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1 Introduction

A lot of summation and transformation formulae for basic hypergeometric series have been
found to date. The BCi-type Jackson integral, which is the main subject of interest in this
paper, is a g¢-series which can be written as a basic hypergeometric series in a class of so
called very-well-poised-balanced o,19.. A key reason to consider the BCi-type Jackson inte-
grals is to give an explanation of these hypergeometric series from the view points of the Weyl
group symmetry and the g-difference equations of the BCi-type Jackson integrals. In [15], we
showed that Slater’s transformation formula for a very-well-poised-balanced 9,19, series can
be regarded as a connection formula for the solutions of ¢-difference equations of the BC;-
type Jackson integral, i.e., the Jackson integral as a general solution of ¢-difference system is
written as a linear combination of particular solutions. As a consequence we gave a simple
proof of Slater’s transformation formula. (See [15] for details. Also see [13] for a connec-
tion formula for the BC),-type Jackson integral, which is a multisum generalization of that of
type BC1.)

The aim of this paper is to present an explicit form of the g-difference system as first order
simultaneous ¢-difference equations for the BCi-type Jackson integral with generic condition
on the parameters. We give the Gauss decomposition of the coefficient matrix of the system
with a concrete basis (see Theorem 4.1). Each entry of the decomposed matrices is written
as a product of binomials and, as a consequence, the determinant of the coefficient matrix is
easy to calculate explicitly. As an application we give a simple proof of the product formula
for Gustafson’s multiple Cy-type sum [10]. We also present an explicit form of the g-difference
system for the BCi-type Jackson integral with a balancing condition on the parameters. We
finally give a simple proof of the product formula for the g-integral of Nassrallah-Rahman [16]
and Gustafson [9]. A recent work of Rains and Spiridonov [17] contains results for the elliptic
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hypergeometric integral of a similar type to those contained for the BC;-type Jackson integral
obtained here.

2 BC(C;-type Jackson integral

Throughout this paper, we assume 0 < ¢ < 1 and denote the ¢-shifted factorial for all integers N

by (2)oo 1= l_IO(l —q'z) and (2)N = (2;¢)o0/ (4" 75 @)oo
Let O(C*) be the set of holomorphic functions on the complex multiplicative group C*.

A function f on C* is said to be symmetric or skew-symmetric under the Weyl group action
z — 2z~ Vif f satisfies f(2) = f(z71) or f(2) = —f(27 1), respectively. For £ € C* and a function
f on C*, we define the sum over the lattice Z

oo P >
IO = -0 Y 1)

V=—00

0

which, provided the integral converges, we call the Jackson integral. For an arbitrary positive
integer s, we define the function ® and the skew-symmetric function A on C* as follows:

25+2 +Jam)
H z3m0m (4z/an N A Az) =271 — 2, (2.1)

(zam)oo

where a,, = ¢*™. For a symmetric function ¢ on C* and a point £ € C*, we define the following
sum over the lattice Z:

£oo Py
/0 2(:)3(x)A(:) %2

z
which we call the Jackson integral of type BCy and is simply denoted by (¢, ). By definition

the sum (yp, £) is invariant under the shift £ — ¢¥¢ for v € Z.
Let O(z) be the function on C* defined by

Z5TO1— = Q2542 9(22>
2542 ’

H 0(amz)

m=1

O(z) :=

where 0(z) denotes the function (2)s0(q/2)s0, Which satisfies

0(qz) = —0(2)/= and 0(q/z) = 0(z). (2.2)

For a symmetric function ¢ € O(C*), we denote the function (p, z)/©(z) by (¢, z)). We call
(@, z)) the regularized Jackson integral of type BC1, which satisfies the following:

Lemma 2.1. Assume a1 + ag + -+ + qigs10 & % + Z. If p € O(C*) is symmetric, then the
function (@, z)) is symmetric and holomorphic on C*.

Proof. See [15, Proposition 2.2]. |

For an arbitrary meromorphic function ¢ on C* we define the function V¢ on C* by

Vip(z) == ¢(2) — () ©(qz).
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In particular, from (2.1), the function ®(gz)/®(z) is the rational function

23+2
(b Z _ s+1H
- am—qz

The following proposition will be used for the proof of the key equation (Theorem 3.1):
£oo dgz foo dyz
Lemma 2.2. If @(z)ap(z)7 is convergent for ¢ € O(C*), then O(2)Vp(z)— . =0.
0 0

Proof. See [11, Lemma 5.1] for instance. [

3 Key equation

In this section, we will present a key equation to construct the difference equations for the
BC-type Jackson integral. Before we state it, we introduce the function e(x;y) defined by

e(z;y) :==x + = (y + yil) ,
which is expressed by the product form

(y —z)(1 —=y)
Ty ’

e(z;y) =

The basic properties of e(x;y) are the following:

o e(x;2) =e(x3y) +e(y; 2), (3.1)
o e(my) =—e(yiz), elz;y) =e(z™'y), .
o e(zyle(zw) — ez z)e(y; w) + e(z;w)e(y; z) = 0. (3.3)

Remark 3.1. As we will see later, equation (3.3) is ignorable in the case ajas- - agsyo # 1,
while equation (3.1) is ignorable in the case ajag - - - agst2 = 1.

For functions f, g on C*, the function fg on C* is defined by

(f9)(2) == f(2)g(2) for  zeC*.

Set e;(z) == e(z;a;) and (e, €45y - -€i,)(2) 1= €, (2)€iy (2)- - -€i,(2). The symbol (e;,- - -€;, - - -€;,)(2)
is equal to (e;; ---€;,_, €, - €i,)(2). The key equation is the following:

Theorem 3.1. Suppose a; # a; if 1 # j. If {i1,42,...,is} C {1,2,...,25 + 2}, then
Cﬁ<ei1€i2 elsvf +chk 621"' ezs>€>_0
k=1

where the coefficients Cy and C;, (1 <k < s) are given by

25+2
[T (1 - ai.am)
Co:l—alag---ag +2 and C;, = m=1
° * afk(l - aZQk) H 6(azk7 al/)
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Proof. Without loss of generality, it suffices to show that
Coleres - -es,8) + Zci (e1---€i - -e5,6) =0, (3.4)
i=1

where the coefficients Cy and C; are given by

2542
T (1 —aam)
Co=1-— e ags d ¢ = m=1 . 3.5
DT G —a?) T1 eloian) (35
1<k<s
ki
2s+2 2542
Set F(z) = ][ (am — 2) and G(z) = ][ (1 — a;mz). Then, from Lemma 2.2, it follows that
m=1 m=1
goo F(z)\ dgz F(z) F(z) - G(2)
/0 o(2)V (ZS+1 ) - = 0, where \% <z3+1 ) = pows . (3.6)

Since (F(z) — G(2))/25T! is skew-symmetric under the reflection z — 27!, it is divisible by
2z — 271, and we can expand it as

F(z) - G(2)

m = Coe(z;ar)e(z;a2) - --e(2;as) + Zci e(z;a1)---e(z;5a:) - -e(25as), (3.7)

=1

where the coefficients C; will be determined below. We obtain Cy =1 — ajag - - - ags+2 from the
principal term of asymptotic behavior of (3.7) as z — 4o00. If we put z = a; (1 < i < s), then
we have

F(az) — G(az) _
—_ =

C; H e(a;; ag).

af(1—a7) =
ki
2542
Since F(a;) = 0 and G(a;) = [] (1 — ajay,) by definition, the above equation implies (3.5).
m=1
From (3.6) and (3.7), we obtain (3.4), which completes the proof. [

4 The case a1as+--az42 # 1

4.1 qg-difference equation

Set

| eieiyrei,  (2) if k=0,
vp(z) == { e -Gy en (2) if 1<k<s—1, (4.1)

where the hat symbol denotes the term to be omitted.
Let T, be the difference operator corresponding to the g¢-shift a; — qga;.

Theorem 4.1. Suppose ajas- - -azsy27# 1. For the BC1-type Jackson integrals, if {i1,i2,...,4s—1}
C {1,2,...,2s + 2} and j & {i1,i2,...,is_1}, then the first order vector-valued q-difference
equation with respect to the basis {vy,v1,...,vs—1} defined by (4.1) is given by

To; ((v0,€)s - -5 (Vs-1,€)) = ({v0,§), - - -, (vs—1,§)) B, (4.2)
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where B=UL. Here U and L are the s X s matrices defined by

o 1 | 1 1
C1 dl 1
U= €2 . L= ! ’
Cs—1 ds—l 1
where
2s+2
H (]_ — ijam)
m=1
co = s—1
(—a;)*(1 — arag - -~ aget2) (1 — %2') fnl e(aig; aj)
and
2542
II (1 —agam)
=1
o onia), de m (4.3
o (—ai,)*(1—aiaz - agsi2)(1—a Je(azia,) [T elas,;ai,) )
1<<s—1
(Zk

fork=1,2,...,s — 1. Moreover,

2542
Hl(l — ajam)
det B = m= )
(—aj)s(l —ajag - - a23+2)(1 — a?)

Proof. Equation (4.2) is rewritten as Ty, ((v0,£), ..., (vs—1,€))L™" = ((v0,€), ..., (vs—1,))U,
where

—ds—1 1

Since Tq; (vi, §) = (ejvs, &), the above equation is equivalent to

s—1
(ejv0,8) =Y di{ejup, &) = co(vo, ) (4.4)
k=1
and
(ejvk, &) = (vo, &) + cr(vg, &) for k=1,2,...,5s—1, (4.5)

which are to be proved. Equation (4.4) is a direct consequence of (3.2) and Theorem 3.1 if
ajay - --azsyo # 1. Equation (4.5) is trivial using e(z;a;) = e(z;a;,) + e(a;,;a;) from (3.1).
Lastly det B = det U det L = cgcy - - - ¢s—1, which completes the proof. |

Since the function ©(z) satisfies 7,;0(z) = —a;0(z), we immediately have the following from
Theorem 4.1:
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Corollary 4.1. Suppose ajag---azs+2 # 1. For the regularized BC1-type Jackson integrals, if
{i1,02,...,is—1} C{1,2,...,25+ 2} and j & {i1,12,...,is_1}, then the first order vector-valued

q-difference equation with respect to the basis {vo,v1,...,vs_1} is given by

Toy (Quos €)s -+ s (vs—1,€)) = ({vo, &) - -, (vs—1,€)) B, (4.6)
where

co 1 1 1 1
cl dp 1
B = ;1 (&) dg 1
aj
Cs—1 ds—l 1

and ¢; and d; are given by (4.3). In particular, the diagonal entries of the upper triangular part
are written as

2542

-1
e ml_:[1 (1 aj G, )
a; 1— o} 1YV (] — g2 g 1 1—alg-l
( a; a a23+2)( aj )Eljl( alea] )( aw aj )
and
Ck 1
_;j:(l e )(1—a lajl) for 1=1,2,...,s—1
Moreover,
2542
I (1 - aj_lagll)
det B = 7;:1 . (4.7)

(1—a;?)(1—a;'ay" - a3),)

Remark 4.1. The g-difference system for the BC,,-type Jackson integral is discussed in [3] for
its rank, and in [4, 5] for the explicit expression of the determinant of the coefficient matrix
of the system. On the other hand, though it is only for the BCi-type Jackson integral, the
coefficient matrix in its Gauss decomposition form is obtained explicitly only in the present

paper.

4.2 Application

The aim of this subsection is to give a simple proof of Gustafson’s multiple C,-type summation
formula (Corollary 4.2). The point of the proof is to obtain a recurrence relation of Gustafson’s
multiple series of C),-type. Before we state the recurrence relation, we first give the definition
of the multiple series of C),-type (1, z)).

For z = (21,...,2,) € (C*)", we set

n 2s+2

H H 1/2—am qa Zz)oo
CL Z,

=1 m=1 m z)oo

ﬁl—z H (1 —zj/2,)(1 — zj2p)

“j

Acn J
Z

i=1 1<j<k<n
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where ¢*™ = a,,. For an arbitrary £ = (§1,...,&) € (C*)", we define the g-shift £ — ¢¢
by a lattice point v = (v1,...,v,) € Z", where ¢“§ = (¢ &1, ...,¢"&,) € (C*)". For & =
(&1,...,&) € (C*)"™ we define the sum over the lattice Z" by

(Lo =(1-q" Y Ba(qd"9)Ac, (),

veL™

which we call the BC,,-type Jackson integral. Moreover we set ((1,&))q := (1,&)a/Oc(€), where

- n fzfa1*a27--.fazs+29(§i2) . '
6c() =[] 53 [T 0760658
=1 II gahngﬁ 1<j<k<n
m=1

By definition, it can be confirmed that (1, £)) is holomorphic on (C*)™ (see [4, Proposition 3.7]),
and we call it the reqularized BC,,-type Jackson integral. In particular, if we assume s = n we call
(1, &) the regularized Jackson integral of Gustafson’s Cy,-type, which is, in particular, a constant
not depending on & € (C*)".

Remark 4.2. For further results on BC),-type Jackson integrals, see [2, 4, 3, 5, 13, 14], for
instance.

Now we state the recurrence relation for Gustafson’s sum ((1, £))c.

Proposition 4.1. Suppose s =n and © = (x1,...,zy,) € (C*)". The sum ((1,x)q satisfies

2n+2 o
(08— o
To. (1, 20 = {1, ) — ——1 — for i=1,2,....2n+2.
’ (1—(1]. )(1—&1 a, ---a2n+2)
Proof. We assume s = n for the basis {vg,v1,...,v,—1} of the BCi-type Jackson integral.

Let P be the transition matrix from the basis {vo,v1,...,va-1} to {X(n-1)» X(n-2)>- - » X(0) }*

(X(n=1)» X(n—2)» - - - » X(0)) = (v0, V1, - -+, V1) P,
where x(;) is the irreducible character of type C defined by
i+l _ —ie1
Xo(2) = —2—  for  i=0,1,2,.... (4.8)

z—z1

From (4.6) it follows that

T, (X (-1 - > €x(0): ) = ((x(n-1), ) - - (x0), EN P BP, (4.9)
so that
Taj det («X(nfi)a xj>>)1§i,j§n = det (<<X(nfi)v xj>>)1§i,j§n det B (4'1(])

for x = (x1,...,1,) € (C*)". By definition, the relation between the determinant of the BC}-
type Jackson integrals and the Jackson integral of Gustafson’s C),-type itself is given as

det ((Xn—i» i)y <s i = (Lada [ bli/zn)0(w;oe) (4.11)

. T4
1<j<k<n

which is also referred to in [14]. From (4.10) and (4.11), we obtain T, (1, z))c = (1, 2))c det B,
where det B has already been given in (4.7). [
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Remark 4.3. The explicit form of the coefficient matrix of the system (4.9) is given in [1]
or [3].

Corollary 4.2 (Gustafson [10]). Suppose s =n and x = (x1,...,x,) € (C*)". Then the sum
(1, 2)g is written as
n -1, -1
(q) I1 (qa; a; ) oo

oo
«L x>>G = (1 — q)n 1<i<j<2n+2

(ga1taz" - -agiy)

Proof. By repeated use of the recurrence relation in Proposition 4.1, using the asymptotic be-
havior of the Jackson integral as the boundary condition of the recurrence relation, we eventually
obtain Corollary 4.2. See [12] for further details about the proof. [

Remark 4.4. From (4.11) and Corollary 4.2, we see

@5 T1 (9e7a5") | |
det ((X(s—i)» i)y <ijes = 1 —@)° (13?98” o I e(m]/m,ijg(x]xk)

)

-1 _—1
ga; ag (2542 1<j<k<s

which is non-degenerate under generic condition. This indicates that the set {x(s—1), X(s—2), - - -
X(0)} is linearly independent. And we eventually know the rank of the g-difference system with
respect to this basis is s, so are the ranks of the systems (4.2) and (4.6).

5 The case a1as+:-az542 =1

5.1 Reflection equation

Theorem 5.1. Suppose ajag - - agsyo = 1. Letvi(z), k =1,2,...,s—1, be the functions defined
by (4.1) for the fized indices i1,iz,...,is—1 € {1,2,...,2s+2}. If j1, jo & {i1,42,...,is—1}, then

(<ej1U17 £>’ SERE) <e]'1fU8*1, £>) = (<€j21}1, £>7 R <ej2/US*17 £>)M’
where M = MjQNMJZI. Here M; and N are the matrices defined by

1,5 1 o9 o3 -+ 051
V25 1 72

M; = | 734 1 , N = 3 ,
Vs—1,j 1 Ts—1

where the entries of the above matrices are given by

oy = El%13 %) _ elajiay)
eai;aj,)’ e(aj,; a;,)’
2\ 2s+2
%'_aj(l—aj) ﬁl_aikam H elays ai,)
Jo 2 . . ] .
afk (1 - aik) m=1 1 - a;am 1<0<s—1 e(a’bkv al[)
1Zk
Moreover,
aj ( —a2)25+21—a‘ a
_ _J2 J2 J1vm
detM_as l—aQ)Hl—wa ' (5.1)
g1 J1) m=1 J2m



A First Order ¢-Difference System for the BC1-Type Jackson Integral 9

Proof. First we will prove the following:

(<ej1v17§>7 <€jlv27£>7 cey <€j1vs—1;£>)Mj1 = (<’U0,f>, <€j2v2v‘£>v SRR} <ej208—1v£>)N7 (5'2>
(<€j2’01, g)? <€jzv2v £>7 SRR <€j2US*1> £>)Mj2 = (<U07 €>> <€j2v27 £>7 SRR <€j2U8*17 £>)7 (5'3)

which are equivalent to

s—1
> njlejon, &) = (vo,€) (5.4)
k=1
and
<€j1vk7§> :Uk’<v07f>+7_k<ej2vka§>a k=2,...,s—1 (55>

Under the condition ajas - - - ags+2 = 1, Equation (5.4) is a direct consequence of Theorem 3.1.
Equation (5.5) is trivial from the equation
e(ai; a,)

e(z;a;) = e(2; aj)m + e(z;ar)

e(a;; aj)

e(ar; a;)’

which was given in (3.3). From (5.2) and (5.3), it follows M = MjQNMJII. Moreover, we obtain

2\ 2542
det o = det My det Ny To a3, (L —a,) J7 1 = aj.am
det M;, V.32 ajl (1 o a]2'1) m=1 1= ajam
which completes the proof. |
_ » _ q .
Corollary 5.1. Suppose s = 2 and the condition ag = Trarasaaas The recurrence relation for

the BC-type Jackson integral (1,€) is

q 1 —ajay .
T8 = (1,62 [ ——%%_  for  j=1,2..5
ajag 1§é§51_qa6 a,
0#]

Proof. Without loss of generality, it suffices to show that

1-— ajayp
—- (5.6)

5
Tuf1,6) = (1L,6 - [

-1
5221 qag - a

Set J(a1,az,as,aq,as,a6;€) = (1,€). Under the condition ajasasasasas = 1, we have

1—ajay
J(qa1>a27a37a47a57a6;§) = J(alaa'27a37a4>a5)qa6a 2 H 1 agay
— Ue

from Theorem 5.1 by setting j; = 1 and jo = 6. We now replace ag by ¢

equation. Then, under the condition ajasazasas(q~tag) = 1, we have

ag in the above

5
1. ) q 1 —ajay

J (qar, a2, a3, a4, 05,9 ag; §) = J(a1, az, a3, as, as, ag; €) 1T -

aias , 5 1 —qag a,

Since T,,(1,&) = J(qai1, as,as,ay,as,q ‘ag; €) under this condition ag = g(ajazazasas)™!, we

obtain (5.6), which completes the proof. |
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Corollary 5.2. Suppose s =n + 1 and the condition aspy4 = m Then the recurrence
relation for Gustafson’s sum (1,x)q where x = (x1,...,z,) € (C*)" is given by

1—a;a
T, (1,2 = (1, 2)g— s

J

T 1 -1 fOT j:1,27,2n+3
@ja2n+4 | (o pq 1 = 40 Agngy
4]

Proof. Fix s =n + 1. For the BC-type Jackson integral, we first set

J(ai,a2,...,a2,+44;x) = det ((X(n_i), xj>)1§i,j§n’
where x(;) is defined in (4.8), under no condition on ay,as, ..., az2,+4. By the definition of @,
we have

J(qai,az,. .., as,14;2) = det ((elx(n_i), xj>)1§i’j§n.

Let @ be the transition matrix from the basis {v1,v2,...,vn} t0 {X(n—-1)s X(n-2)- - - X(0) }» 1-€,,

(X(n=1)» X(n=2)> - - - » X(0)) = (V1,02, ., vn) Q.

Under the condition ajas - - - aop4q4 = 1, from Theorem 5.1 with j; = 1 and jo = 2n+4, it follows
that

(<€11}1, g)a SERE) (61’Un, £>) = (<62n+4?—]17§>7 SRR <627L+4vn7 g))Ma

so that

({e1X(n=1):€)> - -+ (e1X(0),€)) = ((2naX(n=1):€), - - -+ {€2n+4X(0):§))Q ™ MQ.
This indicates that

det (<€1X(n—i)7$j>)1§i7j§n = det (<62n+4x(n—i)vxj>)1gi,jgn det M.

From (5.1) and the above equation we have

) ) a2n+4 1 —apay
J(qai,az, ..., apta;2) = J(a1,az,...,qa2n14;T) H —_,
ay 1y 1= @ea2na

under the condition ajas - - - asp+4 = 1. We now replace agy14 by q_1a2n+4 in the above equation.
Then we have

2n+3
1 —apay

J (qal,ag, el q_1a2n+4;x) = J(a1,a2,...,02,+4+4;)

9

a102n+4 , 5 1— qa[laZ}}H
under the condition ajas - -- (¢ tag,14) = 1. Since

Ta, det ((X(n_i), xj>)1§i,j§n =J (qal, ag, ... q taonia; :n)
if a1as - - - agpra = q, we have

2n+3
1-— apal

Tay det ((Xtn-i) i) )1<i jn = 968 (Xtn—i) )1 < j<n 1024 1—qa;'ay),,
=2 nt
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On the other hand, if z = (x1,...,2,) € (C*)", then, by definition we have
det (<X(n—i)>xj>)1§i7j§n = <17x>G7

which is also referred to in [14]. Therefore, under the condition a4 = q(ajas - --azni3)” " we
obtain

2n+3
1 —apaq

To, (1, 2)e = (1,2)

1,1
a102n+4 5 1 —qa, "ag,

Since the same argument holds for parameters as, ..., a2,+3, we can conclude Corollary 5.2. B

Remark 5.1. If we take € = a;, i = 1,...,6, and add the terminating condition ajas = ¢V,

N =1,2,..., to the assumptions of Corollary 5.1, then the finite product expression of (1,¢),
which is equivalent to Jackson’s formula for terminating g¢7 series [8, p. 43, equation (2.6.2)],
is obtained from finite repeated use of Corollary 5.1. In the same way, if we take a suitable z
and add the terminating condition to the assumptions of Corollary 5.2, then the finite product
expression of (1, z)q, which is equivalent to the Jackson type formula for terminating multiple g¢7
series (see [7, Theorem 4] or [6, p. 231, equation (4.4)], for instance), is obtained from finite
repeated use of Corollary 5.2.

5.2 Application

The aim of this subsection is to give a simple proof of the following propositions proved by
Nassrallah and Rahman [16] and Gustafson [9].

Proposition 5.1 (Nassrallah—Rahman). Assume |a;| <1 for 1 <i <5. Ifag = 4

ailazazaqas’
then

5
() ') ) () e L) 5
T T : 5.7
1;[1(0%‘2)00 (aiz7t) 2 (@)oo 19‘1;[]‘35(%%)00

i)

where T is the unit circle taken in the positive direction.

Proof. We denote the left-hand side of (5.7) by I(a1,as2,as,aq,as). By residue calculation,

5 o0 —-1_-1 -2 6 -1
Hanaas,anas) = 305 Res | M08 g ) T L) |
=m0 T T 0(amz1) 11 (am2)eo | 2

m=1

=T ﬁ 0(amz") : mo1 (@mZ)oo 2
m=1
5
= ZRk<1a (lk), (5 9)
k=1
where
P A ] e XSS e L s
_z =a 5 B 2
b IT G(amz 1) (@)5a 1<g<59(amak )
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whose recurrence relation is
To, Ry, = (¢ ' aja6) Ry (5.10)

for 1 < j,k <5, which is obtained using (2.2). From (5.9), (5.10) and Corollary 5.1, we obtain
the recurrence relation for I(ay,as,as,aq,as) as

1—ajay
J
Ta].I(al,CLQ,G/3,G/4,G5):I(al,CLQ,a3,a4,a5) H 1 -1 _—1°
1<e<s + 4% Y
l#£]
By repeated use of the above relation, we obtain
> 1 -1
kH1 (q% Ay )2N
= N N N N N
I(a17a2>a37a47a5): I(q ai,q a2,q9 a3,q a4,q a5)
(aiaj)an
1<i<j<5
2 1 -1
[T (g067a; "),
k=1

=T (@) Jim 1(q"a1,q"as, ¢" as, ¢V as, ¢V as)
1wy )oo -

1<i<j<5
and
1 dz 2
limINa,Na,Na,Na,Na = /22 ) P p——
Jim I(q"a1,9%as,% a3, ¢" as, q" as) ZW\ET( )oo (7% 0~ o
This completes the proof. |
Remark 5.2. Strictly speaking, the residue calculation (5.8) requires that
-1 -1 -1 2 -2
1 ag 2 ag 2 z z d
(q 6 )w(q 6 )‘X’( )OO( )OO—Z — 0 if e — 0, (5.11)

I =
c 21y =1 J|z)=¢

z

5
l;ll(aiz)oo(aizfl)oo

which can be shown in the following way. We first take ¢ = ¢"e’ for ¢ > 0 and positive
integer N. If we put

(996 2) 0 (96 2 7) o0 (5) o (7)o

F(z):= 3 ,
1;[1<aiz>00(aiz_l)oo
then we have F(z) = 2G1(2)G2(z), where
aztz71 22 6 a;tz
Gl(z): 9((] 65 )9( )’ G2(Z): (1_22)1_[ (q(azlz))oo'
z [T 0(aiz1) =1 e
i=1

Since G1(z) is a continuous function on the compact set |z| = &’ and is invariant under the g-shift
z — gz under the condition ag = q(ajazazasas)™t, |G1(2)| is bounded on |z| = ¢Ve'. |Ga(2)] is
also bounded because Ga(z) — 1 if z — 0. Thus there exists C' > 0 such that |F(z)| < C|z|. If
we put z = 562”\/?1", then

1 1
|I.| < / |F(ee®™=1T)|dr < C/ |ee>™ =17 |dr = Ce — 0, e —0,
0 0

which proves (5.11).
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Proposition 5.2 (Gustafson [9]). Assume |a;| <1 for1 <i<2n+3. If agpta = m,
then

2 -2

1 " u (qag_nl 4%i) (qa2_nl+4zi_1) (27) o (277)
— H + ;o o0 00 o0
<2Wﬁ> /n il Qﬁg((lkzi)oo(aszl)oo

k=1
_ _ 1 dz dz
X H (zizj)oo(zizj l)oo(zi 1zj)oo(zi lzj 1)0071 A A 7”
1<i<j<n 1 n
2n+3

—1 —1
oy kl:[l (qa28+4ak )oo

= (5.12)
(@% II (¢’
1<i<j<2s+3
where T™ is the n-fold direct product of the unit circle traversed in the positive direction.

The proof below is based on an idea using residue computation due to Gustafson [10], which
is done for the case of the hypergeometric integral under no balancing condition. Here we will
show that his residue method is still effective even for the integral under the balancing condition
ajay - - aop+q = q. In particular, this is different from his proof in [9].

Proof. Let L be the set of indices defined by
Li={A=01,..., ) 1< A < X< <\ <243}

Set a(,y = (au,...,au,) € (C)" for p = (u1,...,pun) € L. We denote the left-hand side

of (5.12) by I(a1,as,...,am+3). By residue calculation, we have
I(al,ag,...,agn{;) = ZR“<1’G(M)>G’ (513)
pneL

where the coefficients R, u € L, are

n -1 -1 -2
R, := Res Ha(qa2n+4zi )H(Zz ) H G(z._lzk)e(z-_lzk_l) @/\'“/\dﬁ'

z1=au; | 2n+3 _ . J J 21 z
N e W e "
m=1
The recurrence relation for R, is
Ta]-Ru = (qilaja2n+4)RM. (5.14)
From (5.13), (5.14) and Corollary 5.2, we obtain the recurrence relation for I(a1,as, ..., az,+3)
as
1—ajap
Taj—[(a17a2w--aa2n+3):I(a17a27-~7a2n+3) H ff,l
1<t<ant3 - %n+a%
l#j
By repeated use of the above relation, we obtain
2n+3
-1 -1
1}:[1 (qa2n+4a’k )2N
I(ah az, ... 7a2n+3) e I(qNala qNa27 cee qNa2n+3)

(aiaj)an
1<i<j<2n+3
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2n+3
1
H (qa2n+4ak )oo
N
= lim [(q alaq az,...,q a2n+3)
(@) Vo
1<i<j<2n+3
and
n n
lim I(q"a as,....q"a =
Nooo (q 1, q 25 yd 2n+3) 27_‘_\/7 o 21_[1 )oo
dz 2"n)
—1 -1 —1 —1 no__
X H (ZiZj)oo(Zz’zj )OO(ZZ zj) ( Z; )OO o <A 7 = (q)” .
1<i<j<n n 00
This completes the proof. |
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