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LOCALLY FINITE BOREL MEASURES IN RADOM SPACES

Abstract. For any locally finite Borel measuye in a Radon spacX we
establish that the following properties are equivalént:u is semifinite;
(ii) n has a concassagéji ) each atom ofx has finiteu-measurefiv)
wu is a Radon measure.

1. Introduction and preliminaries

Let X be a Hausdorff topological space. We shall denotg b and3, respectively,
the families of all open, compact and Borel subsetX of

A Borel measurén X is a measure off. A Borel measure: in X is called

(a) locally finiteif eachx € X has an open neighborho& such thatu (Vy) <
+00;

(b) semifiniteif u (A) = supgu (B) : AD B € B, u (B) < 400} for eachA € B;

(c) Radonif it is locally finite and u (A) = supu (K) : A D K € K} for each
AeB.

The spaceX is said to be @&adon(resp. strongly Radohspaceif each finite (resp.
locally finite) Borel measurg in X is a Radon measure. For a extensive treatment of
Radon measures and Radon spaces, we refer to [3].

Thesupportof a Borel measurg in X is the set of alk € X such thaju (U) > 0
for each open neighborhotad of x. It is clear that the suppoB of a Borel measurg
in X is a closed subset of.

Letu be a Borel measure id. A concassagef u is a disjoint familyD of compact
subsets oKX such that

(8 n (GN D) > 0 foreachG € G and eactD € D with GN D # @;
(b) n(A) =3 pepu (AN D) foreachA e B.

A setA € Bis called aratomof p if 1 (A) > 0 and for eactB € B with B C A either
w(B)y=0o0ru(B)=pn(A).
Let u be a Radon measure ¥. We shall recall three know facts:

1.1. u is semifinite;

*The author wish to thank the referee for several helpful cemmand suggestions.
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1.2. u has a concassage (see e. g. ([2], Proposititon 12.10));
1.3. each atom af has finiteu-measure (see ([1], Theorem 1)).

In this paper we establish the converse propositions fallpéinite Borel measures in
Radon spaces, and we deduce that a Radon spas@ strongly Radon space if and
only if each locally finite Borel measugein X satisfies any of the conditions 1.1, 1.2
orl.3.

2. The results

THEOREM1. Let X be a Radon space and Jetbe a locally finite Borel measure
in X. The following properties are equivalent:

() w is semifinite;

(i) u hasaconcassage;
(iii) each atom ofu has finiteu-measure;
(iv) wis a Radon measure.

Proof. Itis clear that(ii) = (iii) and that(iv) = (i). We shall prove that) = (ii)
and that(iii) = (iv).

(i) = (ii). By Zorn’s lemma there is a maximal disjoint family of compact
subsets ofX which satisfies the first condition of definition of concassadn four
etaps we shall prove tha@t also satisfies the second condition.

Let B € Bwith u (B) < 400 andB N UD = ¢, and suppose that (B) > 0. The
measure defined byv (A) = u (AN B) for eachA € B is a finite Borel measure in
the Radon spack, hence it is a Radon measureXn Therefore

uw(B)y=v(B)=supgv(K):BOD K e KL} =supgu(K): B DK eK}

and there iK € K such thatK ¢ B andu (K) > 0. The restrictionuk of v to
the family{A € B : A Cc K} is a Radon measure iK. Let S be the support ofik .
ThenSis a compact subset of andSN U D = ¢, and addingS to D we obtain a
contradiction to the maximality d@. Thusu (B) = 0.

LetK € K. Sincepu is locally finite, eaclx € X has a open neighborhod with
1 (Vx) < +oo and a finite family{Vy,, ..., Vx,} of these neighborhoods is a cover of
K. ThenG = U}, Vy, is an open set such thit ¢ G andu (G) < +oc. SinceD is
a disjoint family, we have

> #(GND) <u(G) <+oo
DeD
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hence the family
Do={DeD:GND#W}={DeD:u(GND)=>0}

is countable. SinceK NUDg) N (UD) = @, we have

p(K)y=u(KNUDy)= Y u(KND)= ) u(KND).
DeDy DeD

Now, let B € B wtih u (B) < +o00. For eachK € K with K c B we have

p(Ky=3 pn(KND)< ) u(BND)

DeD DeD

and since the measuredefined byv (A) = u (AN B) for eachA € B is a Radon
measure irnX, as in the first etap we show that

w(B)=supgu(K):B>K ek}

Consequently,

n(B)< ) n(BND)
DeD

Finally, let A € B. For eachB € B with B ¢ Aandu (B) < +o00 we have

p(B)< Y u(®BND)< Y u(AND)

DeD DeD

and sinceu is semifinite,

1 (A)=supu(B): ADBeB u(B) <+oo} < Y u(AND).
DeD

The reverse inequality is obvious beca@ses a disjoint family.
(i) =(iv). As above we show that

w(A) =supu(K): Ad K e K}

for eachA € B with u (A) < +o00. Let A € Bwith i (A) = +o0. It suffices to prove
that

supgu (B)y: AD Be B, u(B) < +oo} =+o0.
Proceeding towards a contradiction, let

supu(B): ADBe B, u(B) <+oo}=a < +o0
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and for eachn € N, let A, € B such thatA, ¢ Aand
1
- < u(An) <o.

With no lost of generality, we can suppose thAh)n iS an increasing sequence
in B. Then we have

u (UnenAn) = a.
If B € Bis contained inA \ Uneny An, We have eithep (B) = +oo or 1 (B) = 0.
ThenA\ Unen An is an atom ofe with infinite measure again§ii) .
O

COROLLARY 1. A Radon space X is a strongly Radon space if and only if each
locally finite Borel measurg in X satisfies any of the following conditions:
() w is semifinite;
(i) u hasaconcassage;

(iii) each atom ofu has finiteu-measure.
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