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Splines and Radial Functions

C. Dagnino - V. Demichelis - E. Santi

ON OPTIMAL NODAL SPLINESAND THEIR APPLICATIONS

Abstract. We present a survey on optimal nodal splines and some their
applications. Several approximation properties and the convergence rate,
both in the univariate and bivariate case, are reported.

The application of such splines to numerical integration has been con-
sidered and a wide class of quadrature and cubature rules is presented for
the evaluation of singular integrals, Cauchy principal value and Hadamard
finite-part integrals. Convergence results and condition number are given.

Finally, a nodal spline collocation method, for the solution of \Volterra
integral equations of the second kind with weakly singular kernel, is also
reported.

1. Introduction

It is well known that the polynomial spline approximation operators for real-valued
functions are of great usefulness in the applications.

In their construction, it is desirable to obtain some nice properties as in particular:

1. the operator can be applied to a wide class of functions, including, for example,
continuous or integrable functions;

2. they are local in the sense that can depend only on the values of f in a small
neighbourhood of the evaluation point x;

3. the operators allow to approximate smooth functions f with an order of accu-
racy comparable to the best spline approximation. The key for obtaining oper-
ators with such property is to require that they reproduce appropriate class of
polynomials.

The approximating splines obtained by applying the quasi-interpolatory operator
defined in [24] satisfy the above properties and, recently, they have been widely used
in the construction of integration formulas and in the numerical solution of integral
and integro-differential equations, see, for instance, [3,4,7,10,13,22,27,23,28,30,32]
and references therein.

This review paper is concerning the optimal nodal spline operators that, besides
the properties 1., 2., 3., have the advantage of being interpolatory. These splines, in-
troduced by DeVilliers and Rohwer [17,18] and studied in [12,14,16,19], have been
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utilized for constructing integration rules for the evaluation of weakly and strongly
singular integrals also defined in the Hadamard finite part sense, in one or two dimen-
sions and, more recently, for a collocation method producing the numerical solution of
weakly singular Volterra integral equations.

In Section 2., after a brief outline of the construction of one-dimensional nodal
spline operators, we shall present the tensor product of optimal nodal splines, recalling
also some convergence results.

Section 3. is devoted to the application of the nodal spline operators in the approx-
imation of different kind of 1D or 2D integrals and the main convergence results of the
corresponding integration formulas are reported.

Finally, Section 4. deals with a collocation method, based on nodal splines, for the
numerical solution of linear Volterra equation with weakly singular kernel.

2. Optimal nodal splines and their tensor product

2.1. One dimensional nodal splines

Let J = [a, b] be a given finite interval of the real line R, for a fixed integer m > 3 and
n > m — 1, we define a partition T, of J by

Mh:a=1m<171<..<Th=>"b,

generally called “primary partition”. We insert m — 2 distinct points throughout
(ty, Tw4+1), v =0, ..., n — 1 obtaining a new partition of J

Xnia=Xg <Xy, <..<Xm-pn =D,
where Xm—1)i = ti, i =0,...,n. Let

T — T
(1) Ro= max =X
PR T
we say that the sequence of partitions {I1,; n = m — 1, m, ...} is locally uniform (l.u.)
if, for all n, there exists a constant A > 1 such that R, < A, i.e.

) L% A k=01 .n—landk—j|=1.

A7 Tj— T
Since the convergence results of the nodal splines we shall consider are based on the
local uniformity property of the primary partitions sequence and one of our objectives
is the use of graded meshes, the following proposition shows that a sequence of primary
graded partitions is l.u. [8]. For the definition of graded partitions see for example [2].

PROPOSITION 1. Let [a, b] be a finite interval. The sequence of partitions {I1n},
obtained by using graded meshes of the form

NS
ri=a+<lﬁ) (b—a), 0<i<n,
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with grading exponentr € R assumed > 1, is L.u., i.e. it satisfies (2) with A = 2" — 1.
Now, after introducing two integers [16]
fm+1)  m odd
ig= and i1=(Mm+1)—ip

sm+1 m even

and two integer functions

0 v=0,1,..0i1—2

py = v—i1+1 v=i1—1,....,n—lip
n—(m-1 v=n-—ig+1,..,n—-1
m-—1 v=0,1,..1i1—2

gy = v+ig v=i1—1,....,n—lig
n v=n—ip+1,..,n-1

consider the set {wj (x); i =0, 1, ..., n} of functions defined as follows [17-19]

i (X) X € [0, Ti;—1], i<m-1
@ wik) =4 six) X € (Ti;-1, Tn—ipg+1), ~ N=Mm
i (x) X € [Tn—ig+1. ] i>n—(m-1)
where
m—1 X — 1
o= T]
keo O T Tk
k#i
m—-1 X — Tk
() = o
keo T Tn-k
k#n—i
m-2 j1
Si(X) = Z Z ai,r,j Bm-1)(i+j)+r (X)
r=0 j=jo

with jo = max{—ig,i1 —2 — i}, j1 = min{—ig+m — 1,n —ip — i}. The coefficients
ai,r,j are given in [19] and the B-spline sequence is constructed from the set of the
normalized B-splines fori = (m—1)(i1—2), (m—1)(i1—2)+1, ..., (m—=1)(n—ipg+1).
Then, the following locality property holds [17]
4) Six)=0 , X ¢&[rizig, Ti+is]-

Each wj (x) is nodal with respect to Iy, in the sense that

wi(rj) =6i,j ., 1,j=0,1,..,n.
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Therefore, being det[wi(zj)] # 0, the functions wi(x),i = 0,1,...,n, are linearly
independent. Let Sy, = span{wi(x);i = 0,1, ..., n}, it is proved in [18] that, for all
s € Sp,,, one has s € C™~2(J).

Forall g € B(J), where B(J) is the set of real-valued functions on J, we consider
the spline operator Wy, : B(J) — SITj, so defined

n
Whg = Zg(ri)wi(X) , xeld.
i=0

By (4), for 0 < v < n we can write:

Qv
5) Wag = > g@wi(x). X € [r, t41].

i=py
Moreover Wyp = p, for all p € P, where P, denotes the set of polynomials of
order m (degree < m — 1), and Wyg(zj) = g(zi), fori = 0,1,...,n, i.e. Wy isan
interpolatory operator [17,18].

Using the results in [17-19] we deduce that, for l.u. {IT,}, W, is a bounded projec-
tion operator in Spy,,. In fact, it is easy to show that

Wps=s , foralls € Sq,
and, if we denote:
[[Wh] = sup{||Wnh||oo : h € C(J), |Ih]|ec < 1},

with [[h||e = malx [h(x)|, considering that
Xe

m—1 m-1
IWall < (m+1) [me] :
A=1
where Ry, is defined in (1), from (2), if {ITn} is l.u., we obtain ||Wy|| < oo.
We remark that if we assume the (m — 2) points equally spaced throughout
(ty, Tw+1), v = 0,1,...,n — 1, then the local uniformity constant of {X,} will be
equal to that of {I1}.

Finally forall g € C3~1(J), with 1 < s < m, we introduce the following quantity

EUS:{ DY(g—Wng) , O0<v<s

DYWng , S<v<m.
If {Xn}islu., for0 < v <s — 1there results [14,19]

(6) l|Euslloo = O(Hy ™"t (D¥ g Hn; J))
where

7 Hn= max (tiz1 — 7
() n Ogign—l(TH_l Ti)
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andforall f e C(J), w(f;68;))= ma}]x ] [f(x +h) = fX)|.
X, X+he
O<h<s$
Fors < v < min[14] abound for |E,s]| is given.
Furthermore, foreveryt C Jandg € C'(J), 0 <v <m —1[27]

w(D"Whg;t; J) = O(a)(D”g; t; J)).

2.2. Tensor product of optimal nodal splines

Let D be the R? subset defined by [a, b] x [4, b]. We consider partitions IT, and X,
on which we construct the spline functions of order m {w;j(x),i =0, ..., n} defined in

(3).

Then we consider similar partitions of [&, b], TT5 and X5 and we construct the
corresponding functions of order m {w;(X),i =0,...,A}.
Now we may generate a set of bivariate splines

w7 (X, %) = wi (Ow; (%)

tensor product of the (3) ones.

Let B(D) denote the set of bounded real-valued functions on D. Then, for any
f € B(D) we may define the following spline interpolating operator for (x, X) €
[zj. Tjad x [T5. Tj44]

g 4
(8) Wi fOGR) =)0 > w60 o, ),

1=Pj i=p;

with j=0,1,...,n—1and j=0,1,...,/i—1.

In order to obtain the maximal order polynomial reproduction, we can assume m =
M, i.e. we use splines of the same order on both axes. We list in the following the main
properties of W .

(@) W is local, in the sense that W f (x, X) depends only on the values of f in a
small neighbourhood of (x, X);

(b) Wy, interpolates f at the primary knots, i.e. W f (zi, ;) = f(7i, 77);

fi

(c) W, has the optimal order polynomial reproduction property, that means W p =

p, for all p € P2, where P2 is the set of bivariate polynomials of total order m.

For f € CS~1(D), 1 < s < m we introduce the following quantity

E o _ | DV —Wrt) if 0<vtb<s
T DYWL if s<v+d<m
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where DV is the usual partial derivative operator.

Now we say that a collection of product partitions {X, x Xz} of D is quasi uniform
(g.u.) if there exists a positive constant o such that

507

o) D>
o] >
SR
S

where A = maxi<i<nm-1,(Xi — Xi—1), 8 = MiNi<i<nm-1,(Xi — Xi—1) and A =
MaX; i fm-1) & = Xi_1)» 8 =Miny_qm_1) (K5 — X_9)-
We set

(9) H*=H,+H;  and A*=A+A

where Hy, is defined in (7)) and likewise Hg.

Assuming that f € C3~1(D) with 1 <s < m and that {W,; f} is a g.u. sequence
of nodal splines, then for v, b suchthat0 < v+ v <s—1

|Evislloc = O(H* V10D 1; H*; D)).

In [9] local bounds of |E,;s| are derived and local and global bounds of |E,;s], s <
v+ < m, arealso given.

Furthermore, for f € CP(D),0 < p <m — 1, and for a g.u. sequence of nodal
splines {W . f}, there results for any non empty subset T of D

w(DPWr f;T; D) = O(w(DP f; T; D)).
In the following we shall consider l.u. partitions in the one dimensional case and g.u.

partitions in the 2D one and we shall suppose always that the norm of the partitions
converges to zeroas n — oo or n, i — oo.

3. Numerical integration based on nodal spline operators

This section will deal with the numerical evaluation of some singular one-dimensional
integrals and of certain 2D singular integrals.

3.1. Product integration of singular integrands

Consider integrals of the form

(10) J(kf) :/k(x)f(x)dx
I

where kf € Ly(l), but f isunboundedin | = [-1, 1].

In [26] product integration have been proposed, by substituting f by a sequence of
interpolatory nodal splines {W,, f} defined in (5), under different hypotheses on f.
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By using (6) with v = 0, the author gets, firstly, the convergence of the quadrature
sum J(kWp ), i.e.:

(11) J(kWpf) = Jkf)as n— oo

by supposing f € C(l),k € L1(l) and Hy, — 0asn — oo.

We recall that a computational procedure to generate the weights {vij(k) =
J; kCOwi (x)dx} of the above quadrature is given in [6].

Moreover in [26] the case when f € PC(1), k € L1(1) is studied and the conver-
gence of the quadrature rules sequence is proved.

We remark that in [11] the convergence (11) has been proved also for f € R(l),
the class of Riemann integrable functionson | and k € L1(1).

When the function f in (10) is singular in z € [—1, 1) in [25] the author defines
the family of real valued functions My (z; K):

Mg(z; k) ={f : f e PC(z,1],3F: F =0
(12) on [—1, z], F is non negative, continuous
and nonincreasingon (z, 1), kF e Ly(l1)and |f| < F on I}

He supposes that k satisfies one of the following conditions A, B:

(A) There exists 8§ > 0: |k(x)] < K(x), ¥x € (z,z + 8], K is positive nonincreasing
in that interval and K F, F defined in (12), isa L1 functionin I.

(B) Givenqp € (0, 1), 38, T, positive numbers (possibly depending on o), such that

c+h
/ kooldx < hTk(c + gh)|
C

Vq € [qo, 1], Vc and h satisfyingz < ¢ < ¢+ h <z + 4. Besides |k(x) f (x)| <
G(x), VX € (z,z + 8], where G is a positive non increasing L1 function in that
interval.

The following theorem can be proved.

THEOREM 1. Assume that f € Mq(—1; k) and k satisfies (A) or (B). If the se-
quence of partitions {IT,} is l.u. and the norm converges to zero as n — oo, then (11)
holds.

As consequence of that theorem if z = —1 the singularity can be ignored, provided
k satisfies (A) or (B).

In the case when z is an interior singularity, it must, in general, be avoided, i.e. we
must define a new integration rule

n
I*kWn f) =D i (k) f (zi)

i=J
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where J is the smallest integer such that z < tj_;, where t;_, is the left bound of the
support of sj(x) and, if we assume that n is so large that J > m, then w; = s; and
vj (k) is given by:

Titp
vi (k) = / k(x)si (x)dx ,
Ti—x
with L =igand u =is.
Therefore, assuming that f € Mq(z; k),z > —1, and k satisfying (A) or (B). If
{I1,} is locally uniform and the norm tends to zero as h — oo, then

J*(kWh f) — J(Kf) as n— co.

If one wishes to use J (kW f) rather than J*(kW, f) then k must be rgstricteg in

[—1,z) as well as in (z, 1], for satisfying one of the following conditions (A) or (B).

(A) : (A) holds and, in addition, |k;(x)|] < K(x) in (z,z + §], where k; € L1(2z —
1,2z + 1) isdefined by k;(z + y) = k(z — y).

(B) : (B) holds and so does (B) with k replaced by k.

THEOREM 2. Let f € Mg (z:k),z > —1. Assume that k satsfies (A) or (B) and
that {IT,} is l.u. and the norm converges to zero as n — oc.

Define A
JKWn f) = J(KW, f) — v, f (7))

where 7, is the value of 7j > z closest to z. Then
JkWpf) > J(kf) as n— oco.
In particular, if r, = z then (11) holds. If z issuch thatfor alln, t,—z > C(t,—7,-1),
then (11) holds.
3.2. Cauchy principal value integrals

Consider the numerical evaluation of the Cauchy principal value (CPV) integrals

f(x)d
X—A

1
(13) Ik ) = ][k(x) X, Ae(—1,1).
-1

In [11] the problem has been investigated, following the “subtracting singularity” ap-
proach.

Assuming that J (k; A) exists for A € (—1, 1), the integral (13) can be written in the
form

1
Jkkf;n) = /k(x)g)\(x)dx—l—f(k)\](k;)\)
-1
= Zkgy) + fW)Ik; 1),
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where fo0— 0
o X FA
X)) =gx; M) =1 ') x = xand f’(1) exists
0 otherwise .

Therefore, approximating Z(kg,) by Z(kWng,) we can write [11]
J(kf; A) = n(kf; 2) + En(kf; 1),

where
In(kf; 1) = Z(kWnga) + F(A) Ik 1) .

Forany A € (—1, 1) we define a family of functions Mq(z; k) = {g € C(1\1), 3G : G
is continuous nondecreasing in [—1; 1), continuous non increasing in (A, 1]; kG €
La(h), gl < Ginl}.

We assume

Ns(A) ={X:A =38 <X <A+34},

where § > 0is such that Ns(1) C I.

We denote by H,, (1), i € (0, 1], the set of Holder continuous functions

Hu (D {geC():1g(x1) — g(x2)|

L|x1 — X2, VX1, X2 € I, L > 0}

IA

and by DT (1) the set of Dini type functions

1(1)
DT(1)={geC(l): / w(g; Ht~tdt < oo}
0

where I (1) is the length of | and w denotes the usual modulus of continuity.

The following convergence results for the quadrature rules Jn (kf; 1), under differ-
ent hypotheses for the function f, are derived in [11].

THEOREM 3. Forany » € (—=1,1), let f € H1(Ns(») NR(l)) and k € L1(l).
Then, for Lu. {ITy}, En(kf; ) — 0asn — oco.

THEOREM 4. Let f € H,(1),0 < o < 1,k € L1(1) N C(N;s(2)). Leth and p be
the greatest and the smallest integers such that th, < A, 7p > 1. We denote by t* the

node closest to A )
" Th if A—mm<tp—2

T = .
Tp if A—tmh>1p—2A

and we suppose that there exists some positive constant C, such that
|T* — Al > Cmax{(th — th-1), (Tp+1 — 7p)},

then, for L.u. {ITpn},
Enkf; 1) =0

asn — oo.
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THEOREM 5. Let f € C1(1), k € L1(1). Then
En(kf; A) — Ouniformlyin A, asn — oo.
However, if k € L1(1) N DT (-1, 1), then J(kf; 1) exists for all A(—1, 1). Besides
Jnkf; A) — J(kf; M) asn — oo
uniformly for all » € (-1, 1).

Moreover in [14] it has been proved that J(we,gWn; A) — J(kf; 1) uniformly
with respectto & € (-1, 1), for we g(X) = (1 —x)*(1 + )P o, 8> —1,and f(x) €
Hy(-1,1),0<p <1
3.3. The Hadamard finite part integrals

We consider the evaluation of the finite part integrals of the form

wq,(X) (X)dx
X+1

3

(14) T(wap ) = jﬁ
|

wherea > —1, -1 < B < 0and fdenotes the Hadamard finite part (HFP).

It is well known that a sufficient condition so that (14) exists is
feH, (), O0<u=<l pn+p>0.
We recall that [25]

- [t f(x)— f(=1) L wep(X)
(15) J(C()a’ﬂf) —/;16()0(’/3()()?(’)("‘ f(_l)fl X—|—1 dX,

where, denoting ¢; = & A0 .+ 1 =0.1...., we obtain for the HFP in
| __
(15),
log2 ifao=6=0
1 -
7@ 0a.p ) gy | cologa + Y52, 421 ifg=0a#0
1 x+1 ’

“+£+12a+ﬁr(1galll;zfg)rl) ifa >-1, -1<8 <0,

where T is the gamma function.
Approximating f by Wy, f in (14) we obtain the quadrature rule [5]:

(16) J(wa,pf) = dn(f) + En(f),
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where

n
In(F) =) i(wap) f (i)

i=0
With i (wg.p) = J (we, gwi), and
En(f) = J(@a,p(f —Wn ).
A computational procedure for evaluating vj (we, ) is given in [6].

Denoting by H?, (1) the set of the functions f € C°(I) having f© e H, (1), in [5]
the following theorem has been proved.

THEOREM 6. Let f € HZ(I),Ogs <m-1andu+ B > 0ifs =0. Then, as
n — oo:

E ()]s = O(HSTHtF) ifg <0
M O(Hy ™ log Hyl) ifB=0.
Consider now HFP integrals of the form:
A7) J*(wapf; A p)—jé ) (x)L re[-1,1], p=>1
Ol,ﬁ k] ’ - | (x,ﬁ (X _)\')p_’_lv k] ’ -

If f € Hi(1), then J*(wqy g 3 A; p) exists.

In[20, 21] quadrature rules for the numerical evaluation of (17), based on some dif-
ferent type of spline approximation, including the optimal nodal splines, are considered
and studied.

In [29] the following theorem has been proved.

THEOREM 7. Assume thatin (17) A € (=1,1), pe Nand f € H}. Let {f,} be a
given sequence of functions such that f, € CP(l) and

i)- [IDIrp]leo =0(1) asn— oo j=0,1,...,p, wherer,=f — f,
ii)- Diry(-)=0 0<j<p—p; Dinl)=0 0<j<p-a
iii)- rmeH2), vn, 0<o<pu, o+min(a, p) > 0.

Then
(18) I (@a.p fas A P) = I (wapfi A p) @SN — 00
uniformly for va € (-1, 1).

If we consider a sequence of optimal nodal splines for approximating the function
f, in order to obtain the uniform convergence in (18) of integration rules, we must
modify the sequence {W,} in the sequence {Wy f}, for which condition ii) is satified.
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Therefore, in [15], for 0 <s,t < p, are defined two sets of B-splines Bj, Bn_i
on the knot sets

{X01 ... X0, X1, .., XS+1}7 {XN—t—ly ey XN=15 XN - - e XN}

respectively, where N = (m — 1)n and Xg, Xy are repeated exactly m times.
Considering that Wy, f (zj) = f(zj), i = 0, n, one defines

>4 diBi(x) X € [X0, ..., Xs41]
On(X):=1 0 X € (Xs41s -+ s XN—t—1)

SU_1diBNSi() X € [XN—t—1, - s XN]

where dj, d; are determined by solving two non-singular triangular systems obtained
by imposing

9V () =rPw) j=1.2,....s
o () =P @) j=1.2,....1

For the sequence {W, f = Wy f + gn}, it is possible to prove the following:

THEOREM 8. Let {W, f} be a sequence of modified optimal nodal splines and set
fn=f —Wpf,then
Whf(ri)= f(z) i=0,...,n;
DIfn(-1)=0,0<j<p-g;Difn(1)=0,0<j<p—a
Wag = gifg € Pp.
Besides supposing f € C"(ly), Ix = [k, tkr1], hk = tke1 — k, for any x € Ik there
results:
ID"Fn(x)| < kyhf "o (D" fihi; ), v=0,...,r
D" W, f ()] < Krs1hg to(D" £5 h 1),
fn € HL(I).

Therefore all the conditions of theorem 3.3.2 being satisfied, if « + min(«, 8) > 0,
then
J*(a)a,ﬂwn fixp) = J(wapfir;p) asn— oo

uniformly for Vi € (-1, 1).

3.4. Integration rules for 2-D CPV integrals

In this section we will consider the numerical evaluation of the following two types of
CPV integrals:

f(x,y)

19 J1(f; Xo, = R E—
(19) 1(f: X0, Yo) ][Rwl(x)wz()’) X=Xy =70

dxdy
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where R = [a, b] x [4, b], Xo € (@,b), yo € (@, b), and we assume w1 (x) € L1[a, b]N
DT (Ns(X0)), w2(y) € La[a, b] N DT (Ns(yo)); and

(20) Jo(¢p; Po) = ][CD(P(J, PydP, PopeD
D

where D denotes a polygonal region and ®(Pg, P) is an integrable function on D
except at the point Pg where it has a second order pole.

For numerically evaluating (19), in [9] the following cubatures based on a sequence
of nodal splines ( 8 ) have been proposed:

n A

J1(Wagi f3 %0, Yo) = ) ) vi(X0)Br(Yo) f (zi, &) ,
i=0 T=0
) b iy(y)
where v (Xo) =  w1(X) dx, and ¥;(Yo) = § w2(y) ———dy.
a X — Xo a Y —Yo
We denote by HE,M(R) the set of continuous functions having all partial derivatives
of order j = 0,..., p, p > 0 continuous and each derivative of order p satisfying a

Holder condition, i.e.:

b wi (X)

TP, y1) — TP, y2)l < Clxa =Xl +ly1 = y2l"), 0<p<1
for some constant C > 0, and we assume
(21) Ena(f; X0, Yo) = J1(f; Xo, Yo) — J1(Whns f; Xo, Yo).
In [9] the following convergence theorem has been proved.

THEOREM 9. Let f € HE’M, 0<pwu=<10=<p<m-—L1 Forthe remainder term
in (21), there results:

Enn(f; X0, Yo) = O((A%)PHATY),
where y € R, 0 < vy < u, small as we like and A* has been defined in (9).
In many practical applications it is necessary that rules, uniformly converging for

Y(Xo, Yo) € (—1, 1) x (-1, 1), are available, in particular considering the Jacobi weight
type functions

w1 (X) = (1 =X)L+ 3P, wa(y) = (1 —y)?2(L+y)P?

withai, i > —1,i =1,2,(x,y) € R=[-1,1] x [-1, 1].
In order to obtain uniform convergence for approximating rules numerically evalu-
ating (19), can be useful to write the integral in the form

f(x,y) — f(xo, yo)
J1(f; xo, =
1(f: Xo. Yo) ][Rwl(x)wz(y) X — %0 — yo)

(22) + f(xoyo)J(w1; X0)J (w2; Yo)

dxdy
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1 1
where J(oxixo = f 0 ax, Jezyo = f 2 Lay
—_1 X —Xp -1¥Y—Yo
We exploit the results in [31] where, considering a sequence of linear operators Fps
approximating f, the integration rule for (22):

. _ Fni (X, ¥) — Fna(Xo, Yo)
Ji(Fnas X0, Yo) = ][R w1(X)w2(Y) g ——" dxdy

+ (X0, Yo) I (w1; X0) I (w2; Yo)

has been constructed. Denoting rns = f — Fna, and Aps the norm of the partition,
with lim  Ap5 = 0, the following general theorem of uniform convergence has been

n— oo
il — oo

proved.

THEOREM 10. Let f € HSM(R), and assume that the approximation F5 to f is
such that
I) rnﬁ(X, :tl) = 0 VX € [_1» 1]7 rnﬁ(:l:lv y) = 0 vy € [_1» 1]1
i) lIralls = O(AL), 0 <v<upu,

iii) ros € HB(R), 0<o <pu.

If o+y —& > 0, where p = min(o, v), y = min(ay, a2, B1, B2) and & is a positive
real number as small as we like, then, for the remainder term, En5 = J1(f; Xo, Yo) —
J1(Fna; Xo, Yo), there results:

Eni(fiXo.yo) = 0 as n— oo, i — oo

uniformly for V(xo, yo) € (—1,1) x (-1, 1).
If we consider F,5 = Wpa(f; x, y) only the conditions ii), iii), with A, 5 = A*,
are satisfied, but we can modify Wy5 in the form

Wha(fiX,y) = Wna(f;x,9) + [f(=1,y) = Waa(f; =1, Y)]B1-m(X)
+H[f@,y) — Wpa(f; 1, y)]B(m—l)n—l(X)
+[f (x, =1) — Wya(f5 X, =1)]Ba—m(y)
(X, 1) — Wpa(f5 x, DIBm-ni-1(y) -

Assuming Fni(X,y) = f(X,y) — Waa(f;x,y), all the condition i) — iii) are
verified and then

J1(Whg; Xo, Yo) = J1(f; X0, Yo) asn, i — oo

uniformly for V(xo, yo) € (—1,1) x (-1, 1).
Now we consider the integral (20) for which we refer to the results in [5,6]. Since
the polygon D can be thought as the union of triangles, each one with the singularity
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at one vertex, by introducing polar coordinates (r, 1) with origin at the singularity Po,
the evaluation of (20) can be reduced to the evaluation of

9 R(®)
(23) Jz*(f):/ 2(% fe, mdr)dz&‘,
91 0 r

where

%R@’) f9) o _/R@” f(r,9) — £, 9)
0 0 r

r

dr + (0, 9) log(R(®));

the integration domain is a triangle (Fig. 1)
T={r?):0=r <R@), P1=9 =<2}
with

d

cosv

R(®) =
ifs:x=d.

At

1
0

Figure 1. Domain of integration T .

The outer integral in (23) will be approximated by rules of the form considered in
section 3.1 with nodes IT,, = {z; }i”:0 and weights {vj ?:0; for the inner one we consider
rules of the form (16), with @ = 8 = 0, based on optimal nodal splines of order m > 3,
primary knots [N = {Zi = Ym—1)i}io,...N corresponding to the partition

Yn={-1=Vo<V1- < Ym-n =1}

and we suppose that the norms Hy, and Hy, of IT,, and Iy, respectively, converges to
Oasnand N — oo.

We obtain the following rules

o — O n N R(E
Ban(h =225 u, [Zﬁmf(rki,si>+f(o,solog( (5')>}+Rn,N<f>,

i=0 k=0 2

where

[ & = [(92 — 91)/2]5i + (92 + 01)/2 i=0,....n
ri = [RG)/21(@n) + [RE2 /21w +1) 1=0,...,N.
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Let us assume R = maxye[s,, 0, IRW)|, R = [0, R] x [¢1, ¥2] and define m* =
min(m, m).
We can prove the following theorem:

THEOREM 11. If f € HZ’M(R), O<pu<land0<s<m*-1, {II,}and
{Yn} are sequence of locally uniform partitions, then

[1Rn.N (F)lloc = OCHY ™| log(Hin)| + Hy )

where ¢ is a positive real as small as we like.

4. A collocation method for weakly singular Volterra equations

Consider the Volterra integral equation of the second kind

X
(24) y(X) = f(x)+/ k(x,s)y(s)ds x e | =]0, X]
0

where k is weakly singular kernel, in particular of convolution type of the form k(x —s),
where k € C(0, X] N L1(0, X), but k(t) can become unbounded ast — O.

In [8], for numerically solving (24) a product collocation method, based on optimal
nodal splines, has been constructed, for which error analysis and condition number are
given.

If we consider a spline yn € Sy, written in the form

n
Yn() =Y ajwj(x) «jeR, j=0,....n,
j=0

and we substitute such function in (24), we obtain
X
Yn(X) — /o K(X, $)Yn(s)ds +rp(x) = f(x)

where r, (x) is the residual term obtained in approximating y by yn.
The values o are determined by imposing

(25) m(tj)=0 j=0,...,n,

i.e. as solution of a linear system of the form

n

aj[l— p(rj)] - Z pi(rpai = f(zj) j=0,...,n,
i=0
i 7 ]

where ui(tj) = /Tj k(zj, s)wi(s)ds.
0
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In the quoted paper the explicit form of wj(zj) for different values of i is provided.

Exploiting the properties of the operator Wy, which is a bounded interpolating pro-
jection operator, the condition (25) can be rewritten in the form

(26) (1 —WnK)yn = Wy f,

where Ky =/I2(x,s)y(s)ds,with
|

5 k(x,s) 0<s<x
k(x,s) =

0 S > X,

is a bounded compact operator on C(1) [1]. Therefore we can deduce that equation
(26) has a unique solution and

THEOREM 12. For all n sufficiently large, say n > N, the operator (I — W, K)~1
from C(1) to C(I) exists.
Moreover it is uniformly bounded, i.e.:
sup [1(1 = WaK) M| = M < o0
n>N

and
1Y = Ynlloo < lI(I —WhK)7Y| [y — WnYlloo.

This leads to ||y — Ynl|eo CONVerging to zero exactly with the same rate of the norm

of the nodal spline approximation error.
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