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LOCAL SOLVABILITY FOR SEMILINEAR PARTIAL
DIFFERENTIAL EQUATIONS OF CONSTANT STRENGTH

Abstract. The main goal of the present paper is to study the local solv-
ability of semilnear partial differential operators of the form

F@u) =PMD)u+ fx,Q1(D)u,...... , Qm(D)u),

where P(D), Q1(D), ..., Qm (D) are linear partial differntial operators of
constant coefficients and f (x, v) is a C* function with respect to x and
an entire function with respect to v.

Under suitable assumptions on the nonlinear function f and on
P, Q1, ..., Qu, we will solve locally near every point x% € R" the next
equation

F(u) = gs g € Bp,ky

where By i is a wieghted Sobolev space as in Hormander [13].

1. Introduction

During the last years the attention in the literature has been mainly addressed to the
semilinear case:

(1) P, D)u + f (X, D*U)jg|<m-1 = 9(X)

where the nonlinear function f(x, v), x € R", v € CM, is in C*(R", H(CM)) with
H(CM) the set of the holomorphic functions in CM and where the local solvability of
the linear term P (x, D) is assumed to be already known.

See Gramchev-Popivanov[10] and Dehman[4] where, exploiting the fact that the non-
linear part of the equation (1) involves derivatives of order < m — 1, one is reduced
to applications of the classical contraction principle and Brower’s fixed point Theo-
rem, provided the linear part is invertible in some sense. The general case of P(x, D)
satisfying the (P) condition of Nirenberg and Tréves [21] has been settled in Hounie-
Santiago[12], by combining the contraction principle with compactness arguments.
Corcerning the case of linear part with multiple characteristics, we mention the
recent results of Gramchev-Rodino[11], Garello[6], Garello[5], Garello-Gramchev-
Popivanov-Rodino[7], Garello-Rodino[8], Garello-Rodino[9], De Donno-Oliaro[3],
Marcolongo[17], Marcolongo-Oliaro[18], Oliaro[22].
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The main goal of the present paper is to study the local solvability of semilinear partial
differential operators of the form

) F =P({Du+ f(x,Qu(D)u, ..., Qm(D)u)

where P(D), Q1(D), ..., Qm (D) are linear partial differential operators with constant
coefficients and f(x, v) is as before a C* function with respect to x and an entire
function with respect to v.

We will introduce suitable assumptions on the nonlinear function f and on
P, Q1, ..., Qu in order to solve locally near a point x° € R the next equation

(3) F(u =g, geBpxk,

where By k is a weighted Sobolev space as in Hormander [13], with 1 < p < oo and k
temperate weight function. Hormander introduced these spaces exactly in connection
with the problem of the solvability of linear partial differential operators with constant
coefficients, namely one can find a fundamental solution T of P(D) belonging locally
to B, p, see [13].

There are suitable assumptions on the temperate weight function k under which the
space Bpk forms an algebra, see [20], [19]. In [20] we have also proved, under the
same conditions, invariance after composition with analytic functions. These results
allow us to look for a solution u, in a related Bp k, giving meaning to the nonlinear
term of (2).

More precisely, from basic properties of these spaces (see [13], [24] and the next Sec-
tion 2 for notations and results), we know that if u € B, ;5 then P(D)u € Bpk and
Qi(D)u € Bp,kﬁ/(’?vi fori =1,.., M. Assuming that P > Q; for every i, we get

(4) Bp,kﬁ/@ — Bp,k7

then, one should require k satisfying the  hypotheses which grant
f(x,Q1(D)u, ...,Qm(D)v) € Bpk. Under these conditions the equation (3) will be
well defined in the classical sense, for g € Bpkandu € By 5.

In this paper we will prove two theorems about the local solvabilty of (3) under dif-
ferent assumptions on the non-linear function f and the linear terms P, Q1, ..., Qwm,
completing the results of [20].

In the first theorem, Theorem 11, we assume %@ — 0 when |§] — oo for

i = 1,.., M. From this hypothesis it follows that the inclusion B, \s,5 <> Bpk
is compact (see [13]).

However here we assume on the nonlinearity f(x,0) = 0, corresponding to the
standard setting in literature; this is essentially weaker than the hypotheses in [20]
f (X0, v) = 0 for every v € CM.,

In the proof, we will generalize a well-known property of the standard Sobolev spaces
to the case of the weighted spaces By k, namely, if ki and ko are temperate weight
functions, ko(£) > N > 0 forall £ € R", x%is a point in R" and

k2(§€)

5 =27
© k1(§)

— 0 for || > o0
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then
(6) IUllpk, <C()llUullpk, YU € Bpi, NE(Be(x9))

where B.(x%) = {x e R"/||x — x9|| < e}and C(¢) — Ofore — 0.

Applying the previous property and the Schauder Fixed Point Theorem, we will con-
clude that the equation (3) is locally solvable at every x° € R", and the solution belongs
to B, \p.

In th% second result, Theorem 12, the assumptions are weaker than those in the first
theorem, but the functional frame is now limited to suitable spaces Hy := Ba k.

More precisely, we suppose g € Hg having the algebra property, and k of the partic-
ular form k = ", withr € R, ¢ € C satisfying the "slowly varying” estimates,
stronger than the temperate condition. These estimates were introduced by Beals [1],
cf. Hérmander [14], in connection with the pseudodifferential calculus. Namely, as a
particular case of the classes of Beals [1], we may consider the classes of symbols S:Z’
whose definition is obtained by replacing (1 + |£|) in the classic Sio bounds with the
weight v (§). The corresponding pseudodifferential operators OPS}, have a natural
action on the weighted Sobolev spaces Hyr. For most of the related properties and
definitions recalled in the following let us refer to Rodino [23].

After having transformed the equation (3) into an equivalent fixed point problem, we
will deduce, using the assumption Q; << P and applying the properties of the pseu-
dodifferential calculus, that there exists C (¢) such that C(¢) —«_.0 0 and

Qi (D)ullh, = C(e)IP(D)ullH

fori =1,..., M andevery u € H.s N &'(Be(xY)), x° any point in R".

The Contraction Principle will allow us to conclude again that the equation (3) is locally
sovable, and the solution belongs to H, s, at every point of R".

We end this introduction by giving a simple example of an operator with multiple
characteristics to which our Theorems 11 and 12 apply. Namely consider

7) Dy.u— L2+ f(u, (D — L)u, (DZ, + L)u) =g.

where L is a constant vector field in R". Our results will provide for (7) solutions
in different scales of functional spaces Bpk, cf. Section 2, exibiting novelty in com-
parison with the papers mentioned at the beginning. We also point out that even for
some semilinear partial differential equations with simple characteristics Theorem 11
and Theorem 12 imply new results for the local solvability in more general functional
spaces.

2. Preliminary results

We begin with a short survey on B k spaces.

DEFINITION 1. A positive function k defined in R" is called a temperate weight
function if there exist positive constants C and N such that

(8) k(€ +m < @+ClEDVkm); & neR"
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The set of all such functions will be denoted by K.
EXAMPLE 1. The basic example of a function in K, is the function P defined by

9) P2&) =Y IP@@®)

la|=0

where P is a polynomial and so that the sum is finite. Here P = 3*P. It follows
immediately from Taylor’s formula that

P +n) < (@+CIED™P ()

where m is the degree of P and C is a constant depending only on m and the dimension
n.

The proofs of the following results are omitted for shortness; let us refer for them
to [13].

DEFINITION 2. Ifk € K and1 < p < +oo, we denote by By k the set of all
distributions u € S’ such that the Fourier Transform T is a function and

1/p
(10) ullp.k = ((27!)_”/ Ik(é)ﬁ(é)lpdé) < +o00.

When p=+o0 we shall interpret |[u[pk as ess.suplk(£)U(¢)|. We shall also write
Hy := Bak, endowed with the natural Hilbert structure.

EXAMPLE 2. The usual Sobolev spaces Hs) correspond to the temperate weight
function ks(&) = (1 + |£]%)%/2, with p = 2.

Bp,k is a Banach space with the norm (10). We have
(11) ScBpkcCS
also in topological sense.
THEOREM 1. If ki and k2 belong to K and there exists C > 0 such that
ka(§) < Cku(§), € € R",

it follows that Bp k, < Bp k,-

REMARK 1. Letk e K, in view of estimate (8) with » = 0 and Theorem 1, one
can find s € R such that By, (141£252 = Bpk-

We shall now study how differential operators with constant coefficients act in the
spaces Bp k. Recall that if P (&) is a polynomial in n variables &1, ..., &, with complex
coefficients, then a differential operator P(D) is defined by replacing £ by Dj =
—i9/dx; and the function P is defined by (9).
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THEOREM 2. Ifu € By it follows that P(D)u € B, /.

THEOREM 3. Ifug € Bpk, NE and Uz € Buo ky, it follows that uq x up belongs to
Bp.kik,» and we have the estimate

(12) lug * Uzl pkko < U1l p.ky IU2]l00,ky -
THEOREM 4. Ifu € Bpk and ¢ € S, it follows that ug € Bp k and that

(13) loullpk < ol mllullpk.

k(E+n)

where M € K is defined by Mk (&) = sup, Kan—

LEMMA 1. Letk € K. For every ¢ € S there exists an equivalent weight function
h (i.e. C7k(&) < h(§) < Ck(&)) such that

(14) loullp,n < 2l 1llullp,h-
We stress that the weight h depends on ¢. We will use Lemma 1 later.

THEOREM 5. If kj and ko belong to K and H is a compact set in R", the inclusion
mapping of Bp i, N E'(H) into By k, is compact if
ka(§)
k1(8)

Conversely, if the mapping is compact for one set H with interior points, it follows that
(15) is valid.

(15) — 0 for |&] —> oco.

The Fréchet space B'F;fck is defined in the standard way and corresponding properties are
valid for it, in particular we have the following variant of Theorem 3.

THEOREM 6. Letuy € Bpk, NE anduy B!oC it follows that uy  u belongs

00,ko !
loc
to Bp’klkz.

Under suitable conditions regarding a temperate weight function k the corresponding
space Bp k is an algebra; for the proof of the next theorems, let us refer to [20].

THEOREM 7. Letl < p < 4o00,1/p+1/9 = 1, u,v € Bpkand K(&,n) =

k) :
kE—nkap Salisty

(16) SUP/ IK (&, n)]%n < Co < +o0.
&
thenuveBpk and [uv]pk <Cllullp,kllV| p.k-

The previous theorem can be generalized to the invariance of the spaces B p  under the
composition with entire functions.
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DEFINITION 3. We write f(x,v) € C®(RY, H(CM)), where H(CM) is the set of
the entire functions in CM, if f(x,v) = Z|a\>ocoz(x)va where ¢, (X) € C®(RM)
and for every compact subset HC R", there exist Cg(K), 1o(K) > 0 such that
SUPyek 18P (X)| < Cpa, " wj=0*av® being an entire function of v € CcM,

THEOREM 8. Let f (x, v) € C®RY, H(CM)), us, ..., um € Bpk with k satisfying
the hypotheses of Theorem 7, then f (X, u1(x), ...,um (X)) € B'F;fck.

Now we recall two particular definitions of comparison between differential polynomi-
als and related theorems of characterization (see Hérmander [13], Tréves [24] for the
proofs).

Let © be an open subset of R", P, Q two differential operators with C> coeffi-
cients in Q.

DEFINITION 4. We say that P is stronger than Q in 2 if to every relatively compact
open subset Q' of 2, there exists a constant C(P, Q, €’) such that, for all functions
¥ e C5(Q),

(17) /IQ(X, D)y (x)|dx < C(P, Q,m/ IP(x, D)y (x)|%dx.

DEFINITION 5. Let x0 be a point of 2. We say that P is infinitely stronger than
Q at x9 if to every € > 0 there exists > 0 such that, for all functions v € Co ()
having their support in the open ball centered at x°, with radius 7,

(18) f|Q<x, D) (x)|%dx se/|P(x, D)y (x)|%dx.

In other words, P is infinitely stronger than Q at x° if estimate (17) holds for some
open neighborhoord ’ of x°, and if we may choose the constant C (P, Q, Q') so that
it converges to zero when Q' converges to the set {x°}. If P is stronger than Q and Q
stronger than P in 2, we say that P and Q are equally strong or equivalent in .

If P and Q have constant coefficients, the validity of Definition 4 does not depend on
Q. Inthis situation, we simply say that P (D) is stronger than Q(D) and we shall write
P(D) = Q(D). Similarly, the translation invariance of P(D) and Q(D) implies that
if P(D) is infinitely stronger than Q(D) at some point of R", this is also true at any
other point of R". Thus we shall say that P(D) is infinitely stronger than Q(D), and
write P(D) => Q(D).

THEOREM 9. Let P(D), Q(D) be two differential polynomials in R". The follow-
ing properties are equivalent:

(a) P(D) is stronger than Q(D);
(b) the function %% is bounded in R";

(c) the function ‘—g% is bounded in RN,



Local solvability for semilinear partial differential equations of constant strength 39

REMARK 2. With reference to operator (2), let us observe the following. If we
assume that Q; < P foreveryi =1, ..., M, in view of Theorem 9, we have %i% <C;
therefore for every k € K

KE)P®)
19 k() <C——=.
19 ©) = Qi(6)
In view of Theorem 1 and (19) we obtain
(20) B w < Bpk, Yi=1 ..M.

a1

We conclude this section by recalling the definition and the main properties of the pseu-
dodifferential operators with symbols in the classes Sy, particular case of the classes
of Beals [1].

We say that a positive continuous function (&) in R" is a basic weight function if
there are positive constants ¢, C such that

(1) o+ DS < ¥(&) < CA+ ],
2 c<yE+0yEt<c, if |plyE)t<c

For v € R we define 517; to be the set of all a(x, &) € C*°(R" x R™) which satisfy the
estimates

(21)

(22) IDEDLa(x, &) < copy ()", x eR" & eR".

Let
(23) Af() =a(, D)f(x) = 20" / lixelax, ) F&)de, T e CP@Y,

with a(x, &) € S} . The standard rules of the calculus of the pseudo-differential opera-
tors hold for operators of the form (23). Let us review shortly the properties which we
shall use in the following.

Recall first that for every basic weight function v (£) we may find a smooth ba-
sic weight function ¥o(£), which is equivalent to v (&) (i.e. wo(&)¥ (&)~ and
Vo(&) "1y (€) are bounded in R™), such that

(24) IDEwo(®)] < covo@vo@) Pl £ eR".

Note that, let v+ be a smooth function satisfying (24) and (21), then v is a temperate
weight function.

Equivalent basic weight functions define the same class of symbols; therefore we may
assume in the following that v (&) satisfies (24).

Moreover from (24) it follows that ¢ € SI and so, foreveryr e R, ¥ € Sy -

The operator A in (23) maps continuously C5°(R") into C°>°(R") and it extends to a
linear continuous operator from £’(R") to D’ (R").
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According to the previous notations, write Hy» for the Hilbert space of the distributions
f € S’'(R") which satisfy

(25) 11, = / v If(©)Pd < oo
If A has symbol in 85/, then for every s € R:
(26) A Hyvis — Hys  continuously.
Amap A : C3°(R") — D'(R") is said to be smoothing if it has a continuous extension
mapping &' (R™) into C*°(R"); for given operators A1, Az : &'(R™ — D'(R™) we
shall write A; ~ Ay if the difference A1 — A2 is smoothing.
Ifa(x, &)isin OUS;, then a(x, D) is smoothing.
THEOREM 10. Let ay(x, £) be in SI‘;}, let ax(x, ) be in SI‘;}. Then the product

a1(x, D)ax(x, D) is in SJ}”Z with symbol

(27) a(x, &) ~ Y (@) 'ofai(x, £)Dyaz(x, ).

3. Statement of the main results

We will study the following semilinear partial differential operator (2) where

(1) P(D) is a linear partial differential operator with constant coefficients;
(2) f(x,v) € C®(RN, H(CM)) and f(x,0) = 0 for every x € R™;

(3) Q1(D), ..., Qm (D) are linear partial differential operators with constant coeffi-
cients such that Qi (D) < P(D) fori =1, ..., M.

We want to solve locally near every point x € R" the equation (3) under the following
stronger assumptions on Q; (D), cf. Introduction.

THEOREM 11. Let g € Bpk, with k satisfying the assumptions of Theorem 7 and
k() > N >0, V& e R",1 < p < oo. Consider the operator F defined by (2) where,
fori =1,..., M,

Qi®
P()

then for every x € R™ one can find a constant g > 0 and u® € Bp «p such that

(28)

— 0, when |§] — oc;

(29) Fu%x) = gx), Vx €

where Q = {x € R"/|x — x°|| < o).
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THEOREM 12. Let g € Hy, k satisfying the assumptions of Theorem 7 with p = 2
be such thatk = " withr € R, " (¢§) > N > 0 for every & € R" and assume that
(21) holds. Consider the operator F defined by (2) where, fori =1, ..., M,

(30) Qi << P;
then for every x° € R" one can find a constant € > 0 and u® € H, such that
(31) FuOhx) =gx), VxegQ

where @ = {x € R"/||x — X°|| < o).

4, Proof of the results

To prove Theorem 11 we will apply a property of the Sobolev spaces true also for the
weighted Sobolev spaces (see [16]).

THEOREM 13. If k1 and kz belongto K, ko > N > 0, x%isa pointin R" and

(32) —:ZE; -0 for |&] = oo
then
(33) [Ullpk, < C()llUllpk, YU € Bpi, NE (Be(x9))

where B.(x%) = {x e R"/|Ix — x9)| < e} and C(¢) — Ofore — 0.

Proof. First of all note that from the Theorem 5 it follows that the injection of By, N

&' (Bc(x9)) into Bp k, is compact.
To prove the Theorem we have to verify that

u
(34) 1ullpte _ C(e) where C(e) >0
ueBp,k, NE'(Be (x9)) Ul p.ka
that is equivalent to prove that
(35) sup lullpk, = C(e) where C(e) — 0.

u€Bp ky NE' (Be(x9)), llullpky =1

We suppose, ab absurdo, that C(¢) does not tend to 0 when e tends to 0, then there
exists a sequence {e,},c such that ¢, — 0 when v — oo and C(e,) - 0 when
v — oo. We can deduce that there exists a positive constant r and a subsequence
{€v;}jen suchthat €,; — 0 when j — oo and C(ey;) > r forevery j. Then we obtain
that

(36) sup [ullp.k, = C(ev;) > 1 foreveryj.
UEBpIy NE' (Bey; (XN), ulp g =1
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From the definition of supremum there exists a sequence u,; € Bp, With support
contained in the ball of fixed center x© with radius €vj such that

@37 luyjlipky =1 and [luy;llpk, =T

The sequence {uy,; }jen is bounded in By i, then, according to the compactness of

the injection of By, N &'(Be, (x9)) into By k,, We may assume that there exists a
subsequence, still denoted by Uy;, and a distribution u € Bp , such that

(38) ”qu' — U”p,kz — 0 when J — 00.
But from the properties of the topology of B, x,, see 11, we obtain that

(39) uy; —ullss — 0 when j— oo.

Since u necessarly has support contained in {x%, we have u=205‘a|§mca8)((’§‘,). We have
two possibilities:

1. u = 0, which is absurd, indeed [luy;llpk, — I[lUllpk, When j — oo and
U llpk, =T > 0forevery j € N

2. u # 0, which is absurd, indeed a nontrivial linear combination of derivatives of the
distribution 8,0 does not belong to Bp x ifk > N > 0.

O

Proof of Theorem 11. Fix a point x° € R", choose

(40) ¢ € Cg°(R"), suppy C B1(0), ¢ =1 in By/2(0)
and define

x — x0
@ v =o(5).

We also introduce the function » € C3°(R") defined as v (x) = ¢(x —x9). We observe
that from the general theory of the linear partial differential operators with constant
coefficients (see [13]) it follows that there exists a fundamental solution T € B(';CF., of

the linear part P (D) of the semilinear operator F.

In order to obtain our result we shall replace the weight function k by an equivalent
function h € K; obviously we have Bp x = Bpn. The function h will be determined
later; Lemma 1 will play a crucial role in this connection (see Hormander [14] Vol. Il
Theorem 13.3.3 for a similar argument). Let us define

Bp.h;r = {u € Bpn/llullph = R}

We can consider the operator

(42) Fe : Bph;R = Bph
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with R > 2|Igllp,n given by the following espression

(43) Felvl = g — ¥ f (X, QuD)(@e ¥ LYv), ..., Qm (D) (pe ¥ Lyrv))

where L := T, T the fundamental solution of the operator P (D).
Note that, from the hypothesis (28),

hé)
h) Pe)
Qi(®

(44)

— 0 when [&§| > o

and so, foreveryi = 1, .., M, the injection of B p NE'(Be (xo)) into By  is compact.

In Theorem 11 we have also supposed that k(s) > N > 0, then we obtain that

(45) w >C >0 foreveryé.

Qi

From (44) and (45) it follows that the temperate weight functions 12 5 P and h satisfy the
hypothesis of the Theorem 13. Note that, if v € Bp p.r then yv € Bpn NE’; therefore
Lyv € B'OC~ and yLyrv € By, 5 S0 we obtain Fe[v] € Bpn and, let x° be a fixed

pointin ]R“ for everyi =1, .., M, there exists a function C; of the variable € such that
Ci(¢) —> Owhene — oo and

(46) Ul ne = Ci(®llullpn Vu € BpnNE (Be(x)).
Ql

To prove Theorem 11 we will verify that there exists eg > 0 such that the corresponding
operator defined by

Feo : Bp.h:R = Bpn
(47) )
Feolvl = 9 — ¥ (X, Qu(D)(@eu¥ LYv), ..., QM (D) (9o ¥ L))

verifies the hypotheses of the Schauder Fixed Point Theorem, namely it is continuous,
it is defined from B h. r to itself and it maps bounded sets into relatively compact sets.
First of all we will prove that Ifé(Bp’h; Rr) is relatively compact for every € > 0; to this
end we will consider a sequence {vj} < Of distributions in Bp 1, g and we will verify
that there exists a convergent subsequence in B, i of the sequence (Fe [vi]}jen.

Set {Uj}jen ‘= {@e¥ LYvj}jen, then |lu;j ||phP < Ri(¢). Indeed, by Theorem 3 and
Theorem 4,

(48)
IUillppp = leet (T Yvpllp pp=llee W BT # Yol e <Cd¥T * ¥ojll, 1p
< Crell¥ Tl pllvviliph < C2el¥ Tl pllvillph < CacR
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where ¢ € C° and ¢ = 1in K= {x € R"/(X + Suppyrvj) N suppecyr # ).
Set

{Eivj}ia,...Mm={(E1vj, ..., EMmv)}={Q(D)uj}={(Q1(D)uj, ..., Qm(D)ujp}

by Theorem 2, we also obtain || E;j vj ||p ns < Ra(e) foreveryi =1,...,Mand j € N.

The sequences {Ejvj}jen are bounded in Bp ns and belong to &' (B (x9)), indeed
Qi

{uj} € £ (Be(x9)) and the differential operators Q; (D) do not increase the support.

Then, according to the compactness of the injection of B hp N &' (Be (x0)) into Bp.n,

we may suppose that there exists a subsequence {vj, },eN of {v, }jen and a distribution
Z1 such that
E1vj, —Z1llpp = 0 when v — oo.

The sequence {E2vj, },en is a subsequence of {Ezvj}jen and so is still bounded in

Bp np » then there exists {vJV| hen and a distribution z, such that
Q2

IE2vj, —2z2llph — 0 when | — oo.

Iterating this process for every i = 1, .., M we will find a subsequence {vj, }men Of
{vj}jen and M distributions z3, .., Zm such that

IEivjm — Zillpp — 0 when m — oo.

From the continuity of the injection of B hp N &' (Be (x0)) into By h, for every i, we

may assume that the sequences { E; v,m}meN are bounded in Bp.hand so |Ejvj,llp.h <
R*(e) foreveryl <i <Mandm e N.

To complete the proof we have to verify that { f (X, E1vj,, .., EMVjn)}meN iS conver-
gentin Bpp.

We will prove that the operator

(49) E Bp,h;R* X Bp,h;R* X ... X Bp’h;R* e Bp’h
defined as
(50) E[wl,..,u}M]:wf(x’wl’_”wM)

is sequentially continuous, then

I Fe[vja] + Flz1, - 2m] — Gllpn =
= |lg — F[E1vj,, -, EMVj,] + F[21, ., Zm] — glip.h

will tend to zero if |F[E1vj,, .., Emvj,] — F[z1, .., Zm]ll p,n tends to zero.

Let {wninen i= {(wi, ..., wM}nen € Bphire X ... xBppre and w = (wl, .., w

M)e
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Bp.h:R#X ... xBp n;re be such that (wl, ...wM) — (w?, ..., wM) forn — oo, we must
show that

(51) Flwg, ..., wM] - Flw?, ..., wM].
Reminding the Cavalieri Lagrange Formula, we have to estimate

Flwl, ...wM] = Flw, .wMllpn =

(52) I f o w, . wd) — o wh, L wMypn =

M ) . 1
Iy Y (wy, — w')/ 3y T O wh +twd —why, o wM + tM — wM)dt)pn.
i=1 0

Set
1

(53) Gi(X,V¥,2) ::/ oy, T (X, yl—i—t(zl— yl), y"’I +t(z’vI — yM))dt
0

and note that Gj (x, y, z) € C® (R}, H(C?M)) foreveryi =1, .., M.

Then Gi(x,y,2) = Z‘alzoai,a(x)(y,z)"‘ where aj,(x) € C*®@R") and for
every compact subset HCcC R", there exist Cg(H), Ao(H) > 0 such that
super|8ﬁai,a(x)| <CpgAq, being Zmzo A (Y, 2)¥ an entire function.

Applying Theorem 7, we may further estimate (52) by

M
(54) C > lwh = wHlpallYGi (X, wn, w)llpp.
i=1

Set H := supp ¢, from the Fourier Transform properties we can deduce that there exist
s €e Nand| e N such that
(55) Vaiullph < A(H)Illﬁai,alllc(s)v Vo € N.

Indeed, let us consider By 1tiz2)s 2 such that s’ € N and B, (it /
1/p+1/qg =1,if p > 2then1l < q < 2 and the Sobolev space W95 = {u ¢
S’/ F~H(L + |€1%°/20) e L) is included with continuity in B, ; , 2)¢/2- Then in
this case

282 > Bp.h; set

IVaialph < 1Vaiallyas = Y 107 Waia)lLa

1Bl<s
1/q
=y ( / (sup(|aﬂ<wai,a>|>‘*>dx>
Bl<s K

= (measH)Y% > " 0P (Yaio)llco = AlVaiellce)

1Bl=s’
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where A := (measH)/9.
If 1 < p < 2we apply the Holder inequality withr = 2/p:

Iyaiallpp =/|h(€)w/ai\,a(€)lpd$

/! — 1 P
= 1 2)s h .Ol p U d
/(( + 161D 1h @) Fai o (©))) ((1+|§|2)S> £

, o 1/r 1 1/r’
< ([asersnevanends) ([ i)

o 1/r
<D (/((1+ Hek |wai,a(s>|)2ds> = Dlyaiull}, -

wherer’issuchthat 1/r+1/r’ = 1,s” issuchthat s” pr’ > n/2 ands* = s’'+s” € N.
But we have

1V aialHe, < AllYaialcs,
where A’ := +/measH, so in this case we have get (55) with | = p.

Therefore applying the algebra property of By, the estimate (55) and the algebra
property of C® we obtain

1Gi (X, wn. w)llph < A IWaLallse (V. 2% pn

a>0

< AlYlles Y laialklce (C‘“'(nynp,h, ||z||p,h>“)

(56) =0
= A0 ) max (Cylra(CR
<Ss

a>0" T
=A"(K) > 1a(CRH™ < D.

a>0
Replacing (56) in (54) we have

M
r,, 1 M I, 1 M i i
IF[wg, - wy'] = Flwh, s wMIllpn < DY flwp — w'llph
i=1

that tends to zero when ||win —w p.h = Oforeveryi =1, .M.

As second step of the proof, now we will prove that there exists €9 > 0 such that the
corresponding operator Fe, is defined from Bp . R to itself, namely let v € By such
that [[v]|p.n < R then || Feo[v]llp.h < R.

We have to estimate

G7)  IFllpn < 1Y (X, Quecw Ly, .. Queew L) [ph + 19l p.h.

We now determine our choice of the equivalent function h (see the beginning of the
proof). Namely we take, as a new equivalent weight, h such that h P is equivalent to
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kP, with k the original weight, and satisfies the estimate (14) in Lemma 1 with ¢ = ..
We obtain

(58) lee¥ LYvlipng < 2llellnallv Lyvlipng < 2Allellvalivlipns-

We introduce the function, ®. defined as ®.(x) := ¢(x/¢) so from the Fourier Trans-
form properties, we have that [|¢c[|1.1 = | De 1.1, With ¢,¢¢ as in (40) and (41). Noting
that

(59) D (£) = "Plek)

we obtain

lgellra = 1Pellr1 = 1Pells = / |€"P(e8)|dE

= / lp(2)ldz,

5o we have proved that | ¢ [|1.1 does not depend on €.
Replacing (60) in (58), we get lee¥yLyvllpnp < A'llvllph = Rs and so
IQigewLyvll v < Ra.

[y

(60)

oy
Applying Theorem 13 we obtain
IQigevLyvllph = Ci(OlQige Lyvll  ve = Ci(e)Ra
'S
with Cj () — Owhene — O, foreveryi =1, .., M.
Set QipcyLyv = Ej v and C(e) := maxi=1,_m{Ci(¢e)}, then C(¢) — 0 when

€ — 0and ||Ej cv|lph < C(€)Ra. But f(x, v) € C®(RY, H(CM)) with f(x,0) =0,
then, by the same arguments used to obtain (56)

Iy f (6, Quee Ly, ... Queec Lyv)llph = ¥ F (X, Evev, .. Em.cv)lph
=¥ Y ca(X)(Erev, ... Emcv)*[lpn

la|>0
< Y Callycallph(I(Evevliphs - [Em.cvlpn)*C!
(61) la|>0
< D Coha(RaC(e). ... RaC(@)“Cll = 3 Cana(C(e)™
lee]>0 la|>0

=Y Cou(C(e)

1>0

where C(e) — 0 when e — 0and Yo' < +oo forevery v € C.
If we have chosen ¢ sufficiently small, then C(¢) < 1 and we may further estimate

Y Cou(C(e))! =CoC(e) Y pu4a(C(e)
>0 >0

< C2€(e) ) w1 = CaCle).
>0

(62)
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Replace (61) and (62) in (57) and choose o such that C (eg) < 1and C (eg) < F=19len g” LY

then || Feo[v]llpn < R forevery v € Bpnr.

At the end it is easy to verify that the operator F, defined from Bp h. r to itself is con-
tinuouos. We leave to the reader to check sequential continuity, by using the preceding
arguments.

According to the Schauder Fixed Point Theorem we can assume that there exists a fixed
point 10 € Bp h: R Of the operator Fe,:

10 =g — ¢ f(x, QD) (e LY.

Multiply this espession for the function v, by convolution properties we then deduce
PL(yv%) = yv0, therefore

PLW®) = g — 2 f (X, Q(D)(pe ¥ LYv°));

we obtain that the distribution u® := Ly° € B'po‘;]s satisfies the theorem, namely
shrinking eg we have ’
Pu®=g— f(x, QD%
inQ={x eR"/|x — x| < eo}.
O

Proof of Theorem 12. Without loss of generality we suppose ¢ € C*(R") and, for
every multi-index g, there exists cg such that |88y (&)| <cgy1=1P1(&), cf. (24).

Fix a point X% € R", choose ¢ € C(R™), suppe C Bi1(x%), ¢ = 1in By/2(x%)
and ¢ (x) = ¢(*=22), and consider the operator

€

(63) Fe : Her — Hik

where Hy.r = {u € Hg/|lullm, < R}, given by the following expression

(64) Fe(v) = g — of (X, Q1(D)(geLgv), ..., Qu (D) (¢c Lpv))

with L := T, T the fundamental solution of the operator P (D).

We will prove that, fixed R > 2||g||n,, there exists eg > 0 such that the corresponding
operator IE?O is defined from Hy.R to itself and is a contraction, then we will apply
the Contraction Priciple to the operator IE?O. Letv € Hir, setu := gLgv and
w = (w1, ..., wm) = Q(D)u with Q(D)u = (Q1(D)u, ..., Qm(D)u); we already
noted in the proof of Theorem 11 that from Cavalieri Lagrange Theorem we get

M
(65) IFc(h) = Fe@dln < C Y _11Qju — Qjud I lI(¢Gj(x. Qut, Qud) ik,
j=1

where Gj(x, v, v?) is defined in (53) and belongs to C® (R}, H(C?M)) for j =
1, ...M. With respect to the proof of Theorem 11 in which we estimated the second
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term of the right-hand part of (65) obtaining ||(¢c¢Gj (X, Qut, Qu?)|n, < €Ds, in
the present case we will fix attention on the first term of the right-hand part of (65) and
we expect to get from it the small constant e.

Namely we will estimate the term

1Qj (D)ut — Q(D)u? |, = 1Q; (D)t — ud)||,

for j = 1,..., M and for every ul, u? € H,p such that supp u?, suppu? are contained
in B.(x9).
From the Fourier trasform properties we get

1Qj (D)ull, = IkE)Q] (D))l 2 = Q) EKDIUE)] 2
= |Qj(D)k(D)ull 2
where k(D) has to be interpreted as pseudodifferential operator corresponding to the

symbol k(&).
Now let x € C5°(R"), x = 1onsuppu andsuppy C Bo. (xY), then

(66)

1Qj(D)uUlln, = IIQj(D)K(D)xull.2
< 1Qj(D)xk(Dyufl 2 + [IQ;j (D) AullH,
where we have denoted with A the operator [k(D), x] = k(D)x — xk(D).

Remind the assumption Q; << P for j = 1,.., M, i.e. there exists C(¢) — 0 for
€ — 0 such that

(67)

1Qj(D)vfl 2 < C()P(D)vl 2 Vv € CF°(Be(x%)
and note that the support of xk(D)u is contained in By (x?), then it follows

(68)
1Qj(D)ullH, = C2e)IP(D)xk(D)ull 2 +1Qj(D)Au] 2
= C2e)(IP(D)k(D)xullL2 + IP(D)Aull 2) + Q) (D) Aul 2.

With the same considerations used to obtain (66), this can be further estimated by
(69) C2e)IP(Dulln, + C2e)IP(D)Aull 2 + 1Qj (D) Aull 2.

Now we have to estimate the terms [|[P(D)Aull 2, [1Q;j(D)Aul 2.

From the assumption k = ", it follows k € S{/, and x € Sf,’/, see (22), then, denoting
with a(x, &) the symbol of the pseudodifferential operator A = a(x, D), from Theorem
10 about the symbolic calculus we get

ax, &) =kE)x(x) +b(x, &) — x(Xk() +c(x, &)
where b, ¢ € S{[l, andso a(x, &) e Sfl,‘l. We can write

IP(D)Aull 2 = [AP(D)ull 2 + I[P, Alull 2,
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but, from (26) we get

IAP(D)ullL2 = CIP(D)UllH,,; < Callulln

— wr—lﬁ

where we have also applied the properties of the B « spaces.
Reminding the condition (1) in (21), we have

YHE) <c@+1ED7 with p>0
and from the assumption k = " we obtain

e < ckE) @+ 1E) 7

and so ~
PEY 1)
P(&)k()
from Theorem 13 it follows that

— 0 when [&] — oo;

(70) lull,, 15 < D@llulls YU € Hig NE'(Be(x?)
with D(e) — 0 fore — 0, then

IAP(D)ull 2 < C1D(e)lIUllH,g5-
From Theorem 10 it also follows

IP. Alull 2 < C2 Y I(D§a)(x, D)(DgP)(D)l| 2

where the sum is finite because P is a polynomial in the variable &. Now we note that
(D%a)(x, &) € s{,;l Vo € N"
therefore
I(Dka)(x, D)(Dg P)(D)ull 2 < C3ll(Dg PYDIUIH 4
(71) < C4”u”Hw =5 VYo € N™,

r—ng

But SE‘JP(S) < 5(5) for every & € R", then

Iulln = Csllulln

wr—lﬁgﬁ yr—1p"°

From the same considerations used to obtain (70) it follows
I[P, Alull .2 < CsD(e)[lullm, g

and so
IP(D)Aull 2 < Ci(e)llullH,5
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with C1(¢) — 0 when ¢ — 0. In analogous way we estimate

IQj(D)AullL2 < IAQj(D)ull 2 + I[Qj, Alull 2 < Ca(e)llull g :

but, from the assumption Q << P it follows %l

properties of the B, k spaces, we get
(72) 1Qj(D)Aull L2 < Ca(€) Ul Hp-

In conclusion we have obtained that there exists g1(¢) such that gi1(¢) — 0 when
e — 0and

(73) 1Qj(D)ullHy = gr(Ellullms

< const., therefore, applying the

for j=1,..,Mandeveryu e HnN £ (B(x9). Replacing (73) in (65) we have

M
IFe @) — Fe@)llm, < 9€) D It — U2l 11G (X, Qut, QuUA) |k,
(74) y )=t

<01(6)) _llgeLovt — o Lpv?llns G (x, QuY, ..., QU) I,
ji=1

In the proof of Theorem 11 we have already proved, see (58) and (60), that
(75) lgeLovlln s < Allvll
with A independent of ¢, then
IFe @) = Fe@®)llhy < g2(0)lIv" — v?[lm Y I1G (X, Qut, QU2
j=1

with g2(e) — 0 for e — 0. But v!, v? € Hy R, then we have that if ||v||p, < R then
IQiullp, < Ryfori=1,..., M and

IGj(x, Qut, Qud)[w <D for j=1,.. M;

therefore N _

IFe () — Fe @) lIn < g3(e) vt — v
with g3(e) > 0 for e — 0. We can choose €1 such that for ¢ < €1 we have gz(e) < 1
and F¢ is then a contraction. Now we will prove that there exists €2 > 0 such that for

€ < e the corresponding operator Ii is defined from Hy r to itself, i.e. let v such that
lvllH, < R fore < ey, then ||[Fev|lH, < R. We have to estimate

IFellr < llof (X, Qu(@eLev). ... QM (@eLov)) Ik, + 191k

© Y Ca(O)(Qu(peLlgv), ..., Qum (e Lpv))®

la|>0

(76) 3

+ 191 H -

Hi
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Applying (61) and (62) and with the same considerations used to obtain (73) we get

lof (x. Q1(peLev). .... Qm (g Lov))llH, < DR1g1(e)

where we have already chosen e such that R1g1(e) < 1. Consider the constant 2 such
that R1g1(e) < >5 R for e < ey, then ||FeU||Hk < R for every v € Hg.r. Choosing

€0 = Min{ey, €2} we have that the corresponding operator FEo is defined from Hy.r to
itself and is a contraction. ,Accordmg to the Contraction Principle we can assume that
there exists a fixed point v° € Hy. r Of the operator FEO and we may conclude as in the

proof of Theorem 11.
O
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