Z ox;
3 | gu® |\ 2
< §{6csca+ca}erl| EWP 4567 {6c3eq + ca} Z O
g=11 7

for any 1 >0. Since A;; satisfies assumption 3) in Hypothesis I, we get the bound
( 3 )2 3
j=1

=1
Thus, the left hand side of (3.44) can be bound by

ou® 2

81’]'

8 (k)

L

au() ouk)
-1
< 3¢, EA] 8x]'8xi .

(k) ou®  ouk)

gl (%U] © Oxy

3.45 0 (6cgeq +cy e |EW2 4 3567 e 603—1—1 cy A;
1 %
t,j=1

for any €; > 0. Finally,

Z &E WEWE® 1 26 Z

»]»p 1 ,_] 1
< 68¢4| DV dgY(DE® . E®)) 4 665cq 0| HE) |2

9P

W E® FE <
ox; 8.%']' B v J -

(3.46)
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where ||[D®)|| denotes the norm of the matrix D*) and dy > 0 is as in Hypothesis
I (item 2)).

Using (3.40), (3.44), (3.45) and (3.46) we deduce the following estimate for
Ji given by (3.29):

(k) ou®)  ouk)
Y 81‘3- ) 81‘1

3
Jip < 5{1+6+27@c§cals_1—|—3(603+1)C45f1061} ZA
ij=1

(347) 4+ 6 {6ca| DD dy" + (65 + 1) cazidy' — 1} (DD EX , E®)
+68® 6y — 1) [HE? — 5 [ul)?
for any € > 0, €1 > 0, where we use Hypothesis I, (item 2)). Let us choose

e =3cz(cacy )% and 1= (3dpcyt)'/? in (3.47) to obtain the desired estimate
of Lemma 3.2 with

cs = max{l +12¢3(cacg )2+ VBes(6¢3+ 1) (codo) V2,

6 4 m]?x||D(k)H +V3es(6es+1) (codo)™ V2, 604} n

Proof of Lemma 3.4: From now on we will choose § = ¢; in the definition
T
of p(z) in (3.12). Now, let us get a bound for the term // Vn,dSdt in (3.9).
0JS
Using the boundary conditions (1.3) we can rewrite V;, as
2] }

blu)? + ’y‘/OT [H(.%‘,T) xn} exp(—a(aj) (t — 7‘)) dr

0
Vn = _a {(t+t0)
9 2 2 dp 2
— et} = = {200+ t0) a = G2}

0y 3 Oou Ou
_ %{ZAZ]%'ﬁxi}_ 2(Vp.V)u.(aup + bu)

(3.48) wI=t t )
— 2(t+to)a [Hxn? = {2(t+10) 0 — 1} 7 ’/ [H x17) exp(—o(1-7)) dr
0
9 ¢ oo
+ G DEE + 50 P 2(DE ) (B V)

3
—20(H.n)(H.Vp)+ 2(nx E). (Vgo XZAiaa;L) .
i=1 v
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Let ¢;, j = 7,8, ...,11, be the following constants
06:2)\005150_1, 0728)\0(1%061(50_1, cg =cio=2d; ,
co=16a3cicgloy", 11 =16y iy oyt

where a;= max a(x), di= Teaé( ID(z)]], a1= max a(z) and = I;leagml(x)

The constant ¢4 was defined in the proof of Lemma 3.2 (see below (3.40)) and
¢o appeared in Hypothesis I (item 3)).
We will get a bound for some of the terms on the right hand side of (3.41).
We use the identity
H = nx(Hxn) +nH.n

to rewrite the expression
—20(H.n) (H.Vy) = =20(Vo.n)|H.n> = 2 6(H.n) (Hxn) . (Vox) .

Now we can obtain a bound for the term
Iy
%BIHIQ — 2B(H.n) (H.Vy) =

= 2 i - 22 giHnf? - 28(H.n) (Hxn) « (Vo)

(3.49) 2"7 277
< G Bl xal = 55 Bl 4+ 5ol Vel |[Henf + 56y Vil [H xf?
< (Voun+d5'[Vel) B1Hxnf? .

Next, we use the identity

E =nx(Exn)+nE.n

in order to obtain that

0 ) 9
(3.50) oy (PE-E) = OS;;D"'”)E'”P* 250 (B ) (Da- {nx (B xn)})
+ ai;D{UX(EXn)}-{nx(Exn)}
and
—2(DE.n)(E.NVy) = —=2(Dn.n)(E.n) (Exn).(Vepxn)
(3.51) _Qgﬁ@”'") |E'”‘2_2?§(E-77) (Dn.{nx(Exn)})

= 2Dn.{nx(Exn)} (Exn).(Vexn) .



450 BORIS V. KAPITONOV and G. PERLA MENZALA

Using (3.43), (3.50) and (3.51) we get a representation and therefore an inequality
as follows

[
on

(DE.E)—2(DE .n) (E.Vy) =
= o2 Dnen) il = 2(Dy.n) (B ) (Ex) . (Veoxn)
= 2(Dnxn).(Exn) (Exn).(Vexn)
+ Z—S;D(UX(EX’I])) . (nx(Exn))
< 561|V¢|(D77 n) |Exnl* — 2(Dnxn). (Exn) (Exn) . (Vexn)
(nx Exn) ) . (77X(EX’I7))
)

{(W) n)+05 " Vel +2|Vel} di|Exnf? .

(3.52)

From the boundary conditions (1.3) it follows that

2
|Exnl* < 20°|Hxn* + 277

/OT [H(x, T)x 77} exp(—a(x) (t — T)) dr

which together with (3.52) and (3.49) give us the estimate

Oy

an (DE. E)+—5|H|2— 2(DE.n)(E.Vy) = 25(H.n) (H.Vy) <

< [Voun+ 05 Vel +2 Vel | [2d1 o® + ] | H xnf
+ {Vgp.n+(50_1\Vg0|—|—2|V<pﬂ

Ot [H (2, 7)xn] exp(~o(z) (t— 7)) dr

< (3+00") Vel (2dia® + ) [H x|

+ 2d17*(3+ 65 1) [Vl ‘/Ot {H({E,T)X 77} exp(—a(t - T)) dr

2
(3.53) - 2dy?

2

Let €1, €9, €3 positive real numbers. With the notations given above we have
the following estimates

(3.54) —2 (Vo .V)u. (aus +bu) < Xgarey  |ug]? + Ao bPe _1]u\2
. ou  Ou

+ (e2a1¢)y +€3co ) V| ZAU o, ‘o

,j=1
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where we used Cauchy—Schwarz inequality and Hypothesis I (item 3)). By the
same reasons and the boundary conditions (1.3) we deduce that

3
2(nx E). (Vgo xZAi g;) <

ou Ou
< |Voleser Inx E? + 3|Vy|csercy Aij
1 0 le J O:nj " Oz,
t 2
(3.55) < 2Xpca 51—1 {a% |qu7|2 + 7y ‘/0 |:H($,T)X_77:| exp(—a(t—T)) dr }
ou Ou
Ajj

+ 3|V§0‘C4€1 CO Z J 8:1:] axz

3,j=1

1 1 1
Now, we choose 1= 3 co 0o ch, €9 = 3 co 9 al_l and €3 = P dp in (3.54) and
(3.55). Thus, the summation of the left hand sides is less than or equal to

ou Ou
gl 8 (%Z

(8 X0 a? cg oyt Jue|® + 2 Mo b2co 1y ul? 4 50| Ve ZA
i,7=1

t
+ (16 Ao c?l 05150_1) {a% \HXH\Q + 7y ’/0 [H(%T)Xn} eXP(—U(t_T)) dr

| }
Hence, from (3.48), (3.53) and the above discussion, we obtain the estimate

)

vV, < gt{(t+to)b|u]2+*y‘/ m)xn]exp( (t—T))dT

— —alu}? = {1 =2Xx0bc o7 Y blul?

{2 (t +to)a — 9 _ 8 Xoa? cgldgl} |z |2
on
(3.56) { — 60|V |} ZA Ou_ Ou
01V Uaa:] (%UZ
t,j=1
{2 t+to)a — (3405 )(2d1a2+ﬁ)Vgo]—lG)\ociéo_la%}]Hxn]Q
{2 (t+to) —1—2d1yi(3+ 35 )yw|—16Aocic5155171}

0% '/0 [H x 1] exp(fa(th)) dr :

Integration of (3.56) in Sx[0,T] proves Lemma 3.4. m
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4 — Exact controllability

In this section, we use the result of Theorem 3.5 to prove exact boundary
controllability to an arbitrary state of solutions of (1.1), (1.2), (1.4) and (1.7)
when v = 0.

Theorem 4.1. Under the assumptions of Theorem 3.5 and v = 0, there exists
T > 0 such that for any T > T, given any initial data f € M, and any terminal
state g € M, there exists a boundary control {p(x,t), ¢(x,t)} belonging to
[L2(S%(0,T))]® driving the system (1.1), (1.2), (1.4), (1.7) to the terminal state
g(z) at time T':

u(z, T)=gi1(x), w(x,T)=g2(x), E(z,T)=g3(x) and H(z,T)=gs(z).
Moreover
(4.1) 1813 + Il < e {171 + ol )}

for positive constant ¢ where W = [L?(Sx(0,T))]3.

> 0. We consider the following equation

- 1/1-p
Proof: Let T =1 [(613> -1
Ty

in M :
(4.2) v=U"(T)UT)v = f-U*(T)g

where {U (%) }+>0 is the semigroup associated with problem (1.1)—(1.4). The op-
erator F(T) = U*(T)U(T) takes M; into itself and ||F(T)| < 1 for any T' > T
by Corollary 3.6. Thus we can solve (4.2) for any f,g € M; and

Il < c{lflz+lgllz} -
Consequently, if we choose v = (I — F(T))~'(f —U*(T)g) then we will have that
(u1,u2,ug,uq) = Ut)o —U*(T —t) (U(T)v — g)
= (01,02,03,04) — (w1, wa, w3, wy)
is a weak solution of (1.1), (1.2), (1.4) and (1.7) with
plx,t) = —ave —awy, q(x,t) =anx{(0s+ws)xn} .

We observe that
(ula uz,us, u4)|t=T = g(.’L‘)

therefore by the energy identity we obtain (4.1).
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