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ON A COMPLETION OF PREHILBERTIAN SPACES
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Recommended by A. Ferreira dos Santos

Abstract: We define and study a completion of a prehilbertian space, associated
to a family of linear subspaces endowed with linear topologies such that the inclusions
are continuous. This provides in particular an orthogonal complement of paraclosed

subspaces and an adjoint of paraclosed linear relations.

1 — Introduction

In this work we introduce a completion H of a prehilbertian space H with
respect to a family P of linear subspaces P endowed with linear topologies mak-
ing the inclusions P — H continuous, so that all the algebraic and topological
duals P* (for P € P) are contained in H, see Definition 2.4 and Theorem 3.2.
In particular, this provides an orthogonal complement of paraclosed subspaces
and an adjoint of paraclosed linear relations.

We remind that a linear subspace P of a Hilbert space H is called paraclosed
if it can be endowed with a hilbertian norm making the inclusion P — H con-
tinuous. Such a norm is unique up to equivalence, by the closed graph theorem.
This notion was evidenced in [4, 8], then it was studied in more general con-
texts, including Banach spaces. Paraclosed subspaces are called also operator
ranges, because a linear subspace of H is paraclosed if and only if it is the range
R(T) = {Tx : x € H} of a bounded operator T': H — H. These spaces appear
in various cases where it is not sufficient to consider only closed subspaces and
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it is helpful to use operator ranges [5]. We refer also to [10, 11, 13, 14] for their
general properties and various applications.

The linear relations G C X xX, where X is a Hilbert or a Banach space,
are considered as a generalization of the notion of graphs G(T') of operators
T: DT)(C X) — X, see [1, 2, 3]. Here D(T) is the domain of T' and
G(T) = {(z,Tx) : © € D(T)}. We remind that an operator T is called closed
(resp. paraclosed) if its graph G(T) is closed (resp. paraclosed). The class of the
paraclosed operators is the minimal one that contains the closed operators and
is stable under addition and product [4], see also [11] for its properties. Assume
X is a (real or complex) Hilbert space and set H = X @& X. Let CR(X) (resp.
PR(X)) be the set of all closed (resp. paraclosed) linear subspaces G C H of
infinite dimension and codimension. An element G € CR(X) (resp. PR(X))
is called a closed (resp. paraclosed) linear relation [2]. The set CR(X) of all
closed linear relations is a complete metric space endowed with an algebraic struc-
ture [2, 12] consistent with the usual one for closed densely defined operators 7.
That is, the notions of sum, composition, adjoint, etc. of operators have natural
extensions to CR(X), enabling the study of various classes of closed linear rela-
tions [2]. In particular, the adjoint G* of a closed linear relation G € CR(X) is
defined as

(1) G*:{(—y,x)EH: (m,y)eGL} ,

by analogy with the equality G(T*) = G'(—~T)* where T* is the Hilbert space
adjoint of T and G'(T) = {(v,u) : (u,v) € G(T)}. The symbol ot := {h € H :
(h|s) = 0 for all s € o} denotes as usual the orthogonal complement of a subset
o of a Hilbert space H, while (-|-) stands for the inner product of H.

The structure of CR(X) partially has a counterpart on PR(X), too. The
starting point of this paper is an attempt to extend the adjoint G — G* to
PR(X) so that (G*)* =G and F C G = G* C F* for F,G € PR(X). By virtue
of (1) for G € CR(X), a related question is then to find a corresponding notion
of orthogonal complement of paraclosed subspaces.

We mention that for a paraclosed subspace P C H endowed with a fixed
hilbertian norm || - ||p defining its topology, there exists the notion of the de
Branges complement, that is, a map taking P = (P,|| - || p) into a normed para-
closed subspace P' = (P', || - || p) such that (P')) = Pand P C Q = Q' C P/, see
[5] for details. Our present questions require to find a norm-independent notion
of orthogonal complement for paraclosed subspaces.

Let P(H) denote the set of all paraclosed linear subspaces P C H of an
arbitrary Hilbert space H.
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In what follows, we will consider the subspaces P € P(H) to be endowed only
with the linear topologies making P C H continuous. If all P are Hilbert (or,
more generally, Fréchét) spaces, these own topologies are uniquely determined
whenever they exist.

The completion H = H(P) D H of H is an abstract analog of the Sobolev scale
of distributions (J,,cz H™ contained in the Schwartz space D’ of all distributions,
associated to a space H := L?(= H") on a smooth manifold [7] with P := {H" :
n > 0}, see Example 4.1. We construct H by means of the duals P* of the spaces
P € P, which resembles the definition of the rigged Hilbert spaces [6, Section
1.3.1], see Example 4.3. Our definition is more general, providing for instance
P-completions that — unlike in Examples 4.1 and 4.3 — are not necessarily
contained in the dual S* of a single subspace S of (pcp P, see Example 4.4. Also
we take into account only the topologies of the spaces P € P without requiring
that a particular norm be fixed on each P. The space H(P) is the (unique)
solution of a corresponding universal problem. It provides us, for P := P(H)
(with H a Hilbert space), a suitable notion of orthogonal complement P s P~
with P+ c H(P(H)). Then we can define also the adjoint G* of a paraclosed
linear relation G C X @ X on a Hilbert space X as G* = {(~y, ) : (z,y) € G*},
see Remark 3.9.

2 — P-completions

Let H be an arbitrary Hilbert space. We prove that the orthogonal comple-
ment P — P+ (for P closed) cannot be extended to a map P +— P¢ on P(H)
with the properties (P¢)¢ = P and M C N = N¢ C M€, where M,N,P € P(H).
Indeed, Proposition 2.1 gives (M¢)¢ = M (the closure of M) and so (M¢)¢ # M,
in general. In order to have an extension of the orthogonal complement with
such properties as above, we should let then the P’s be contained in a larger
space H D H, endowed with an inner product so that all P make sense. Propo-
sition 2.2 shows that even in this case, the map P 3 P — P+ C H cannot
satisfy (P+)* = P if the inner product of H is globally defined on H x H. This
leads us to Definition 2.3. We introduce then, by Definition 2.4, a class of such

completions H associated to families P of topological linear subspaces of H.

Proposition 2.1. Consider an arbitrary function on P(H), denoted by
M — M€, such that for every M, N € P(H) the following implications hold:

(2) MCN = N°C M°®;
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(3) N=N — N¢=N+.

Then for any M € P(H) we have M¢ = M+ = M and (M®)¢ = (M+)+ =M.

Proof: Let M € P(H) be arbitrary. By [5, Theorem 1.1], there exists a
sequence H,, (n > 0) of closed mutually orthogonal subspaces of H such that

M = {:c = Zazn D xy € Hy, 2(2””:6““)2 < oo} .

n>0 n>0

For n > 0, set My, == {zx € M : z, = 0 for £ > n}. Thus M,, = @j}_, Hy. is
closed (and so paraclosed). The trace of the topology of M on M,, coincides with
the topology induced by H, because the first one can be defined by the norm
2|13, == ZkZO(QkakH)2 and we have

n
k
ol < 2l = Y@M lml)? < 472l (z € M)
k=0

Since all Hy, are complete, each M, is closed in H. Then (M,)¢ = (M,)*, by (3).
Also M,, C M implies M¢ C (M,)¢, by (2). Hence M¢ C ;o M;-. Since M =
@, H, = U, My, we have (N, M;- ¢ (M)*. Therefore Me¢ c M+ (= (M)4).
Due to the closedness of M, we have (M)+ = (M)¢, by (3). Hence M+ = (M)°.
Obviously, M C M and M is closed, then (2) gives (M) C M¢. Tt follows that
M+ c M¢. Since the opposite inclusion was proved earlier, we have M¢ = M=+
for every M € P(H). Replacing in this equality the space M by M¢ (€ P(H) by
the hypothesis of the proposition), we obtain (M¢)¢ = (M¢)+ = (M+)+ =M. a

Let X’ denote the algebraic dual of a vector space X. We remind that a linear
subspace Y C X' is called total on X if y(x) = 0 for all y € Y implies z = 0.
In this case (X,Y") is said to be a dual pair. Then for any F C X the sets

E":{yEY: ly(x)| <1 for every a:EE}
and
El:{er: y(x) =0 for every xEE}

are called the polar and the annihilator of E, respectively (see, e.g., [9, Section
I11.3.2]). The bipolar and biannihilator of E are then (E°)°C X and (E+)+CX,
respectively. Using the same notation | for the polar and the orthogonal comple-
ment is convenient since whenever X is a Hilbert space and Y := X* (C X’), the
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polar E+ C Y of E can be identified with its orthogonal complement E+ C X via
the antilinear (that is, conjugate-linear) isometric isomorphism X* 3 y — g € X:
y(x) = (z|g) (r € X) given by Riesz’ lemma.

Proposition 2.2. Let P C H be a linear subspace of a topological vector
space H. Let H be a topological vector space endowed with a continuous bilinear
form (-, -) defined on H x H, such that (x,y) = 0 for allz € H (resp. forally € H)
implies y = 0 (resp. x = 0). Let i : H — H be an injective and continuous linear
map. Set P =i(P). Define

PL:{.IEFIZ (r,z) =0 fora]]zep}

and
P ={yecl: (zy)=0 forall zc P}

If P = ]5, then the subspace P must be closed in H.

Proof: Let H* be dual to H. The space Y := {(z,-) : # € H} C H*
is total on H. Thus (H,Y) is a dual pair. Also H is embedded into the dual
space of Y by the mapping H 3 z — f, where f.((x,-)) = (z,2) for z € H.
Then H is total on Y. Since P is a linear subspace of H, the (bi)polar of P
coincides with the (bi)annihilator of P, see [9, Section II1.3, Lemma 2(4)]. Thus
(P°)° = (PL)+ = PLL (= P by the hypothesis). By the bipolar theorem (see,
e.g., [9, Section II1.3, Theorem 4]), (P°)° is the closure of P with respect to the
topology a(ﬁ ,Y). Now if h € H is the limit of a generalized sequence (m, ), with
m,, € P, then im, — ih in H. We have (z,im,) — (z,ih) for any z € H, due to
the conitnuity of (-,-). Since P is o(H,Y)-closed, it follows that ih € P(= iP).
In view of the injectivity of ¢, we infer that h € P. Thus P is closed. n

In what follows, we state a context in which the questions raised in the intro-
duction can get positive answers.

An antilinear map x — T on a complex vector space X is called an involution
if T =z for all z € X. An involution on a prehilbertian space H is called unitary
if (h|k) = (k|h) for all h,k € H.

Given a prehilbertian space H, a linear subspace L of H endowed with a linear
topology making the inclusion L C H continuous will be called a topological linear
subspace of H.

Definition 2.3. A space with inner product is a real or complex linear space
H endowed with a scalar-valued map (-|-) defined on a subset D of H x H and
an involution = — T (= the identity in the real case) such that
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— for any x € H, the set of all y € H such that (y,z) (resp. (z,y)) belongs to
D is a linear subspace, on which the functional (-|x) (resp. (z|-)) is linear (resp.
antilinear); this functional is null only if z = 0;

— if both (z,y), (y,x) € D, then (z|y) = (y|z);
~if (2,y) € D, then (z,7) € D and (z]g) = (z]g);
— the set {z € H : (z,x) € D} is a linear subspace, prehilbertian when

endowed with (-|-). o

Any vectors z,y € H are said to be orthogonal if either (x,y) € D and
(z|y) = 0, or (y,z) € D and (y|z) = 0. The orthogonal complement o+ of a
subset ¢ C H is then defined as the set of those vectors « € H that are orthogonal
to all y € 0. A linear map f between spaces with inner product (H, D, (:|-)) and
(H', D', (:])) is said to be isometric if for any (z,y) € D we have (fz, fy) € D’
and (fz|fy) = (z|y). Whenever (z,7) € D, we set (x,y) := (z|7).

Hypotheses. We shall consider real or complex prehilbertian spaces (H, (-|-))
together with sets P of topological linear subspaces P C H. We always suppose
that H € P. All the prehilbertian spaces (H,P) under consideration are assumed
to be endowed with a unitary involution. Moreover all P € P are supposed to
be invariant under this involution. For every L € P, let L* denote its algebraic
and topological dual with respect to the uniform convergence on the bounded
subsets of L. For M,P € P with M C P, we say that M is P-dense (resp.
P-closed) in P if it is dense (resp. closed) with respect to the own topology of P.
The symbol sp{o; : i € I} will denote the linear space generated by a family of
subsets o;. We denote by R(T') the range of a linear map 7. For any h,k € H,
we set (h, k) := (h|k).

Under the hypotheses from above, we give the following definition.

Definition 2.4. Let P be a set of topological linear subspaces of a prehilber-
tian space H such that H € P. For any L € P, we define the inclusion of L into
L* by

LLL* - L—>L*, irpl = <~,l>’L (: <’Z> for ZEL) .
Let K,L,M,P € P. A P-completion of H is a space with inner product H
together with the linear maps
it H—H, ip:L"—H
called the inclusions and the linear maps

rp: Hy, — L*, where Hp := Sp{R(ip*): PeP, PDL} )
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called the restrictions such that

VUL = ’i|L, (il,iL*u) =ul forall [ e L, ueL* ;
rgip~u=ulg foral wel*, KCL;

ip=u=tip~(ulpr) if we P* and M is P-dense in P .

We will denote the above defined P-completion by (ﬁ,i, (ir*)rer, (rL)Lep)-
A morphism of P-completions

fo (Hyi (i) rep, (o) rep ) = (Hod, (ine)rep (o) rep )

is a linear map f : H — H such that fir- = jr- forall L € P. o

3 — Main results

We will establish now the existence and main properties of a P-completion
as defined in Section 2. This completion will turn also to be unique in a certain
sense.

Proposition 3.1. Let H be a prehilbertian space and P be a set of topo-
logical linear subspaces satisfying the hypotheses stated in Section 2.
If (H,i, (i) Lep, (r)rep) is a P-completion of H, then the inclusion i : H — H
is isometric and for every L € P the inclusions ipp« : L — L*, ip« : L* — H are
injective.

If f : (H,i,(iz-)eps (ro)rep) — (M, 4, (jr=)Lep, (pL)Lep) is a morphism of
P-completions, then it is isometric, f|g = 1y (that is, fi = j) and f commutes
with the restrictions, namely po\ﬁL = rr, whenever L € P.

Proof: For all L € P, the mappings ir;+ are injective, see Definition 2.4.
Since rpip+ = 1+, all 77+ are injective, too. Then i = ig~igg~ is also injective.
For any h,h’ € H we have

(ih, i) = (ih, ig-Gigp-h')) = Gpp-h)(R) = (h, k') .

Thus i is isometric. We have fi = fig«igg = ju~igg = j. Fix K € P. Take
an arbitrary finitely supported set {u” € L* : L € P,L D K}, that is, all the
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functionals u” are null except for a finite number of them. For any L € P with
L D K and any u € L*, we have

pi firru = prjru = ulg = rripu .

Take v = v~ and sum over L € P. It follows that prf =rK on ﬁK. Now f is
isometric. Indeed, if D C H x H denotes the domain of the inner product (:|-)
of H, then for any (ik,>.; ir~u”) € D we have

<fik,fZL:¢L*uL> = <jk,zL:jL*uL> = zLjuLk = <zkzL:zLuL> u

Theorem 3.2. Let H be a prehilbertian space and P be a set of topological
linear subspaces of H satisfying the hypotheses stated in Section 2. Then there
exists a P-completion H of H such that for any other P-completion H of H there
is a unique morphism from H to H.

Proof: Let S := @;p L* denote the algebraic direct sum of all duals L* of
spaces L from P. Thus S consists of all the formal sums @, cp u” of functionals
u’ € L* on various domains L € P with the family (u”)pep of finite support.
In what follows, whenever the symbol L will be used as an index, it will be
assumed to run the whole set P if not otherwise specified.

For every P € P, let sp : P* — S be the canonical injection. That is, for any
u € P* we have spu = @ u” with u” := u and u’ := 0 for L # P. Define a
linear subspace S7 of .S by

(4) S| = {@iLL*lL €8S: Il €L for every L, ZZL:O in H} .
L L

Remind that i+ : L — L* is the injective map defined by irr+l = (-,1). Set
d:= {(M,P) € P%: M is P-dense in P} :

Let Sy C S be the linear span of all the vectors of the form spu — sps(u|pr) with
(M,P) € 6 and u € P*. Let H= H(P) be the quotient space

(5) H(P) := 5/(51+ 52)

where S + Sy := {s1 +s2: 81 € S1,80 € So}. Let p: S — H denote the linear
canonical map of factorization through the linear subspace S; + S2 of S. The
involution

ul:=ul (l€LeP, uecl"
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induces an involution on H by factorization through the subspace S1 + S» C S.
For any L € P, let

ir+ ‘= PSL, .

Set also
1:= ig«iHH* .

For every K € P, define the subspace Hgx of H by
I:IK = Sp{R(iL*): LeP, LD K} .
Define the set D C H(P) x H(P) as

(6) D = |J (i(K) x H) .

KeP

We verify now that the conditions of Definitions 2.3, 2.4 are satisfied. For
every sy € Sy there exists a family {u™* € P* : (M, P) € §} of finite support

such that
Sg = Z (SpuMP—sM(uMP]M)) .
(M,P)eé

For every (M, P) € 4, represent spu™? € S as spuM? = @, u” by a finitely
supported set {ul € L* : L € P}, where u” = uM? while u* = 0 if L # P. Thus
L = §pruMl, where §p, is Kronecker’s symbol. Then

S s = Y @ =@ Y o =@

(M,P)es (M,P)es L L M:(M,P)es L M:(M,L)€s

Similarly, we obtain the equality

SM MP|M @ Z LP|L ]

P)ed

Then any vector so € Sy has the following form

sy = Z (SPUMP_SM(UMP’MD _ @ Z WML @ Z uLP|L‘

(M,P)ed L M:(M,L)ed L P:(L,P)ed

Given any finitely supported set {u” € L* : L € P}, we have then the implication

M Yiput=0 = uf = ()t 3 WM Y WM
L

M:(M,L)es  P:(L,P)es



82 C.-G. AMBROZIE

for some sets of finite support {uM? € P*: (M, P) € §} and

{zLeL; LeP, ZJL_O},

LeP

see the equalities (4) and (5).
This shows that rx is well-defined on H K by

TKZiL*uL = ZuL|K .
L L

Indeed, if >, iz+u* = 0, then we infer that > ; u”|x = 0, by summing in the
equality (7) over all L € P with L D K and using the equalities >_; I, = 0 and

Z Z ML|K_Z Z LP|K_

L M:(M,L)€S L P:(L,P)e

Since rpip« = 1p+, all ip« are injective. Hence i (= ig+igpg~) is injective too.

Now if L € P and | € L are arbitrary, then the vector s = s; € .S given by
s = spirp+l — sgigmg+l belongs to S1, see (4). Indeed, if L # H (the nontrivial
case), then s has the form s = @pipp+lp, where lf, = [,ly = —l and [p = 0 for
all P# L,H. Hence ) plp = 0. Then ps = 0. Therefore,

ipctrpxl —il = pspipp«l —pspgigp-l = psl = 0.

Thus ip«irp = 1|L.

To define the inner product, let d := (ik, > ; ir-u”) € D be arbitrary. That is,
we fix a space K € P, a vector k€ K, and a finitely supported set {u”cL*: LeP}
with the property that L D K whenever u” # 0, see the definition (6) of D.

Set
(i S iput ) i= Sk
L L

To prove that (-,-) is well-defined above, represent d € D in a similar form,
d = (ik', 3" ip-v"). More precisely, k' € K’ € P and the set {v" € L* : L € P}
has finite support and satisfies L O K’ whenever v¥ # 0. Then ik = ik’ and

ZiL*(uL—vL) =0.
L

Since i is injective, we have k=k&'. Moreover, u” —v! can be represented as in (7).

By summing over L, it follows that >, ulk — >, vFk' = 0.
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We let

fZiL*uL = ZjL*uL .
L L

To show that f is well-defined, suppose that we have 3", ir+u” = 0. Hence u”
can be represented as in the equality (7), that we use as follows. Remind that
(1)L = ipr+lr, apply jr+ to (7) and use the equality jr+irr+ = j. Finally,
sum over L and use the equalities >°; Iy = 0 and j« (uF|p) = jpu? to derive,
after canceling the terms in the right-hand side, that Y, jr~u’ = 0. Since

H = sp{R(ir+) : L € P}, it follows that f is also uniquely determined. u

Given H and P, we have established, by Theorem 3.2, the existence of an
initial object H = (H,i, (ir-)rep, (L) Lep) in the category of completions (see
Definition 2.4). This object is then uniquely determined modulo an isomorphism
in this category. We will call H = H(P) the P-completion of H. As will follow
by Remark 3.8, the completion does not essentially change if we replace the inner
product of H by an equivalent one.

Remark 3.3. If H is a prehilbertian space and all L € P are endowed with
the induced topology, then H (P) can be identified with the usual completion H~
of H and i : H — H™ becomes the inclusion. In particular, this holds if all L € P
are closed in a Hilbert space H. Indeed, in this case S2 = {0} and, by (4), the
map ig- : H* — H(P) = S/ is an isomorphism. Then use H* = (H")* and
Riesz’ isomorphism H™ = (H")* taking x into (-|Z). o

Proposition 3.4. Let H, K be prehilbertian spaces and P, Q@ be sets of topo-
logical linear subspaces of H, K, respectively. Let f : H — K be isometric and
such that Q = {f(P) : P € P} and for every L € P the map f|r, : L — fL
be bicontinuous with respect to the own topologies of L and fL. Then f has a
unique isometric extension f : H(P) — K(Q).

Proof: Let (H(P),i, (ir*)Lep, (rL)rep) and (K(Q), k, (k(sr)<)Lep, (tyL)Lep)
denote the corresponding completions. We define j : H — K(Q), jr~ : L* —
(fL)*, and pr~ : KfL — (fL)* as follows. Set j := kf. For L € P and u € L*, set
jreu = k(fL)*(uffl). For ¢ € sp{R(jp~): P €P,PD L}, set pr& == (trré) flr-
We obtain thus another P-completion (K(Q),7,(jr*)rer, (pr)rep) of H.
The conclusion follows then by Theorem 3.2 and Proposition 3.1. n

Note that if all P € P are Fréchét spaces, then any isometric map f with
Q = f(P) as in Proposition 3.4 is automatically bicontinuous from P to fP
whenever P € P, by the closed graph and the open map theorems.
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The completion H — H is also monotonic, namely if K C H then K C Hin
the following sense.

Corollary 3.5. Let P be a set of topological linear subspaces of a prehilber-
tian space H. Let K € P have the induced topology. Endow K with the restric-
tion of the norm of H. Set P ={L € P: L C K}. Then K(Pk) C H(P).

Proof: Denote by (H(P),i, (iz+)rep, (r1)Lep) the P-completion of H. Hence
the Px-completion of K is (K (Px),ilx, (ir+)rery, (tL)Lepy ), Where, for every
L € Pk, tr, is the restriction of r1, to the linear span of all R(ip«) with P € P
and P D L. Let f: K — H be the inclusion of K into H. By Proposition 3.4,
there exists a unique isometric extension f of f taking K(Px) into H(P) such
that fz’L* = fig» for L € Px. We use also Proposition 3.1 to derive fi = i|x.
Hence the desired conclusion follows. n

Proposition 3.6. Let P be a set of topological linear subspaces of a Hilbert
space H. Assume each L € P to be a separated locally convex space. Suppose
that for any L € P and x € H there exists P € P with L C P and x € P such
that L is P-closed in P. Then i(L)*+ =i(L) for every L € P and (iN)+ C (iM)+*
for any M, N € P(H) with M C N.

Proof: The inclusions iL C ((iL)*)* and (iN)* C (iM)* hold by the
definition of orthogonality. Let n € ((iL)*)* be arbitrary. Then n € H(P) is
orthogonal to (iL)*. From (6) it follows that n € iH. Hence n = iz for some
x € H. Suppose that n &€ iL. Then x ¢ L. By the hypothesis, there exists
a subspace P € P such that L C P, x € P and L is P-closed in P. By the
Hahn-Banach theorem, there exists a functional v € P* such that u|;, = 0 and
u(z) # 0. It follows that & := ip-u € (iL)* and (n,&) = (iz,ip-u) = u(z) # 0.
Then 7 is not orthogonal to (iL)*, which is false. This contradiction shows that
neEil. n

Remark 3.7. Let P be a set of topological linear subspaces of a Hilbert space
H. For any L € P, factorize ipp» : L — L* as L — H = H* ?5 L* where H, H*
are identified, by Riesz’ lemma, via h + (:|h), while py, is the map of restriction to
L. Taking adjoints provides a factorization of i} ;. as L** % H — L* where 1, =
p; is the adjoint of pr,, namely for £ € (L*)*, vr(§) = {opr € H** = H. Then we
can complete H by starting as well with the family P** := {.(L**): L € P}. If
each L € P is a reflexive Banach space, then we obtain a P-completion H (P*)
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isomorphic to H(P). This holds using the canonical embedding Jy, : L — L** of
L into its bidual L** and the equalities ¢} ;.Jr =irr~ for L € P. o

Remark 3.8. Let P be a set of topological linear subspaces of the Hilbert
space (H, (-|-)). Let A be a strictly positive bounded operator on H. Set (z]y) :=
(Az|Ay) for x,y € H. Let K denote the Hilbert space H endowed with the inner
product (-|-). Set @ = {A~'P: P € P}. Then, by Proposition 3.4, there exists a
bijective linear isometric map A : K(Q) — H(P) such that (z|y) z = (Az|Ay) 5.0

Remark 3.9. Let X be a Hilbert space. Set H = X @& X and take
P={PoQ: PQeP(X)}.
Define the adjoint G* C H(P) of a paraclosed linear relation G € PR(X) as
G* = {(-ya): () €G'}.

Then we have (G*)* =G and F C G = G* C F* for any F,G € PR(X). These
properties follow easily from Proposition 3.6, using the fact that P(X) is the set
of all paraclosed linear spaces of X. o

4 — Examples

We give below concrete examples of P-completions H(P).

Example 4.1. Let V be a compact smooth manifold without boundary. Let
H be L*(V,m) with respect to an absolutely continuous measure m on V with
continuous positive density. Thus (f|g) = [i, fgdm for f, g € H. Let P be the
set of all hilbertian Sobolev spaces H™(V) C H of positive integer order n > 0,
each of them endowed with the usual hilbertian topology [7]. Then H(P) is the
space D'(V) = U,z H"(V) of all distributions on V', where H~"(V') = (H™(V))*
for n > 0. The mapping i is the inclusion L?(V,m) < D'(V'). The bilinear map
(f,9) = (flg) on H is extended by the duality (p,u) between test functions
¢ € D(V) and distributions u € D'(V). The domain D of (-,-) is the union
Upso H"(V) x H™™(V). For any L := H™(V) (n > 0) the map iz- can be
identified with the inclusion of H~"(V) into D'(V). o
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Definition 4.2. [6, Section 1.3.2]. Let S be a linear space endowed with a
set of prehilbertian norms || - ||, (n > 1) such that if a || - ||,,-null sequence is
|| - |lm-Cauchy, then it is || - ||;,-null, too (n,m > 0). Assume S is complete when
endowed with the topology whose basis of neighborhoods of 0 is given by ||s]|, < &
(n > 1, e > 0). We may assume the sequence of the norms is increasing. Let
L, be the || - ||,-completion of S. We call S a nuclear space if for any m there is
n > m such that the inclusion i,,, : L, — L,, can be represented as

inm $ = Z 23 <S’S§i‘>n S/k/
k>1

with ¢ > 0 and )"t < oo for orthonormal systems (s, )x C Ln, (5{)k C L. O

Example 4.3. Let H be the completion of a nuclear space (S, (|| - ||n)n>0)
with respect to a separately continuous inner product (-|-). Set P := {S, Lo, L1, ...}
where L, is the | - ||,-completion of S, see Definition 4.2. Then H(P) = S* and
ih = (-, h)|s for h € H. o

The spaces from above have good properties with respect to certain operator
theoretic problems. For instance, any selfadjoint operator A on S has a complete
system of generalized eigenvectors [6, Section 1.4.5], namely vectors u € S*, u # 0
such that there is a scalar A with uA = Au on S.

Example 4.4. Let H be L?(R) with respect to the Lebesgue measure.
Let L1 = H'(R) be the Sobolev space of order 1, namely the space of all f € H
with generalized derivative f’ € H, endowed with the usual hilbertian topology.
Then L consists of continuous functions. Let Ly = {f € L; : f(0) = 0} have
the topology induced by L;. Let H'(0,00) be the Sobolev space of order 1, de-
fined as the space of all u € D'(0,00) with u,u’ € L?(0,00). Then H'(0,0)
is continuously contained in the space of the continuous functions on [0, c0) [7].
The limit u(0+) exists for any u € H'(0, 00). Extend u to @ € H by 0 on (—o0, 0).
Let Sy = {@:u € H*0,00)} and S_ = {f(—x) : f € S;} have the topology
induced by H'(0,00). Let Ly = S; + S_ have the topology of sum of paraclosed
subspaces [5] and Ls = H. Thus Ly C...C Ls. Set P = {Lj}?zo. Using the
density of L; in H we obtain in this case

H(P) = (D L;)/N
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where

N = {@hj e H*: Zhj :O} .
j j

The duals L} have known concrete descriptions: L = H “1(R) c D'(R) is the
dual of H'(R), Lj is the quotient space H~'(R)/Lg, and L5 = (H~1(0, 00))2.
The inclusions ¢ Ly L; C H(P) are obvious. With the notation from the proof of
Theorem 3.2, we have sp;u = u for u € L} and ps = s for s € S, see (5). Dirac’s
functional § belongs to Lj. The elements d;,0_ € L3 defined by d1u = u(0%)
do not belong to L, since 6,6+ € Lg, but 6,6+ # 0 (one shows easily that they
cannot be represented as L2-functions >ihi € N). We have 64 —d_ € Li since
0+ =0d0_on Ly.0
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