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HOPF BIFURCATION WITH S3-SYMMETRY
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Abstract: The aim of this paper is to study Hopf bifurcation with S3-symmetry as-
suming Birkhoff normal form. We consider the standard action of S5 on R? obtained from
the action of Sz on R? by permutation of coordinates. This representation is absolutely
irreducible and so the corresponding Hopf bifurcation occurs on R?@®R2. Golubitsky,
Stewart and Schaeffer (Singularities and Groups in Bifurcation Theory: Vol. 2. Applied
Mathematical Sciences 69, Springer-Verlag, New York 1988) and Wood (Hopf bifurca-
tions in three coupled oscillators with internal Zs symmetries, Dynamics and Stability of
Systems 13, 55-93, 1998) prove the generic existence of three branches of periodic solu-
tions, up to conjugacy, in systems of ordinary differential equations with Sz-symmetry,
depending on one real parameter, that present Hopf bifurcation. These solutions are
found by using the Equivariant Hopf Theorem. We describe the most general possible
form of a S3x S'-equivariant mapping (assuming Birkhoff normal form) for the standard
Ss-simple action on R?2@ R2. Moreover, we prove that generically these are the only
branches of periodic solutions that bifurcate from the trivial solution.

1 — Introduction
The object of this paper is to study Hopf bifurcation with Sz-symmetry as-

suming Birkhoff normal form. We consider the standard action of S3 on the
two-dimensional irreducible space

U= {($1>$2>$3) ER31 xr1 + x9 + 23 :0} ~ R2
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defined by
0 - (w1, 29,23) = (To-1(1), Lo-1(2), To-1(3)) (0 € S3, (w1,22,23) € U) .

Note that any Ss-irreducible space is Sz-isomorphic to U. Moreover the stan-
dard action of D3 on C is isomorphic to the above action of S3 on U.

Since U is Ss-absolutely irreducible, the corresponding Hopf bifurcation
occurs on

V= {(21,22,23) € C3 P21+ 2zo+ 23 :0} =2 UpU = RQ@RQ .
Suppose we have a system of ordinary differential equations (ODEs)

(1.1) & = f(z,\)

where x € V, A € R is the bifurcation parameter, and f: VxR — V is smooth
and commutes with Sg:

flo-z,\)=0-f(z,\) (0c€83 zeV, NeR).

With these conditions
f(O,N)=0.

Assume that (df)() has an imaginary eigenvalue, say i, after rescaling time
if necessary. Golubitsky et al. [3] and Wood [7] prove the generic existence of
three branches of periodic solutions, up to conjugacy, of (1.1) bifurcating from
the trivial solution. These solutions are found by using the Equivariant Hopf
Theorem (Golubitsky et al. [3] Theorem XVI 4.1). They thus correspond to three
(conjugacy classes of) isotropy subgroups of S3xS! (acting on V), each having a
two-dimensional fixed-point subspace. In this paper we prove in Theorem 5.2 that
if we assume (1.1) satisfying the conditions of the Equivariant Hopf Theorem and
f is in Birkhoff normal form then the only branches of small-amplitude periodic
solutions of period near 27 of (1.1) that bifurcate from the trivial equilibrium are
the branches of solutions guaranteed by the Equivariant Hopf Theorem.

This paper is organized in the following way. In Section 2 we start by review-
ing a few concepts and results related with the general theory of Hopf bifurcation
with symmetry — we follow the approach of Golubitsky et al. [3]. In Section 3
we recall the conjugacy classes of S3x S! (with action on V) obtained by Golu-
bitsky et al. [3] (see also Wood [7]). There are five conjugacy classes and three
of them correspond to isotropy subgroups with two-dimensional subspaces.
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The next step is to find the general form of the vector field f of (1.1). We assume
that f is in Birkhoff normal form to all orders and so f commutes also with S*.
Specifically, we choose coordinates such that

f-z=¢%2 (peS!, zeV).

We show in Section 4.1 that the standard action of D3x S' on C? considered by
Golubitsky et al. [3] is isomorphic to the action of S3x S' on V' (Lemma 4.1).
In that way we can use an appropriate isomorphism between C? and V' and con-
vert the invariant theory of D3 x S! on C? (obtained by Golubitsky et al. [3])
into the invariant theory of S3x S! on V' (Proposition 4.2). We describe then
in Theorem 4.4 and Corollary 4.6 the most general possible form of a S3x S!-
equivariant mapping f in (1.1): we obtain generators for the ring of the invariants
and generators for the module of the equivariants over the ring of the invariants.
Finally, in Theorem 5.2 of Section 5, we prove that generically the only branches
of small-amplitude periodic solutions of (1.1) that bifurcate from the trivial equi-
librium are those guaranteed by the Equivariant Hopf Theorem. The proof of
this theorem relies mostly in the general form of f and the use of Morse Lemma.

We end this introduction by pointing out a few remarks. The main results
of this paper are Theorem 4.4 and Theorem 5.2. The first one describes the
S3 x Sl-invariant theory and relied upon the establishment of an appropriate
isomorphism between S3 and Ds-simple spaces. The second result proves the
nonexistence of branches of periodic solutions of Sz-bifurcation problems that
are not guaranteed by the Equivariant Hopf Theorem. For n > 3, the groups D,,
and S,, are not isomorphic. However, we hope that our approach for Sz will be
useful when considering S,,, for n > 3. In particular, we predict that the methods
of the proof of Theorem 5.2 can be followed once the fifth order truncation of
the Taylor series of a general S,-bifurcation problem in Birkhoff normal form is
obtained. Finally, the proof of Theorem 5.2 relied upon Morse Lemma and the
general form of the vector field. Both of these ingredients are available in the
D,,-case, for n > 3. Thus the method we followed should work for n = 3 using
the appropriate coordinates for the Ds-simple space, and we believe that can be
adapted to the D,, case for general n.

2 — Background

We say that a system of ordinary differential equations (ODEs)
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where x € R™, A € R is the bifurcation parameter and f: R"xR — R" is a
smooth function, undergoes a Hopf bifurcation at A =0 if (df)oo has a pair of
simple purely imaginary eigenvalues. Here (df )0 denotes the n x n Jacobian ma-
trix of derivatives of f with respect to the variables x;, evaluated at (x, ) = (0, 0).
Under additional hypotheses of nondegeneracy, the standard Hopf Theorem im-
plies the occurrence of a branch of periodic solutions. See for example Golubitsky
and Schaeffer [1] Theorem VIII 3.1. However the presence of symmetry in (2.1)
imposes restrictions on the corresponding imaginary eigenspace that may com-
plicate the analysis, and in general the standard Hopf Theorem does not apply
directly. We outline the concepts and results involved in the study of (2.1) in
presence of symmetry. We follow Golubitsky et al. [3] Chapter XVI. See also
Golubitsky and Stewart [2] Chapter 4.

Let I' be a compact Lie group with a linear action on V' = R" and suppose
that f commutes with T' (or it is I-equivariant):

f(fyxaA):’Yf(xv)‘) (/YGF?‘TGVZ)‘ER)'

We are interested in branches of periodic solutions of (2.1) where f commutes with
a group I' occurring by Hopf bifurcation from the trivial solution (z,A) = (0,0).

Conditions for imaginary eigenvalues

Let W be a subspace of V. We say that W is [-invariant if yw € W for
all v € ' and for all w € W. Moreover, if the only ['-invariant subspaces of W
are {0} and W, then W is said to be I'-irreducible. The space V is I'-absolutely
irreducible if the only linear mappings on V' that commute with I' are the scalar
multiples of the identity. It is a well-known result that the absolute irreducibility
of V implies the irreducibility of V' ([3] Lema XXII 3.3).

Let V and W be real vector spaces of the same dimension, and I' and A
isomorphic Lie groups. Suppose we have an action denoted by - of I' on V and
an action of A on W denoted by . We say that these actions are isomorphic if
there exists a linear isomorphism L: V — W such that for all v € I" there exists
a unique ' € A such that

(2.2) L(y-x) =+ % L(z)

forallz e V.
We are interested in periodic solutions of (2.1) when (df)( o) has a pair of
imaginary eigenvalues +wi. As we said before the symmetry I' of f imposes
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restrictions on the corresponding imaginary eigenspace E;. Specifically, it must
contain a I'-simple subspace W of V' ([3] Lemma XVI 1.2) that is either:

(a) W = W; @ Wy where W is absolutely irreducible for I'; or
(b) W is irreducible but non-absolutely irreducible for T'.

Moreover, generically the imaginary eigenspace itself is I'-simple and coincides
with the corresponding real generalized eigenspace of (df) o). By rescaling time
and choosing appropriate coordinates we may assume that w = 1 and

0 —Idyxm
(oo 5, = (Idmm 0o ) =7

where 2m = dim E;. See [3] Proposition XVI 1.4 and Lemma XVT 1.5.

Spatio-temporal symmetries

The method for finding periodic solutions to such a system rests on prescribing
in advance the symmetry of the solutions we seek. Before we describe precisely
what we mean by a symmetry of a periodic solution we recall a few definitions.

The orbit of the action of I" on x € V is defined to be

Tz = {7-:13: véf}

and the isotropy subgroup of x € V is the subgroup ¥, of I" defined by
Yy = {7€F: fy-ac:x}.

Points on the same group orbit have isotropy subgroups that are conjugate.
Later we use this property to simplify the calculations of the isotropy lattice of
(an action of) a group.

Note that if f as above is I'-equivariant and if 2:(¢) is a solution of (2.1), then
v - x(t) is also a solution of (2.1). In particular, if f vanishes on z € V, then it
vanishes on the orbit I'z. Further, if the fixed-point subspace of ¥ € T is

Fix(¥) = {J:GV: v-x =, VWEE},

then
f(Fix(2)) C Fix(%) .

To see this, note that if z € Fix(X) and 0 € ¥ then o f(z) = f(o-2) = f(z) and
so f(z) € Fix(X). As a consequence if x(t) is a solution of (2.1) then the isotropy
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subgroup of z(t) is the isotropy subgroup of x(0) for all t € R. In particular
we can find an equilibrium solution with isotropy subgroup ¥ by restricting the
original vector field f to the subspace Fix(X).

We describe now what we mean by a symmetry of a periodic solution x(t) of
(2.1). Suppose that z(t) is 2m-periodic in ¢ (if not, we can rescale time to make
the period 27). Let v € I'. Then ~ - (¢) is another 2m-periodic solution of (2.1).
If v - x(t) and x(¢t) intersect then the uniqueness of solutions implies that the
trajectories must be identical. So either the two trajectories are identical or they
do not intersect.

Suppose that the trajectories are identical. Then uniqueness of solutions
implies that there exists # € S! (we identify the circle group S! with R/27Z)
such that

veox(t)=z(t—10) .
We call (7,0) € I'xS! a spatio-temporal symmetry of the solution z(¢). Denote
the space of 2m-periodic mappings by Cor. Note that S! acts on Cy,. This action
of S! is usually called the phase-shift action. The collection of all symmetries of
x(t) forms a subgroup

S = {(%9) eTxS!: ~-z(t) :x(t_e)} ‘
Moreover if we consider the natural action of I'xS' on Cy, given by

(7,0) - x(t) = v-a(t —0)

where the T'-action is induced from its spatial action on V and the S! action is
by phase shift, then ¥, is the isotropy subgroup of z(¢) with respect to this
action.

The Equivariant Hopf Theorem

We consider (2.1) where f commutes with a compact Lie group I' and we
assume the generic hypothesis that L = (df)o,0 has only one pair of imaginary
eigenvalues, say +i. Taking into account that we seek periodic solutions with pe-
riod approximately 27, we can apply a Liapunov—Schmidt reduction preserving
symmetries that will induce a different action of S! on a finite-dimensional space,
which can be identified with the exponential of L|g, = J acting on the imaginary
eigenspace E; of L. Moreover the reduced equation of f commutes with I'xS!.
See [3] Lemma XXVI 3.2. The basic idea is that small-amplitude periodic so-
lutions of (2.1) of period near 27 correspond to zeros of a reduced equation
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¢(x, A, 7) = 0 where 7 is the period-perturbing parameter. To find periodic solu-
tions of (2.1) with symmetries ¥ is equivalent to find zeros of the reduced equation
restricted to Fix(X). See [3] Chapter XVI Section 4.

Consider (2.1) where f: R"xR — R” is smooth and commutes with a com-
pact Lie group I' and make the generic hypothesis that R™ is I'-simple. Choose
coordinates so that

(df) 0,0 =J

where m = n/2. The eigenvalues of (df)o x are o(\) +ip(A) where o(0) = 0 and
p(0) =1 ([3] Lemma XVI 1.5). Suppose that

(2.3) a'(0) #£0 .
Consider the action of S' on R" defined by:
0-z=e%s (BeS!, zeR").

The following result states that for each isotropy subgroup of I'xS! with two-
dimensional fixed-point subspace there exists a unique branch of periodic solu-
tions of (2.1) with that symmetry:

Theorem 2.1 (Equivariant Hopf Theorem). Let the system of ordinary dif-
ferential equations (2.1) where f: R"xR — R"™ is smooth, commutes with a com-
pact Lie group I' and satisfies

(2.4) (df)oo = <?dm><m aIdem> =J

and (2.3) where o(X)Fip()\) are the eigenvalues of (df )o x. Suppose that ¥ CI'xS!
is an isotropy subgroup such that

dim Fix(¥) = 2 .

Then there exists a unique branch of small-amplitude periodic solutions to (2.1)
with period near 27, having ¥ as their group of symmetries.

Proof: See Golubitsky et al. [3] Theorem XVI 4.1. u

A tool for seeking periodic solutions that are not guaranteed by the Equivari-
ant Hopf Theorem and also for calculating the stabilities of the periodic solutions
is to use a Birkhoff normal form of f: by a suitable coordinate change, up to
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any given order, the vector field f can be made to commute with ' and S! (in
the Hopf case). This result is the equivariant version of the Poincaré-Birkhoff
Normal Form Theorem ([3] Theorem XVI 5.1).

Throughout this paper, we assume that the original vector field is in Birkhoff
normal form (it commutes with I'xS! where I'=S3). Under this hypothesis
is valid the following result:

Theorem 2.2. Let the system of ordinary differential equations (2.1) where
the vector field f: R"xR — R" is smooth, commutes with a compact Lie group I'
and satisfies (df )o,0 = J as in (2.4). Suppose that f in (2.1) is in Birkhoff normal.
Then it is possible to perform a Liapunov—Schmidt reduction on (2.1) such that
the reduced equation ¢ has the form

o(v,\7) = flo,A)—(147)Jv

where T is the period-scaling parameter.

Proof: See [3] Theorem XVI 10.1. u

Invariant theory

We finish this section by recalling a few results about invariant theory of
compact groups. Let I be a compact Lie group and V' a finite-dimensional (real)
vector space. A function f: V — R is said to be ['-invariant if

fly-z)=f(z) (veT, z€V).

The Hilbert—Weyl Theorem ([3] Theorem XII 4.2) implies that there always exist
finitely many I'-invariant polynomials w1, ..., us such that every I'-invariant poly-
nomial function f has the form

flx) = p(ul(x), ,us(x)) (xeV)

for some polynomial function p. We denote by P(I') the set of all T-invariant
polynomials from V' to R. This is a ring under the usual polynomial operations
and the set {u,...,us} is said to be a Hilbert basis of that ring. Schwarz [6]
proves that if {ui,...,us} is a Hilbert basis for the ring P(I') and f: V—R
is a smooth I'-invariant function then there exists a smooth function h: R® — R
such that

f(z) = h(ul(fn), ,us(:n)) (xeV)
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(see [3] Theorem XII 4.3). The set of all I'-equivariant polynomial mappings is a
module over the ring P(T") and the Hilbert—Weyl Theorem also implies that there
exists a finite-set of I'-equivariant polynomial mappings X1, ..., X; that generate
the module over the ring P(I"). That is, every I'-equivariant polynomial mapping
g: V — V has the form

g = X1+ + fiXy

where each polynomial function f;: V—R is I'-invariant. See [3] Theorem XII 5.2.
The generalization of this result to the module of the smooth I'-equivariant map-
pings is due to Poénaru [4]. See [3] Theorem XII 5.3.

3 — The action of S3xS!

Let I'=S3 be the group of bijections of the set {1,2,3} under composition
and let us consider the natural action of S on C3. That is,

(3.1) o - (21,22,23) = (2071(1),2071(2),2071(3)) (O’ € S, (21,2’2,2:3) S CS) .
The decomposition of C? into irreducible subspaces for this action of S3 is
C=Clon

where

and

Vi= {(z,...,z): zE(C} ~ C.
Note that the space Cg is Ss-simple:
Cy = Ryo R}

where
R3 =~ R?

is S3-absolutely irreducible and the action of S3 on V; is trivial.
Throughout this paper let V = C3. Suppose we have a system of ODEs

(3.2) &= f(z,\)
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where z € V, A € R is the bifurcation parameter and f: VxR — V is smooth
and commutes with S3. Note that since Fix(S3) = {0} then

f(O,N)=0.

We suppose that (df)po has eigenvalues +i. Our aim is to study the generic
existence of branches of periodic solutions of (3.2) near the bifurcation point
(x,\) = (0,0). We assume that f is in Birkhoff normal form and so f also com-
mutes with S!, where # € S acts on V by

(3.3) 0-z=¢%2 (peS!, zeV).

Remarks 3.1.

(i) Note that any (real) two-dimensional Ss-irreducible space is isomorphic
to R}.

(ii) We show in Section 4.1 that the action of D3 x S* on C? considered in [3]
is isomorphic to the above action of S3 x S* on V= C3 (see Lemma 4.1).
Along this paper we often make reference to the results obtained by
Golubitsky et al. [3] Chapter XVIII where they study Hopf bifurcation
with D,, x S! (the case we are interested is n = 3) and to the results
obtained by Wood [7] related to Hopf bifurcation with S3x S!. o

We continue by studying the (conjugacy classes of) isotropy subgroups for
the above action of S3x S' on V.

The isotropy lattice

Consider the subgroups of S3x S' defined by

(34)  Z3={((123),27i/3)), Zo={((12),7)), SixS2={((23),0)).

In the next proposition we describe the isotropy subgroups of Sz x S! and the
respective fixed-point subspaces.

Proposition 3.2 ([3, 7]). Let V= C} and consider the action of S3x S!
on V given by (3.1) and (3.3). Then there are five conjugacy classes of isotropy
subgroups for the action of S3x S' on V. They are listed, together with their
orbit representatives and fixed-point subspaces in Table 1.
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Proof: See Golubitsky et al. [3] (p.368-370) (and recall Remark 3.1) or
Wood [7] (Proposition 3.2.1, p.19). =

Table 1 - Orbit representatives, isotropy subgroups and fixed-point sub-
spaces of Sz x S! acting on V. The groups Z3, Zy and S; x Sy
are defined in (3.4).

Orbit Isotropy Fixed-point
representative subgroup subspace
(0,0,0) S, x S! {(0,0,0)}
(a,ei%wa, ei%ra), a>0 Zs {(w,ei%ﬂw,ei%ﬁw): w E (C}
(a,—a,0), a>0 Zo {(w, —w,0): we(C}
(2a,—a,—a), a>0 S1x So {(Qw, —w,—w): wE (C}
(a,b,—(a—i—b)), a>b>0 1 {(wl,wg,—(wl +w2)): wl,wge(C}

Up to conjugacy, we have three isotropy subgroups with two-dimensional
fixed-point subspaces: 23, Z> and S1x So. It follows from the Equivariant
Hopf Theorem (Theorem 2.1), that there are (at least) three branches of pe-
riodic solutions occurring generically in Hopf bifurcation with Sg-symmetry (or
equivalently, with D3-symmetry). That is, to each isotropy subgroup ¥ of S3 x S*
with two-dimensional fixed-point subspace corresponds a unique branch of peri-
odic solutions of (3.2) with period near 27 and with symmetry ¥, obtained by
bifurcation from the trivial equilibrium (assuming that f satisfies the conditions
of the cited theorem). Let us notice, however, that the periodic solutions whose
existence is guaranteed by the Equivariant Hopf Theorem are not necessarily the
only periodic solutions that bifurcate from (0,0). In the Section 5 we prove in
Theorem 5.2. that generically these are the only branches of periodic solutions
of (3.2) assuming that f is in Birkhoff normal form.

4 — Invariant theory for S;x S!
In order to look for periodic solutions of (3.2) we calculate now the general

form of a S3x Sl-equivariant bifurcation problem. In Theorem 4.4 we obtain a
Hilbert basis for the ring of the invariant polynomials V' — R and a module basis
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for the equivariant mappings V' — V with polynomial components for the action
of the group S3xS! on V considered in Section 3. For that we show in Section 4.1
that the action of D3x S! on C? considered in [3] is isomorphic to the action of
S3x S' on V — Lemma 4.1. In particular we can use the isomorphism between
C? and V obtained in this lemma to convert the invariant theory of D3 x S' on
C? into the invariant theory of S3x S on V (Proposition 4.2). We then recall
the invariant theory for D3 x S! obtained in [3] and conclude with Theorem 4.4.

4.1. Isomorphic actions of D3x S! and Sz x S!
Consider the action of D3x S! on C? defined by
v (21,22) = (€21, e Vzy) (v €Z3),

(41) k?'(Zl,ZQ) = (2’2,2’1) s
0-(z1,20) = (e921,e?2) (€8S

for (z1,22) € C2. Here Z3 = (%) and D3 = (2 k).
The following results (Lemma 4.1 and Proposition 4.2) are presumably well

0

known, but we provide a simple self-contained proof.

Lemma 4.1. The action of D3x S on C? as in (4.1) is isomorphic to the
action of S3x S* on V= C} as defined in (3.1) and (3.3).

Proof: Consider the following bases By and By of C? and V, respectively,
over the field C:
B, = ((170)7 (07 1)) s

4m

4.2 o A or 4m
(4.2) By = ((el%,l,e’?),(1,62%,62%))

and define the C-linear isomorphism L: C?— V by
L(1,0) = (ei%ﬁ,l,ei%ﬂ) ,
L(0,1) = (1,5 ,¢'F) .
Let z = (21, 22) € C? and let us denote the actions of D3x S! on C? and S3x S*
on V by - and * respectively. Then for § € S! we have
L((3,0) - (21,22)) = ((123),0) * L(21, 22) ,
L((/{:,@) . (21,22)) = ((12),«9) « L(z1,29) .

Therefore the actions of D3x S! on C? and S3x S' on V are isomorphic
(recall (2.2)). m
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Let
(4.3) BS = ((1707_1)7(071?_1))

be another basis of V' (over the complex field). Then the matrix of the C-linear
isomorphism L: C?— V with respect to the bases By and Bs is

;2
e'3s 1
- 27
1 €3

and the matrix of L~! with respect to the bases Bs and Bj is

(4.4) A=

(4.5) A= =5

Proposition 4.2. Consider A and A~! as in (4.4) and (4.5) and let us

z2
respect to the bases By and Bs defined by (4.2) and (4.3), respectively. Then:

denote by Z = [gl] and z = [Zl} the coordinates of Z € C? and z € V with
2

(i) A polynomial P: C?>— R is D3x S'-invariant if and only if the poly-
nomial P': V — R defined by

(4.6) P'(z) = P(A™12)

is Sg x Sl-invariant.

(ii) A function f: C?>— C? with polynomial components is D3 x S*-equivariant
if and only if f:V — V defined by

(4.7) f(z) = Af(A'2)

is S3 x S'-equivariant.

Proof: If we take Z = [gl ] , the action of the elements (2%, 6) and (k, ) of
2

D3 x S! on C? is given by

- 27
2 o] et
(4.8) <7T,9> .7 = MyZ, where M, :ezéle ’ 2] :
3 0 e€'s

(4.9) (k,0)-Z = MyZ,  where My = e“’[(l’ (1)] .
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Similarly, if z = [il ] , the action of the elements ((123),6) and ((12),6) of Sgx S!
2
on V is defined by

(4.10) ((123),0) 2z = Nyz, where Ny = ew[_ll _01] ,
(4.11) ((12),6) x 2 = Nz, where Ny = ew[(l) (1)} .

With this notation, by Lemma 4.1 the following equalities are valid:

(412) AMl = NlA and AM2 = NQA .
Consequently
(4.13) MiAT'=A7IN,  and MpyA™'=A7IN, .

Let us prove (i). Let P: C?> — R be a D3 x Sl-invariant polynomial and let
us define P': V— R by P'(z) = P(A~!2). Then for i = 1,2 we have

P'(N;z) = P(A7'(N;2)) = P(M;(A7'2)) = P(A7'2) = P'(z)

and so P’ is S3x Sl-invariant. Suppose now that the polynomial P: C?— R
is such that P’ defined as in (4.6) is S3x Sl-invariant. As

P(Z)=P(A'AZ) ,
then for ¢ = 1, 2 it follows that
P(M;Z) = P(AT'A(M;Z)) = P(A"'(N;AZ)) = P'(N;(AZ)) = P'(AZ) = P(Z)

and P is D3 x Sl-invariant.
The proof of (ii) is similar. =

4.2. Invariant theory for D3 x S!

Recall the action of D3 x S* on (z1,22) € C? defined by (4.1). In the next
proposition we get a Hilbert basis for the ring of the D3x S'-invariant polynomials
and a module basis for the D3 x S!-equivariant smooth mappings (over the ring
of the D3 x Sl-invariant smooth functions):
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Proposition 4.3 ([3]).
(a) Every smooth D3 x S!-invariant function f: C?— R has the form
f(z1,22) = h(P1, P2, Ps, Py)
where
Pi= |z +=»*, P=lall=l, P=(=7%)+Ei2)’,
Py =il — |22?) (2172)° — (2122)°)
and h: R* — R is smooth.

(b) Every smooth D3 x S'-equivariant function f: C? — C? has the form

z%?l f%zg’ zfz%
o | TC 2 423

2272 %271 271

where A, B, C, D are complex-valued Dsx S'-invariant smooth functions.

(4.14)

21

f(Zl,Zg) = A +D

<2

Proof: See Golubitsky et al. [3] Proposition XVIII 2.1 when n = 3. n

4.3. Invariant theory for S3x S!

We can use now Proposition 4.2 and Proposition 4.3 to describe the invariant
theory for Sz x S':

Theorem 4.4. Let z = [zl ] denote the coordinates of z € V with respect
2

to the basis Bs (recall (4.3)). Then:
(i) Every S3x S'-invariant polynomial f: V — R has the form
f(z) =h(N,P,S5,T)

where
N = 2|21|2 + 2‘22|2 + 2129 + 21292 ,
P = |z1]* + |z2|* + |21]? |22]* + 2Re(2172) (|21]* + |22]?) 4+ 2Re(2773) ,

S = 6Re(2723) (|21]® + |22/) + 4Re(2§23) + 9|21 [* |22[* + 9|21 |? |22[*
—2[21(% = 2|22[® + 6 Re(2122) [6]21 |22]* — |21 ]* — [22]*] ,

T = Im(zlzg) (|Z2|2—|Z1|2) [2 Re(zlfz) (|21|2+|22‘2) + 2Re(21§2)2 + 3|21|2 |z2|2

and h:R*— R is polynomial.
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(ii) Every SsxS!-equivariant function with polynomial components g: V—V
has the form

9(2) = Agi(2) + Bga(2) + Cg3(2) + Dga(2)

where

_Zl |2‘1‘221 +Z%22+221|22’2 —512’%
91(2) = ;o g2(2) = ;

|ZQ‘222 —|—§1Z% + 2|Zl|222 — Z%EQ

( ) _51 (El—i- 252) (Zg — Z{)) + 33%2’2 (Z% — 5%) + 3212%32(2514‘ 32)
g3\z) =

)

| Z2(221+ Z2) (27 — 23) + 32123 (2] — 23) + 32{Z122(Z1+ 222)

[z, 2)
9a(z) = _54(2272,1)] )

ga(21,22) = (F3 — 23) (62723 + 42123 — 21) + 32122 (Za2(2] — 23) — Z123)

+6|21|2|22’2 (3|Z1‘222 — 2|Z2‘222 + 22%(51 —1—22))

and A, B,C, D are Ssx S'-invariant polynomials from V to C.

Proof: We begin by proving (i). By Proposition 4.3 the polynomials P;, P,
Ps3, Py as in (4.14) form a Hilbert basis for the ring of the D3 x S'-invariant
polynomials. By Proposition 4.2 (i), the polynomials defined by

N=3P(A712), P=9P(A'2),
S=2TPy(A7'2) and T =-3P(A12)

are S3x Sl-invariants and form a Hilbert basis for the ring of the S3x S!-invariant
polynomials (for the action on V). Taking A~! as in (4.5) we obtain the polyno-
mials N, P,T,S as stated in the proposition.

The proof of (ii) is analogous. Again, we use Proposition 4.2 (ii) and Propo-
sition 4.3. =

Remark 4.5. A function f = (f1, fo, f3) from V to V that commutes with
S5 x S! has the form

f1(z1, 22, 23)
f(z1,22,23) = | fi(22,21,23)

fi(z3, 22, 21)
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Note that from f((17) - (21, 22,23)) = (19) - f(21, 22,23) for i =2,3 and for all
(21,22,23) € V, it follows that fa(z1,22,23) = fi(22,21,23) and f3(z1, 22, 23) =
fl(z3722121)' O

Corollary 4.6. Let z = (21,22,23) € V and so z3 = —z1 — 22, and let
uy= 2121 , Ug = 2929 and usz = z3Z3 .
Then:

(i) Every smooth function fv: V — R invariant under S3x S' has the form

f(217227z3) = h(N7P75?T)

where

N = uy +u2 + us ,
(4.15) P =u}+ud+u3,
S = u§+u§+u§+6u1u2u;;,

T = Im(Zlfg) [u1u2(u2 — ul) + UQU3(U3 — UQ) + U1U3(’LL1 — U3)]
and h:R*— R is smooth.

(ii) Every S3x Sl-equivariant and smooth function g: V — V can be written

as
@’(z) = AX; + BXy + CX3 + DXy
where
[ 2 2z1u1 — (zou2 + z3u3) 2z1u2 — (z2u3 + zgug)
Xi=| 2|, Xo=|22us— (z1u1 + z3u3) |, Xz=|22u3 — (210} + z3u3) |,
23 2zgus — (zoug + z1u1) 22371% — (zng + zlu%)

(4.16)

(23 —23) (62222 4421 23 — 21) + 6usug (3ug 20 — 22223 —2un29) + 321222122 +2523)

Xy =|(23-23)(62722+427 20— 25) + 6usuz (Bug 2y — 22523 —2u1 21) + 32122(Z125 +2123)

(Eg —Eg) (62%2% +4Z§)Zg — Z%) + 6U2U3(3U322 —22’%21 — 2U222) + 35223 (Egz§ +Z§§1)

and A, B,C, D are Sz x S'-invariant and smooth functions from V to C.
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Proof: By Schwarz and Poénaru Theorems (see Schwarz [6] or [3] Theo-
rem XII 4.3 and Poénaru [4] or [3] Theorem XII 5.3) we may suppose that

f is polynomial and § has polynomial components. As |z3]?> = |21 + 22|? =
|21|2 + |22|2 + z1Z9 + Z129 then
= = = 2 2 2
2Re(z1Z2) = z1Z2+ Z122 = |23]° — |21]° — |22]* = uz —ug —ug
(4.17) 2Re(2973) = 2223 + 2223 = ud +u3 + ud — 2uug — 2ugus
2Re(2373) = 2375 + 7325 = ui — ud — ud — 3uyul — 3ugu}
+ 3U%U3 + 3u%U3 + 3ujusus .

Consider the polynomials N, P, S and T as defined in Theorem 4.4. Using the
equalities (4.17) we obtain

N = u; +uz +usz,

P = u%—l—u%—i—ug — UjU2 — UTUZ — UUT ,

S

2u? + 2uj + 2ui — 3ugug(uy + u2) — ugus(ua + us)
—3ujuz(ug + uz) + 12ugugus ,

T = Im(zlfg) [UlUQ(UQ — Ul) + UQU3(U3 — UQ) + U1U3(’LL1 — U3)] .

Let N, ]3, S, T be the S5 x Sl-invariant polynomials defined in (4.15). Then

~ ~ 1~ ~ o~ ~
N, P:%P—iNZ, S=3S—-N, T=T.

=
I

By Theorem 4.4 the polynomials N, P, S, T form a Hilbert basis for the ring
of the S3x Sl-invariant polynomials. Therefore N , ]5, S , T also form a Hilbert
basis for this ring.

We prove now (ii). Let g1, g2, g3, g4 be as in Theorem 4.4. Replacing —z1 — 2o
by z3 in each one of the g; we obtain through routine calculations

[ 21 2z1u9 — Z%Eg — Elzg
g1 = ) g2 = 29— 9
29 2ui29 — 2573 — 2] %2
. (75 = 23) (23 — 2) + 32227 (2 — 77) + 32123(23 — )
3 prm—
| (25 = 20) (21 — 23) + 32123(2] — 23) + 32227 (23 — %3)

and
[(z‘i’ —7Z5) (62223 + 42125 — 23) + 6uua (Buy 22— 22223 —2uazp) + 32122(2122 +z§,23)]
ga=

(Z3—23) (62722 + 42927 — 25) + 6uiug(Bugzy —22323—2uy 21) + 321 Z2(2521 +2123) '
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We obtain the Sz x S'-equivariant functions )?Z from g; (for i = 1,2,3,4) keep-
ing the components of g; and considering the third component as described in
Remark 4.5:

[ 21 2z1u9 — 2%53 — leg

Y Y 2 .52
X1 = | 22 , XQ = 222U1 — 2923 — 2227 ,

23 2z3U9 — 2521 — Zgzg

and
(2113 —Eg)(GZ%Z% +4212§ —Z%) =+ 6U1U2 (3U122 —22%23 —2’(,@22) + 32152(2%32 —|—Z§Eg)
)AQ = | (Z3—-23) (62222 + 423 20— 25) + 6usua(Bugzy — 22323 —2uy 21 ) + 321 22(Z1 25+ 2123)

(Z3—73) (62322 + 423 23— 23) + 6ugus (Buzzo — 221 22 —2u029) + 32273(Z225 +2123)

Consider ]V, ﬁ, §, T, X1, Xg, X3 and X4 as in (4.15) and (4.16). Note that
X1 = X1 and X4 = X4. Routine calculations show that

Xy =2NX; — Xy, Xz=(2N?-3P)X; —2NX,+3X3 .

By Theorem 4.4 the S3x S'-equivariant functions X;:V—=VandiX;: V-V
for j =1,...,4, generate the module of the S3x S'-equivariant functions over the
ring of the S3x Sl-invariants. u

5 — Hopf bifurcation with Ss-symmetry

In Section 3 we determined the conjugacy classes of isotropy subgroups for
the action of S3x S' on V = C} (Proposition 3.2). Up to conjugacy, we have
three isotropy subgroups with two-dimensional fixed-point subspaces: 23, 22 and
S1x Sg. It follows from the Equivariant Hopf Theorem, that there are (at least)
three branches of periodic solutions corresponding to each one of these isotropy
subgroups of S3x S! occurring generically in Hopf bifurcation with Sz-symmetry.
We prove in Theorem 5.2 that generically these are the only branches of periodic
solutions obtained through bifurcation from the trivial equilibrium in bifurcation
problems with Ss-symmetry and assuming Birkhoff normal form.
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Suppose that the function f: VxR — V is S3x Sl-equivariant and smooth,
and satisfies the conditions of the Equivariant Hopf Theorem. Thus we assume
that

(5.1) (df)on(z) = n(A)z

where p is a smooth function from R to C such that

(5.2) p(0) =i A Re(y/(0)) #0.

From Theorem 2.2 the small-amplitude periodic solutions of the equation

(5.3) z=f(zA)

of period near 27 are in one to one correspondence with the zeros of the equation
(5.4) g(z,\,7) =0

where g = f—(147)iz and 7 is the period-scaling parameter. From Corollary 4.6
and Remark 4.5 the general form of f = (f1, fo, f3) is

f1(z1,22,23,A) = p(N)21 + Az1 + BXo1 + CX31 + DXy
(5.5) fa(z1, 22,23, ) = fi(z2,21,23,A) ,

f3(z1, 22,23, ) = f1(z3, 22,21, )

where
Xo1 = 2z21u1 — (22u2 + 23u3) ,
X311 = 221u1 (zzug + z;;u%) ,
X1 = (z3 — 23) (62222 + 42125 — 2§) + 6ugua(3ui 2o — 22973 — 2uz29)
+ 32122(2%22 + 2353)
and A, B, C and D are smooth S3x S!-invariant functions from V' x R to C (thus
they may depend on \). Since we are assuming (5.1) it follows that A(0,\) = 0.
Recall that u; = z;z; for j =1,2,3.

Lemma 5.1. Consider f as in (5.5). Let z3 = —z1 — z2 where (z1,22) =
(rlei‘z’l,rgew?) with r1,79 € R and ¢ = ¢o — ¢1. Then we can write the first two

components of f as ‘
rie? h(ry, o, ¢, \)

T2€i¢2h(7"2, 1, _QS’ >\)

where h is a smooth function from R* to C.
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Proof: Let N, ]5 § T X1, X3, X3 and X4 be as in the Corollary 4.6.
Taking 23 = —21 — 22, (21,22) = (r1€'%1,19¢'?) and ¢ = ¢o — ¢ we can write
each of the invariant polynomials in the form

N = 27“% + 27“% + 2r1rocos ¢ ,

0
I

ri 415+ (r? + 73 + 2r17rg cos ¢)?
S = 1§+ 718+ (r} + 73 + 2r1rp cos 9)® + 61775 (r + 13 4 2r1ra cos @)

T = rir3sin ¢<2r%r2(1+2 cos? @) — r2(rirg +13)(r1 + 2re cos ¢)?
+ (2r9 + 4r$r? — 2rir3(r1 + 2racos ¢)3) cos d))

and the first two components of X; for j = 2,3,4 as

(5.6) Xii1 _ T1€Z:¢1hz‘(""1, 2, P)
X2 r2€"%2h;(ra, 11, —¢)

where

ho(ri,re,¢) = 37“% + (z sin(2¢) + 2 + cos(2¢))7“§ + (3cos ¢ + ising)rire ,

hs(r1,72,0) = (9 cos ¢ + 3isin ¢ + cos(3¢) + isin(3¢)) s + 37”%
+ (5cos ¢ + isin @)riry + (6 + 4 cos(2¢) + 2i sm(2¢>)) rirs

+ (3 + 2cos(2¢) + 2i 81n(2¢)) Ty
(5.7)

ha(ri,ro, \) = (30 cos ¢ + 2(3 sin(3¢) + 6sin ¢) + 5005(3¢)) 7"17’2 _ 7113
— (21 cos ¢ + 9isin ¢)r175 — (3isin(2¢) + 4 + 3 cos(2¢)) 75
+ (9 cos(2¢) + 12 + 3isin(2¢)) rir; .

It follows the result if we consider (5.5). m

Theorem 5.2. Consider thesystem (5.3) with f asin (5.5) where A(0,A\) =0
and p1: R — C is smooth and satisfies (5.2). Generically (5.3) admits only branches

of periodic solutions that bifurcate from (0,0) with symmetry (conjugate to)
S1x8Sy, Zs, Zs.
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Proof: Consider the Taylor expansion of f as in (5.5) around z = 0 and
recall Corollary 4.6. Then we can write f in the form

fi(z1, 22,23, \) = [M(A)+a(|21\2+|22|2+|23|2)} z1

(5.8) + b(2|zl\221—|z2\222—|zg\223) + terms of degree > 5 ,

fa(z1, 22,23, A) = fi(22,21,23,\)

f3(21, 22,23, A) = fi(23,22,21, ),

where 1(0)=1, Re(1//(0))#0 and a, b are smooth complex-valued functions of \.
Consider g = f—(147)iz as in (5.4) and so the first two coordinates of g are:

g1(z,\,7) = [VJF a(|zl|2+|22]2+|23|2)} 21
+b(2]z1|2z1—|22|222—|z3\223) + terms of degree > 5 ,
(5.9)
g2(z,\,7) = [u+a(|zl|2—|—|22|2+|23|2)} 29

—|—b(2|22|222—|zl|221—|23|22’3) + terms of degree > 5 |

where v = u(\) — (1+7)i.

We have that Fixy (S3) = {0}, consequently f(0,A) = 0. Therefore (0, \)
is an equilibrium point of (5.3) for all values of A\. Since we are assuming that
(df)or(z) = n(X)z, where (0) =i and Re(p/(0)) # 0, the stability of this equi-
librium varies when A crosses zero.

The space V' is Sz-simple and we are assuming (5.1) and (5.2) and so the
conditions of the Equivariant Hopf Theorem are satisfied. Since the isotropy
subgroups S1xSo, 22 and 23 have two-dimensional fixed-point subspaces, by the
Equivariant Hopf Theorem the system (5.3) admits branches of periodic solutions
with symmetry S;x So, 22, 23 and conjugate to these groups by bifurcation from
(z,A) = (0,0). Moreover, these correspond to zeros of (5.4) with the correspond-
ing symmetry. We study now the existence of branches of periodic solutions
of (5.3) with trivial symmetry that bifurcate from (0,0). For that we look for
branches of zeros (21, z2) of (5.9) with 2129 # 0. These satisfy

g1(z, A\, 7)
21
92(Z7 )‘7 T)
z2

=0,
(5.10)
=0.
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Taking z3 = —21 — 22, (21,22) = (T1€i¢1,T2€i¢2) and ¢ = ¢ — ¢1, by Lemma 5.1
we can write the first two components of f in the form

r1e1h(ry, e, ¢, )

TQeid)Zh(TQv 1, _(z)a A
and so (5.10) can be written as

v+ ((2a + 3b) cos ¢ + ibsin qb)rlrg + (2a + 3b)r?

+((
+ (2a + 2b + beos(2¢) + ibsin(2¢))r3 + Pi(r1,72, ¢, A) = 0
(5.11)
v+ ((2a + 3b) cos ¢ — ibsin ¢)rira + (2a + 3b)r3
+(

2a + 2b — ibsin(2¢) + beos(2¢))r? + Py(ra,r1,—¢,A) = 0,

where P; is smooth (whose Taylor expansion around (ry,7r2) = (0,0) has terms
(in 71 and 72) of degree greater or equal to 4). Recall (5.9).
Taking the difference of the equations of (5.11) we obtain

2sin? ¢ + i sin(26))r? + (isin(2¢) — 2sin? ¢)r2 + 2isin ¢ rm} +

(5.12) bl
+ Pi(r1,7r2,0,\) — Pi(r2, 71, —¢,A) = 0

Consider the generic hypothesis

b(0) # 0

and let
Pi(r1,72,0,\) — Pi(r2, 71, =9, \)

P2<rlar27¢7)‘) - 2

Then equation (5.12) is equivalent to
(5.13)  sin® ¢(r] — r3) +isin@(cos @(r +13) +rira) + Po(r1,72,6,A) = 0
and so the real and imaginary parts of (5.13) should verify:

sin? d(r? —r3) + RG(PQ(T'L 2, ¢, )‘)) =0
5.14
(5.14) { sin ¢(cos @ 17 + cos ¢ r3 + rirg) + Im(Pa(ry,72,6,A)) = 0.

The degree two truncation of the system (5.14) is equivalent to

(5.15) [r1, rz]A[:ﬂzo, [71, TQ]B[:;}ZO
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where
sin? ¢ 0 sin ¢ cos ¢ sin ¢
A= ) , B = o
0 —sin®¢ SH; sin ¢ cos ¢
Note that

1
det A= —sin*¢, detB = sin? ¢<cos2 o — 4) .

We study now the existence of smooth branches of zeros of the system (5.14)
by bifurcation from (0,0). We use (5.15) in some cases.

(i) We begin with the cases where det(A) < 0 and det(B) < 0. Let ¢ be such
that sin ¢ # 0 and cos® ¢ < ;. The system (5.15) is equivalent to

(7“1—7’2) (T1+7‘2) = 0
(5.16)
cosp i +rire +cosprs = 0,

which admits only the solution (r1,r2) = (0,0). Moreover the system

Re(PQ('I"l, T2, ¢7 )\))

sin? ¢

Im(P2<7'1, T2, (bv )‘))
sin ¢

=0

(ri—r2) (r1 +r2) +
(5.17)

cosgbr%—}—rlm—}—cosgbr%—i— =0,

is equivalent to (5.14). The solutions in R? of the first equation of (5.16) corre-
spond to the points of the lines r; = r9 and r; = —ry. Denote those lines by [}
and lo. The solutions of the second equation of (5.16) correspond to the points
of two lines I3, I4, whose slopes are distinct from the slopes of the lines [ and [s.
So (0,0) is the only solution of (5.16). Moreover (ri,72) = (0,0) is a critical
nondegenerate point of each one of the functions

hi(ri,r2) = (11 —r2)(r1 +12) ,

ha(ri,m9) = cos¢ r% 4+ 7179 + COs ¢ r% ,

Re(PZ(T1,T2a¢a )‘))
sin? ¢ ’

Im(PQ(Tl,T'Q,d), )‘))
sin ¢ '

h3(7’1,7”2) = h1(7’1,7'2) =+

ha(r1,72) = ho(r1,72) +
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By Morse Lemma (see for example Poston and Stewart [5] Theorem 4.2) the
solutions of each one of the equations of (5.17) correspond to smooth curves,
say c1, ¢ and c3, ¢4, tangent in (0,0) to each one of the lines Iy, I3 and I3, l4.
Therefore, in a sufficiently small neighborhood of the origin, the system (5.17)
admits only the trivial solution (r1,7r2) = (0,0).

(ii) We consider now the case where det(A) < 0 and det(B) = 0. Let ¢ be
such that sin ¢ # 0 and cos? ¢ = %. If ¢ = %77 the system (5.15) is equivalent to

(7‘1—7“2) (T1+T2) = O
(7’1—7’2)2 = 0 .

We obtain the solutions such that r1 = o (and ¢ = %’r) These solutions cor-
respond to the periodic solutions with symmetry Zs of (5.3) whose existence is
guaranteed by the Equivariant Hopf Theorem (when f is truncated to the third

order). Consider now the system

4 2
(ri—re) (ri+mr2) + 3Re<P2 (7”1,7“2, §7r, )\)) =0

43 2
(rl—r2)2 — 3Im<P2(T1,7“2,3777)\)> =0.

(5.18)

As the Equivariant Hopf Theorem guarantees that if ¢ = %7‘( the system (5.18)
still admits the solution r; = 79 then there are smooth functions P;(rq,r2, \) for
i =1,2 (whose Taylor expansion around (ri,r2) = (0,0) has terms in ri,72 of
degree greater or equal to three) such that the system (5.18) is equivalent to

(Tl— ?”2) (Tl—l— o + 151(7"1, T, )\)) =0
(5.19) ~
(ri—r2) (ri—ra + Pa(r1,m2,0)) = 0,

and so for (ry,ry) sufficiently close to (0,0) this system admits only the solutions
with r9 = 1. These correspond to the branch of periodic solutions of (5.3) with
symmetry Zs guaranteed by the Equivariant Hopf Theorem. When ¢ = %77 the
situation is similar.

For the cases ¢ = § and ¢ = %7? we observe the following. We have that

(21,22) = (rlei‘bl,rgei(‘bl“‘?‘%)) — (rleml?_meiwﬁ%)) :
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Therefore the solutions (71,72) of the system (5.14) with ¢ = %” correspond to
the solutions (ry, —r2) of the system (5.14) with ¢ = 5T, Similarly, the solutions
(r1,72) of (5.14) with ¢ = 4% correspond to the solutions (r1, —rs2) of the system
(5.14) with ¢ = %. Therefore from the cases ¢ = § and ¢ = %” WeNdO not obtain

new solutions (besides the solutions with symmetry conjugate to Zs).

(iii) We study now the cases where det A < 0 and det B > 0. That is, we
consider values of ¢ such that sin¢ # 0 and cos® ¢ > %. Again we consider the
system (5.17). The point (0,0) is a nondegenerate critical point of the function
defined by h(ri,rm2,¢) = cos¢ r? + rirg + cos¢ 3 + w In these
conditions, Morse Lemma guarantees that the solutions of the second equation of
the system (5.17) in a sufficiently small neighborhood of (0,0) are in one to one
correspondence with the solutions of the equation cos ¢ r? + r17re + cos ¢ r3 = 0.
As det B > 0 we conclude that (5.17) in a sufficiently small neighborhood of the

origin admits only the solution (r1,72) = (0,0).

(iv) We consider now the cases where det(A) = det(B) = 0. That is, ¢ = 0
or = 7. Let f be asin (5.5) and g = f — (1 4+ 7)iz. By Lemma 5.1, if we take
23 = —21 — 29, (21,22) = (r1€'®1,12€'%?) and ¢ = ¢o — ¢1 we obtain a function
g = (91,92, g3) such that

‘51(7,17 r2, ¢7 ¢17 )‘7 T) = (V + A)r16i¢1 + BXQ,l + CX371 + DX4,1 )

(5.20) |
‘52(7’1, T2, ¢7 ¢27 )‘7 T) = (V + A)TQel(bQ + BXZ,Z + CX372 + DX4,2

where v = p(\) — (147)i and A, B, C, D are written in the new coordinates.
Taking ¢ = 0 in (5.6) and (5.7) we obtain

X X
( iz;) :( 3.;;2) = 302 42 4 rm)
re $=0 o€ =0

X
(7" egigl> = ha(r1,72,0) = 371+ 575 +5r{ry + 1071713 + 107773
1 =0
X3,2
2 = h 0
<T2€Z¢2 >¢:0 3(7”27"”17 ) ’
X
( 4z‘$1> = hy(r1,79,0) = 21rir} +35r(ry —rf — 2Lriry — Trf
re ¢=0
X
( ‘t.i) = hy4(re,r1,0)
ro€ ¢=0
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and so

(.@1(7“1774% ¢7 d)b )\a T)>
=0

r1eid1

= v+ A¢:0 =+ 3B¢:0 (T% + T% + T1T2)
+Cy—o (37’11 + 57“‘21 + 57"{’7’2 + 107“17“5’ + 107’%7’%)

+Dy—o (217"‘117’5 + 357"%7’:23 — r? — 217"17"3 — 77’8) ,

=v+ A¢:0 + 3Bq5=0 (T% + T% + T1T2)
+ Cyo (5r1 + 33 4+ 10r3r3 + 10r$ry + 5r173)
+ Dy (21775 4 350375 — r§ — 21rfry — 7r0) .

(!72(7117 72, ¢’ ¢27 >" 7-)>
=0

roei®2

Then the equation
(521> (lﬁ(r17r27¢7¢17A’T)> _ (.évz(r177’27¢7¢27)\,7—)) -0
¢=0 $=0

1 el T9 eio2

can be written as

(5.22)  (ra —11) (ri+2r2) (2r+r2) (r12) (C 4 30 + 13 +1172)D) g = 0

where C, D are smooth S3x S'-invariant functions. Assuming the generic hypo-
thesis

C(0) £ 0

from (5.22) we obtain only branches of solutions of (5.4) corresponding to the
branches of periodic solutions of (5.3) with symmetry (conjugate to) Zy and
S1x So. We recall that

Fix(Zy) = {(w, —w,0): we C} .

So, periodic solutions of (5.3) with symmetry Zs correspond to zeros of (5.4)
where
(ri=ry and ¢=m) or (r1=-rp and ¢=0).

From there the factor r1+4 ry in the equation (5.22). In the case of S;x So,
we have that
Fix(S;x Sg) = {(2w, —w,—w): wE (C} .

Periodic solutions of (5.3) with symmetry S;x Sy or conjugate to S;x So
correspond to zeros of (5.4) where

(ri =2ry and ¢ =m) or (rp=-2ry and ¢=0),

(rg =2r; and ¢ =m) or (ro=-2r1 and ¢=0),

(ri =—ry and ¢ =m) or (ri=ry and ¢=0).
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So, we have the factors 1+ 272, ro +2r; and 71— 72 in the equation (5.22).
The case ¢ = 7 is similar.

(v) Finally, we study the cases where z; = 0 and z3 # 0. Let N, P, S, T,
X1, X5, X3 and X4 be as in Corollary 4.6. In that case N = 2|z|?, P = |24,
S = —2|z[% T =0 and

0 0 0 0
Xi=| 22 |, Xo=| 2 |, Xs=|-2zln'|, Xi=| -2
—29 —2922)? 29|20t 29| 29/®

Replacing in the system (5.4) where g = f—(1+47)iz and f appears in (5.5) we
obtain

gi(z,\,7) =0,

92(2,\,7) = 22(v+ h(z2,N))

where h is smooth and v = p(A) — (1 + 7)i. In this case we obtain zeros corre-
sponding to a branch of periodic solutions with symmetry conjugate to Z.
If zo0 = 0 and 21 # 0 the situation is similar to the previous one.

From the study (i)—(v) we conclude that the system (5.3) generically only ad-
mits branches of periodic solutions guaranteed by the Equivariant Hopf Theorem.m
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