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ELASTIC BEHAVIOR OF A TWO-DIMENSIONAL LATTICE
BEAM

Abstract.

We study the linearized elasticity system and the depermrdehthe displace-
ment on a small parametercharacterizing the length and the size of the period
of the constitutive elements (bars or layers) of the stmactiVe show that, when
& — 0, the structure becomes equivalent to a beam governed Betimeulli law.

1. Introduction

In this paper, we study the asymptotic behavior of lineastatiy equations in a two-dimensional
domain perforated with holes periodically distributed iredlirection. The size of the period is
of the order of a small parametemwhich is also the order of the thickness of the domain. This
models many structures used in engineering such as latgm®a$ We let go to zero and look
for laws governing the structure. The limit structure is gmed by the Bernoulli law (see [4]).
The main difficulties are to construct an extension operatttine displacement and the fact that
the thickness and the period are in the same line of order. Wafcome the last difficulty by
using techniques developed by D. Caillerie [1] for thin 8taand periodic plates.

In section 2, we define the problem. In section 3, we give anaipstimate and built an
extension operator. Section 4 is devoted to a formal asyopitudy. In the last section we
prove the convergence of our initial problem to the homaggshiproblem obtained in section 4.

2. Statement of the problem

The structure considered here is a two-dimensional peritdss. The repeated element is
named the basic cell. It may be simple (a single pattern inbtsic cell) or complex (sev-
eral patterns constituting the basic cell) (see Figure ddé&scribe such family of structures, we
denote byY the representative cell.

Y=0L)x (—K/2,K/2), L,K>0.

The part ofY occupied by the material is denoted By, the “hole” T = Y \ Y* does not
intersect the boundargY. We assume thatY* is Lipschitz continuous. We consider structures
for which the numbeng of elementary cells is large and the invetsef ng will be taken as a
small parameter. Our structure is then composed of idért@its which are homothetic in the
ratio ¢ to the basic cel¥ (see Figure 2). We denote lythe length of the structure and we set:

Qe = (0,L) x (—eK /2, K /2), Y, = e, Y =eY*
Qz : the part ofQ2, occupied by the materiat Uinialf(xi oY
T(x,00 - translation of vectotx;, 0), Xj =ielL 0<i<ng
Te . the set of holes
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232 S. Challal

We also use the notations:

1“81 = [0, L] x {¢K/2} : the upper boundary of the lattice beafi
2 = [0,L] x {—&K/2}: the lower boundary of the lattice bea@
FS = {0} x (—eK/2,eK/2) (resp.T'{ = {L} x (—eK/2,eK/2)):

the left(resp. the rightboundary of the lattice beaf.

The current point inf2. is denoted by = (X1, Xo).

We assume the material to be anisotropic and satisfyingghatmns of linearized elastic-

ity:
oo +fi = 0 i=12 inQ}
fﬁ = Eigi(kh ekh(Us) ' =12 ’
(1) aiéj nj = Fie i=12 Onr€ k=12
El‘i nj = 0 | = 1,2 OnE)Tg
U, = 0 i=12 onl“g U l“f_

wheren is the unit normal directed towards the exterior®f, U, = (U, Us,) is the displace-
ment, (5 ) is the stress tensor arfe}j (U¢) 1(3% + 00
(0 H = —
1 1Ame 27 9x; aX;
The elasticity coefficientt”a"?j kh are defined by:

) is the linearized strain tensor.

X1 Q)

a (X)=iai'kh(—,
ikh g2 e €
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Wherea;jkh (y)({, j,k, h =1, 2) are bounded functions defined fpre © =
Unez(t(nL,0(Y*)), Yq-periodic (i.e. periodic iy, € Y1 = (0, L)) and satisfy:
2

) aijkh(Y) = ajikh (¥) = &nhij (¥) foraeyeY*
i) 3m> Osuchtha¥t = (gjj)1<i j<2 € R? i =1y, j =12
mzjj Tij < &jikh (Y)Tij kh fora.e.y e Y*

iii) 3IM such thatM = supycy+{ajikh (¥), i,j,k,h=1,2}.

We also set:
&0 = @jkh . x2)
1
gfjkh(x) = ?aﬁkh(x)

The structure is submitted to body forcés= ( f, ) and the upper and lower boundaries to
1 2

1 Fi 1 2 F o2 ; ;
forcesF; = (—, Fy) andF¢ = (—, F5). There is no applied surface force on the boundary
& &
of the holes and the lattice beam is supposed to be cIampE@ o} . We assume

flxe. xp) = f(x1. xp/e) € [L2(Q0)]%. 2 F2 € [L20, L))
A weak formulation of problem (1) is

3) FindT, = (U1, Ug2) € V. such that:
jQ; aﬁkhgij Ug)ekp(v) = jQZ f +fr€1 Fglv + jl“f ngv Yv e Vg

whereV; = {v € [Hl(szj)]2 /v=0o0n Fg UTY }is a Hilbert space provided with the usual

norm of [H1(£2%)]2.

By Lax-Milgram’s theorem and Korn’s inequality, we have aqure solution to problem (3).

REMARK 1. The elastic modulus depend enThis shows that the structure must be more
rigid since it is more thin. The difference between the Itudjnal and the transverse forces
comes from the fact that the structure is more rigid undetitva than under flexion.

We are interested in the dependencdipfon ¢ (the length of the thickness of the lattice
beam issK and the period in th&, direction iseL). For this, we first dilate our domain in the
X2 direction, then we construct an extension operator to gestimate for the displacement in
a fixed domain.

3. A priori estimate

Let us introduce the following new variables:

X
Y1=X1, Y2=—

-
Under this change of variables the st is expanded t@} andl'g (resp.T'{, 1“'8‘, k=12)
becomed (resp.T, 'K, k = 1, 2). We set for any functio@ defined on: ¢(y1, y2) =
P(Y1. €y2).
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Then (1) can be written:

dqof + 2005+ fi = 0 inOf i=12
Uﬁ = (§;€J 1k%u_;f + %éﬂ 2Kk aglifzk)(YL y2) i,j=12
@ afjnj = Fle onTk k=12
a5 = Fé‘ onrk k=12
ai‘j?nj = 0 ondT; i=12
U 0 onlgu T i=12

wheredT; = 90 \TtUT2UTQUT.
Let us takdl, as a test function in (3) and use (B) we obtain:

- (1] (1] fu 1~ 20
(5) —2/ &jj (Ug)eij (Ug) < / fU, +/ Flo. +/ F20,.
&% I QF ri r2

£ &€ €

Letls = (01, O.2) be the field defined o®} by:
N 1 . -~
(6) Op1(Y1, Y2) = ;Usl(YL ey2), Ug2(Y1, Y2) = Ug2(Y1, £Y2)-
Sincel; € Vg, thenl, € H; whereH; is the Hilbert space defined by:
He = {v e [HYO]? /v=00nToUT }

It is easy to see that we have:

e11(0e) (Y1, Y2) = 2e11(0e) (X1, X2),  £22(0) (Y1, Y2) = £.622(U0e) (X1, X2),

£12(0e) (Y1, Y2) = e12(Te) (X1, X2)  With (X1, X2) = (Y1, £Y2).

So we deduce from (5)

Me [o: (611062 + 25 (e22(0:)2 + 5 (612(0¢))?
< Jor elefilen + f2062] + fra FlOg1 + F0c2 + [r2 F20p1 + F20.0.

@)

Let us now prove the following lemma:

LEMMA 1. Let H be the Hilbert space defined by: H {v € [Hl(Y)]2 /v=0o0onTgU
'L }. There exists an extension operatqor £ L(H,, H) such that:

1 2
®) /Y &ij (Pev)eij (Pev) < C /O*(811(v))2+ 8—4(ezz<v))2 + ;(elz(v))ZVv € He

where c is a constant independentof

Proof. Itis done in two steps:
15t step:it is a lemma due to Conca [3].

LEMMA 2. There exists an extension operatoreSC([H1(Y*)]2, [H1(Y)]?) and a con-
stant ¢ such that:

© /Y £ij (Sw)eij (Sw) < ¢ /Y ey weij () Yw e [HHYH]
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2nd step: from definition of O} we have:O} = Uin;(:]LT(Xi 0 (@(Y™)) whereg is the change of
variable defined by : (y1, ¥2) — (gY1, ¥2).

First letv € [H1(p(Y*))]2. Thenvop € [H1(Y*)]2 and the functions defined byw =
(v100, :—vaow) € [Hl(Y*)]Z. From Lemma 25w € [Hl(Y)]2 and satisfies (9). Set
&
Su = ((Sw)100 7L, £(Sw)0071).
We haveSv € [H1(p(Y))]2 and the following inequality:
~ ~ 1 2
(10 / gij (Sv)eij (Sv) < C/ (e12(0))% + = (e20(0))% + = (e12(v)?
@(Y) o(Y*) 3 e
indeed we have
J oty € (Sv)sij (Sv)

£ fy 5 (e11(Sw))? + £2(22(Sw))? + 2e12(Sw))?
1 Iy €ij (Sw)eij (Sw) (sincee < 1)
¢ Jy=&ij w)sij (w)  (by (9))

IATA

and
/ 1) w)eij (w) = = / £2(6110)2 + 5 (e20(0)2 + 2(e12(0))?
v & Joern €
then (10) holds.
Next, if v e [H1(0*))]2, we define the extension operafey by:
Pevlyv) = SWys)
ngh(Xi Oy = S(U\r<xi,0)<<p(v*))07(xi’0))07(_Xi’0) i=1..., np—1

and we verify the inequality (8).

We have also the following inequalities:

LEMMA 3. There exists a constant ¢ independent sfich that:vVv € H,, we have:

D NennPen? = cforen1)? + 5 (e220)2 + F(e12(1))2
i) fyeaaPev? = ce? [ (e110))% + F(e220))% + F(e12(v))
i) fyeraPev)? < ce? [ou(e110)% + % (e220))% + F(e120))%

Proof. Using the same notations as in the proof of Lemma 2, we have #H;:

Joory(€11(50))? & fy % (e12(Sw))?

%fy £ij (Sw)eij (Sw)

& [y &ij (weij (w)

C v (611007 + i (e220)2 + 5 (612(v))?
then we deduc@. To proveii) andiii) one can see that we have:

Joov) (€22(50)) e [y £%(22(Sw))?

&3 fY &ij (Sw)ejj (Sw)

ced Sy €ij (weij (w)

Cs® [y (1202 + Z(6220))% + G (e12(1))?

IA TN TA

IAIATA
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and

e Jy(e12(Sw))?

& [y &ij (Sw)sij (Sw)
ce [y &ij (w)eij (w)

Sy (€12(50))?

INIATA

COROLLARY 1. Let(, defined by(6). Then we have:

i) | PeQe|H < c/e, i) |811(P808)||_2(Y) < c/e
iii) |822(P50£)||_2(Y) < Ce, iv) |512(P605)||_2(Y) = C
where c is a constant independentof
Proof. From (7), Korn’s inequality and Lemma 1, we get:
|Peoe|2H =< §[|T|L2(y)|P505||_2(y)
+ |F1||_2(r1)|)’(P505)||_2(r1)
+ |F2||_2(r2)|)’(P505)||_2(r2)]
where’~’ denotes the extension by 0Yh\ O} andy the trace operator.
Now by Poincaré’s inequality and the continuityjofwe geti).
ii), iif) andiv) are consequences of lemma 3 and the following inequality:
) 1 ) 2 o _C R c
(11) o*(gll(US)) + 8—4(522(U£)) + ;(812(%)) =< ;IPgung =2

Now, we deduce estimates on the stress tensor defined by:

R au 1 au
Uﬁ =c¢of = ¢(af ek e ek

ij ajj Ky, + P Zka—yz)(yl’ y2) (Y1. ¥2) € Of

which can be written
e e NN N A
ojj = S[SQij 11611(0¢) + ay) 12612(0g) + ;'g\ij 22822(U5)]-

Then by (11) we have

ce? [, ove) (€120 + 2 (e220)% + F(e1200)%.

S. Challal

R R 1 R 1 R
|Uﬁ ||_2((9:) = C[|511(Ue)||_2((9;) + g|512(ue)||_2((’);) + 8_2|522(U5)||_2((f);)] <c/e

and

(12) |ﬁ| LZ(Y) < C/8.

As a consequence of estimates of Corollaiy; {12) and the fact that the spadd$(Y) and

L2(Y) are reflexif, we obtain:
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THEOREM1. There existsl* € [H1(Y)]2andé* e [L2(Y)]* such that we have, up to a
subsequence,
(13) e.(Pe(0)) — 0% in[H1(Y)]?
e.(6%) —&* in[L2)]%

In order to identifyG* andé™*, we first do a formal study in the following section which
allows us to get the homogenized problem. In Section 5, wéyuhis result.

4. A formal asymptotic study

In this section, we use a formal method to give the asympbaiavior of the structure. For this,
we look forug ando? in the form:

Ugi (X1, ¥2) = %Ui_l(xl) +Ui0(XL ) +sui1(X1, 2 yo)+
e2u?(xq, X2, yp) + ...

Ll N)

- -2
Uiéj‘ X1,Y2) = 8—30‘”- 3(X]_) + gizaij (X1, %’ y2)+
logtoa. oy +.... ij=12

where the functionsi™ (X1, y1. y2), ai'j“(xl, Y1, ¥2) areYz-periodic {1 € Y1 = (0, L)) (y1 =
X1
=,

&
We take back these expansions in the equations of (4) andenéfidthe terms of the same line
of order ofe. We obtain:

-3
. > _
et oy . =0
am a-m m+
(14) ‘;‘;.11 +‘2‘%+3‘322 = 0 form#0
3c9 ok o
a‘;(ull_,_ a?ll+_ag)/lzz+fi = 0 form=0

mpn. _ -1.. _ rk
aljnJ_O form # —1, a-nJ_F1

1j
(15) ofinj =0 form#0,  oy'nj =Fk onrk k=12
airj“nj =0 VmonadY,, VYxpe(@OL) i=12
wheredY;r, denotes the interior boundary %f* and
aum+2 BUEH?’
16 M _ o i ym.
(16) ij = &j1k ox + &jjhk oy

Let us define:

NM(x1) = ﬁ Sy 011(x1. y1. yo)dyrdys = o7} : the normal force

TM(x1) = ﬁ Jy» 5%, y1. yo)dyrdy, = ¢, : the transverse shearing force

MM(x1) = ﬁ Jy= Y20 i (x4, y1. y2)dyidys : the bending couple.
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Integrating the equilibrium equations (14) dff and using the boundary conditions (15), we
obtain

oo™
B*T'fz =0 vm Zﬁ —2, —1, 0
doy. 1 2 _ 8041 _
3)(1111 +F+F = 0 and 3)(1111 =0
30 7. 904 1 2 _
¥IR = 0 and 3 +Fy+Fy=0
902 80_1
Integrating the equatlonaﬁ +—L o = 0 onY* after multiplying byy,, we get
X1 j

3 2 -1 Kl 2
a_xl( 9 yzall) _/Y*le + Y15 (FE = FD) =o.

Then we deduce the equilibrium equation of the homogenitredtsre:

-2
‘O, 00 = —(Fi+F)
(17) S () = —(F}+F2)
-2
W ow-Trx = -5F-FD.

Now, we are looking for the constitutive law of the structure
First let us consider the problem satisfiedapf. We have:
do 3
i _0  inY*, o7 %n; =0 onaY",‘nUFlUF2
(18) Yi %ij B [ o
o3 v — eriodic 0.3 = aj; u—k+ o Uk
ij 1—Pp ij = 8ijlkgx; T &ijhk gy,

In these equations the variabtg appears like a parameter. If we suppose the funatioh
well-known, then we can write problem (18) as:

ul aut s
B (a'lhk dyh) = Byj (a‘J 1k Jxg Bxl ) in’Y
aﬂhkayhnl = aﬂlk ax1 nj onaY* urlur2

int
ud  Yi-periodic

(19)

A weak formulation associated to (19) is:

Findu® ¢ W(Y*) such that :

(20) o
Ny aijhkgys G = = s &) 1 65' Vi € W(Y¥)

whereW(Y*) is the Hilbert space defined by:
WEY*) = {¢y € Hlﬁc(O),Yl-periodic such thajt/ ¥ = 0} and equiped with the norm

Y*
1/2
Wl = (sij W)eij ()™
Applying Lax-Milgram’s theorem, we conclude the existeacel uniqueness of a solutiof of
(19).
The linearity of problem (20) allows us to introduce the daling functions

Find X"‘l e W(Y*) such that :

Lowi _

(21) -
S ik e B = = fyeaja g YU e WY
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and sinceu—1 depends only ox;, we can write for a function

10Uy

~0
Ui (X1).
ax1 + Up(X1)

From definition (21) of¢**, we can verify thay 2t = (m(y2) — y2)8k1 with

i00xp): ud = %

m(yy) = /* yo. Sou® can be written:

IY*
-1

it au;t au
ud =yt Bxl + (M(Y2) — Y28k 52 + UR(x) andaij = (aj11+ &jkh ;3}1 ) Axll -
Then integrating oY *, we get:
-1 11
au Xy
-3 1 .
T3 =gj —— with g
gj; Cij oy wi Gj = |Y*|/ a|jll+aijkh avh )
Taking v = (Y2 — m(y2),0) (resp. ¥ = (0,y> — m(y2))) in (21) fora = 1, we obtain
C12 = Cp1 = 0 (resp.cy2 = 0). SouI1 is a solution of the problem:

—1
22) cll%uxl—l) -0 in (0, L)
u1 10 urtw =0

LEMMA 4. We have : ¢; > 0.

d
Proof. Lety = (y1,0) thenankh% =aj111and
h

0
C11 = i aukhﬁ(wk + Xkll)-

1
Y1l Jy
Now takex 11 as a test function in (21) far = 1, we get:
et

/ aajkh—(llfk+xll) =0.
Y YJ
Then
oyl
c11 = / 1]kh—(‘//k+X )+—/ jkh 5 (‘//k+ ih
|Y1| [Y1l ay;j
- T 9 11, 0 11
A /*aukha (Y + xx )ayj Wi +x7)-
By (2)ii), we haveicyq > mllw +xw-
If |y + xllllw = 0 theny + x'! = (a+ byy, a — by,) witha,b € R. Sox*! (a a—
X 3
by,) = (b — 1)(y1,0). If b = = (a,a—yp and satlsfy/ ajjkh A
dyh 9Yj
31122:3;/,)' Vo € W(Y*) which contradicts (21). Sb # 1. But x11 — (a,a — by)

is Yl periodic andb — 1)(y1, 0) is notYq-periodic. The lemma follows.
|

From this lemma and (22), we deduce thaf = 0 ando—! = 0. Sou® becomes equal to:
23 0 T o d ul— 0
(23) uj = (M(y2) — y2)8—x1 +U7(x1) and us = Us(xp).
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To get more information, we compute now functiarlsando —2
Using (14), (15) and (16), let us consider the problem:
B‘Tiji2 _ NS —2
(24) ay; — 0 Iny=, Ij int L
_2 - au?
oij Y1 - periodic aij =aijlka_xli+aiihkm-

nj=0 onaY* urltur?

A weak formulation of (24) is:

Findu® e W(Y*) such that :

Jy= aijhk ayﬁ 3‘{,’; = — Jy- &j1k axi gz/,' vy € WY).
Noting the linearity of this problem, let us consictd'2 be the unique solution of :

Find x12 ¢ W(Y*) such that :

5) e |
Joe ainic KT — [y -y vy e WY,

Then we can write:

17009 VI LT
Ui = X o2 4 (M(y2) — Y28k -2 + xi¢ + U (x)

Xy axq 2

and
oji +ajjkh - — (M(Y2) — Y2) + ajjkh ——
J [a” 11 i avh ] [a” 11(M(y2) — Y2 i avh ] 3X1

Integrating onY*, we obtain the constitutive law of the structure

Y 92u; Y 92u;t
26)  N72(xp) =st1 1412 P L M =L s22 2
@0 ! %1 ToxZ ! %1 92

where(s*’) (a, v = 1, 2) are given by:

sl — ‘\}1‘ Jy [a11kh 8yn +a1111]
2
12
o 2 — M A+ [a11kh Byh +al111(m(Y2) y2)]
s21 \Yﬂ Sy YZ[allkh 3y£12 +a1111),
5?2 W Jy+ y2|:a1]khm +a1112(M(y2) — y2)].

Taking into account the boundary conditionsf on I'o U I' and (23), the homogenized
problem is finally given by (17), (26), (27) and the boundaopditions:

-1 -1 3”51 du 71 . y
(28) U, (0) =u, (L) =0, a—xl(o) (L) 0, 0U7(0) =uj(L) =

The remainder of this section is devoted to prove the exist@md uniqueness of a solution to
the homogenized problem. It suffices for this to verify tha matrixS = (s"”),, ,=12 is
invertible. First, we introduce the following matrix:
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- 11 12 s11 le
=< set 82 ) =< mypstt—s?L m(yp)st? — 22 )

We remark thatlet S = —det S= —(st1s22 — g21512)
The advantage to introduce this matrix is to get a unified fionthe coefficientgst"”). Indeed
we have:

, X -
@9 &=y Sy M2 — v2r* Maijin [y + (MY2) — ¥2)" ks ]iad; .
w,v=12

From (21) and (25), we have:

1v 1

Gy _1 X
30 / i + (M(Y2) — ¥2)" "8k L =0
(30) . aijkh[ v ¥2) = ¥2)" " 8k1dh1] ay;
Adding (29) and (30), we obtain:
1
1 axlv Ax; I
my B k v—1 i n—1e ¢
= — —— + (M(y2) — Y2)"" ~8k19 + (M(y2) — y2)* 78181 ]
v - ajjkh [ oo y2) — Y2 k1oh1 ][ ay; Y2) — Y2 i18j1]

From coerciveness of coefficiertigyn, we gets” = s;" for 1, v = 1, 2 and we deduce:

COROLLARY 2. We have: &2 = m(y,)st! — 21,

Moreover we have:
LEMMA 5. The matrix $ satisfies for some > 0: s, £Ve! > a|€|2, VE € R2.

Proof. Leté = (£1,£2) € R? and setwjj = £[gjj (x*) + (M(y2) — y2)* ~18i18j1]. Then
we have:

1 m

VUevepn .. . 2

S 78 —_/alkhw Wkh > [w[§ -
IYp| Jy= T IYpl O

Suppose that there existss R? \ {0} such thas,”*£V£* = 0. Thenwj; = 0Vi, j = 1,2i.e.
gij (B4 x M) = —gFm(yp) -y 181851 Vi j =12

For (i, j) = (1, 1), we get for a functionf (y»): 5“)(11“ = —EH(mM(y2) — y2)*ys + (y2).
Then taking into account the periodicity f1 or x12 we get a contradiction, s§"£"&* > 0
vE € R2\ {0).

|

Using Lemma 5, we deduce the following theorem:

THEOREM 2. There exists a unique solution of the homogenized probleendiy(17),
(26), (27)and(28).
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5. The results of convergence

In this section, we pass to the limit and obtain the homogehjroblem.
Let $° be the subset ai—~K /2, K /2) defined by:

S(xp) ={y2/ (x1,¥y2) € OF }.

We havelS°(x1)| < K, where|S°(x1)| denotes the Lebesgue’s measure of theSgety).
Now, we set:

N°(x)) = ng(Xl) G11(X1, y2)dys
TEx) = 3 gy 61200, Y2)dyo
Ne(X) = [or(xy) Y2011(X1, Y2)dYo.

Using (12), we get the following estimates:
(31) |N£(X1)||_2(0,1) <cl/s, |M8(X1)||_2(0,1) <c/e.
Then we have:

THEOREM 3. There exists a subsequence of (kesp. M, T¢) still denoted by N (resp.
Mé¢, T¢) such that

eNE =~ N* inL2(0,L), eM® —~ M* in L2(0, L),

2
(32) eT¢ =~ T*  weaklyx inH™10,L) whenes — 0.

Moreover, N, M* and T* satisfy in H10, L):
N +FL+FE = 0
(33) i L FLLF2 = o
Setete T
=T = -SFE-FD.
K/2
The Iimits/ 675dys, i = 1, 2also vanish.
—K/2

Proof. From estimates (31), we deduce the first and second conwagerf (32). Now, since
&ﬁ = 8aﬁ , we have from equations of problem (4):

Joe 6830 4 158 00— [ efy 4 ( Bl oy + Fluy)+
(34) 0:%19x; T %20y, — JO: rtz v 22

. F?
(jrz v+ F22v2>, Vv € Hg.

To prove the theorem, we choose a suitable test funetion(34).
i) Let us takev = (¢(x1), 0) with ¢ € H&(O, L). Then we have € H; and

1 FZ

dp F
58 L — fl0 —190 / _190
/* 1 Xl \/‘0*8 L \/I“l & r2z ¢

&

which can be written

Lo dg L1, 2 2F
(35) / eN®(x)— =/ (F{ + Fl)(p—i—/ e“fq0.
0 X1 0 Y
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Lettinge — 0in (35), we get:

/O N* (x>— /<F1+Ff)¢ Vo € HAO. L)

then
dN*

=Fi+F2  inHi0L).
ax; L+ F O, L)

ii) Similarly if we takev = (0, ¢(x1)) with ¢ € H3(0, L), we get
(36) /LSTS(X1)3_¢ = /L(F21+ F2)e +s/ Tap.
0 X1 Jo Y
We have by iii) belone T¢ — T* weakly in H=1(0, L). So we get by letting — 0 in (36):

dT*
/OT (x)— /(F2+F2)g0 Ve € H}O,L) then —d—xl=|:21+|:22 in H=1(0, L).

iii) Now take v = (y2¢(x1), 0) with ¢ € H3 (0, L). Thenv € H, and we obtain:
L L L
dp K 1 g2 2 [+
sMSX——i—/ eTE(x =—/ Fif—F -|—8/f .
/0 ( 1)3X1 A xXDe 2 Jo (F{ e y 1Y29
SinceeMé — M* in L2(0, L), we have
L K L L 9
lim Tex)p = — | (F—F2 —/ M*(x) -2 Vg e HL(O, L
20/ eT (X1 2 /c; (F{ 1)¢ 0 (x1) %1 @ o )

which means thatT¢ — T* weakly in H~1(0, L), whereT* is defined by
L K
T* o >= lim Té(xy)p Vo € H = —(F{ - F2).
< ¢ > 860‘/08 (X Vo 0 2(1 D)

iv) Let us takev = (0, yop(X1)) in (34) withg € H&(O, L). Thenv € H, and we obtain

— 09 5 3 - 2 1 2
y2508—+/08(p=8/fyw+8( Fayop + | _Fiy2e).
/Y Zoxg 22 v ? ri 2 rz 2 )

K/2
Lettinge — 0, we get/ G50 =0Vgp € H01(O, L) and then/ 65,0y2 =0
Y —K/2

If we takev = (y2¢(X1), 0) in (34) withg € H&(O, L), we get as in iii)

o3 T 2(/,:1 /Fz)
/YZgallaX /5012§0 3 ‘/; 1Y2¢ + ¢ - 1Y2¢ + 2 1Y2¢
and lettinge — 0, we obtain:/ 6{p =0Vgp € H01(0, L) which leads to

Y

K2
a1,0yp =0
/—K/Z 12732
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Now, whene — 0, we have from corollary 1 and (13)
e22(0*) =0 and &12(0*) =0
Then arguing as in [2], we get:
LEMMA 6. There exists afunctioﬁj € H&(O, L) such that:

d
(37 07(x1, y2) = —Y2d 2 4

where the limitd3 is identified to a function of §|(O, L).

In the remainder of this section, we are going to find the imiatbetweerN*, M* andﬂ*l‘,
0% which are the constitutive laws. To do this, we use the energhod developped by L. Tartar
[5]. It consists in introducing suitable test functionslire tweak formulation of the problem.

Let x11 andx12 be the two functions defined by (21) and (25) respectively. Se
X
X&' (x.y2) = 1M (o).

We have
Xl 1yl axt gyl

axy e dyr’ dy2 Y2
and X1V satisfy the equations:

d & axlﬁ e wa e -1
e (a] 1K1 9% € T &1k2 3y2 +a77,(M(y2) — ¥2)" )+
1v

9 X X 1 .
(38) BV (a1Zk1 T+ Ao+ ap1(M(Y2) — ¥2)" ) = 0inO;¢
axlv 8xlv b1 .
(aukl TS € Aoy a1 (MY2) — ¥2) )”J =0

inrlurzure.
Lety € D(0, L). We multiply the equations (38) byu, and we integrate by parts, we obtain:
0% XY -1\ .9
(39) fo; 8(3181k1 Tese + &0 ayzk +a11,(M(Y2) — ¥2)" )3_)(1(U8i v) +
OX X —1) Ui
Jo: (aiSZkl € o0 Ty 811 (MY2) — ¥2)" ) By ¥ = 0

Using Xsl"t// as a test function in (34), we get:

ie OXY 15 re wly d
Jor (6875 + 265 8y2 )‘WFfO* XY 5 =
(40) Jor et Xy + (fpa 1x1;¢+F1xlvw)
(Jre XYy + F3xtyy).

Taking into account the expression&ﬁ and dividing bys3, (39) becomes:

e OXI XL . B
f(’) ( |81 BxlI + % o )¢ +1 fo; a11(M(y2) — y2)" Ly+
BX

(41) IX2 B + 1 v—1 oy
Efo; (ailkl et £ 10 Ty 7y, T 5&111(MY2) — ¥2) )Usi ax = 0
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Subtracting (40) from (41) and multiplying the identity alsted bya2 we get:
Jor 651(m(y2) — y2)' "y = —¢ [o- (66 >X§|”3—;ﬁ — &% for TXPw
(42) —e2( fra Fixty + lexggw) —e2( fr2 Fixuy + F2xYy)
—¢ Jor (aiglkl a;ii + 80 a);zv + gaf1(MY2) — ¥2)"~ 1)”8' a>1<p1
To get the expressions &1* andN*, it suffices to let — 0 in the above equality. First, since
X1V is Y;-periodic, we have

1 [t .
43) Xg" — f/o My ypdy  inLA(Y).
Then using (43) and the fact that the seque(méﬁ) is bounded, we have the following limits:

0
I|m s/ (s&ll)Xgl‘jadj

nmg/ f Xy =0,
O3

e—0

lim 82</F1 i X4v + F3xly) =

e—0

F2
lim 82</F2 1x1”1p+|:2x ¢)=

e—0

(44)

Next, to compute the last limit, we proceede as in [1]. Set

1v
+aij12(m(y) — y2)' L

9 X
_a-lkh
T ayn

We have from definition of 1V
Bri‘j

(45) By,
| i nj

0 inY*

0 onrtur?uays,

i=12

If we defineRi‘j8 by:
X
RIF (1. ¥2) = 1§ (. ¥2).
then (45) leads to

{3R“f+ LRE o inos

X1 e Y2

_ 1,12
Ri‘j = 0 onrtur uaYﬁr‘]t

i=12
Note that we have
1v a lU

axX X
RIF (X1, ¥2) = £ajyq axglk Ak s K +af g (my2) -yt

Then by lettings — 0 in (42) and using (44), we get:

.

(46) i, [, coamn vty =~ im [ Rifua o
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Let us now introduce the following problem:

Find¢" Y71 — periodic such that :
%(aijkh% + &j 1th:1LU) + 11
(aijkhg—;o,f +a+'j1kxﬁ”)nj
(aijkh% +aij1kxﬁv)nj = 0 ondYpy,.

0 inY*

(47)

b!‘” onrKk=1,2

A necessary condition for the existencegdfis:

/1bi1"+/2bi2”+/ =0 =12
r r v

which is satisfied if we choose in what follows:

1
b =b?=——"— | 1y i=12
21Y1] Jy=

S. Challal

Note that, using notations of section 4, we haé = b2l = —s'1/2 andbl? = b22 = —s'2/2.

Now we consider:

Iy 1 X1
G = aijkn ay, i hxp” and T (xe y2) = 7 (5, v2)-
Then we have by (47),
E)ri‘j’ .
3yj +rp =0 inY*
T nj = b onrk k=12 qinj =0 onaYjy
and
aThe 1 3T-‘é€ 1 .
ma TEay = “ER1 NO;
TYn; = pkv onTK k=12 T/¥nj =0 onaT*.

ij i
Let us compute
32y
A° =/ T Ui —-
(@) 8X1

Sinceyr does not depend oyp, we have

e _ e . 0% | 1cve, . 0%y
AT = Jop T Ui oz + $Ti Ui gy
_ 1pve,, . 0¥ g ve Ui 1vedUg \ OV
(48) = Jor IRYU G — Jo. (TG + 1Ty —ayZ')aTl

bl oy
+ = Jrior2 Ui X

By definition ofTi]-’S and&ﬁ , one can see that we have

g  1_ . dug EL o opf
49 Tve Lel Zve el _ 256 k eGE k e&E XLv
(49) 1 5 T2 3y, Ok %k gy, T Xh
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X
where®V? (x1, yo) = <p(?l, y2).
From (48) and (49) we deduce that

oy K 1
(50) —Jo: RiUeigg = —¢A°—¢ o (5 Jkl Bxl Jr”"‘sz dy er1hX v)
oy
+ B fragpe Ui 1

Now we are going to let goes to 0 in (50). First we have easily:

. 2.6 0P 'y
(1) g"_rpog/o; (8 %1%, TF Sy, dy2 +eoin X ) >
Next, we have
A = o Tvsugli;zTI/%/_’_gTvsus g;zw
= f STUS(S(Pos)l)g_X% +Jy Tzvf(s(m&)z))%%

Since'l’i}’g is Y1-periodic, we get

L__
Ve —~ l/ 7' (Y1, Y2)dyr in L2(Y)
i L Jo il

then

lime_.0e.A* N ( f 21(Y1, yZ)dy1>U2 BXW
Jo %(f /zjo 3V, YZ)dY1dYZ)U2(X1)—
1

f0L< N+ r21)u2(x1)axz

Moreover, one has

plv OV ple P W 1 o oy
! /l“lur2 el axg 1t /;*1ur2 (¢(PUe)1) %1 +03 F1UF2( Ue)zaxl
1 1 aXlU

herebl’ = — — [ v — _— a K ey

" 2 2L /y* 217 T /Y*[ 24h 5 +a2112(M(Y2) — y2)' 7]

Taking (y2 —m(y>), 0) as a test function in (21) and (25), one can see tb%(t:: Oforv=1,2.

Thus 5 5
lim bll"/ ugi—l/j - b%”/ ui—dj
e—0 riurz X1 riurz -oxi

Using (37), we have

9 dad 9 L..a
[t = [ (g rm) i =2 [ u k.
riur2 3)(1 riur2 d 8X1 0 3)(1
So
Y L oy
52 Imbl"/ -—=2b1”/ .
( ) €L>O ! riur2 Usi 9X1 1 0 ulaX]_
Finally, we have by (46), (50)-(52):

lim 5£.(m — "’1=—/ —/ 0% (x 2b1”/ u
lim. /0;8011( (¥2) — ¥2) [ (C [ o 1) 7o [t
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Then )
_ 1 1)d%03 | 12dU]
N* = (— Ty 121) o TS
_ 1 2)\d%5 | qpdl]
m(y2)N* — M* = (‘t/v* r21)d—)§2+3 T

. oo . . 1
Now, taking(y», 0) as a test function in the weak formulation associated tq (A@pet:t / Ty =
Y*

s?”. Then we have

« _ Q100 opd203
N* = s7gg —S e
_ 11 a2\90 22 21, 4203
M* = (m(y)s—s )ax, T (87— m(y2)s )d—xf
) . . ) . das
which can be written by using Corollary 2 and setting:= 4] — m(y2) ,
dX]_
110y} | 120203
N* = st gt +s dxfz
(53) dU* dzﬂ*
M* = 2188 | 2207
X dx?

with uf € H}(0, L) and} € H2(O, L).

So we get the same homogenized problem obtained formallgdtion 4. Since the matrix
S = (s"V),,v=1,2 is invertible (see Lemma 5), problem (33), (53) admits a ueigolution.
Thus at the limit, the asymptotic behavior of the latticerhéa governed by Bernoulli's law.
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