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1 Introduction

Let U,y(g) be a quantum affine algebra of type xM (X = A,B,C,D), and let Uy(b) be its
Borel subalgebra. In this paper we shall consider the problem of finding polynomial relations
satisfied by the g-characters of the fundamental modules in the sense of [20] and related modules.
This problem is intimately related with that of functional equations for Baxter’s Q-operators in
quantum integrable models. In order to motivate the present study let us review this connection.

In quantum integrable systems, one is interested in the spectra of a commutative family of
transfer matrices. The latter are constructed from the universal R matrix of a quantum affine
algebra, by taking the trace of the first component over some finite-dimensional representation
called ‘auxiliary space’. When the auxiliary spaces are the Kirillov—Reshetikhin (KR) modules,
the corresponding transfer matrices satisfy an important family of polynomial identities known
as the T-system [24, 26]. (For a recent survey on this topic, see [25].) Subsequently the T-
system has been formulated and proved [19, 28] as identities of g-characters. It has been shown
further [21] that the T-system is actually the defining relations of the Grothendieck ring, which
is a polynomial ring [17], of finite-dimensional modules of quantum affine algebras. Notice
that, from the construction by trace, the g-characters and the transfer matrices are both ring
homomorphisms defined on the Grothendieck ring. Since the g-characters are injective [16, 17],
identities for g-characters imply the same identities for transfer matrices.

Baxter’s Q-operators were first introduced in the study of the 8-vertex model [1]. Since then
they have been recognized as a key tool in classical and quantum integrable systems, and there
is now a vast literature on this subject. In the seminal paper [4], Bazhanov, Lukyanov and
Zamolodchikov revealed that the (Q-operators can also be obtained from the universal R matrix,
provided the auxiliary space is chosen to be a (generically infinite-dimensional) representation
of the Borel subalgebra. The work [4] for U, (;[2) has been extended by several authors [2, 3, 5,
23, 29] to higher rank and supersymmetric cases.

In view of the results mentioned above, it is natural to ask whether one can find polynomial
relations, analogous to the T-system, for the g-characters of Uy (b) (see definitions in [20]) (and
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hence for the Q-operators as well). The goal of this paper is to propose candidates of such
identities.

Our idea is to use the so-called ODE/IM correspondence which relates the eigenvalues of
Q-operators and certain ordinary linear differential equations. The reader is referred e.g. to
the review [12] on this topic. In [11], the correspondence is discussed for general non-twisted
affine Lie algebras using scalar (pseudo-)differential operators. In this paper we reformulate
their results in terms of first-order systems. The general setting (to be explained in Section 3)
is as follows.

Let g denote the Langlands dual Lie algebra of g. Consider the following “g-valued first-
order linear differential operator

L= ———+Zel M _ E)e. (1.1)

Here e, . . . , e, are the Chevalley generators of g, ¢ is a generic element of the Cartan subalgebra
Ly c Lg, h¥ is the dual Coxeter number of g, and M > 0, E € C are parameters. For each
fundamental representation V(@ of Lg, there is a basis {XSG) (z,E)} of V(®)-yalued solutions to
the equation L£x = 0 characterized by the behavior

X\, B) = u(a):vAJ (1+0(z)), x—0,

(a) (@)

where A", uj’ are the eigenvalues of £ and the corresponding eigenvectors. Hence this basis is
labeled by weight vectors of V(®). There is also a canonical solution zl;(a) (z, E) which has the
fastest decay at x — +o00. Due to the special choice (1.1) of £, the canonical solutions are shown
to satisfy a system of relations similar to the Pliicker relations, called the t-system in [11] (see

Subsection 3.2 below). Introduce the connection coefficients Qf,a)(E) € C by
P (2, E) = ZQJ X'z, B).

Then the -system implies a set of polynomial relations among the connection coefficients

“(E).

We expect the following to be true:

(1) For each connection coefficient Q J ( ), there is associated a formal power series Q
Up to a simple multiplicative factor, the latter is the g-character of an irreducible hlghest
l-weight module of U, (b). In particular, for the highest or lowest weights of V(@) the
corresponding modules are the fundamental modules [20] of Uy (b).

(2) With the identification
QE,“)(E)<—> Qsz E +— 2,
the polynomial relations for Qf]a)(E) implied by the 1-system hold true also for Qf,a;.

We adopt (1), (2) as our working hypothesis for finding relations among the g-characters.
A few remarks are in order here. We consider separately the cases related to the spin repre-
sentation (i.e. (g, ) (Cél),n), (D;l),n — 1) (Dg), n)) and use the letter R§“2 to denote the
counterpart of Q gz We expect that Q Jz Or Rg Z) corresponds to the g-character of an irre-
ducible highest E—Welght module of U,(b) whose highest (-weight is given by formulas (4.16),

(4.19)-(4.20), (4.23)-(4.24). (In the case clt ), there are problems with this interpretation, as



Polynomial Relations for g-Characters via the ODE/IM Correspondence 3

(a)

explained in Remark 5.9.) Also the relations for the Q%’s or Re:’s are not exactly the same

as those for an)(E)’s, but it is necessary to fine-tune the coefficients by some power functions
independent of z. The details will be given in Section 5 below. That it is natural to consider
all ang corresponding to general weights of V(@ is a viewpoint suggested by the work [29] for
type A algebras.

Now let us come to the content of the present work. As a first step, we give explicit candidates
for lez) associated with each weight of the vector representation V(). This is done by taking
suitable limits of the known g-characters of KR modules given by tableaux sums. It is known [20]
that for the highest and lowest weights this procedure indeed gives the irreducible g-characters.
As the next step, we define the formal series Qsai for a general node a of the Dynkin diagram. We

define them by Casorati determinants whose entries are Qz(lz) with suitable shifts of parameters.

We then give candidates of polynomial relations among the Qsag expected from the 1-system. In

(a),

the cases related to spin representations, however, we do not have explicit candidates the R z’s
in general, so we only write down the candidates for the relations. The resulting polynomial

relations are given in Proposition 5.1, Theorem 5.2 (type AS)), Conjecture 5.3 (type BS)),

Conjectures 5.5-5.8 (type C’,(ll)) and Conjectures 5.10, 5.11 (type fo))7 respectively.

For the type A algebras, one can check that Qﬁ) (not necessarily the highest or lowest
ones) are indeed irreducible g-characters of modules given in [23]. The polynomial relations
corresponding to the y-system can be summarized as a single identity

det (Q'V )"y 1.2
et QV q72#+n+2lel lu,,l/:l - ( : )
where z, = e, {e,}, ”H being an orthonormal basis related to the simple roots by «a, =

€y — €y+1. This relatlon (as an identity for @Q-operators) has been known to experts under the
name ‘Wronskian identity’. We shall give a direct proof that (1.2) is satisfied for g-characters
in Appendix B.

For the other types of algebras, the situation is less satisfactory. At the moment we do not
know the irreducibility of modules corresponding to the lez) given by our procedure (except

(1)

those corresponding to the highest or lowest vectors). For the spin representations of Cy
(a),

and Dﬁl ), explicit formulas for the R.%’s are missing. More seriously, we have not been able to
prove the proposed identities for g-characters by computational methods. Instead, we support
our working hypothesis by performing the following checks:

g= Bgl), proof by hand,

—_

2. g= Bél), computer check,
3. g= Dfll), computer check,
4. g= BT(LI), C,S,l), Dg), proof in the limit to ordinary characters.

The main results of the present paper consist in formulating the conjectured relations, and in
performing the checks mentioned above.

The text is organized as follows. In Section 2, we prepare basic definitions concerning the
Borel subalgebra Uy (b) of a quantum affine algebra U, (g), and collect necessary facts about their
representations. In Section 3, we give an account of the ¢-system in the ODE/IM correspondence
and indicate how to derive them using the formulation by first-order systems. We note that
in [11] the 9-system for algebras other than A type is mentioned as conjectures. In Section 4, we

introduce the series Q( ) as limits of the g-characters of KR modules. We also define these series
for the other nodes of the Dynkin diagram. Section 5 is devoted to the proposals for polynomial
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relations. By comparing with the relations for the connection coefficients, we write down the
relations for each type of algebras A%l), By(Ll), 7(11) and D7(ll). In Section 6, we give a summary
of our work.

The text is followed by four appendices. Appendix A gives a list of realizations of the
dual Lie algebras “g. In Appendix B we give a proof of the Wronskian identity for type Ag) .
In Appendix C, we prove the identities for type B7(11) in the limit to ordinary characters. In

Appendix D the same is done for type CS) and D,(ll) .

2 Preliminaries

In this section we introduce our notation on quantum affine algebras and their Borel subalgebras,
and collect necessary facts that will be used later. Throughout this paper, we assume that ¢ is
a nonzero complex number which is not a root of unity.

2.1 Quantum Borel algebras

Let g be an affine Lie algebra associated with a generalized Cartan matrix C' = (¢;5)o<i,j<n
of non-twisted type. Let D = diag(do,...,d,) be the unique diagonal matrix such that DC' is
symmetric and dy = 1. Set I = {1,2,...,n}, and let g denote the simple Lie algebra with the
Cartan matrix (c¢;j)ijer. Let {ai}ier, {e) }ier and {w;}icr be the simple roots, simple coroots
and the fundamental weights of g, respectively. We set P = ®;c;Zw;, Q = Bic1la;.

Set g; = g%. We shall use the standard notation

1.‘3_ fk n n ni!
[k]; = 2_3_1 [n);! :kl;[l[k]i, [k] = [k],[[n]_k],

The quantum affine algebra U,(g) is the C-algebra defined by generators E;, Fj, KZ-jEl (i =
0,...,n) and the relations

KK '=1=K;'K;, KK;=KK,
K, —K;!

KiBK T =g E;,  KFK ' =q “F,  [E,Fj=0; Gi—q "
1

Y

1—c;;

r=0 (

1—c;;

Z [1 | Clj] (_1)TFiTFsz‘licijiT =0, i # ]
i

r
r=0

We do not write the formulas defining the Hopf structure on U,(g) since we are not going to
use them.

As is well known [6, 13], U,(g) is isomorphic to the C-algebra with generators xfr (1 €1,
r€Z), k' (i € 1), hip (i € I, r € Z\{0}) and central elements ¢*!/2, with the following
defining relations

kiki b =1=k 'k, MY =1=cV2A2 kiky =Kk, ki = hyks,

L T T SR ey
ki, ki~ =q; x5, [hz,T,xjvs]—:t;[rcw]zc T s
+ + *eij + 4+ _ Fde; + 4+ + +

Tiv1Tis — A " Tjelivg1 = G " TipTisp1 — Tjop1Tip
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r—s)/2 1+ (r—s)/2
4+ clr==)/ ¢i,r+s B % ¢z r+s
[xi,rv xj,s] = 0ij G- ’
T i
1—cy;
3 Z 1—% pE gk gEaE gk —0, i
o WTr(1) LTlx(k) DS Ul r(k4+1) 7”7'7\'(1—(:1-]-) ’ Js
TES ¢, = ?

ij

for all integers 7, where &, is the symmetric group on m letters, and the gi)lir are given by

Z ¢z 4P U = kz:tl CXp <:l: (Qi - qi_l) Z hi,:l:su:ts> .
s=1

By definition, the Borel subalgebra U,(b) is the Hopf subalgebra of U,(g) generated by E;,
KF!' (0 < i < n). Tt is known [22] that U,(b) is isomorphic to the algebra with generators E;,
KF' (0 <i < n) and the defining relations

K,K; = K,;K;, KFE;K;'=q"Ej,
1—cij
@ 1 - CZj r or 1—02']'—7" . .
Z . (-1)"E{EjE; =0, i # J.
i

r=0

The algebra U, (b) contains z; where i € I, m > 0 and r > 0.

,m’

z7., kX' and ¢7,

i, Vg 7,7

2.2 Category O of U,(b)

In this subsection we recall basics about U,(b)-modules in category O. For more details see [20].
Denote by t the subalgebra of U, (b) generated by {k"' };c;. For a U,(b)-module V and \ € P,
set

Vw={veV kv=q“" vier}

When V) # 0, it is called the weight space of weight A. A U,(b)-module V is said to be of type 1
if V=&xepVh.

A series of complex numbers ¥ = (¥; ;.)icrrez., is called an ¢-weight if ¥; g # 0 for all ¢ € 1.
We denote by t; the set of {-weights. For a U,(b)-module V and ¥ € t;, the subspace

VW) ={veV|[3p>0,Viel, Ym>0, (¢, — Yim)'v="0}

is called the f-weight space of ¢-weight .
A U,y(b)-module V is said to be a highest /-weight module of highest /-weight ¥ € t} if there
exists a vector v € V such that V' = U,(b) v and

Ev=0, i€el, (ZS;_TU:\IJLT'U’ iel, r>0.

For each ¥ € t; there exists a unique simple Ugy(b)-module of highest /-weight U. We denote it
by L(V).
A highest ¢-weight module is of type 1 if its highest /-weight W satisfies

U, 0 =gl for some p; €Z, i€ I. (2.1)

For any non-zero complex numbers ¢; € C*, the map E; — E;, K; — ¢K; (i = 0,...,n)
gives rise to an automorphism of U,(b). After twisting by such an automorphism, any highest
¢-weight module can be brought to one satisfying the condition (2.1). We denote by t; p the set
of (-weights satisfying (2.1).

Set D(A) =A—QF, QT = >,/ Z>oa;. A Uy(b)-module V of type 1 is said to be an object
in category QO if
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1. for all A € P we have dim V), < oo,

2. there exist a finite number of elements Aq,...,As € P such that the weights of V are
contained in  |J D()\j).
7j=1,....s

In what follows we shall identify ¥ € tj with their generating series,
U= (Ty(u),..., Up(u),  Ti(u) = T
r>0
Simple objects in category O are classified by the following theorem.

Theorem 2.1 ([20]). Suppose that ¥ € ;. Then the simple module L(V) is an object in
category O if and only if ¥;(u) is a rational function of u for any i € I.

In particular, for ¢ € I and z € C*, the simple modules sz = L(¥) defined by the highest
{-weight

(1 —zu)*t, =1,
Wj(u) = .
1, J# 4
are objects in category O. These modules are called the fundamental representations [20)].
It is known [7, 8] that finite-dimensional simple Uy (g)-modules remain simple when restricted

to Uy(b). According to the classification of the former [9, 10], the simple module L(V) is finite-
dimensional if its highest ¢-weight has the form

Pig; 'u)
de Pz 1\1q
i) =4 )

where P;(u) is a polynomial such that P;(0) = 1. In the case where
- 1 - 3 —1 . .
Py = {1 =G0 (=g ) o (1= g ), G =,
L J# i,
with some i € I, m € Z~o and z € C*, the module L(¥) is called a Kirillov-Reshetikhin (KR)
module. We denote it by Wr(rf)z

Viel,

2.3 Characters and g-characters

We recall the definition of g-characters (see [20]) and characters of representations of U,(b). Let
Z'r denote the set of maps t; p — Z. For U € t} 5, define [¥] € Z'%“Pr by [U](¥') = dg g
For a Uy(b)-module V of type 1 in category O, its g-character x4(V') is defined as an element
of ZtZ’P,

W)= 3 dimv(w)- [

vet; ,

Similarly let Z” denote the set of maps P — Z, and define e* € Z' by e*(u) = ) ,. The
ordinary character x(V) is an element of Z*

X(V) =) dimVy- e
AeP

()

We have a natural map w : 7'r — 7F which sends [¥] to e* such that V0= qi)‘ . Under w

the g-character specializes to the ordinary character,

x(V) =@ (xq(V)) -
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3 -system

In this section, we reformulate the 1)-systems given in [11].

3.1 Lg-connection

From now on, let g be an affine Lie algebra of type Xr(ll) (X = A,B,C, D), and let “g denote

its Langlands dual algebra. Let h" be the dual Coxeter number of g (see Table 1).

Table 1.
g AD [ BD [ D [ Dp
PR A R
hY n+l|2n—1| n+1 | 2n—2
dimV® [ n+1| 2n | 2n+2 on

Denote by ej, f;j, hj (0 < j < n) the Chevalley generators of “g. We set e = Z?Zl e;. Fix
also an element ¢ € “h from the Cartan subalgebra of “g, and let ¢ € C*. We consider the
following “g-valued connection (cf. e.g. [15]):

d ¢
= = E 1
L=~ +etpl E)e, (3.1)
plz,E)=zM""_E M>0, EeC. (3.2)
Take an element h, € L such that [h,,e;] = e; (1 < j < n) and [h,,eo] = —(hY — 1)ep. The

choice (3.2) ensures the following symmetry property for £ = L(z, E;():
wk(h”_l)ﬁ(m, E; e27rikC)w_khp = E(wkm, OFE; <), (3.3)

where k € C and

27

\2
w = ehV(M+1) | Q=uwhM (3.4)

On any finite-dimensional “g-module V, (3.1) defines a first-order system of differential equa-
tions L(x, E;1)¢(x, E) = 0. Quite generally, for a “g-module V', we denote by V}, the “g-module
obtained by twisting V' by the automorphism e; — exp(2mikd;o)e;, fj — exp(—2mikd;o)f;. The
operator L(z, E; e*™*) represents the action of £(x, E;1) on V},. For a V-valued solution ¢(z, E)
we set

oz, E) = w e g (whz, OFE). (3.5)

Then the symmetry (3.3) implies £(z, E; e>™*) ¢ (2, F) = 0.

With each node a of the Dynkin diagram of L§ is associated a fundamental module V(@
of “'g. We summarize our convention about them and some facts which will be used later. We
leave the proofs to the readers (see Subsection 5.3 for an example).

Remark 3.1. In [11], scalar (pseudo-)differential equations are considered. Using the realization
of g given in Appendix A and rewriting the equation L£¢ = 0 for the highest component of ¢,
one obtains the formulas [11, (3.18)—(3.21)] (for simplicity we have taken K = 1 there).
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The module V() is called the vector representation of Fg. Its explicit realization is given in
Appendix A. If k£ is an integer, it is obvious that Vi = V for any V. The vector representation
for g = C’,(«Ll) has the additional property

v ~y®  g= oW, (3.6)

2

For general a, we distinguish the following two cases,

(NS): (g,0) # (CV,n), (DY,n —1), (DY),
(S) : (gaa) = (07(11)7’”)7 (Dgzl)vn_ 1)7 (D7(11)>n)

We shall refer to them as the non-spin case and the spin case, respectively. Here and after we

set
t = 27 g= 0721)7
1, otherwise.

In the non-spin case, we have

vo = AV for (NS). (3.7)
t

2

In the case g = qul), we have in addition

Vl(a) ~ V(2n—a) g= B,(}), a=1,....,n, (3.8)

2

where V(@ for a > n stands for the right-hand side of (3.7).

In the case (g,a) = (07(11), n), V(") is the spin representation of the subalgebra “g = o(2n+1) C
ijl. Likewise, in the cases (g,a) = (D%l),n —1) or (Dg),n), V=1 and V™ are the spin
representations of the subalgebra g = 0(2n) C fo).

Let us consider the solutions at the irregular singularity x = oo. It is convenient to use
a gauge transformed form of L,

aMho £ p=Mhy — 4 + AzM — 7€+Mhp

. . — FBegaMe=1), (3.9)

where A = e + eg. Let u(® be the eigenvalue of A on V(@ which has the largest real part. This
eigenvalue is multiplicity free, and is given explicitly as follows:

) Ta
I for (NS),
@ _ ) singy
S T
———  for (S).
2sin 57 or ()

Let u(® be an eigenvector of A corresponding to (%), From the representation (3.9) it follows
that there is a unique V(®-valued solution (% (x, E) which satisfies the following in a sector
containing the positive real axis x > 0:

(@) ar4a1

Y (z, E) = e T g Mhp (u(“) +0(1)) (z — 00).

We call (%) (z, E) the canonical solution. In view of the relation (3.7) and the formula for ()
given above, we have

¢(a) :¢(_1212;1 /\4,0(_1212;3 /\.../\/‘/,(al;)

1
2t

for (NS). (3.10)

Here ’l/),(j) = wkhoh() (WFz QFE) as defined by (3.5).
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3.2 -system

In this subsection we state the 1)-system for the canonical solutions %@ (z, E) introduced above.
Let us consider them case by case.

g= A,(ll) (Fg = Ag)). For a = 1,...,n, we have the embedding of “g-modules

2
v AV s Ve g ylerd), (3.11)
2
where V(0 = V(1) = C. The explicit expression of the embedding is given in Subsection 5.1.
On the space V(@1 @ V(+D the functions ¢ = L(xp(ﬁ A ¢(f)) and ¢ = @D @ @) bhoth
satisfy the equation £¢ = 0 and have the behavior ’ ’

2,(®) cos I
¢(z, E)=0 <exp <_,u]wc—fslhva+1>> , T — 00

in a sector containing x > 0. Since such a solution is unique upto a constant multiple, we
conclude that (after adjusting the constant multiple)

L(@b(_ai A d)(la)) = lb(ail) X Ilnb(aJrl)) a = 17 ceey N (312)
2 2
In particular, denoting by {u; }"H the standard basis of V(1) we have
) =g A A Uil (3.13)

We call the relations (3.12), (3.13) the 1-system for AD.
The -system for the other types can be deduced by the same argument, using the relevant
embeddings of representations. We obtain relations of the following form.

g= Bq(zl) (LG = A(Qi)—l)-

W A D) =D @t =1, n—1, (3.14)
2 2
L(%b(_"; A w(;)) = tb(_";) ® 1@"‘”- (3.15)

Here ¢ stands for the embedding of “g (3.11) or

/\ V1 E 1) Vl(nfl),

4

which follows from (3.11) and (3.8).
a=C (fg=DJ))).

(@ A gty =gl D ey =1 02, (3.16)
4 4

(($"V) = A, (3.17)

L(¢(")) — 1/,(7’2 ® ,(p(i”). (3.18)

Here we have set
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and ¢ stands for an analog of (3.11) or the embeddings

/\ ~ V(” 1) <_> /\V /\V,Sl)1 V(") V(n)

where (3.6) is taken into account.

g=D.) (Yg= D).

B AP g oo at s

L(¢(n—2)) — ¢(_”%_1) A ’l,b(%n_l), L(¢ n— 2)) ’l,b(n ¢§n)7
L(¢(n*1)) = -1 g 11[,(n)'
We have set

p(n1) = w@%z A n A

and ¢ stands for the embedding (3.11) or

n—2 2
AV, = v o AV, N, sy o A v,
0) 2

n—1
AV, = veD gy,
2

3.3 Connection coefficients

(3.19)
(3.20)
(3.21)

Now we introduce the connection coefficients QSQ) (E). First let us consider the vector represen-
tation V(). We choose ¢ generic. Set £ = diag(41,...,4n) (N = dim V), see Appendix A), and
let u; (1 < j < N) be the corresponding eigenvector of £. Then there is a unique V() _valued

solution X§1)($, E) characterized by the expansion at the origin,

Xg-l)(:c, E) = z%u; (1+0(z)), x — 0.
From the symmetry (3.3) of £(z, E) we find that

X, B) = Ny D@, B), ke (102,
where we have set

0 —h, =diag(A,...,An).
Define le)(E) € C by

N
1)
» ) (z, B) ZQ§ E).

From (3.22) and (3.24), we have for k € (1/t)Z

N
¥ (z, E) ZQf,i WDz, B),

(3.22)

(3.23)

(3.24)
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where Qg.llz (E) = Qél)(QkE). For a sequence J = (j1,. .., ja), introduce the notation

an) (E) — det (le) S (E) i w(2la1))\jm/2t> ,
m» 2t

1<i;m<a

X0 @ B =xY @B A A (B,

Ji,— ot Jas 2t

It follows from (3.10) that in the non-spin case

@ (z, E) ZQJ (z,E), (3.25)

where the sum is taken over all J = (j1,...,74), 1 <j1 <+ < jo < N.
One can similarly define the connection coefficients in the spin case as well.

4 Series Q g2 ’Rgbz)

It has been shown in [20] that the fundamental modules Liz of the Borel subalgebra arise as
certain limits of the KR modules. In this section we follow the same procedure to obtain a family

of formal power series Q; Z) associated with each weight space of the vector representation of “g.
Up to simple overall multipliers, those corresponding to the highest or lowest weights are the

irreducible g-characters Xq(LiEZ). We expect that in general the Ql(lz) are also proportional to
irreducible g-characters of Uy (b). (See however Remark 5.9.)
Recall in Subsection 2.3, for ¥ € t] p, the element [¥] € Z'eP is defined by [0](¥') = Sy wr-

Below we shall use the following elements of AR

i-th

— . i-th
Vie=101,...,0—zu)7% ... 1)), e =]1,....q%,...,1)] (4.1)
i-th
1—q "zu
Yi. = [(1,-"7Qim,--w )] = e yl,qzzqul—l ) (4.2)
_ y—1 -1 -1 1y —1
Ai’z B “1 ! Y’ql H H 7y ZY},qu ij,q{?z%% }/j,q?-z' (43)
1<j<n, 1<j<n, 1<j<n,
cii=—1 Cii=—2 ci;i=—3

J J0 gt

Highest ¢-weights are monomials in yﬂ and e,

M = [¥] we shall also write L(M) for L(¥).

Abusing the notation, for a monomial

4.1 The limiting procedure

Let us illustrate on examples the procedure for taking the limit.

Example 4.1 (g = Agl)). We consider first the case g = Agl). Following [26, 27], we write
z = }/1,z7 qu ZYZ,qzw = YQ_q 3,°

Then the g-character x4 (W,%l)z) of the KR module Wg)z is presented as a sum over the tableaux

k1 ko k3

> [l [if2[--J2]3]- ]3]

kq+kotky=m,
k1,ko,k32>0
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m+1-2k

where the k-th box from the right carries the parameter ¢ z. This can be rewritten further

as

ko+ks

m
| COSRD DR | (TP H
j=1

ky+ko+hg=m, j=1
k1,ko,k32>0

= Z e(k1—k)wi (ke —k3)w2

Ky +ho+kg=m,
k1,ko,k3>0

x [( (=g ma) (=g ¥ (1 gn 2k qm+3z>>]

(1 — qm—2(k2+k3)z)(1 _ qm—2(k2+k3)+22)7 (1 _ qm_2k3+12’)(1 _ qm—2k3+3z)

Let us consider the limit m — oco. There are three possibilities to obtain meaningful answers,

ki — 00, ko, ks: finite, ¢ ™ — 0,

kg — 00, ki,k3: finite, q_k2 — 0,

k3 — 0o, ki, ko : finite, ¢ % — 0.
Writing e = x;/x;11 and defining for i = 1,2,3

i—1

1 m 1

sz) = H(l —xj/x;) X Jim "(x12223)3 Xq (Wé%)q_mz) ,
j:1 q_}ciz%[)
we obtain the result

) ko+k3

Ql’Z:yl,Z Z H Aqu 2]ZHA2q3 2750
ko,k3>0 j=1

(1) (1) _y-1

Qz, =V, JERLYE Z H Ay g3z =Yy
k3>05=1

Up to simple multipliers, they are the irreducible g-characters

1) Q.
Xq(Liz) = Ql,z’ ( (yl ,q2 zvaqZ)) - 1— e;al
o)

+ . 3,z
Xq (L2,q3z) - (1 _ e—al—az)(l _ 6—&2) ’

)

Using the explicit construction of modules [23], it can be checked that the second one is the ¢-
character of the simple module whose highest /-weight corresponds to the monomial yl 2 2, V2,42

We give two more examples.

Example 4.2 (g = Bél)).

Qgg =M1z Z HAI g3~ 2lz:l_‘[142 4%~ QZzHAQ g3~ QZZHAI g2 2z

k27k57k1>0l 1
K5+1 Ko+1

T Z HAl g3~ ZIZHAQ ,q22ly H A2 ,q3 2l H Al g2 2z (0

ko ks, ki >0 I=1



Polynomial Relations for g-Characters via the ODE/IM Correspondence 13

oY) =yl

1,2 Zy2,qz g HAl g3~ zzzHAqu QzZHA2q5 21,

kg,ky>01=1
Ks+1

+ ) HAqu QZZHAW H Ay o, ¢

kz,k7>0 =1

k
_ ~1 -1 (1)
2,2 Viqz 2,¢%z Z H A17q3*21z’ Q yl g3z

k>01=1

Here we set K7 = ki, K5 = k3 + k1 and Ko = ka + k3 + k7. We have

1)
QLz

XoLin) = Q) and (L) =

1,¢q3z (1 _ 670‘1)(1 _ efalfag)(l _ efa172a2) :
E 1 =cV
xample 4.3 (g=Cy").
ko K2
1 _ A1 -1
Ql,z - yl,z Z HAl 3 ZZHA2 G2 ZZH 2, 2—KQ—212HA17q1—127
ka,ko kg, ki >0 =1 =1 =1
K3 ko
1) _ -1 _1 1
QQ’Z = y17q2y2,2y2,qz Z H A 1,g3 !z H 2,2 Lz H A27q2—K§—2l27
ko, ks, k;>0 =1 1=1 I=1

Q) = af) +Qfl),

Q\é}; :yQ,qzyQ_’;;Z Z HAl 3 ZZHAQqS 21,

ks3,k120, [=1
Kizeven

K2—1

Q\él _x21quzqu EALENLY 2qz Z HA1q3 lz H A2q2 2y

kg.k1 0, =1

Kﬁzodd
Q7 _y17q2y2 2quHA1q3l’
ky >0 1=1
(1) _ -1
Qi,z — Y1,¢32°

Here we set K7 = ki, K5 = ks + kl and Ko = kg + 2ko + k2 —|— kl Note that the weight 0 has

multiplicity 2. Correspondingly QO . is a sum of two terms QO . and Q . These terms cannot
be separated in the process of takmg the limit. Since they have highest 2 welghts whose ratio is

not a monomial of the A; .’s, Qo, , cannot be an irreducible g-character. We have

o)
(1 _ e—al)(l _ e—al—OQ)(l _ 6—2041—042)2 '

Xq(L1,) = lez and Xq(Liqg,Z) =

4.2 Series Qflz)

In order to discuss the general case, let us prepare some notation. For g = XT(LI) (X =A,B,C,D),
introduce a parametrization of {a;,w;} by orthonormal vectors {¢;}, and an index set J with
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a partial ordering < as follows.
A%l): O = € — €+1 (IS’LSTL),
i n+1
wi:€1+"'+6i_n+126j (1 <i<n),

]:

J={L2,...,n+1}, 1<2<---<n+1,
B7(11): QG = € — €41 (1§i§n—1), Ay = €n,

. 1
wi=et-oteg (Isi<n—1), wy=g(a+ - +en),
J={1,....n,n,...,1}, 1<---<n<n<-<1,

1 .
C’fll): aizﬁ(ei—ewl) (1<i<n-1), an = V26,
1 .
Wi:ﬁ(elJr"‘ﬁLei) (1<i<n),
J={1,....,n,0,n,...,1}, 1<---<n<0<n<--<1,
D1(11) : Qj = € — €41 (1 <i<n-— 1)7 Qpn = €p—1 + €,
w; =€ +---+¢ (1§i§n—2),
1 1
wn-1 = g(e1+ - Fen-1—en), wn=glert -+ en1ten),
J=A{1,....,n,n,...,1}, 1< <n—-1<"<n-T<--<1.
n
Define also z; and f; for j,k € J by
1
1) . — L6 ; _
A%) T; = e° (1§z§n—|—1), fj,k*m’
1+ 0,5/
1) . _ € __ —1 - _ k,] J
Bﬁb) T, =€ —(Eg (].SZSTL), f‘%k—m,
1
oW xi:eﬁgl:xg_l (1<i<n), zp=1,
1
fj,k‘: )
(1 =2 /) (L + g0k /x;))
1 — 0y 52K/,
1) . _ i o1 . _ k,j k J
D1(’L) "L'i—eefajz (lglén), fj’kiw
In the following, in the sum of the form Zk“ ko unless mentioned explicitly, k;,...,k; run

over all non-negative integers, and we use the abbreviation K; = Zi:l ky, for i <1 < j. In the

case g = ¢tV and 1 < 0, we set K; = > " kj +2ko + >, k5.
We give below the formula for Ql(lz) for each 7 € J.

Case Ag,,l): For1 <i<n+1,

n Kjt1

QSZ) = (I)i,z Z H H A;;j+l—2lzﬂ

kit1,skny1 =i =1

where

—_ y-1 )
(I)ZVZ - i—l,qizyiyqlflz'

(4.4)
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Case B,(LI): For 1 <i <n,
n Kjq1 n K5

Qf,lz) =®;, Z H H A] -2 H Aj_,;%—j—ﬂz
Jj=11=1

kit1,-skn,ka,....ky j=1 =1

n 1+Kj41 n Kj
—1
+ Z H H qu7L1 2y H HAj,qQ"*j*le ’
Kit1sekn ka,....ky =t 1=1 j=1l=1
i—1 Kj
(1) _ & E : -1
Qaz — (I)iJ H HAj’q%zfjflea
hir—yeeosky j=1 =1
where
(4.5)

y —1 ,q° Zyizqiilz’ (I)E,z = yz—l q2" i— 1zy 2n i

Case C,(LD:

n—1 K]+1

QSZ) = (I)i,z Z H H A4_ 1+J 2l

kn,kokn,....k1 j=i I=1 74

Kit1yees
n—1 K’
X H HA_ 2n43—j=21 21 HA_ n+3-21 HA_ nt2— 2(Kn+2l) ’ 1<i<n,
j=1l1=1 74 ma 4
1)
Q QO 2 + QO Z’
e
~(1) n—1 Kj =2
1 1
Q2 =Po: D HHA oy JTA
z n,g 2
kq,..nky, g=11=1 =1
Kp:even
et K Kp—1
5 = 4 3 - 1
Q (I)OZ HHA e A nt2 g )
kroooky, j=11=1 I =1 ™ #
Kp:0dd
i—1 K
QY = a;, § HHA,—M”, 1<i<n,
kimgyoiky j=11=1 4 ?
where
1 —1 .
=Y .Y i o =Y ont2—i Y . 1<i:<n-1 4.6
’L—lqéz i,qLTZ’ 1,2 i*l,qi#z Z"an+3 Zz’ = = 9 ( )
=) n b, = 42 - - 4.7
nz yn 1,q2zyanzynvq?Zz7 T,z yn Lqirzynqn-%-zzynq nid z ( )
Py, = n Y~ by, =) ! 12 L, Y . 4.8
0,z yn7quzyn7qn-2-227 0,z ynfl,q%zyn—l,anzyn,qnﬁfzyn’qn_zMZ ( )
1
Case Dg ):
n—2 K5 Ki= n—1Kj+1
M _ 3 »
Qi7z - (I)i’z H HAJ g2n—1-3—2ly H An,q"*mz H H A] qitl-2ly
Ktk yeky j=1 1=1 =1 J=i =1
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n—1 K5 Kx n—2Kji1
—1 —1 —1
+ Z H H Aj,q2"*1*j*21z HAn,q"*QZz H H Aj,qﬂ*lfmz ’
Kig1rokn kg, j=1 1=1 =1 j=i I=1
kim>1
1<1<n—-1,
n—2 K} anl
1) _ E —1 —1
Q’IL)Z - @TL,Z H A] q2n—1—j—QZz H n qn—21Z7
kg ky j=1 =1 =1
i—1 Kj

where
-1 —1 .
(I)i,z = Z._Lqizyi,qi_lz, (I)az = yi,l’qzn_z_izyi7q2n,1,iz, 1<i<n— 2, (49)
-1 -1 -1
@n_Lz = n727qn_1Zyn_]_’qn—QZyn’qn—QZ, (Pﬁ,z = yn_27qn—lz n—1,qnz¥'n,q"z> (410)
-1 -1
(I)Tl,z = n_17(],,,“2327,17(1717227 (bﬁ,z = yn—l,q"*2zyn,q"z' (411)

Remark 4.4. Asin [26, 27], it is known that the g-character of KR module 75117)2 for BY(LI) can be
written in terms of tableau of elementary boxes [a], a € {1,...,n,0,7,...,1}, while the elemen-

tary box @ is allowed to appear at most once. When taking limit of the g-character of Wr(nl)z,
we have only 2n kinds of meaningful results, then we use the index set {1,...,n,#,...,1}. By

similar reason we use {1,...,n,0,7,...,1} as the index set of Cq(zl), which looks like opposite to
the usual one.

4.3 Series Qsaz)

In this subsection we give the definition of ang where J € J% and (g,a) # (CT(LI), n), (Dg), n—1),

(D,(ll),n). We recall that ¢; = ¢'/2 for C’,(ll) and g1 = ¢ in the other cases.
We fix our convention about the indices as follows. For J = (ji,...,Jq) € J%, we denote
by J the underlying set {j1,...,ja} € J. Set further

J = Gas---5J1), (4.12)
J* = (i1,...,i), with J*=7F\J and i3 < -+ < ip. (4.13)

We say J is increasing if j; < -+ < jq.
For an element J = (j1,...,ja) € J%, we define an; by

i J
) v H,l/::l
1) 0 1) 0 1) 0
€T~ .. €T
le,fﬁ_az ) sz,fﬁ_az 2 Qja’qi_az Ja
1 A Q(l R T D
_ | Zhgme Jaay 2 Jargi 277 | (4.14)
Q(l) a—1 Q(l) a—1 . Q(l) a—1
jl,q‘llflz J1 j2,q‘1171z J2 ja,q‘fflz Ja
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Note that if the entries of J € J® are not distinct (i.e. §J < a), then ang =0.
Define

0} = w(Q}).

Hence by the definition of an;, it is easy to get

QW = TI fis IT (G5 —2)fuy)- (4.15)

i€, jeJ*, i,J€J,

i<j i<i
For an increasing element J = (j1,...,jq4) € J?, set
¢JZ_.[I@]q¢42k (4.16)

where @, . are defined in (4.4)—(4.11) with ) . being given in (4.1). Let L(®.) be the unique
irreducible U, (b)-module with the highest f-weight ® ;.. Except in the case g = Cr(bl), we expect
that the g-character of L(® ;) is given by

(I)Jz = H f]ZH ;

ied,jeJ* i,j€J,
] i<J

In particular, from (4.15) we expect that

L, g=A5,
1 (1+a7Y), s=8B,

X (L( D)) = 1T fig xS
(z‘,j)E(Jx;]:;U(J*XJ), H (1 _ xi_Q)? g= Dr(zl)-

i€ J,

i<

In the case of g = C’,(Ll), we expect the same to be true for an; if §1,...,7a # 0. As noted

already in Example 4.3, the series Q(()g does not correspond to an irreducible g-character. We

A

expect rather that Q[()li, Qy ., correspond to irreducible g-characters. See also Remark 5.9.

4.4 Series ’Rg"z) for the spin node: case CS)
(n)

In thls subsectlon we introduce another set of series Rg 2 for the spin node. Unlike the se-
ries Q ., in general we do not know the explicit formulas for them. We define RQQ by the
q—characters of the irreducible U,(b) module L(M, .), and give a rule to determine the highest
{-weight M, . which is a monomial in (C[y ]1<Z<n 2eCX -

Exhibiting the n-dependence explicitly, let P,, be the weight lattice of the simple Lie algebra

of type C,. Set
E,={e=(e1,...,epn) s =£1,1 <i<n}.

We define two weight functions

1 n
wy : B, — Py, € — 3 Zfi5i7 (4.17)
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wo: {J[JE€T(1<a<tT),JCT}— Pay  (jiseeoda) — Y sen(ir)es,, (4.18)
k=1

where ¢y = 0, and for j € J we set

+7 j j n7
Sgn(]) = 07 .7 = 07
) ] t n

Borrowing an idea from [26], we introduce monomials M, , in (C[y ]1<Z<n .ccx inductively
as follows. Define two operators 7, 77 by

Y : yLZ — yz‘+17z, TCZ : yz‘,z — yi,qcz-

Forn=1weset My, =Y ,and M_, = Y7L . In the general case we set

1,q%z°

Miys. =7 (Mrg)), Mg =Y, 3.7 (M_g).), (4.19)

M1e),-= yl_lnTszny(M(Jrg),z), M _g). =i (M(_g).), (4.20)

)

where £ € E,,_o.
Now let ¢ € E, with wi(e) = 1 (37_; €p — D k1 €y, ), and consider the simple module

L(M:. ;). We define R£”2 and 7’3?“ through the g-character and the character as follows.

RYW =xg(LOM.) [ —wpmy) ] (-2 2y),

1<k<i<t 1<k<s,1<I<t,
o PE>Y;
R | | -1
'Rgn) =¥ (L(ME,Z)) (1 — m¢k$¢l) | | (1 — x@k$¢l)‘
1<k<I<t 1<k<s,1<I<t,
o Pr>Y)

For the latter we have the following guess.

Conjecture 4.5. Fore = (g1,...,e,) € E,, we have
1 1
XM= ] —= I ————=
1<i< 11—, = - 1—q Sig. ™7
<i<n i 1<i<j<n i j

In the special case n = 2, one can obtain the series for Cél) from that of Bél). Let Ql(lz) (1+2)
(1)

stand for the series for By’ with a = 1 given in Example 4.2, wherein we interchange ) .
with Vs, and A; , with Ay .. Then we have

RY, =l RY =oll1e2), (4.21)
RY, .= 1w2, RY =V (4.22)

4.5 Series ‘T\’,g‘z_l), ’T\’,g;) for the spin nodes: case D(!)
For the two spin nodes of D,(Ll)7 we follow the procedure for 07(11)‘ We use the same weight
functions (4.17), (4.18) as for c{Y. We also introduce two subsets of E,,

E,.={c€E,|t{es=—-1}=¢ (mod 2)}, ¢=0,1.
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We define monomials M. . inductively by

Miyrg. =" (Mygz),  My_g. = Vg2 (M_g).), (4.23)
Mo -=Y, 057 (M1e))s Mg =157 (M_g).), (4.24)

with £ € E,,_s and the initial values
M(++)7z - y2,27 M(__),z - yz_l

1422
1
Mi—)z = M1z, MFﬂJ:ymZ
For e € B, (¢ =0,1) with wy(e) = % ( o1 €on — 22:1 e¢k), we define
RUTD =xg (L(M2)) [] A—wpry) I (O —aply),
1<k<i<t 1<k<s,1<I<t,
- - P>y
ﬁgn—g) =X (L(ME,Z)) H (1- %kxwz) H (1 - x;klxlbl)'
1<k<iI<t 1<k<s,1<1<t,
a - P>y

Conjecture 4.6. Fore = (e1,...,6p) € Epc (¢ =0,1), we have

1
X (L(Me.2)) = | | p——
1<i<j<n -z, Ly

(

Although we do not have formulas for the series RJ?C) (¢ =0,1) for general n, in the special

case Dfl ), similarly to Ql ~, we define Rg (resp. RS@) as certain limits of the g-characters of

the KR modules Wf(n)z (resp. WTS@)Z) More precisely, one can obtain Rg 2 (resp. R( )) from QSIZ)
by exchanging ) . with Vs, (resp. Vi) and Ay, with As, (resp. A4 ). For example, we have

Q J)2q zy1:q4ZZHA1 ,q8—27 2> Q%i :qu 620

k>0j=1
®) - (3)
R(__+ ),z y2 .40 Zy3vq4z Z H A3 ,q8—23 2’ R(————i—% yS ,q82?
E>0j=1
(4)
__++ y2 .q° Zy4q z Z H A4 ,q6—27 2 R(____ - y4,q 6,9
£>0j=1

and so on.

5 Polynomial relations

In this section, we shall give the main results of this paper. We propose polynomial relations
among the series defined in Section 4, which are expected from the 1)-system obtained in Sec-
tion 3.

We prepare some notation which we will use below. For an element j € J, an element
J=01,---,Ja) € T* and a positive integer k with 1 < k < a, we set

a a
)‘J:ZA]'” xJ:H:Ejla J_jk::(jla"',jkv"'?ja)a (j?‘]):(jajla"'vja)~

Let {v;},. 7 be the standard basis of the vector representation V() of g (cf. Appendix A). Here
J = {1,...,n,0,0,7n,...,1} for 'Y and J = J for the other cases. For J = (1, ja) € T,

we set vy = v Nvj, N Avj,.
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5.1 Plicker-type relations

We begin by writing down the -system and the corresponding relations for an; for all nodes

(1))

excepting the last (or the second last for Dy, ”). In fact they are just the consequence of the fact

that the ang are defined by determinants of the QEIZ) ’s. So they are rather definitions, and we
write them down just for uniformity reasons. As we shall see later, the only non-trivial relations
come from the last (or the second last) node.

For comparison, we start with the ¢-system. Let J; = (i1,...,%4), J2 = (J1,..-,Ja) be two
elements of 7. The embedding ¢ (3.11) of “g-modules is explicitly given by

/\V — v g yletl)

1 a B a B
vy AUy D) <Z(_1)k 1UJ1*Z'19 @ V(g Jp) — (_1)k lezfjk ® v(ile)) :
k=1 k=1

Therefore (3.12), (3.14), (3.16) and (3.19) imply

QY _ (DY) (B) - QY (B)Q)_, (Bywtn

J1’2t
a

=S (-prYy (E)ng;}f)(E)w-Ajk, (5.1)

The corresponding relations for ani read as follows.

Proposition 5.1. For two increasing elements Ji = (i1,42,...,1q) and Jo = (j1,792,---,Ja)
of J¢, we have

a
X J,

Q( QJ2 qiz QJl qle(a) -1, = ( ) Q(a v Q(q+1) b (5.2)

Jiay e Jo,qy 'z T, J2—=Jk:2 = (i, J1),2 " Ik

This is an immediate consequence of the Sylvester identity (see e.g. [18, p. 108]). Note
that (5.1) and (5.2) has the same form under the identification

QU(E) Q)  Eoz Qreq, WMo

5.2 Wronskian identity for A}

For type A,(}), the non-trivial relation is the following ‘Wronskian identity’.

Theorem 5.2. Let g = Ag). We have

Note that the left-hand side is just Q nH ( 1) (D2 [T gt bwith J = (1,2,...,n+1).
We prove Theorem 5.2 in Appendix B.
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5.3 Polynomial relations related to the last node: case Bfll)

In this subsection we let g = B7(11). We give conjectural relations which correspond to the last
identity (3.15) of the t-system. We first give identities for the connection coefficients Qsa) (E).
In this subsection, for an element j € J and J = (j1,...,Ja) € J* we define

a

() = {(_1)7’ T2y = [ ete):

k=1

We also denote by o(J, J*) the signature of the permutation (1,...,n,7,...,1) — (J,J*).

The bilinear form (, ): V x V% — C given by (v;,v;) = c(i)d; ; is Lg-invariant. From this it

is easy to see that we have the following “g-module isomorphism

Vl(a) ~ (2n=a) a=1,...,n, vy c(J)o(J, T )vg.,

2

which implies

QUL(E) = (D)o (J, J)QE ) (B). (5.3)

D=

Let J; = (i1,..-,in), J2 = (j1,...,Jn) be two elements of J™. Then the relation (5.1) together
with (5.3) imply

QUEIQS, (B)e () o (FF. o) w0 — Q4

= n—1) (n—1)
E: Qh —Jk Eﬂ%ﬁ;ﬂ

k=1

(B)QY), (B)e (75) o (75 T) o™

(B)e (Ge )" ) o (G 2" G J1) ) w000 (5.4)

1
2
For a given element ¢ € J and J € J¢, let

ls __ _1ls - ls
Xy= [ (=22, wg == 2" I @"7). (5.5)

n,ved, J€J, JEJT*,
p<v i<J j<i

The counterpart of (5.4) for the series an; is given by the following conjecture.

Conjecture 5.3. Let J1 = (i1,...,in),J2 = (J1,---,Jn) € T be increasing. Then we have

1

SR RN
Q QJQ,quJ*XJ2xJ1 Q le,qZXJ*XJIng

n—1) n—1) v T 1 %
Z QJQ —Jk»Z Q —Jks quJQ_JkXJf_jkx 7 mJ x]k ’

JR€Tn Y, Tk 2

1<k<n

When n = 2, we have verified the above conjecture by direct computations. To save space
we do not write the proofs here. We have also checked them for n = 3 by Mathematica 5.0 up
to certain degree, counting the degree of A, k. to be k. For n > 4, although at the moment we
do not have a proof of these identities, in Appendix C, we show that the identities hold when

specialized to the characters.

Remark 5.4. It is worth noting that, although the connection coefficients satisfy the linear
relation (5.3), there are no analogs for the series Qsa; For example, in the simplest case Bél),

a direct computation gives Q (231),0 = xgqu zy2q Vo gss — qu Zy27quy2*14 , while Qg) =
Vi ;32, and there is no function f(ml,xg) of x1, w9 such that Qg)m = f(l‘l,IL‘g)Q( ). So only

the quadratic relations survive.
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5.4 Polynomial relations related to spin node: case Cfll)
In this subsection, g = 07(11). We shall give conjectural relations for the series QL(]aZ) and Rénz
For an increasing element J € J¢ we can write
g: {ala"'7O‘m751a"'757‘30-17'--7UU751a"'75u} U(ZQ{O})7
{* = {ala"'7dm’ﬁla"'aﬁ?‘anlv"'anv7ﬁ1?"'vﬁv}U ({* ﬂ{O}),
where «;, B;, 0;, n; are mutually distinct elements of {1,...,n}. Let ¢ = {o1,...,0u}, n =
{m,...,mw}. Note that
u+2, 0eJand Je g1,
v=_u+1, 0¢JandJ € J" ! or0c Jand Jc J",
u, 0¢ Jand J e Jm.

Let J € J be increasing. We introduce the following condition for ¢,&’ € E,,:
Condition Cj:

o wi(e) +wi(e) = wa(J),

t

S
o ifwi(e) —wi(e) = > €, — D €,, thena C 1.
k=1 k=1

Here w;, wo are the weight functions defined by (4.17), (4.18) and v = {v1,...,7s}, § =
{61,...,0:}. Tt is easy to see 0 Unp =y UJ.

In the following Conjectures 5.5-5.8, g = 07(11)7 o, n are disjoint subsets of {1,2,...,n}.

Conjecture 5.5. Suppose J € J" ! is increasing and 0 ¢ J. Then we have

u(u—1) n— _ou —u _ o
(" Qi a2 I (a7 ] (—i)
m

i,j€J, 1<k<u,1<I<u+1,
1<J Tl

_ t<t+1 (n) p(n) 2— 2u 1—t Loy,
Z €,92 Ra gty s H _IK& )
1

SRS, ISIRT,

where the sum is taken over all €,&' € E,, satisfying Condition Cj where vy, § are determined
there.

Conjecture 5.6. Suppose J € J"~! is increasing and 0 € J. Then we have

u(u—1) n— —2u 2—u — g
() Qi e Tl (=27 1 (‘“>

T
i,jeJ 1<k<u,1<I<u+42, L
i<J TR m

t(t 1) x
n) (n) 2— 2u 2—t H Y%
= Z RegzRer 1,0y 25 s )
1<k<s,1<I<t, ]
’Yk>-5l

where the sum is taken over all €,' € E,, satisfying Condition C; where vy, § are determined
there.
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Conjecture 5.7. Suppose J € J" is increasing and 0 ¢ J. Then we have

(07 Qe I () T (—)

i,j€J, 1<k<u,1<I<u

SRZU, LSS U,

1=<J oM

_Z S(S 1) n) =™ | pl2upt H Ty
’q2z E‘J?q7§Z ’y 6 xél ’

SRS, 10T,

where the sum is taken over all €,' € E,, satisfying Condition C; where vy, § are determined
there.

Conjecture 5.8. Suppose J € J™ is increasing and 0 € J. Then we have

(e T (et T (<)

1 Ty,
4,J€J, 1<k<u,1<I<u+l, l
<7 oM

G(s 1) . _ T
_Z RM, R(n)_l x’ly 2ug Lt H (_ x’;k>’
1

3 1 g3
5 qez g 22 1<k<s,1<I<t,
"/k>—§l

where the sum is taken over all €,' € E, satisfying Condition C; where vy, § are determined
there.

For n = 2 one can verify these relations using the relation between Cél) and Bél) (see (4.21),

(4.22)). For general n, we show in Appendix D the validity of the identities when specialized to

the ordinary characters an) and 7@2”).

Remark 5.9. In the conjectured identities given above, @(()12 and @(%1; enter only through
the sum Qé}z = @[()1; + @(1) However, since the weight 0 of V() has multiplicity 2, it is more

natural to consider @ and QO separately. The 1-system also suggests that there are identities
involving them Separately This is indeed the case for n = 2 where we have, for example,

Q(l),; @ )l —371@51)7; Q(l)l ER(Z) B R® L,
1,11 2z an2z qu 2z 17‘122 Z2 (++)7q 2z —‘,——),q?Z

Q Y 1 Q 1)1 - 331@( ) 1 9(1)1 = *xltR@) 1 R(Q) 1
1,722z 0,42z 0, 2z 1,42z (+-)a 2z (++4),922

On the other hand, if we define Qf,az as determinants treating 0 and 0 independently, then

when J contains both 0 and 0 we have an) = 0 because xg = x5 = 1. Hence QS“; can not be
explained as a g-character, so we must modify the working hypothesis. At the moment we do
not know how to do that.

5.5 Polynomial relations related to spin nodes: case DS)

D).

Finally we consider the case g = As in the case of C’( ) , for an increasing element J € J¢

we can write

{:{ala"'aamvgla"'aBTao-lv"'vo-Lha-la"'a5u}7

JN*:{6[15"'7dm)/615"'7ﬁ7‘77717-"577’077717"-7771}}’
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with mutually distinct oy, 8;, 05,7 € {1,...,n}. Let 0 = {o1,...,0u}, 1 = {n1,...,m}. Note
that

u+2, JeJn?2,
u+1l, JeJgrl.

Let J € J% be increasing. We introduce the following conditions for ,&’ € E,,:
Condition D :

° w1(€) + wl(z—:’) = wQ(J),
s t
o ifwi(e) —wi(e) = ey, — > €, theno Cv, and t =7+ ¢ (mod 2).
k=1 k=1
Here ¢ € {0, 1}.
Condition D :

° wl(E) + ’U)l(EI) = wZ(J)7

s t
o if wi(e) —wi(e') = > €y, — > €5, theno C v, and t =r (mod 2).
k= k=1

Here wi, wy are the weight functions defined by (4.17), (4.18). We set v = {71,...,7s},
d ={d1,...,0:}. It is easy to see 0 Un =y U4.
In the following Conjectures 5.10, 5.11, g = DS), and o and n are disjoint subsets of

{1,...,n}.

Conjecture 5.10. Let J be an increasing element of J" 2, and let ¢ = 0,1. Then we have

= U | I C O I || (—Z)
m

i, JAIET, 1<k<u,1<I<u+2,
1<J oM

_ 5(s+1) n S) ('fl S) —2u 3—t Loy
Z Regz R g 1.%y " T H T zs )
l

SRS, 1S0RT,

where the sum is taken over all €,¢’ € E, ¢ satisfying Condition D, where vy and & are deter-
mined there.

Conjecture 5.11. Let J be an increasing element of J"~*. Then we have

e ol | GO I | | (‘M>

o= ﬂ?m
B,jF#1EJ, 1<k<wu,1<I<u+1,
i< oM

_ t(t 1) (n—1) (n) —2u _1-t Ly,
Z z—:z Ra’ zx’Y Ls H _E ’
1

SRS, 1SR,

where the sum is taken over all ¢ € E,, 1, €' € Ey o satisfying Condition D, where y and § are
determined there.

For n = 4, we have checked by Mathematica 5.0 the conjectures hold up to certain degree. For
general n, we prove in Appendix D the conjectures specialized to the ordinary characters Qsa)
and RV, R,
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6 Conclusion
In this section, we give a summary of this paper. We have done the following things:

1. To each weight of the fundamental representation V(@) we associated a formal series Qsa;

or RQ‘Q We expect that with some simple factors the formal series are g-characters of
certain irreducible modules of Ug(b).

2. Under suitable identifications, using relations for the connection coefficients implied by
the 1-system, we proposed the following conjecture relations for the series ani and Réaz)

o g= AS), BS), 07(11), D,gl), Proposition 5.1. This is the Pliicker type relations which is
in fact the defining relations of the series Qf,ag;

e g= Asll), Theorem 5.2. This is the Wronskian identity for the g-characters of U,(b)
to be proved in Appendix B.

e g= B,(ll), Conjecture 5.3.

o g= 07(11)’ Conjectures 5.5-5.8.

° g= D,(Il), Conjectures 5.10, 5.11.

For the last three cases, we support our conjectures by checking the following. For the
special cases g = Bél), g= C’él), we proved the conjectures by direct computations. For
the cases g = Bgl) and g = Dil), we checked the conjectures up to some degrees by
Mathematica. When specialized to characters, the conjectured relations hold in all cases.
This will be proved in Appendix C or D.

We hope we have presented reasonable grounds to suggest that the correspondence between
the connection coefficients of certain differential equations and the g¢-characters of the Borel
subalgebra U, (b) supplies an effective way to find polynomial relations. Certainly this is only
the first step, and more serious checks are desirable along with attempts toward proving these
identities.

A Vector representation of Lg

Following [14, Appendix 2], we give an explicit realization of the vector representation of “g.

The symbol E; ; stands for the matrix unit (6i,a5j,b)a b1 Where N =dim v,

Lg= AS):

e0 = FEny11, e =FEji1, 1<i<n,
Jo=FEin+1, fi=FEit1, 1<i<n,
ho=—=E11+ Entint1, hi = Eii — Eiy1i11, 1<i<n,
n+1
n

hp:diag(—g,...,§>, E:diag(ul,...,un+1), Zu,:o.
i=1

L. _ 42
g=A5 4
1 .
eo = §(E1,2n—1 + Es90,), € =FEit1i+ Eoyi—ion—i, 1<i<n—1, e,=FEpiin,

fo=2(Eon—11+ Eon2), fi=FEiix1+ Eopn—iont1—i, 1<i<n—1, f,=E,,1,
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ho =E11+ E22 — Fop_12n—1 — Fopon,
hi=—Ej;+FEii1,11— Ean—ioni+ Eont1-io2ny1—i, 1<i1<n—1,
hn = _En,n + En+17n+17
. 1 11 1 ,
hP :dlag (—’I’L+2,...,—2,2,...,TL— 2> ) EZdla’g(lula'-'7/1%5_#71""7_,“1)'
2
Lg = Dill
e0 = Enio1 + Eonionto, € = Fiip1+ Eopyoioniz—i, 1<i<n-—1,
€n = Q(En,nJrl + En+1,n+3)7
fo=2(E1nt2+ Ent22n+2), fi=FEix1i+ Eopys—ionio—i, 1<i<n—1,
fn = En—i—l,n + En+37n+1’
ho =2(—FE11 + Eant2.2n+2),
hi = FEi; — Eit1i41 + Fopgo_ionto—i — Fontz—iont3—i, 1<i<n-—1,
hn = Q(En,n - En+3,n+3)7
h, = diag(—n, ...,—1,0,0,1,... ,n), = diag(ul, ceey lin, 0,0, —,un,...,—,ul).
Lg = DiV.

1 .
ey = §(E2n71,1 + Fonp), € =FEijv1+ Eopionyi—i, 1<i<n—1,

€n = 2(En71,n+1 + En,n+2),
fo=2(Eign—1+ F224), fi=FEit1i+ Font1—ign—i, 1<i<n-—1,
1

fn = 5 (En—l—l,n—l + En+2,n)7

ho=—=FE11 — E2o+ Eop_12n—1+ Eop on,

hi=FE;; — Eit111+ Eon—io2n—i — Eony1-i2nt1—i, 1<1<n—1,
hn=FEn-1n-1+ Enn— Envint1 — Earonte,

hy = diag(—n+ 1,...,0,0,...,n— 1), = diag(,ul,...,,un,—un,...,—ul).

B Proof of Theorem 5.2
)

In this section we give a proof of Theorem 5.2. Let g = AS

1 -1 ,
Az =Y, 1, Vi g2 Vio1:2Vig12, i=1,...,n.

_lz

, and set

. 1
One can rewrite Q,g Z) as

n kjt+1
1) -1 Lj+1 -1
o=yl Y TI((EE) a7t . :
i,z n,qntlz T i zZIjH Fu

kit1,.knt1 j=t

For i € J, we define
A(O) = yn7qn+1z Q§}27
AEGZ) — 4! <A(a—1) NG xn+2—a> 7 a=1,...,n.

n+l—a,qnti-az | Tz A

By the above definition and the formula of lez) , we have the following lemma.
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Lemma B.1. Fori € J and 0 < a < n, we have

n—a 21 Bt 1 )
> I1 <—ZE1 ) aynti—ay | a<ntl—i
A(a) ) kir1yeokng1—a 5= J»q p=e Hez
bz ) 1 a=n+1—1i
M - )
0, a>n+1-—1.
Proposition B.2. For an element J = (j1, jo, ..., Ja) € T, we have
(0) 0 (0) 0 (0) 0
Aj1>q17az$j1 AijqliaijQ Ajayqliaz Ja
Q =y} j1,q3—az" 0 ja,g3azl2 jag?= 2% ja
n+l—a,g"t1lz . . .
(a ].) a—1 (a—l) a—1 (a 1) a—1
Aﬁ 125 Ajz,q“—lz J2 Ja,q* 12" Ja
Proof. From the definition we have
(0) 0 (0) 0 (0) 0
Ajl,ql*“Z n Jo,qt ez g2 Aja,q“% Ja
a A z oy 0 ,
(@) _ y*l J1,g3 ez Jo,q3—az" 02 Ja,q3~%2" Ja
z n7qn7a+2kz . .
k=1 :
(0) a—1 (0) a—1 (0) a—1
Ajlyqa‘lz Ji A]g,qa 1272 A]a 12%ja
For k=2,...,a, we subtract the (k — 1)-th row multiplied by x,.1 from the k-th row and then
p Y Tn+
extract the factor A gn—a—1+2k . Thus we get
a
(a) -1
H n a+2kz An7qn—a—1+2k2
k=2
(0) 0 (0) 0 (0) 0
j1jq1*“zxj1 A‘Z%Sqlfazxj2 A%lqulfaz Ja
X Ajl,q3—°’zxj1 Ajz,q?"azsz o Aja,q3‘“z Ja
(1) a—1 (1) a—1 1) a—1
J1,q0 12 j2,q0 12 g2 Ajmqa*lzxja

Repeating the above steps in the order b = 2,...,a — 1, by replacing x,,1 and A;}Zn_a_pr%z

(k=b+1,...,a), we get

with z,49_p and 'An-s—l pogn—a—b+2k

Hy”q" o2z H H ‘An-H bygn—a—bt2ky

b=1 k=b+1
(0) 0 (0) 0 (0) 0
1,1~ az T j2 ql—azxjé Ajcuql“’zxja
(1) A T 1) T
< J1,q3 0z 01 J2,q3 ez 72 Ja,q3—2z"Ja
(a=1)  a—1 (a=1)  a—1 AlTD el
J1,q4 7121 J2,q% "1z j2 Ja,q® 12" Ja

The proof is over by noting that

a
Hy n— a+2kZH H An+1 bqn a— b+2kz
k=1

yn—l—l —a,qntlz’

b=1 k=b+1
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Now we give a proof of Theorem 5.2.
Proof of Theorem 5.2. By Proposition B.2, for J = (1,2,...,n+ 1), we have
(0) 0 (0) 0 (0) 0
A(l,q,nle A(27)q nzx2 ... A(’I’L-)f-l,qinzwn+1
1 1
QD) _ [Pl Bygani®a ot Ay o B
J,z - . . :
Ag'r,lq)"zl‘? Agr,lq)"zxg e A'Sﬁzl,q”zxz-‘rl
By Lemma B.1, we get
n
Q(n—H (_1)(n+1)n/2 H JZ‘ZH_l_b,
b=1
which implies the result. u

C Proofs of identities for characters in the case Bfll)

In this section, we set g = Bg). First we introduce some notation. For i, j € J and an element

J € J%, we define

ha = H (x% —i—a:,;%), Ty = H (—x?éi”;_l) H (x;_%dk,i)7

kkeJ, keJ, keJ*,
k=<k k=<1 i<k
ls _
= f; Axl_i‘sm' — — R .
gl?] - J] ] - g]77/7 glﬂ-] - gl,k7
kedJ,
ki

where f; ; is defined in Subsection 4.2.
By (4.15) and the above notation, one has

an) = H fz,] H fzy) th H fz,]v

icJ,jeJ*, i,J€J, i€J,jeET*,
i<J i=<J i<J

where X is given in (5.5). A direct computation gives

I fi= 11 fs 1T fi= 11 #e

€77 jeT, ies e, jeTi<j jedj=i
i<j 1=J
fii 1 9
i€T—ipde(J—ip)*, i€,
i=<j o i=<J 7
. - L. jk?J'
11 Jij 11 Gjr,j
ieJ,jeJ*, jeJ*,
i=j g =i

Furthermore, for two elements J; and Jo of J" and j; € Jo N J}, we have

~

Ljp,J T, . _
I 2T _x?kali;‘
Lo, J2 Ly, J1

Using the above formulas, the specialization of Conjecture 5.3 to the characters an)

the following proposition.

reduces to
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Proposition C.1. For two increasing elements J; = (i1,...,in), J2o = (J1,...,Jn) € T", we
have
_1 _1 3 3¢
27 o 27 _ -1, -1 2 ,.29071 b
w2 hgehg, —apthgshy = aglert Y @k @i hy, jhy . (C.1)
JEJ2NTF D2

Proof. Generally let

le{jeJmJ; j¢J1,jeJ;orjeJ1,j¢J;},

Ty {jGJlﬂJ55¢J173¢J5}7 T3={j€JlﬂJ§ 5€J10J§7j<3},

slz{jeJme 3¢J2,56Ji‘,orierJ¢Jf},

Szz{jejzﬂe]f j¢J2,j¢Ji‘}, Ssz{jerﬂJi‘ jeJme,j«j},

then we have J1NJ; = |J TiUTs, JoNJ; = |J SiUSs, and #(J1 N J3) = #(Jo N J7). Here
~ A 1<i<3 ~ o~ 1<i<3 ~ ~R

for a subset S C J, we set S = {i |i € S}.
Let

P B il 95,0
11, 0s(25) = Tiwg

hyhg 9575

We also introduce a function

. [T (z— =) [T (z = 2p) (22 — 1)
F(z) = ke, H zr — 1 ket 7
(1+2) [] (z—xp) hes, © Tk IT (z — zp)(zzp — 1)
keSy keSs

which has poles only at z = —1,00 and z; (j € JLNJf = |J S;USs).
~ N I<i<3
A direct computation gives, for j € S3

I (1 —zpz) I[ (zj — ) (zjz, — 1)

ReS(f,JZ‘»_l) _ 21 k€T Tk — Tj keTs
J zj(1+23)(1 —z;) I (1—axzy) hes, 1—azpz; [[ (x5 — zp)(zjz, — 1)

k651 keSs3,

ket

=cFy,p ($;1)7
where ¢ = % Similarly we obtain
3

Res(f, $j) = CFJlJ2 (.%j), j € Sl 1= 1,2,3.

_1
L2
%

1 2 11 A%

xry (o7 \ 2 keTy keTs TT, TS
Res (f,—-1) = — <1) Res (f,00) = ——-22 = —¢.
(,=1) zsy \s, /) II b I1 B3 (f0) TSy
keSs

1
On the other hand, by setting h; = x? + x, ?, it is easy to see that

Jun
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_1
Since the right-hand side of (C.1) equals hjehy,x;* > Fy p(x;)), it simplifies to

jeJonJf
2
) o 11 ke T1 1
_1 B T, [ TT keT keT:
hyhpx;?(—c Bl —e+=(=2 ! 3 5
1 1 TSy \ TS, H hy, H hk
keSt kEeSs3
Now it is sufficient to prove
2
1 H D, H hk; % hh
<$T1>2 keTy keTs x ‘rJl Jg J1
— LSy
xsl H hk H h% x§ hjl*hfz
k€St keSs J2

which is immediate. We finish the proof.

D Proofs for identities of characters of case C’T(ll) and Dfll)

CONGY

In this section we consider g = Cy 7, Dy,’. By (4.15) and Conjecture 4.5, Conjectures 5.5-5.8

reduce to the following identities

™52 ] ! [T -4

1<k<u, (1 - makxﬂz)(ka - xm) 1<k<u+1

1<i<u+1
s(s+1) 1 1 1
>0y I v I 7 I ——
1<k<I<s TN <pci<t Ok 01 1<kss, T %
u(u—1) 2 1
(_1) 2 T4 H (1 —r )(33 _z ) H (1 - xO’k) H (1 +x77k)
1<k<u, Tk Tk M/ 1<k<u 1<k<u+2
1<i<u+2 - -
s(s—1) 1 1 1
>0 I 7—— I 7 Il ——
1<k<I<s WM <p i< Ok 01 1<kss, Tk o
u(u+1) 1
(0" ] 1 a-q)
Mk
1<k<u, (1 B mgkxm)(xo’k - xm) 1<k<u
lglgu -
s(s+1) 1 1 1
=> 0w I 7 I 7 I ——
1<k<I<s TN <pci< Ok 01 1<kss, T o
u(u—1) 1
1<k<u, Tk Tk M/ 1<k<u 1<k<u+1
1<i<u+1 - -
s(s—1) 1 1 1
:Z(_l) Loy H l1—zx H 1—2z5.x H Loy — X§
1<k<I<s WM <poi<i Ok 01 1<kss, Tk o

(D.1)

(D.2)

(D.4)

In these formulas, o, n are disjoint subsets of {1,...,n}, such that (§o,n) = (u,u+1), (v, u+2),
(u,u), (u,u+1) respectively. The sum is taken over partitions of ¢ Un into subsets v, § satisfying

o C v, where we set s = v, t = {9.

Similarly, in the case of g = DS), by (4.15) and Conjecture 4.6 the relevant identities read

as follows.

(1) "5 2y I1 L I (t-22)

1<k<u, (1 = @, 2 ) (2e,, — ;) 1<k<u

1<i<u+2
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:Z(_l)t@l)x& H % H 1 H kal—x(gl’ (D.5)

Lny, T 1—ux5.x
1<k<I<s VeIN <pci<t Ok o g <y,

1<i<t
u(u—1) 1
G e | II a-<2)

_ _ k

\Sh<u, (1 xﬂk%lz)(xak $771) 1<k<u

1<i<u+2

N | e | e | B (0

1<k<I<s 1= 2y 1<k<I<t 1= g5, 15k, Loy = Ly

Here (f0,4n) = (u,u+2), (u,u + 1) respectively, s = =, t = §4, and the sum is taken over the
partitions satisfying o C v keeping fixed the parity of s.

These formulas are related by specialization of variables: (D.1) is obtained from (D.3) by
setting x,, = 0, (D.2) is obtained from (D.4) by setting z,, = 0, and (D.4) is obtained from (D.3)
by setting x,, = 1. Likewise (D.5) is obtained from (D.6) by setting z,, = oco. Hence it is
sufficient to deal only with (D.3) and (D.6).

Define polynomials in = (z1,...,2,) and y = (y1,...,Yn),

Fom@ gy = J[ Q—ma) [ Q- vy — v,

1<i<j<m 1<i<j<n
G5 @y = T Q=) [T @i—y))

1<i<m, 1<i<m,

JE€J1 jEJo
< 1T wi—w) TI —ww) [] wi—u)
“IE, i€y jets €03,
1<J 1<J

Set also 0(J1, J2) = ${(4,j) € JixJa | i < j}. Then (D.3) and (D.6) can be rewritten respectively
as follows:

H 1—y2) - FO) (2, y) = Y (=1)°U0) TT ;- GY7) (2, ), (D.7)

J1,J2 j€Jo

H (1=af) - PO, y) = 3 (=1 G (). (D:3)
i=1 J1,J2

Here the sum in the right-hand sides are taken over all partitions J; U Jy of {1,...,n}, and
= #£1. For the second, we have added/subtracted the original sums which have a parity
restriction.
In order to show (D.7), we prove it in a slightly more general form.

Proposition D.1. Suppose n > 2,0 <m <n and m =n (mod 2). Then

o (O R R D | R (D.9)
j=1 J1,J2 jE€J2
Proof. Denote by R("™™ the right-hand side of (D.9), and set

m

H F(m " (x,y), A (z, z) = H(l —x;2).

i=1

(m,n)

Let us rewrite R as follows:

yj—(m+n)/2 . p(mmn) — Z(_l)tuz H (yi—(ﬂ’L-l-n)/Qh(m)(x’yi)) H (y§m+n)/2h(m)(x’y;1))

j=1 J1,J2 i€Jy JEJ2
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< I wi-v) I @'-w) I @w-v" I '-u")

,J€J1, i€J1,J€Jg, i€Jy,j€J 2, ,JEJ,
i<j i<j i>] i<j
_ —ej(m+n)/2; (m) €5 €; €
= ) H (agy] M@ y?)) I 7 =)
€1,.En==21 j=1 1<i<j<n

—-det( )24 ) (4 __yyn+nV2—j+1hun)(x,y;1))

1<ij<n

It is easy to see that the last expression is 0 if m = 0 or m = 1. Assume m > 2. We prove (D.9)

by induction on m. From the skew-symmetry of the determinant, R(™™) is divisible by H;-Lzl(l —

yf) [li<icj<n(l— yzy])(y] —yi). Let us show that it is divisible also by [[;<;j<p (1 — 2iz;)).
If we set z,, = then h(™(z,2) = z(z +2z v — g, — x;}_l)h(m_m(w”,z), where

2" = (x1,...,2m—2). Hence R(™") becomes proportional to

ml’

det( —(m=2+n)/2+j~11 (m— 2" yi) — y(m 24n)/2=j+1 ) (m— 2)(33 ’yi—1)>1< .
7,7<n

which is 0 by the induction hypothesis. This shows that R("™") is divisible by L™™).

The total degree of L(™™ is [(™") = m(m — 1) + n(3n + 1)/2, while that of R(™™ is at
most 7" = n2/2 + mn + (m + n)%2/4 — m/2. Notice that (™" > (™) for n > m and
[(mn) — p(m1) - From this we conclude that if n > m then R(™™ = 0, and if n = m then R
is a constant multiple of L(™™) . The constant is shown to be 1 by setting = 0 and using the
Weyl denominator formula of type Cj,

n n

—ntj—1 i+l
[} - det (yz SR VA )1<U<n =110-4) JI —wuw)y—w). u
j=1 - V= j=1

1<i<j<n

Proposition D.2. Supposen >3 and 0 < m <n —1. Then for e = £1 we have

(L4 )dmn-1 [ (1 —2?)  F (@) = Y 2 (-1 G0 (2, 4). (D.10)
=1 J1,J2

Proof. We denote the right hand-side of (D.10) by Rgm’"), and set

m

K = T](1 - 2?) - Fo) (z, y).
1=1

By a calculation similar to the one in the proof of Proposition D.1 we find

€

n
H yj—(m+”—1)/2 . R(m,n)

_ —(m+n+1)/2+5; (m) ) 1, (m4n+1)/2—37, (m) -1
= det < h\m (33', er) +€ Y, h (.%', Y; )) 1<ij<n )

where ¢ = (—1)"™*""le. From this, it is easy to see that REO’") = 0. As in Proposition D.1,
we prove the assertion by induction on m. As before, one can verify that the left-hand side is
divisible by H1<l<]<m(1 2:75) [T1<icj<n (1 —¥iy;)(yj — yi). Let us show that it is divisible also
by [T, (1 — 2?). If we set x,,, = £1, then we have

R (z, 2) = (2_1/2 F 21/2) PR 2), 2= (21,..., Tm_1).

rm==1
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Hence the determinant becomes proportional to

—(m+n)/2+74 (m—1) /1 1 (m+n)/2—7; (m—1 -1
det (y "IN g 5 T EIR D @)
which is 0 by the induction hypothesis.

The total degree of K(™™ is k(™™ = m(m+1)+3n(n—1)/2, while that of RU™™ is at most
r{mm = mn+n(n—1)/2+(m+n)?/4—§/4, where § = 0, 1 is determined by § = m—n (mod 2).
Then k(™7 > rém’n) if m <n-—2, and kn=1n) — rén_l’n). Hence we find that RE’”’”) =0
if m <n-—2, and RE”‘L”) is a constant multiple of K(™~17) The constant can be found by
setting x = 0 and using the Weyl denominator formula of type D,,

=1+ I vy —w) u

>1<i i<n
=hI= 1<i<j<n

n
H y; - det <y{n+] +ey
j=1
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