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ON THE GEVREY ANALYTICITY OF SOLUTIONS OF
SEMILINEAR

PERTURBATIONS OF POWERS OF THE MIZOHATA
OPERATOR

Abstract. We consider the Gevrey hypoellipticity of nonlinear eqoas with mul-
tiple characteristics, consisting of powers of the Mizahaperator and a Gevrey
analytic nonlinear perturbation. The main theorem statas tinder some con-
ditions on the perturbation evemydS solution (withs > sg) of the equation is
a Gevrey function. To prove the result we do not use the tectenof cut-off
functions, instead we have to control the behavior of thatgwmis through a fun-
damental solution. We combine some ideas of Grushin andifrgae.

1. Introduction

Since a Hilbert's conjecture the analyticity of solutiorfspartial differential equations has at-
tracted considerable interest of specialists. The camjecitated that every solution of an an-
alytic nonlinear elliptic equation is analytic (see [1])hiF conjecture caused considerable re-
search by several authors. In 1904 Bernstein solved thdegmofor second order nonlinear
elliptic equations in two variables [2]. For equations wéth arbitrary number of variables the
problem was established by Hopf [3], Giraud [4]. For a geheliptic system it was proved
by Petrowskii [5], Morrey [6], and Friedman [7]. The last ot also obtained results on the
Gevrey analyticity of solutions. At present the results lom @analyticity and Gevrey analyticity
of solutions of linear partial differential equations hayene beyond the frame of the elliptic
theory. A linear partial differential equation is calledv@&y hypoelliptic if every its solution
is Gevrey analytic (in this context we can assume a solutios Very large space such as the
space of distributions), provided the data is Gevrey aaliRecently the class of linear Gevrey
hypoelliptic equations with multiple characteristics lilsawn much interest of mathematicians
(see [8], and therein references). In this paper we contideGevrey analyticity of solutions in
the Sobolev spaces of the nonlinear equation with multipbgacteristics:

9litzy

) W) = 0,
X19%2 / 13+ <(h—1)

Mgku +o (xl, Xo, U, ...

whereu = u(xq, Xp), Mgy = aixl +ix2%-2 the Mizohata operator i&2. The Gevrey hy-

poellipticity for the equation was obtained in [9] in thedar case. We will prove a theorem
for a so-called Grushin type perturbatipn(see the notations in §2 below). The analyticity of

*Dedicated to my mother on her sixtieth birthday.
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C®° solutions was considered in [10]. The paper is organizedidmafs. In 82 we introduce
notations used in the paper and state some auxiliary lemma3 we state the main theorem
and prove a theorem d©® regularity of the solutions. In 84 we establish the Gevreglytitity

of the solutions.

2. Some notations and lemmas

First let us define the function

(xg —yp"?

2m(h — Dl xZH_y2tl '
1_2k+y+ +i(x2 —y2)

thk(XL X2, Y1, ¥2) =

Forj =1,...,h—1we have (see [11])

1 (xg —yph 11
27(h — j — 1)1 x&k+1_\2k+1 .
h=1-D X1—2k+y+ +i(%2—Y2)

i £h h =h
My Fox = and My Fo =d8(X—Y),

wherex = (X1, X2), Y = (Y1, Y2) andé(-) is the Dirac function. We will denote b§2 a bounded
domain inR? with piece-wise smooth boundary. We now state a lemma onetiesentation
formula. Its proof can be found in [10].

LEMMA 4.1. Assume that « Ch(Q) then we have

ux) = /Q (—DPER (x. yy MY u(y) dysdys

@) h-1
i npl h—j—1 .
+/BQ > DIMyuMy TR y) | (g +iying) ds.
i=0

For reason of convenience we shall use the following Hediinction

1 if z>0,
9(2):{0 it z<o.

We then have the following formulgt—mm @Y =n...(n—=m+DHOMN —m+ 1"~

. . B gat+B 99 PLd
We will usea?, 82, ,a, 5,02, 92 and,d? . instead of-2%, 22 ;9% and
1+ 02y 9,8, 01y, 0oy ANAy 9, g X 9l L oxaond O yl

y 9*th

1 5veg?’ respectively. Throughout the paper we use the followingtian
Y19Y5

| ontif n>1, n_|Cc"oif n>1,
n!_{l if n<o, andC_{l if n<0o0.

Furthermore all constant; which appear in the paper are taken such that they are gteater

1. Puth(2k 4+ 1) = rq. For any integer > 0 letT'y denote the set of pair of multi-indicés, 8)
such thaty = 't U T'? where

M ={(@B):a<ro2a+p<r), T¥={@p) a>ro a+p=r—ro.
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For a pair(a, 8) we denote by(a, 8)* the minimum ofr such that(«, 8) € I'r. For any
nonnegative integdrwe define the following sieves

1]

[, By)ia+B <t 2kt>y >a+2k+DB—t},
= {(@By)i(@py)ely=a+ @K+ -t}

Later on we will use the following properties & :

Et contains a finite number of elements (less thi¢t 2- 1)3 elements).

If (@, B,y)€ &, B=1,y>1then(e,B—1,y—1) € E{_1.

For every(a, B, y) € Et, (ag, fo. Y0) € Et, We can expressdy, g( yoduqg,4o) aS a linear
combination of, 3, g, where(e’, ', ') € Et+tg-

For every(wx, B8,y) € Et, (a1,81) € I'r and a nonnegative integen we can rewrite
y—mButa—m fpr. 8Sy—miey. pp (97295%) Where(az, B2, v — M) € Et and (g, B3) € [r—m
(see [12]).

For any nonnegative integeiet us define the norm

1]

—,O e~

lu, QI = max
(01, B1)€lY

ai‘laflu, Q’ + max max’&{‘ (8%18’231u(x))‘ ,
(@1.BDET xeQ
@1>1,81>1

where|w, Q| = Z(a,ﬁ,y)eah,l max, & |y o, pw(X)|.

For any nonnegative integktet H}oc(Q) denote the space of allsuch that for any compaét

in Q we haveZ(O[!ﬂ!V)EEI lly 8, gl L2(K) < 00 We note the following properties dH‘oc(Q):

Hlloc(Q) C HL)C(Q) whereHlloc(Q) stands for the standard Sobolev spaces.

H%F2(Q) ¢ HZ.(Q) C C(Q).

If ueH| () and(a. B.y) € &, t < then, 3, gu € Hi- ().
The following lemma is due to Grushin (see [12])

LEMMA 4.2. Assume that & D'(£2) and M, u € Hl_ () then ue H};fch(sz).

Next we define a space generalizing the space of analytitifunsc(see for example [7]).
Let Ln and Ln be two sequences of positive numbers, satisfying the maiuitp condition
(;])Li Lh_i < ALh(i =1,2...;n=12...), whereA is a positive constant. A function
F(x, v), defined forx = (x1,x2) and forv = (vy,...,vy) in a u-dimensional open Sek,
is said to belong to the clas3{Ln_a; 2|Ln—a; E} (a is an integer) if and only i (x, v) is
infinitely differentiable and to every pair of compact sulssey C Q2 andEqg C E there corre-
spond constant8, and A, such that forx € Qg andv € Eg

dITKE(x, v)
oxdioxizans gyl
(11+12= Y ki=k; j,k=0,1,2...).

We use the notatioh _; = 1 ( = 1,2,...). If F(x,v) = f(x), we simply write f(x) €
C{Ln—a; Q). Note thatC{n!; Q}, (C{n!S; Q}) is the space of all analytic functions-Gevrey
functions), respectively, if2. Extensive treatments of non-quasi analytic functiongérticular,
the Gevrey functions) can be found in [13, 14]. Finally we Widike to mention the following
lemma of Friedman [7].

= A1A£+k|—j —alk-a
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LEMMA 4.3. There exists a constanyGuch that if gz) is a positive monotone decreasing
function, defined in the interv@l < z < 1 and satisfying

1 6k C
g2 < 81—2kg(2<1_ F)) +m nN=rg+2, C=>0)),
then gz) < CCy/z" o1,

3. The main theorem
We will consider the following problem

@) MB U+ @(X0, X2, U, -y d pW(a py)esn g =0 N Q.
We now state our main

THEOREM4.1. Lets> 4k2+6k+h+1. Assume that u isHlsoc(Q) solution of the equation

(2) andp € C{Ln_a_2; QlLn_a_2; E} for every ac [0,rg]. Thenue C{Lp_ry_2; Q}. In
particular, if ¢ is a s-Gevrey function then so is u.

The proof of this theorem consists of Theorem 4.2 and Thedr8m

THEOREMA4.2. Let s > 4k? + 6k 4+ h + 1. Assume that u is MISOC(Q) solution of the
equation (2) andp € C*°. Then u is a C°(£2) function.

Proof. Note thatMQk is elliptic onRR2, except the lingxy, X2) = (0, Xp). Therefore from the
elliptic theory we have already € C®(2 NR2 \ (0, X»)).

LEMMA 4.4. Let s > 4k2 + 6k + h + 1. Assume that ue ]HIFOC(Q) andg € C* then
©(X1, X2, U, ...,y 0q, BW) (a, 8,y)eEN_1 € HfthH(Q)-

Proof. Itis sufficient to prove thay, 3y, g, @ (X1, X2, U, ...,y 9, gU) € L%C(Q) for evgry(al,
B1,v1) € Bs_hy1. Letus denotéy, ...,y 3y gU) (@, 8,y)cEn_q PY (W1, w2, ..., wy) With u <
2kh3. Sinces > 4k? 4 6k 4 h + 1 it follows thatwy, ..., w, € C(Q). Itis easy to verify

thatai‘laglq)(xl, X2, U, ...,y 0y gU) is a linear combination with positive coefficients of terms
of the form

8k<p ad

oy :Bl,j .)C(O‘l,jy/gl,j)
9 kl 9 k2 9 k3 9 k;/.+2 : 1_[ (31 32 wJ ’
X 0X"0wy™ ... oWy j=1(ag,j.BLj)

(©)

wherek = kg +ky + - +K,12 < a1 + B1; {(aq,j, B1,j) may be a multivalued function of
a1,j, B1,j; @1,j. B1,j may be a multivalued function df, and

A

Zotl,j “C(ayj, Br)) = oa,
j

> Bt Buj)
j

IA

B1-
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Hencex{lai“agl(p(xl, X2, U, ...,y g gU) is a linear combination with positive coefficients of

terms of the form

k 1 : .
3“p " a1 B [{CINNND)
ki o ko ks K.t2 X1 l_[ l_[ (81 32 wj) :
XX dwy " dwy J=1(ewj.Br))

Therefore the theorem is proved if we can show this generaigaare in L%C(Q). If all

. o . k .
¢(a1,j. B1,j) vanish then it is immediate tha#w/axll‘lax‘z‘zaw'f .. 8w, e C, sinceg €
C®, wy,...,wy € C(R). Then we can assume that there exists at least ozleaqu . B1j)
that differs from 0. Choosgy such that there existg, jo, 81, j, With ¢ (a1, j,. B1,jo) = 1 and

a1 jo + K+ DB jo = J_[T}axﬂ a1 j+ (2K+Dpqj.

Consider the following possibilities
1) ¢(n,jo» B jo) = 2. Wethen havery j + By <1 — (h—1) — (4k + 2). Indeed, ifj # jo
anday j + B1,j > — (h—1) — (4 + 2) thenay j, + B, j, = 2k. Therefore

I—(h—1) - (4k+2) <ayj+pB1j <ayj+ (k+Dpyj
<agjo+ K+ DB jg < 2K+ D)(eg,j + By, jo)
<2k(2k+1).

Thusl < (2k +2)(2k + 1) + (h — 1), a contradiction.
If j = joandey j, + B1,j, > 1 — (h — 1) — (4k + 2) then we have

I =(h=1) >a1+p1 > 2ay j, + B1j) > 20 —(h—1) — (4k+2)).

Thereford < (h + 1) + 4(2k + 1), a contradiction.
Next define

y(agj, B1j) =max0, ay j + (ZK+ DBy j +(h—1) + (4k+2) —1}.

We claim thaty(al,j s B1j) = 2k(l —(h—1) — (4k+2)). Indeed, if] # jg andy(al,j ,B1j) >
2k(l — (h — 1) — (4k + 2)) then

(2k+ 1) - (h—1) a1+ (2k+ 1)
(01,j + 201 jg) + (2K + D) (B, o + 281, jo)

> 32K+ —(h-1) —(@4k+2).

Thusl < (h — 1) + 3(2k + 1), a contradiction.
If j = joandy(ay,j, B1,j,) > 2K(I — (h = 1) — (4k + 2)) then it follows that

(2k+ D = (h=1) > a1 + (Zk+ D1 > 21, j, + K+ DB j,)
>22k+1( —(h—1) — (4k +2)).

Thusl < (h — 1) 4+ 4(2k + 1), a contradiction.
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From all above arguments we deduce et j, 81 j, v (@1,j, 81,j)) € El—(h—1)—(4k+2)- Next

we claim that)” y (g j, B1,j)¢ (a1 j, B,j) < y1. Indeed, ify_ y(ay j, Br,j)¢ (s, Brj) >
y1 then we deduce that

ar+(2k+Dp—201 - (h-1) - (4k+2) > Zy(al,j7.31,j)§((¥1,j,f31,j) >y
>a1+Ck+DB1—(1—-(h-12).

Thereford < (h — 1) + 4(2k + 1), a contradiction.
Now we have

M g
" avj . Bri ¢(anj,B1j)
x*TT 11 (31 % wl)
j=l(ayj.B1j)

w o
own y(@rj.Bu)) 00 Brj  \$@Li-ALi)
=x*TT TI (Xl 979 wJ) € C(©)
j=1(a1j.B1))

@B o B
sincex; ! Pri o) 8'231" wj € Hfg‘jz(sz) C C(Q).

1) ¢(o,jos B1,jo) = L andg (g j, B1,j) = 0for j # jo. We have

"

CpL \SwiBL) o BLj
I TT (o) = xiay oo ou s e L3 @)
j=1(x1,j.B1j)

1) ¢ (g, jo» B1,j) = 1 and there existf; # jo such that (aq j,, B1,j,) # 0. Define
?(al,j(y ﬁl,jo) = maX{O, al,jo + (Zk + 1):31,]0 + (h - 1) - l } .

As in part 1) we can proveoy j, B1j, v (@1j, B1,j)) € El_(h—1)—4k+2) for j # jo and
_ ~ ( ’.’ y.) o ,. ’.
(1, jos B1, jos V(O‘l,jo’ﬁl,_jo)) € Bl_(h-1- Thereforex{ oLj-PLi alljafljwj € H4k+2(Q)

loc
C C@for j # joandx] “HoPrio g tioghioy, o1 2 () e also have L, (a1,

B1,j)¢ e j, Br,j) + v(aL jo. BL,j,) < v1asinpartl). Now the desired result follows from the
decomposition of the general terms. |

(continuing the proof of Theorem 4.2)e Hl ()1 = 4k? + 6k + h+ 1= u € H| (),

| > 4k2+6k+h+1= (X1, X, U, ... vy O, gU) € H‘gchH(Q) (by Lemma 4.4). Therefore
by Lemma 4.2 we deduce thate H};fcl(sz). Repeat the argument again and again we finally
arrive atu e Hl 1t

loc (€2) for every positivet, i.e.
e NHl () = C®(Q).
O

REMARK 4.1. Theorem 4.2 can be extended to the so-called Grushindgerators (non-
linear version).
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4. Gevrey analyticity of the solutions
PrROPOSITION4.1. Assume that
(X1, X2, U, ...,y Oy pU) (o, B,y)eBn_1 € Clln—a—2; 2ILn-a-2; E}

for every ac [0, rg]. Then there exist constankdy, H1, Co, Cg such that for every ji> Ho,
Hqy > ﬁl, Hy > C2H02r0+3 if

Ul = HoH{" P Lg 1,2 0=g=N+Lro+2<N

then
N—rg—1
max aflangD(Xl, X2, U, ...,y 3y pU)| < CzHpH; 0 LN—rg—1
XeR
for every(a1, B1) € I'N41-
Proof. aflagl(p(xl, X2,U, ...,y 0y, gU) @s in Lemma 4.4 is a linear combination with positive

coefficients of terms of the form

K ad C g nclenjBu)
id T TI (a“l’laﬁl’lw-) Sl
axkioxkeq ke o Kii2 | 1 02 Wi
X 70Xom0wy” ... 0wy j=1 (e j.B1§)

Substitutingw; by one of the termg 9, gu with («, 8, ¥) € Ep_1 We obtain

o1 j

a1 B m
a11,] 321J(y3a,ﬂu) = Z (al J)y s (y —m+ 1)(9()/ —m+1) (y—m)aﬂl+0l1,j—m,/3+,31,j u.
m=0 ’

We can decomposp,,,m)ao,Jro,LJ,rn,,gﬂglj U into (, —m)duy, g2 (af38’233u) with (a2, B2, v —
m) € Enp_1 and(ag, B3) € Clayj,prj*—m- PUtS=N+1—aj — B DefineR =rg — S.
It is easy to see thaR is a nonnegative integer and less tiign Sinceay j < a1 We deduce
that (o, j, B1,j) € Loy j+81j+9- Using the monotonicity condition ohp and the inductive
assumption we have

m
( )V oy —m+ 10y —m+1 (y—m)aoz-i-ozl,j —m,B+p1,j U

oy,
m ayj+p1j—m—R-2
< (al _)y oy —m+ DOy —m+ DHH M T Loy j+81j-m-R-2
3|
i i—m—R-2
§C4H0Hf“+ﬁl’J " Loy j+p1j—R-2-

Therefore we deduce that

a’. ﬁv.
31“321]()/306,/3“)‘

Otl’j m
<> ay )70 T MEDOG =MD g om e -m g U
m=0 >

ayj+p1j—R-2
< CsHoH, ' Loy j+p1;-R-2-
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and the general terms can be estimated by

w
Ol]_;«l»ﬁl"fRfZ

[ ] CsHoH, Layj+p1;-R-2-

=1

Sincep € C{Ln—_a; 2|Ln—a; E}, there exist constantg, C7 such that

akga

9-R r = =
o EoxTow 't =CeC7 Lq-r2C7Lr—r-2 (@=0Qu+02,r=r1+---+ryu).

Now we takeX (&, v) = X1(v) - X2(&) where

cl LlfR 2v! P RL|—R 26!

X1(v) = ceZ , Xo(®) = Z

and

|7R 2L B i
v(E) = CsHoZ R2

By comparing terms of the form (3) with the correspondingn®in ads—pﬁ X(&, v) it follows that

X(E v)

o
810510 (x1, X, ,...,Vaa,,gu>HX < dsp o’

Next we introduce the following notation:(¢) < h() if and only if v()(0) < h()(0) for
1 < j < p. Itis not difficult to check that there exists a const@gt(independent op) such that

POHIZR=3,
v2(€) < (CsHp)?Co Y —2
i=2

R-36'
(i —1!

And by induction we have

i—j—R— 1|—|—1—R 15

i ici—1
v’ (§) < (CsHp)' Cy ZH i-j+1°

i=]

Next, it is easy to verify thaX1(0) = 0, d_)élf(ﬁ‘s—o < CsCgCgHg, and 41X

dSJ £=0 -
i—R
C% Li—r-2
We now computedjdxslj(é) £0 when2 < j < p. If2 < j < 2R+ 4 we can al-
ways choose a constaftjg such that% 0 < CloHoHlj_R_zLj_R_z, provided

Hy > (C5CgCqHp)20+3.
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If j > 2R+ 5, we have

dIxa®) SCG(%CQ(Ct‘wHo)iCél_Hlj_iRl'—jile!
dg! £=0 — i —=i+D!

@ . ] gz Cg(C5 Ho)' Ciql'—:}j(_ji :Ri_jl-li)leLj —i—R-1]!

i=R+3 ’ ’
i Cig(CSHO)iCiglLisz!)

5 G —i+ 1! '

The first sum in (4) is estimated by

(5) C1oHo Hlj 7R72|—j ~R-2

providedH; > (C5CgCqHp)%0ot3 as for 2< j < 2R+ 4.
By using the monotonicity condition dnp, the second sum in (4) is estimated by

(6)

i—R—2 ~j i ~i—1,j—i—R-1 .
CBJZ Ch(CsHo)' Cy *HY ™" Li_roalji—ra!
ivai —i |
i—R+3 g -+ D!
j—R—2. j—R-2
B C11HoH; J!LJ,ZR,glz 1 1
(j —2R—23)! sl (-R=D(-i+D-(j-i1-R

j—R-2
< CioHoH{ " “Lj_Rr-2.
providedH; > C5CgCqHp.
For the third sum we see that
L. Cl(CsHy) Cy Li_r—2]!

C — =
Gi:j;_l il —i+ !

“ < C5CeCgHoHI ~R72j1 ZJ: SR
< C5CeCgHoHj ! T
i—j g MU T D

j—R-2
< Ci3HoH{ Li-r-2,
if Hy > (C5C8C9H0)2.
By (4), (5), (6), (7) and taking; > (C5C7CgCqHp)¥0™3 = CoHZ™™™ we obtain

de(S, v)
deP

p .
J j—R—2 -j—-R
§C14Z( )HoHlJ Lj—R—2C$ : Lp—j-R-2
£=0 —\P
j=0
—R-2
< 015H0H1p Lp—Rr-2-
Hence s
ma§_;<\82‘18§1<p(xl, X2, U, ...y Ba,ﬂu)‘ < CisHoH ™" “Lp_r_2
Xe

N—ro—

1
< CgHpH; LN-ro—1-
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|

REMARK 4.2. The constantsip, Hy, Cy, C3 depend o2 increasingly in the sense that
with the sameHg, Hy, C,, C3 Proposition 4.1 remains valid if we substitueby anyQ’ c Q.

COROLLARY 4.1. Under the same hypotheses of Proposition 4.1 with iy + 1 replaced
by g < N, then
N—ro—1
max 0108 0 (xq, Xo, U, .y aa,,gu>’ <Cs (|u, QIn41 + HoH 0 LN,ro,l)
Xe

for every(a1, B1) € I'Nt1-

Proof. Indeed, as in the proof of Proposition 4.1 all typical termeptaaTﬁ‘; afla’zgleo can
0

be estimated by- |y . Replacingw, by one of}, 9, gu, we have
dp

dp
2 gmpfry = 2 u
91 % %jo — VO%a+tay,B+P1
3w10 3w10

3o <& /m
+ 2 ( )y---(y —m+10(y —m+1) (,_m)%a+a;—m,p+p Y-
m=1

The first summand is estimated Bg|u, |n41. The second sum is majorized as in Proposition
4.1. O

THEOREM 4.3.Let u be a C° solution of the equation (2) andy €
C{Ln—a—2: R2ILp_a_2; E} for every ae [0,rg]. Then ue C{Lnp_ry—2; 2}. In particu-
lar, if ¢ is a s-Gevrey function then so is u.

Proof. It suffices to consider the cagg 0) € Q2. Let us define a distangg(yy, Y2), (X1, X2)) =
2k+1_ ,2k+1
\

0(S1, ) = infxeg yes, (X, Y). LetVT be the cube with edges of size (in themetric) 2T,
which are parallel to the coordinate axes and centeréd @f. Denote bW{sT the subcube which

is homothetic withv T and such that the distance between its boundary and the sguoi/ T
is 8. We shall prove by induction that if is small enough then there exist constaHtg Hy

with H > C» H§r°+3 such that

, X0 — y2|>. For two setsS;, S, the distance between them is defined as

(8) u,V(ST’n < Hp for 0 < n <maxrg+ 2, 6k+1}
and
1 n—ro—2
9) u, Vg ]n <Hg (T) Ln_ro_2 for n>maxro+ 2, 6<+ 1}

ands sufficiently small. Hence the Gevrey analyticity wfollows. (8) follows easily from the
C® smoothness assumption an Assume that (9) holds fan = N. We shall prove it for
n=N+1 Puts’ = §(1—1/N). Fixx € VJ and then define = p(x, 3VT) andé = o/N.
Let V; (x) denote the cube with center(a and edges of lengths2which are parallel to the co-
ordinate axes, anfl; (x) the boundary o¥; (x). Let Eq, E3 (E2, E4) be edges 08; (x) which

are parallel toOx; (Oxp) respectively. We have to estimate r’QQW ’ ¥ O, B (E)i‘laglu(x))‘
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for all (@, B, 7) € -1, (@1, f1) € T2, and may 1 ‘a{‘ (aj‘laglu(x)) ’ for all (a1, B1) €
IN+1, a1 = 1, B1 = 1. But when(ay, 81) € I'y we have already the desired estimate. Hence
it suffices to obtain the estimate only f@f1, 1) € I'yy1 \ IN-

LEMMA 4.5. Assume thala, B, y) € Ep—q and(as, 1) € Iny1. Thenifeg > 1,81 > 1
there exists a constant;g such that

max | ;8 g (85205 u(x) )|

er

L T
< Cyp| TZH1 ‘u,VS, N

+H Hl N*I’oflL TT]J_F:L—’— 1
+1 0 1) N-ro—1 Hy '

h

; h,, _ iy 2K _ _ 1 - ~
Proof. First we observe thaMy u = <3x1+|X1 8X2> u = Z(&,ﬁ,f)eEﬂ C&Bp 795 Y
Wherecll3 are some complex constants. Differentiating the equafipa{ times inx; and 8y

times inxy then applying the representation formula (1) &= V; (X) we have

35 a8 u(x) = / » <—1)“F£k<y,x>(A<y>+ B(y)) dyidy,

o

(1)JM 0%051u(y)) M TR | (ng +iyZnp) ds,
/Sﬁ(x) (Z ( 1y“2y ) 2k 1
where
min{2kh, a1} m
— 1 3 )

(10) Ay =- Y > C&Bfm<al> =y si—m pr s fY

@fpez) M=l

pzly=1
and

o10p (y)
B(Y) = =01y 0500 (V1. Y2, U. ...y 3,/ gU) .

Therefore differentiating oy g gives

e (372751000) = [ Oy 5Py 0 (A + By

(11) |
N M 9 1aﬁ1u 3 thjleh N1 +ivZno ds.
/Sﬁ(x) (Z( ) ( 1y®2 (y)) ¥ O, p Vo 2 | (N1 +iy1 n2)

It is easy to verify that

C17

2k+1_ 2kr1
X1 Y1

2k+1

(12) e F| = -
+ X2 — Y2l

Next we estimatéA(y). Consider two cases
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y . .
a1+&—m,ﬂ1+/§u(y) in (10) can be rewritten

as (y—m)33, 4, (aj‘;a’;;u(y)) with (a2, 2. ¥ — M) € En_1 and(az. f3) € Ini1_m. Hence
we have

) @1 < ro (= (Zk + Dh). The typical termg; _m)d

min{2kh, ey } Hy \N—fo-m-1
IAWIlv; 0 <C18 Y. Ho (5—> L N—rg—m—1
m=1
Hl N—ro—2
< C19Ho a LN—rg—1
) If a1 >rp+ 1then we can decompo%e_m)ay _u(y) into

a1+a—m,f1+p

y a1 —f—m.,p1+p
f_ma&—i-ﬁ,o <81; 32; U(Y)) )

where(@y — f —m, 1 + ) € TNy1—m anday — f —m > 1, B1 + B > 1. Therefore by
inductive assumptions we see that

min{2kh,a1} m Hl N—rg—m—1
AWV, 00 <C0 3 (Oq) Ho (5—> Lnrgma
m=1

H]_ N—ro—2
=< Ca1Hop (7) LN-ro—1-

Hence in both cases we have
H]_ N—ro—2
(13) [AMWv; x) = C22Ho <?> LN—rg—1-
On the other hand, from Proposition 4.1 and the inductivarapsion we have
T Hl N—ro—1
(14) [B(y)| <C3 (IU, Vg IN+1 + Ho <F> LN—ro—1> .

Combining (12), (13), (14) we obtain

/v- ® v 8, B R (Y. %) (A®y) + B(Y))d)’ldYZ’
H N—ro—1
< Caz3 (IU,VT/IN+1+ Ho (6—,1> LNrol)

1

x dyidyz
/V&(X) i + |2 — Yol
= 2= Y2

1 1 N—ro—1
< CopgT & IU,V(;T/IN+1+H0<T) LN—rg-1]-

To estimate the second integral in (11) we first note that

min{j,a} a—xr

h—j—1_h _ 3 (X1 —y1)
v, pMy © TRy = Z Z Cam; Hbl 2t BAA+L
= )

j _)LX(2k+l)5»+)L—a+y
1

o— .
Z ki1 Tﬂl +i(Xo —¥yo)
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Let us consider two cases:
)0 < j <h— 2. We then splitinto sub cases:

1
A) [x1] < 26 Z+1. We have the following estimate

h—j-1 Cas
0y, g M F H - .
’ . f M2k 2%k||g (X) S

j 14P1 ; P 2482
We note thatM,, (alyazy) can be expressed as a Ilhnegrlcomb|nat|oq,/@1jl’,,ﬂ,( yazy)
with (@, 8, 7") € En_1, (@2, B2) € FN+1_ hi’ff if _27kj+;1 is an integer anday, B2) €
r _jo if h—z_kJJrLll is not an integer. Here][denotes the integer part of the argument.

N—[ R T
Therefore in both cases the integral can be estimated irotlosving way

j 5%15P1 2k
/s;(x) J;( 1l M} (1y82yu(y)) 00 Mo 1 TEED | (g +iyZnp) ds

h—2 N%HO(#)N ro-o(("zrt) - |-

< Cog P L h—j—1 h—j—1
jz=2) 5 R N_r0_9< xT )—[_k_z T ]—1

_ CazHo (H\N o

= H]_ P) N—ro—1-

where{-} denotes the fractional part of the argument.
1
B) [x1| > 26 Z+1. We then have o01%; (X)

B+i—(h—j-1) il o T —(a—
2k+1 2k+1’ IXlI2|<(h j l)ZC28|y1_X1|J x|X1|(2k+1)x (=) +y

bRt

becauséa, B, y) € En_1. Forevery(a', /. y’) € Ej we now write

B1 h—j—1rh
y o g (31§3 ) y O pMac ™ Fag

h i=1rh
M F
_ 1481\ 790 2k
= y'+2k(h— J_l)aoz B (81y32y) 2k(h -1

1 S (X)

Cog y o1 461
< s | reaaei-n®) g (9505)|.

On the other hangr oy h— J,l)aa B ( j‘;ag;) can be decomposed into

) y a3 4P3
y'+2k(h—j-1) 30/+0!2, B'+B2 (aly 32y)

where(a’ +az, '+ B2, y' +2k(h—j —1)) € En_gand(a3, f3) € IN41—(h—j—1)- Itfollows
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that
"2 innl h—j-1
> DIMp (a5505uw) e sMp T | (na+iyEng) ds
00\ 5 vy
h=2{u.Vy N+1—(h—j-1)
L 2K
< Csojz_% ST /S}(X)(n1+|y1 n2)ds
Ca1Ho (Hl)N—l—fo .
— | N—rg—1-
Hq 8
M j=h-1

A) We first estimate the integrals along the edgesand E,4. Integrating by parts gives

h—1 (aa1481 h
M 010 055U(Y) ) 1 0q,8F dy2’
VEzuE4 2k ( 1y %2y ) ¥ %, B2k

y a1,p1—1 h
< C&( 2 / y@wﬁ<%§%y )®V(V%ﬁF%)d”‘
L new E2UE4
("B, )EEBN-1
y ag o f1—-1 h
+ Z v Ot g (alyBZV )”a“’ﬂFZk‘aEZwa
(@'.B',y")€BR_1

U’V(ST’ N
< Cqq———
< GCs3 G_d)

_ CaaHo (H1 Nfrofll_
= Hl s N—ro—1-

B) We now estimate the integrals along the edgesandE3. Integrating by parts gives

h—1 (qa14B1 h |2k
M 010 055U(Y) ) 3 04,8 Fo Y dyl‘
VEluEg 2k (1y 2y ) y %, B2k Y1

y a1—1,B1 h2k—1
< C35 Z ’/I‘E UE V,ao(’,ﬁ’ <aly azy) )/aot,ﬂszyl dyl’
(@B y)eBhq " 173

y a1—1,81\ 9 h .2k
+ ‘/E . Vg (31§ 32§) 1 (yaa,ﬂ sz) Y1 dyl’
(@',By)eBn_1 @ E1VES 1

a1—1,61 h ,,2k
+ Z ‘ v O’ pr <31§ 82y) v O p FokY1 ’aEluaE3
(@'.p.y)eEh1
TRVA) \

< Cg————
= G5y

C37H0 Hl N—ro—l
< — LN—rn—1-
= H]_ s N—rp—1
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LEMMA 4.6. Assume thafe, 8, y) € En—1. Then there exists a constanggsuch that

1
max ‘ v 0. (aé\'“u(x))‘ < Cgg (T *F1
er(S

.
U Vs(1-ek/N) ‘ N1

H N—ro—1 1 1
) )

1
Proof. 1) [x1| < 26 %+1. Instead ofV; (x) we take the cub&gs (X). As in Lemma 4.5 the
following formula holds

v (2000) = [ 0P s Py 0B dydyy
Vo = (X)

65
(15) h-1 N
+ S niml, (82’\)'/+1u(y)> v O pMB T TEER | (0 +iyZny) ds,
Ske ) \ 2o
where
N-+1 )
B(Y) = ——xg 9 (V1. Y2, U, .-y 375U -
ay)

Therefore the first integral in (15) is estimated by

CagT &1 Ju, vt | g+ H LA
39 s 8(1—6k/N) N1 0 s N—ro—1] -

We now estimate the second integral in (15).

A) First consider the integrals alorigy and £, whereEj, E4 denote the edges &, which
are parallel tdOxy. We note thaty1| > |x1| on Ep, E4.

1)0<j <h-2. AsinLemma4.5, foreverge’, 8/, y') € Ej the following estimate holds

y N+1 h—j-1gh
v 0 p (32y )”a""ﬂMZk FZk’EZUEA

Cao y N+1—(h—j—1)
= S0 ‘ y'+2kh—j =D grin-j-1 (azy )‘EZUB’
- N41—(h—j-1
wherey/+2k(h_j_1)80)[',’ﬂ,+h_j_1 € Bn_1 anda2y (h=1=b C'N41-(h—j—1)- Therefore

h—2
ingl h—j-1 .
/~ = Z(_l)JMék(E’Ea%U(V)) ya Mg | PR | (01 +iyi*ng) ds
EoUE4 j=0

_ CaiHo (H1 N=1-ro L
= Hl S N*I’ofl'

2) j = h — 1. Integrating by parts gives:
-
N o Vi
)

Ca3Ho (H1 N_ro_ll_
= H]_ S N—ro—1-

IA

Ca2

h—1 (4N+1 h
MG (W) s Fhd ‘
/EZUE4 % ( 2y y) y 0, p Foi dY2
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B) Consider now integrals along the edgésand E3, whereE;, E3 denote the edges S ,
which are parallel t®©x; .

1)0<j <h-—2. We have

Cas

2 hH &
0y .8 M Foull~. ~ < - and |y1llg, g < Cy56 %+1
¥ Oa, B VoK 2k = Thoj1 UIEjUE; = 45
E1UEs — - k4l 1=

Furthermore foh —2 — (2k + 1)s -2k < j <h —2— (2k+ I)sand every(@’, ', ') € E|
we have

2k Y N+1 h—2—j —(2k+1)s
y]_ V/aa’_ﬂ’ (azy U(Y)) y]_
y N—
X ' j+2k—(h—2—(2k+D9) g prisi1 (3zy SU(V)) ;

where(@’, B/ +s+1,y'+j+2k—h+ (2k+1)s+2) € E_1 and(0, N —s) € 'y_s. Hence
we get

h—2
o N
/~ = Z(_l)JMék(azl\;Hu(y)) yoapMac | | ¥E<dya
E, UE3 i—o

]
2k+1 ‘

o |yl|h—(2k+1)5—]—
E;UE3

2dy,

IA

;
U Vsa—ek/n) ’Nfs
Cue

-1
=0 -tz

C47H0 ﬂ N—ro—1 L
Hl S N—ro—1-

2) j = h — 1. We note that

Ay ph—1 (aN+1
y1 My (3zy U)

yZ<oayMht (a3yu) = (Mak — a1y MBC (933u)

h N h—1 (N N h—1 (4N
MB (95yu) — dayMh ™t (ahyu) = alyg — anyMBCt (aByu)

It follows that

h—1 (qN+1 h |2k
. .M oy "UY)) y 3, pFoiY d)ﬁ‘
/EluEg 2k ( 2y ) ¥ %o, f 2k Y1

(16) =

aN o8, gFI dyy
/ﬁluﬁa 2y? v %o, B2k

+

h—1 (4N h
/Iiluﬁs 91y Moy (3sz(¥)> y 0,8 Fo dy1

By Proposition 4.1 the first integral in the right hand sidé1ff) can be estimated by

Cas

;
4 Vi el Castlo Hy\ N
; < — LN-ro—1-
55 Hi \ '8
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To estimate the second integral in the right hand side of\{E5how integrate by parts:

h—1 (4N h
. _ oyM douU(Y) ) 5 0a, g Fp dy1
VEluEs y M2k <2y )yaﬁ 2k

VT ‘ N NZ de ’ Nl+7kiLF_1 J
K —+—= 1/ y Vi|+——71— /; ~ yl‘
S(1-6“/N)IN \ & o2 E,UEs 1 01+T1+1 E,UEs

Cs1Ho (H1 N_ro_ll_
H]_ S N—ro—1-

1
1) |x1] > 26 Z&+1, We now consider the representation formula&@‘r“u(x) in Vz(x). As
above the volume integral can be estimated by

N H]_ N—rp—1 L
N+l \ 8 N—rfo—1]-

For the boundary integral we again split into 2 cases
A) j =h—2. Asin Lemma 4.5 we obtain the following estimate

. T
CooT 271  |u, V]

S h—i— .
/SU() S =nimh ( ;af;u(y)) v s Mo VTR | (n1 +iyZnp) ds
5 (X

=0
_ CsaHo (Hy N_ro_ll_
="H, s N—ro—1-

B)j=h-1
1) Along E> andE4 we can estimate exactly as in Lemma 4.5.
2) Consider now the boundary integral aloBg andE3. As in this Lemma |) B) 2) we have

h 1 (4N+1 h |,2k
M,, 8 u(y) ) y 0« gFory dyl‘
‘/I;lUE 2y ) v %, B2k Y1

17) <

aN o, a, gFI dyy
/ElUE;g 2y®? v %, B ok

+

h—1 (4N h
/ElUEs d1y Mg (3sz(¥)) v O, Fo dya | -

By Proposition 4.1 the first integral in the right hand sid€1of) can be estimated by

Cs4

T o
u, V5’ N - C55H0 ﬂ N—ro—1 .
5—8 — Hy \ s N=ro—1-
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To estimate the second integral in the right hand side of \{&E7how integrate by parts

h-1(,N h
/ElUEs 01y Moy (32yu(y>> y O, P2t AVt

< ‘ Mg{l (32'\1,U(y)> yOa, B Fth‘BEﬂJBEs

+ ‘/ElUEs oyMp* (adyu) aiyl (70usFH) dyl’
< Csglu,Vy N (g + S_z /ElUE:s y%kdyl)
() s

a

LEMMA 4.7. Assume thafe, 8, y) € En_1. Then there exists a constanggsuch that

N—rg+1 )’ 1 T
max | , 0, ) u(x < Cgg| T+ |u, V,,
XE\/ET ’ 14 O"ﬂ< 1 00 - 58< 8 IN+1
Hl N—ro—1 1 1
Ho(— LN—rg—1 (TZT + =) ).
o) o (T )
Proof. We have the following representation formula fat, g (3{\'_r°+1u(x)) in Vs (x)

y O, p (31N 7r°+1U(X)) = /V )

o

)(—1)“ y 3. 8B (Y, %) (A(Y) + B(y)) dyrdy,
X

(18) - | |
+/sﬁ( ) (Z(_l)J M <31h§/7r0+1”(y)) v OB MQ[J_lehk) (ng +iy?np) ds,
X

j=0
where
min{2kh, N—ro+1} m
Aly) = — cl _ £ Uy,
82 Z Z aﬂym<N —Io+ 1>()7m) N—ro—m+1+a,B1+8 ¥
@B.7ezd m=1
B=17>1
and

N—ro+1
B(Y)z_aly 0 ¢(Y1v YZvuv""V Ot,ﬁu)'
Therefore, as in Lemma 4.5, the first integral in (18) is eated by

+H Hl Nfl’OflL
N+t T 0\ TS N-To—1 /-

We now estimate the second integral in (18).

u, Vo

CsoT a1 (
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)0<j<h-2 AsinLemma4.51)A) 2) we obtain
2 foNerort h—j—1
—niml (o M uy)) oMo 1T Fh> N +iy%ny) ds
Vsﬁ(x)(% Zk(ly )yaﬁ 2 2 ( 1 )

- C6OH0 ﬂ N—ro—l L
= Hl S N—ro—1-

) j=h-1
A) We first estimate the integrals aloiip and E4. Note that

M5 (any " uw))|

= M5 (o1 "uy) — MG yEay (o1, Puy)|

min{2kh,N—rq}

N—ro ‘ 1 m 5 y
< Joy o]+ 2 2 C&B?m<N—ro> L
@B.7)eEp m=1
=171
N—
+ ’32yM2k lyfk< 1y rOU(Y))’
N—ro—1
h—12k (4N—ro Ho (Hi
< ‘32yM2k Y1 ( U(Y))‘ H_1<T> LN—rg-1-
Therefore

h—1(4N—-ro+1 h
M ) u(y) 0y, gF dyz‘
‘/EZUE4 2k ( 1y ) Y %, B Mok

HO Hl N—ro—1
< LN—rq—
- Hl( ) N=fo-1

" /EzuE MR (ory un) 32y(y3a,ﬁthk)dy2’

+ ’ MG, ty2¢ (31'\;40”(3')) ( v da.p F;k) ‘8E2U8E4

HO Hl N—ro—l
C — LN_rn—1-
63H1< 3 ) N—rg—1

IA

B) The integrals alond=; and E3 now can be estimated in the same manner as in Lemma
4.5. O

LEMMA 4.8. Assume thatoq, 1) € I'ny1 \ 'y @1 = 1, B1 = L. Then there exists a
constant 4 such that

.
TRVA N1

H]_ N—ro—1 1 1
H LNorg—1 { T2+ + — ) |.
wo(3) T ()

max’f){‘ (aflaglu(x))‘ < C64<
er
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Proof. This lemma can be proved as in [10]. We omit the details. |

(Continuing the proof of Theorem 4.3). Plut VBT|N+1 = g(8). Combining Lemmas 4.5-4.8
gives

N—rp—1
905) < Ces (Tﬁg (pa-8/m)+ho( ) L (TH i)) .
B H1

. 10k 2k+1
ChoosingT < (1/8 Ces) then by Lemma 4.3 we deduce that
H N—I‘o—l 1 1
g(s) = C66H0 <_1) I—N*I’ofl (sz + H—> .

) 1

If T is chosen to be small enough such thak (1/2C66)2kJrl

addition toH; > Co H02r°+3) we arrive at

Hl N—rg—1
9(8) < Ho 5 LN—rg—1-

and choosingH; > 2Cgg (in

That means
T H]_ N—ro—1
‘u, v, ‘N+1 < Ho (?> L N—rg1.
The proof of Theorem 4.3 is therefore completed. |
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