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ON LOCAL PROPERTIES OF SOME CLASSES OF
INFINITELY DEGENERATE ELLIPTIC DIFFERENTIAL
OPERATORS

Abstract. We give necessary and sufficient conditions for local salitgb
and hypoellipticity of some classes of infinitely degeneltiptic differ-
ential operators.

1. Introduction

We deal with local properties of differential operators
1I 0

. Cap = XX +1 (C(X)|X|_4 +@x) - b(X))IX|_3> e ay’

where(x, y) € R?,i = /=1, the functionsi(x), b(x), c(x) satisfy

_ a,eCif x>0 .
%) = Vaecif x<o ™%

_ b+€(CifX>O .
bX¥) = 1V p ccif x<o0 [P

N C+€(CifX>0 .
€)= Y c eCif x<o[=C

and
X1 = % - ib(x)sigr(x)|x|*2e‘ﬁaiy,
a . . o 10
= _— = IX] —
X2 % ia(x)sign(x)|x|~“e oy’

We willassume thaRe a,-Rea -Re b.-Re b # 0. The form (1) is motivated by [1],
[2] (see also [3])where the authors studied the hypodtiigtand the local solvability
of finitely degenerate differential operators. Hypoeltifty and local solvability of
G , were investigated in [4] whea, = a = —-1,by =b_ = 1¢c =c_, or
a = a = —-1Lby =b_ =1cy+c. = 2 andin [5] wherea; = a_ =
-9 b, =b_ =€¢c, =1-1)€? c. = (1— 1)€Y, wherep € [0,7/2),
At,A_ € C. For those cases in [1], [2], [4] and [5], we have given anoftreof
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of non-hypoellipticity, recently in [6], [7], [8], by congicting explicit non-smooth
solutions of homogeneous equations. In [9], by the sameadatie give the values of
a,,a.,by,b_,cy, co WhereG;,b is not hypoelliptic. Here we shall use the method
of constructing parametrixes. Sin@G£ , is elliptic away from the linex = 0, we
will consider only the case whex| < 1. Throughout the paper we denote Gya
general positive constant which may vary from place to pldt¢e paper is organized
as follows. In section 2 we consider the cd®Bea. < 0, Rea. < 0, Reby > 0,
Reh. > 0, which directly generalizes the results of Hoshiro-YéayuljIn section 3 we
investigate the casRea. > 0, Rea. > 0, Reb, > 0, Reb. > 0. In section 4 we
deal with the cas®e a. > 0, Rea. < 0, Reb. > 0, Reh. < 0. Finally, in section
5 we consider the caRea, < 0, Rea > 0,Reb; > 0,Reb. > 0. Theresultsin
sections 3-5 have completely new characteristics comgavith those considered in
[4] and [5].

2. ThecaseRea <0, Rea <0,Reb. >0, Rebh >0

THEOREM 1. Assume that Reja< 0, Rea. < 0, Reb. > 0, Reb. > 0. Then
Gg,b is not hypoelliptic (nor local solvable) if and only if

or
Cyt :—k—l, C_
a; — by a —b_

where k and | are non-negative integers.

Proof. I) In this part we prove the hypoellipticity and the locahgility by construct-
ing right and left parametrices. Let us consider the Foumaasform ofu with respect
toy

oo
ax, n) = f e Yu(x, y)dy.

e9]

By this transfornGg ) become

A d d . _1 d . _1

GSp (x, I 77) = <& + axsign(x)e” ™ n) <& + bxZsign(x)e” ™ 77)
1

n

1

= CI—2+(a+b)x‘25i n(x)e d
o dx? g Tax

2 1 1
+ abx % X n2+ (b—c)|x| % Xin — (a+ b)|x| e K.

We would like to study solutions of the equation

. d .
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_1
Put(i(x, n) = xePe X ’7f(z) wherez = (b — a)e” len Then we will have the
following confluent hypergeometric equation fb¢z)

d?f(2) +a Z)df(z) c
dz dz b—a

The equation has two linearly independent solutions

fl(z)_\ll(—b_a,l,z), fz(z)_e\ll<1 b—a’l’ z)

whereW(«, y, z) is the Tricomi function (see [10], p. 255). Therefore we hdwe
following pair of solutions of the equation (2)

f(2) =

ifx>0:  0f(x, 1) 1= xe Pne X\Il<b Gt

1 (bs — a+)ne'i') ,
-

L

] Ct+ _L
v({1—-— 1 (ay —by)ne X),
( by —ay "

uf (x, n) = xe e
(3)

ifx<0: a7 (x,n) = xe~

_1
b_ne X

v (bci 1 (b-—a)ne IXI)
—a_ ef% c- -
UZ (X 7]) = Xe n 1—ﬁ,1, (&—b,)ne 1] .

As x — 0 we have the following asymptotics fai (x, ), (3 (X, 1)

. — X (log[(by —a)n] + ®(cy/(by —ay)) — 2<I>(1))
ul (Xa 77) ~
I'(cy/(by —ay))

— x dogl(@y — byn] + ®(L— c. /(b —a)) — 26(1)

e
Rt 'd—ci/(by —ay))
(4)
0 (x. n) ~ —1=X(oglb- —a)n + ®(c_ /(b —a)) —20)
L re_/(b-—a))
05 (x. ) ~ —2=xdogl@ —bjnl + *@ —c-/b-—a) —20@)
2 (X,

rd—c_/(b-—a))

whered (2) is the Gauss polygramma functiof (z) = I'(2)/ I’ (2)). DefineD T (x, 1)
(respectivelyD~(x, )) as the Wronskian of]ir(x, n), Gg(x, n) (resp. 07 (x,n),
05 (x, n)). Similarly (as in [4], Proposition 2) it is not difficult tcee that

ptom = | (cto g8 —1) sing™S- i arg(by —a)n € (0. ]

’ - (ctg bﬁg +i )sm me if arg(b, —ay)n € (—x, 0]
D0, = B (ctg b i>Si” s if arg(b- —a_)n € (0, 7]

, — (ctg g +i) sing™ if argtb- —a )y € (. 0]
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Note thatD* (0, ) - D7(0,) # 0 whenn # 0. Thereford] (x, n), 4 (x, n) are
linearly independent solutions of (2) when> 0, n # 0, andd; (x, n), 05 (x, n) are
linearly independent solutions of (2) when< 0, n # 0. Next forn > 0 we define
the following pair of solutions of (2)

af(x,n) if x>0
5 TG = 0 e 05 (X, 1) |
(5) ur(x,n) Cfl(n)u]_ (x,n) + Cit(’l)uz xX,n) if x<0
6  vtoum = SLeE0Gn a8 nagoxm it x>0
’ ay (x,n) if x <0

where coefficientsf_, cgf_, c{_tr, c;_tr are chosen such that™(x, n), vF(x, n) are
continously differentiable at =0

—log[(a- —b-)n] —log[(by —a;)n] — @ (1 — ﬁ)
M (52%)r (1-52) D @)
0 (525 ) +40(D)
r <b+cja+> r (1_ bfj) D~ (0, 77)’

.
a_( =

log[(by —a;)n] + log[(b- —a_)n] + @ (b+(:ja+)
g (bfj) r (b+cja+> D=(0, n)
@ (555 ) — 40

I (55)T (525 ) D=0

.
G _(n) =

|Og[(a+ - b+)77] + log [(b, — &)n] + o (1 _ b+C_+a+>
M (e5) T (t-55) 0r
@ (55) — 40

M(pS )T (1- 5% ) DO

4
CX,JF(’])

+

vt s log[(by —a;)n] —log[(b- —a_)p] — @ <b+c_+a+>
Ch () = F (5% )T (555 ) D* @)
-0 (55) +40)

r (b,cfa,> r (bfﬁ) D+(0,n)

+
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Forn < 0 we define the following pair of solutions of (2)

X (x,n) if x>0
7 ux, =4 &7 r== .
@) COM =0 el oz m + e iz ) if x <0
®) o) = 1 CL UL 00 + 63, (0 (x. ) if x =0
’ Uy (x,n) if x<0

where the coefficients] _,cj _, c{_;, c;_]r are chosen such that (x, ), v~ (X, 1)
are continously differentiable at=0

& - o log[(a_ — b_)n] —log[(a; — by )y] — @ (1_ b%a)
Lo = F(1-2-)r(1- 55 ) -0
-0 (1- 525 +400)

r (1_ b+c—+a+) r (1_ bfﬁ) D-(O.n)

&) = log[(ay — by)n] +log[(b— —a_)n] + @ (1_ b+cja+>
2, -\ = r (ﬁ) r (1— b+°ja+> D—(0, )

@ (55) — 40

’ I (b,cja,) r (1 - bf_*m) D-(0,7)
¢ = log[(ay — by)n] +log[(a— —b_)n] + @ (1 _ b+c—+a+>
1.+ = F(l_ﬁ)r‘(l_bff@) D+(0, 1)
@ (1- 555 ) —40)
+ F(l—c—’)F(l_ cy )D+(O )
b-—a- br—a; )
v - log[(by —a;)n] —log[(a- —b_)n] — @ <b+c_+a+>
Cm) = r‘(l— ﬁ)r(bﬁm) D+(0, n)
o (1- 55 ) +40)
_l’_

r(1- %) (52) DO
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Put W=(0,7) = u®(0, n)vi (0, n) — v*(0, NuUL(0,n). From (5), (6), (7), (8) we
deduce that

W*(0,7) = 5", (mD* (0, ),
W~(0,7) =cf _(nD~(0, 7).

We see thaW*(0, ) = 0 for || > C if and only if a+°jb+ =k g5 =lor

Ct — _Cc _ — — - I i
b — —k -1, 7—5 = —| — 1 wherek andl are non-negative integers. Hence

ut(x, n), v(x, n) are two linearly independent solutions of (2) gt > C if and

only if afjm £k = #lor a+°jb+ # —k — 1, =% # —| — 1 wherek andl|

are non-negative integers. Now if we denote the Wronskianit@k, n), v*(x, ) by
W= (x, ) then by the Liouville theorem we have

X
WE(x, ) = W5(0, ) exp[— /0 p(s, n)dS} ,

where
DS, n) = (a + bp)x2sign(x)e ¥ Xly if x > 0,
’ (a_ + b_)x2sign(x)e~¥Xly if x < 0.
Hence
WH(0, e @boe M — i, (1) D+ (0, pen(@stbre
if x>0
wTt X, = . =z
=0 W0, men@+b e gt (Dt (0, et +be
if x=<0,
W~ (0, n)e1@s+bpe /X _ i _ (D~ (0, p)en(@tbe /X
_ if x>0
W™ (X, n) = 1 _ =
T W@ e _ i (-0, penra b e
if x<O.
i H C C_
SinceRea. < 0, Rea. < 0, Reh. > 0, Reb. > 0, if a+jb+ # K, i |
or a+°jb+ #—k -1, ﬁ # —| — 1 wherek andl are non-negative integers, then

ut (=1, 1), v (1, n) exponentially increase when— +oc, andu=(—1, n), v=(1, n)
exponentially increase whep — —oo. Hence we construct the Green function as
follows

G*(x,X,n) if n>C
/ — 9 b - )
G(x,x,n)—{ G-(x.x.n) if n<-—C,
where . )
vFoput(x,p) ,
— gt it x <X,
for p>C: Gtox,x,n =1  W&m
w if x' < x
W (X’,n) =N,

v xopu— (X /
if x <x
—C- - 4 _ W= (x',n) — 7

for n=—C: G™(x.x\n) = { v (X, pu” (X,n) if X' <x

W—=(x,n) =~
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By noting that|c§:r(n)/w+(0, n)] < C and using the asymptotic behaviors of
¥ (o, y, 2) at zero and at infinity we can show that (in the similar way dgjn

1 1
flG*(x,x’,n)ldxsc; f IGH(x, X', p)|dx < C,
-1 -1

1 1
/ IG™(x,x',n)|dx < C; / IG™(x,x',p]dx < C,
-1 -1

1 G+ / 1 G+ 1
/ IMIdXSCs / IMIdX/ch
-1

1 aX aXx
1 — / 1 — /
G (X, X G~ (x, X/,
/ | (X, ’n)|dxgc; / | ( n)|dx’§c.
1 aX _1 ax

More general, for an arbitrary natural numimewe will have

1 1
/1IDQG+(x, x',mldx < Cn™"; /1|D,?G+(x, x',mldx" < Cn™",

1 1
/ IDyG™(x, X', mldx < Cln|™"; /1|D,?G*(x, X', mldx" < Cly|™".
1 —_

Finally if we define the operatd®

1 p1l poo | ,
Quix. y) = f f / 1Y) g (G (x. X', mu(x, y)dydxdy,
—-1J-1J—-0

where¢(n) is a cut-off functionp(n) € C*°[R), ¢p(n) = 0if ] < C, ¢(n) = 1
if In| > 2C, thenQ will serve a right parametrix foGg ,, and Q* will serve a left

parametrix forGgf‘b = —Gg 5 Hence the hypoellipticity and local solvability follow.

) In this part we will prove the theorem in the non-hypogdicity and non-local solv-

able cases. We argue only the cases w{mﬁfﬁ =k, ﬁ = |, wherek, | are
non-negative numbers. The other case can be treated $ymiBy the theorem of
Hormander ifGS , is local solvable at the origin for some its neighborhegdhere

exist constant€, m such that

(9) |/fvdxdy|§Csup > IDgD{fl > IDYDEG v

a+p<m a+p<m

forall f,v € C§°(w). Functions which violate this inequality will be constredt For
largex let f, = F(12x, A%y)A5, where functiorF (x, y) € C*(R) and

(20) /oo /oo F(x, y)dxdy= 1.
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Next it is easy to see that the function

x g bane /! L(k; ((5+ _ é+)ne—1/\x\) if x>0,

Xe*57097UM|LP((64,—-af)ﬁeilﬂxu if x<0,

U(X,n)={

whereL(k’(z) = %eZDQ(e*Zz”) are the Laguerre polynomials, solve the equation (2).
Put

o0 .
v = X ()X (Y) fo g(0)e* YU (x, 22p)dp,
whereg € C§°(0,00), x € C3°(—00,00), [g(p)dp =1, x(x) = 1, when|x| < ¢,
with a fixed small enough positive numberNow we will show that the inequality (9)

does not hold forf = 9« f; andv = v, with the parametek large positive enough.
Indeed, forx large enoughf;. € C3°(w) and

of; vy,
(11) —//&vk(x, y)dxdy_//wfx(x, y)dxdy= A+ B,
where

A=/// fi.(X, Y)X(Y)XX(X)g(kp)U(X,)\zp)eikzy"dpdxdy,

B=///fx(X, V)X (V) x ()gp)Ux(x, A2p)e**Ydpd xdy.

It is not difficult to show that lim_. ., B = 1 and for every positive numb&, there
exists a numbe€y such thaiA| < Cn(1+ 2)~N. Next it is easy to check that the
function

0 .
wi (X, y) = / g(p)E* YU (x, 22p)dp
0
solves the equatioB¢ s (X, y) = 0. Hence

Gabx O x (Y)wa(X, y) = Q(X, Y, Dx, Dy)wa(X, y)
whereQ(x, y, Dx, Dy) is a first order differential operator with coefficients \airing
in S =[—¢, €] x [—¢, €]. Next by similar argument in [2], [5] it is shown that
Dy Dfwa (X, y)| < Cm(1+1)~N
forany(x, y) ¢ S. Therefore we deduce that
(12) sup Y [DEDLG vl < Ca(L+ 27N,
a+p<m

Finally we see that (10), (11), (12) contradict (9).
O

REMARK 1. The following casefRea. > 0, Rea < 0,Reb. <0,Reh > 0;
Rea > 0,Rea > 0,Reb <0,Reb <0;Rea <0,Rea > 0,Reb >0,
Re b. < 0 can be considered analogously.
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3. ThecaseRea > 0, Rea > 0,Reb. >0, Reh >0

THEOREM2. Assume that Reja> 0, Rea. > 0, Reb. > 0, Reb. > 0. Then
Gg,b is not hypoelliptic nor local solvable at the origin.

Proof. We separate the proof into some cases

I) The non-resonance caag # by, a_ # b_. We retain all notations used previously.
Forn > 0 we define the following solution of () (x, n) = u*(x, n) is defined as
in (5). Note that whex < 0 the solutiongl; (x, n), 0; (X, n) exponentially decrease
Whenn —> —|—oo

= f,,v = v, as in section 2, witlJ (x, n)
replaced bw (X, 77) B) If ——— +_a+ € Z_U0thenwe seff = 9y f), v = v, asin section
2, with U (x, n) replaced by (x, n).

Then in a similar way as in section 2 we can contradict (9) byaqud, v with large
enoughh.

II) The resonance case, = by,a. = b_. A) Whenc, # 0,c_ # 0 by taking
the limit whena, — by,a_ — b_ in (3) it is easy to see that the following pair is
solutions of (2) (see [10], p. 266)

1
—2(cyne ™)

Yl»—‘
Nl

whenx >0: @f(x,n) = xe a+ne

_1
I3

_ 1 _ 1 1
whenx <0: 0y (x,n) = xe & ¥ 2(c e 'X')zlll(%, 1, 4(c_ne \X\)Z)
1
2

o . _ _ne X2
a; (X, n) := xe a_ne Xl4+2(c_ne

Next forn > 0 let us define the following solution of (2)

y af(x,n) if x>0,
Vxm=y g Ve ,
Cy_(mUy (X, m) +¢5 _(muy (x,n) if X <0,

Wherec}l(n), cgf(n) are chosen as in section 2. Now we can repeat the proof in
section 2.
B) WhencJr # 0, c_ = 0 then we have solutloru.:l (X, n), u2 (X, n) whenx > 0, and

e*euie‘x‘ e*a*”e‘x‘ whenx < 0.
L

1

C) Whenc, = 0,c_ # 0 then we have solutiores2+7e™ xe=a1e™ \whenx > 0,
anddy (x, n), G, (X, n) whenx < 0.

1

D) WhencJr = 0,c_ = 0 then we have solutiores@+7€™ xe-2+1€™ whenx > 0,

X‘H

ande 2 ”e'x' xe - e whenx < 0.
[1I) The half- resonance casg # b,,a_ =b_. This case can be treated by using the
solutions in part I) whex > 0, and the solutions in part 1) when< 0.
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IV) The half-resonance case = b;, a_ # b_. This case can be treated by using the
solutions in part Il) wherx > 0, and the solutions in part ) when< 0.
O

REMARK 2. The following cas€Rea, < 0, Rea. < 0,Reb. < 0,Reh. <0
can be considered analogously.

4. ThecaseRea. > 0, Rea. <0,Reb. >0, Reh <0

THEOREM 3. Assume that Rea> 0,Rea. < 0,Reb; > 0,Reb. < 0. Then
Gg,b is always hypoelliptic and local solvable at the origin.

Proof. We consider only the non-resonance case# by, a_ # b_. The other cases
(resonance and half-resonance) can be treated analogbiestyforn > 0 we define
the following pair of solutions of (2)

. 0y (x,m if x>0,
(13) U (Xv 77)= Ut ~_ ut ~_ .
cr_(mUy (X, m) +¢; (MU, (X, n) if x <0,
03 (x, ) if x>0,
(14) Vicam =1 o v ,
Cy_(mUg (X, m) +¢; _(mly (X, n) if x <0,

- + + + + . .
where the coefficients} ", ¢S, ¢/, ¢y are chosen as in section 2 such that

U+, n), V*(x, n) are continuously differentiable at= 0.
Forn < 0 we define the following pair of solutions of (2)

(15) U=,y = cr L (MAT (X, ) + &5 (0T (X, n) if x>0,
’ 07 (. m) if x <0,

(16) V() = cY L (maf (x. ) + ¢y (0 (x,n) if x>0,
’ 05 (. 1) if x <0,

where the coefficientéf_;, cg; c}’; c%’; are chosen such thalt=(x, 1),

V~(x, n) are continuously differentiable at = 0. Since Re&; > 0,Rea_ <
0,Reb; > 0,Reb_ < 0, thenU* (-1, n), VT (=1, n) exponentially increase when
n — +oo,andU ~(1, ), V~ (1, n) exponentially increase when— —oo. Therefore
we construct the Green function as follows

Gr(x,x',n) if n>C,

G, x,n) =
o :GTKWW)”US—Q
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where, forp > C:

v+ Foyr RVZ o +
| X, MUTX,n) = VT, mUT(x,n) if x <X,
Gr(x,x,n) = DH(X', )
0 if x' <x,
and forn < —C:
V- “m) =V U
- O WU ) =V MU0
G (x,x,n) = D=, m)
0 if X' <x.

Now the rest of the proof goes through as in section 2. We |#awealetails to the
readers.
O

RemMARK 3. The following case Ra; < 0,Rea_ > 0,Reb; < 0,Reb_ > 0
can be treated analogously.

5. ThecaseRea <0, Rea > 0,Reb. >0, Rebh >0

THEOREM4. Assume that Reia< 0,Rea. > 0,Reb; > 0,Reb. > 0. Then
Gg,b is not hypoelliptic nor local solvable at the origin.

Proof. We argue only for the non-resonance case # by,a_ # b_. The half-
resonance case can be treated analogously. Put

y af(x,n) if x>0,
U (Xs 77) = U ~— L] ~— .
cp_(muy (X, ) + ¢ _ (i (X, n) if x <0,

where cg_(n),cg_(n) are chosen as in section 2. SincelRe > 0,Rea_ >

0, Reb_ > 0 the solutionU (x, n) exponentially decreases when— +oco. Now
the rest of the proof goes as in section 2.
O

REMARK 4. The seven following cases R¢ < O,Rea. < 0,Reb; >
0,Reb_ < 0;Rea; > 0,Rea_ < 0,Reb; > 0,Reb_ > 0; Rea; > 0,Rea_ >
0,Reby > 0,Reb_ < 0;Rea; < 0,Rea_ < 0,Reby; < 0,Reb_ > 0; Rea; >
0,Rea_ > 0,Reb; < 0,Reb_ > 0;Rea; > 0,Rea_ < 0,Reb; < 0,Reb_ <
0; Rea; < 0,Rea_ > 0, Reb; < 0, Reb_ < 0; can be considered analogously.
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