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1 Introduction

In recent years, global solutions of Fuchsian differential equations with more than three re-
gular singularities and those of the differential equations of confluent types, attracted atten-
tion [11, 29]. The multi-indexed Laguerre and Jacobi polynomials [10, 19]! and their simplest
(one-indexed) cases, i.e. the exceptional orthogonal polynomials, provide explicit examples of
infinitely many global solutions of such equations. They are obtained by Darboux—Crum trans-
formations [1, 3, 4, 14] applied to the exactly solvable Schrédinger equations [2, 13] of the radial
oscillator potential and the Poschl-Teller potential. In these global solutions, all the extra sin-
gularities (i.e. those added by Darboux—Crum transformations) turn out to be apparent and the
characteristic exponents are all —1. This is a generic property of the Darboux—Crum transfor-
mations. The role of Darboux transformations in iso-monodromic deformations has been known
for some time [5] and some explicit examples of monodromy free rational potentials were given
in [8, 15].

In the present paper, we construct, by adjusting the parameter of the multi-indexed Laguerre
polynomials, several families of infinitely many global solutions of Schrodinger equations with
two or more finite regular singularities and one irregular singularity at infinity. At one of the re-
gular singular points, these solutions have an apparent singularity of characteristic exponent —2.
We now show one of the examples which is labeled as (E) in Section 3. The Hamiltonian is given
by

d? , 195 d?log(x? + 6)%(x? + 14)
=—— — 162
7 dx? ta 472 dz?

*This paper is a contribution to the Special Issue “Superintegrability, Exact Solvability, and Special Functions”.
The full collection is available at http://www.emis.de/journals/SIGMA /SESSF2012.html
1For the bibliography of various exceptional orthogonal polynomials see references in [19].
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We change the variable by 7 = x2. Then the equation Hi(z) = EY(z) (€ € C) in the va-
riable 1 has apparent singularities = —6 and 1 = —14, whose characteristic exponent is —2
and —1 respectively. All the apparent singularities are located outside of the half line (0, c0),
thus the eigenfunctions of the Schrodinger equations are constructed by using Darboux—Crum
transformation, and they are global solutions of the differential equations. The essential part of
the numerators of these global solutions form orthogonal polynomials over a half line (0, c0), with
the square of the denominator forming the part of the weight functions e %27 /{(z+6)*(x+14)%}.
The polynomials in the numerators of the global solutions are obtained within the framework
of multi-indexed orthogonal polynomials, and their degrees have “gaps”. In this example, the
polynomials of degrees 0, 1, and 2 are missing. We also report examples (A), (B), (C), (D),
(F), (G) in the two index case and an example in the three index case. Each example has its
peculiar properties (see section three). The orthogonal polynomials related to (A) and (B) are
also reported in [9].

This paper is organised as follows. In Section 2, we review the Darboux transformations
with the induced singularities. In Section 3 we show that the special cases of multi-indexed
Laguerre polynomials provide several families of infinitely many global solutions of confluent
differential equations with two or more finite regular singularities and one irregular singularity
at infinity. They have an apparent singularity of characteristic exponent —2. The final section
is for a summary and comments.

2 Darboux transformations and induced singularities

Our starting point is a generic Schrédinger equation with a Hamiltonian H

d2

in which U(z) is a meromorphic potential. Let ¢ (x) and ¢(x) be two distinct solutions, not
necessarily square-integrable eigenfunctions, of the Schrédinger equation

Hip(x) = EY(x), He(z) = égo(az), £, eC. (2.1)

Then it is elementary to show that a new function

gyt Wl Ul(@) _ (@) () — ¢/ ()u(a)
p(x) p(x)
is a solution of a new Schrodinger equation with a deformed Hamiltonian ()
d? def d?log ()
n_-_ = (1) 1) 2o _o U\
H 122 + UV (z), U(z) =U(z) -2 2
with the same energy &
HOpD (2) = gD (). (2.2)

The zeros of the “seed” solution ¢(z) produce singularities of the equation, and there are no
multiplicities of the zeros of ¢(x) except for the singularities of U(z), because the function ¢(x)
satisfies the Schrodinger equation and the exponents at a holomorphic point are 0 or 1.

To obtain the deformed Hamiltonian which admits an apparent singularity of exponent —2
or higher, we use Darboux—Crum transformations [1, 3, 4, 14]. Let {wj(x),gj}, j=1,....,M be
distinct seed solutions of the original Schrédinger equation (2.1) and as above 1 (x) be a solution
with the energy £

Hep(z) = EY(x), Hepj(z) = Eip;(x), E,E¢€C, j=1,...,M.
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By repeating the above Darboux transformation M-times, we obtain a new function
w(M)(‘,L,) d:ef [‘1017 a(pMﬂ/]](l‘) (23)
Wipr, ..., poul(z)
which satisfies an M-th deformed Schrédinger equation with the same energy [1, 3, 14]
HOD (2) = £ (@),

42 def d?log W1, . .., on] ()
M M M e yee s
HM) — ——_ L yM)(y), UM (2) = U(z) -2 Ir2 ,

j=1
Here W[fi,..., fn](x) is a Wronskian

k—1 ¢
Wi, o) Soe (T )
1<5,k<N

and the inner product among real functions is defined as usual

def
(1.9 [ f@yg(o)da.
Except for the singularities of the potential, a zero of the Wronskian W(e1, ..., var](x)
Wipr, ... ouml(x) = co(x —20)™ + O(x — o)™, m € Zsy,

corresponds to an apparent singular point of the deformed Hamiltonian )

2m
5 + regular terms.

(z — o)
The characteristic exponents of the solutions of the new Schrédinger equation (2.2) at the
apparent singularity xy are determined by

p(p—1)—2m =0.

zx~ag,  UM(2) = Ulao) +

For certain values of the integer m, the monodromy of the added singularity becomes trivial
m = 17 P = _17 27
m = 37 p= _23 37
m=6, p=-3,4, etc

When all the added singularities are of trivial monodromy, the possibility of global solutions
arises. The infinite families of the exceptional (or one-indexed) Laguerre and Jacobi polyno-
mials [19] are the examples of the global solutions of second-order Fuchsian (and its confluent
limit) equations with many extra singularities with all p = —1. This is the generic case, since
any solution ¢(z) of the Schrodinger equation (2.1) with the radial oscillator potential (3.1) or
the Poschl-Teller potential [19] cannot have a multiple zero (m > 2).

3 Multi-indexed Laguerre polynomials

In this section, we present several families of infinitely many global solutions with a high deg-
ree (p = —2) of apparent singularity. The strategy is simple. We start from certain “non-
generic” multi-indexed Laguerre polynomials and choose the parameter g such that a triple zero
is achieved for the seed solution (the Wronskian). Then we construct the global solutions expli-
citly. When the zeros are outside the half line (0, 00), the global solutions are square integrable
and they are eigenfunctions of the deformed Hamiltonian.
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3.1 “Non-generic” multi-indexed Laguerre polynomials

For the multi-indexed Laguerre polynomials [19], we adopt the Schrodinger equation (2.1) with
the radial oscillator potential [2, 13]
-1
U(x;g)—x2+g(9372)—(1+29), g>0, 0<z<oo. (3.1)
It has a regular singularity at © = 0 with the characteristic exponents p = ¢g,1 — g and an
irregular singularity at x = oo. The eigenpolynomial solutions are

H¢n($;g) = €n¢n(x5g)7 En = 4n,
1
onl@ig) = 9L D (@), @) et n—01,.... (3.

in which L%a)(n) is the degree n Laguerre polynomial in 7. They form a complete set of ortho-
gonal polynomials over (0, 00)

o o0 1 _1
)™ [“ontsiopon(aiortr =5 e S L i - o)

def 1
hn(g) = ﬁf’(n—i-g—i-%)

The generic multi-indexed Laguerre polynomials are constructed by the Darboux—Crum trans-
formations (2.3) in terms of two types of polynomial (v € Z~g) seed solutions, called the virtual
state solutions [19],

1 _ .
&v(x;g)‘Efe%mzmv(g”)(—n(x)), E)E ~ag+v+i), (@Lo)=cc,  (33)

1
(23 g) 4 3251701 (279) (), EMg ¥ —a(g—v—1), (NN =00, (34)

with certain constraints on the range of the parameter g. In order to generate a wider class
of global solutions with a high degree of apparent singularities, we will adopt non-virtual state
polynomial seed solutions, too:
1
~ def 1.2 1_,-(5-9 5 def ST
Maig) S 3o o)), BN Y it (@A) = . (35

v

Here we summarise the definition of “non-generic” multi-indexed Laguerre polynomials.

Definition. The “non-generic” multi-indexed Laguerre polynomials are the main part of the
eigenfunctions ¢ (M) (x) (2.3) generated by the multiple Darboux transformations with the eigen-
functions {¢,(z;g)} and the three types of seed solutions (3.3), (3.4) and (3.5), the virtual and
non-virtual state solutions, and that the parameter g is restricted only by the positivity g > 0.

The regularity of the solutions and/or the positivity of the resultant weight functions etc.
must be verified in each specific case of the chosen parameter values. This is in good contrast
with the multi-indexed Laguerre and Jacobi polynomials defined in [19], in which the parameters
are restricted (equations (23) and (24) of [11]) so that the seed solutions are of definite sign and
their inverse are not square integrable

T 151 T4 400
(1/¢vv 1/¢v)’ = (1/¢v ) 1/¢v) = 0.
These two additional properties guarantee the regularity of the solutions and the positivity of
the weight function. In other words, these restrictions are lifted for the possible construction of
the non-generic multi-indexed Laguerre polynomials. In the singular solution cases, the square
integrability is irrelevant and we also consider g < 0 example (F).

For the M-index case, the seed solutions is Wpy,, ..., ¢y, ](x). We look for the possibility
that this function has triple or higher zeros at some points.
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3.2 Two-index case

Here we consider the simplest multi-index case, the two-index case

(2) () def WIP1, 92, 6n(2)
"0 = W gal(@)

We focus on the seed solutions of the form

Wo(z59), 8%, (i 9)] (),  W[el(219), o (2:9)] (), Wby, (z:9), oL, (x59)] (),

with lower degrees vi and vy and evaluate the discriminants of the polynomial part of the seed
solutions. At the roots of the discriminant, which is a polynomial in g, the above seed solution
has a multiple zero. The first two are the non-generic type and the last one is the generic type.
As we will show in some detail, they have different features.

So far we have encountered the following seven cases:

(3.6)

(A): W[ (2;3 )<z>2( @), (B): W[y (1), 61 (x: 1)] (@),
(€): W[eg (@3 9). o1 (23 9)] (@), (D) : W[ (2:9), 05 (23 9)] ()
(B): W[eh(z: %), (w: )] (@), (F): W3] (x;—%), 08 (w; — %)W
(G): Wos(z: %), 01 (2: F)] (2)-

3.2.1 Seed solution case (A)

In this case
W(o1" (z; 9), d(x; 9)] (x)
= (29 + 1)e™ (=9 + 189 + 49> — 8¢° + (18 — 8¢%)2® + (12 + 8g)x* + 829).
The discriminant of the polynomial in the variable n(= z?) is
2048(2g — 3)(29 + 3)*(4g — 3)%,

and g = § gives a cubic zero

W] IH( ), ¢2( D](@) = 535¢” (3+4$) :
The potential is
9 3 48 288 13

Ula) = 22 _ 3 3.7
e TR Sy pe (314227 2 (37)

3.2.2 Seed solution case (B)

In this case
Wy (x; ), 61 (w3 9)] (2)
= L(29 — 3)e” (5 — 29 — 204> + 8¢ + (10 + 16 — 8g%)a? + (20 — 8g)a* + 82°).
The discriminant of the polynomial in 7 is
—2048(2g — 5)%(2g + 1)(4g — 1),
and g = l gives a cubic zero
W] IH( Z; )¢1( D(@) = — 555" (3+4$)'

The potential is the same as U4 (z) up to an additive constant

3 48 283 11
Up(x) =U. 1=2a?— - - 3.8
p(@) = Uale) +1 =07 = s + 30 (31427 2 (3.8)
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3.2.3 Seed solution case (C)

In this case

W(oy'(x; 9), 61 (x; 9)] («)

= 229729(—~135 + 1749 — 68¢° + 8¢° + (—54 + 48g — 8¢%)z” + (36 — 8g)z" + 82°). (3.9)
The discriminant of the polynomial in 7 is

—2048(29 — 9)*(29 — 3)(4g — 9%,
and g = % gives a cubic zero

(3 + 4a?)°

(.. 9\ AL(,..9 _
W[ 2 (‘Ta4)a¢1 (I‘,4)](CL') 64IE3/2
The potential is exactly the same as Up

3 48 288 11

1622 * 3+ 422 (3—1—41’2)2 2

Uc(x) = Ug(z) = 2% —

Since the eigenvalue &,, = 4n is independent of g, the corresponding solutions (;5%2) (x) (3.6) for (B)
and (C) satisfy the same equations. Thus they are identical. We will not consider case (C) in
the next subsection.

3.2.4 Seed solution case (D)
In this case
W (o1 (z; 9), 05 (25 9)] ()
= 229729(—135 + 1749 — 68¢° + 8¢° + (54 — 48¢ + 8¢%)2* + (36 — 8g)z" — 8F).

The polynomial part is obtained from that of (3.9) by the change x? — —2. Thus the discri-
minant is the same and g = % gives a cubic zero

- - —3 4 42 5
WA (a:3), 3 o )] o) — - o)
The potential has a singularity in (0, co)

3 48 288 11

Up(z) = 22 — - =
p(z) = 16x2+—3+4m2+(_3+4$2)2 2

(3.10)

The corresponding solutions (3.6) are not square integrable and this sequence is not that of
orthogonal polynomials.
Cases (E)—(G) belong to the generic type.
3.2.5 Seed solution case (E)
In this case

W5 (2; 9), 91 (23 9)] ()
:—%+392—g4+(%+99—292—4g3)a:2+ (12—5—49—692)x4—2(1+29)x6—xg.
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The discriminant of the polynomial in 7 is
~16(2g — 15)*(29 — 3)(2g9 + 1)(2g + 3)*

and g = % gives a cubic zero

WBh(a: 2). 30 (5 )] (0) = (6-+7) (14 42).
The potential is
5 195 144 12 112 4

Up(z) = 22 + o — - — 16. 3.11
Bl) =2+ 7 (6+x2)2+6+x2 (14+x2)2+14+x2 (3:.11)

3.2.6 Seed solution case (F)
In this case
W@ (x:9), 05 (159)] (x) = 15 — g — 39° + 49> — g* — (B + Tg — 14¢* + 4g°) 2
— (5 — 169 + 6¢%) 2* + (6 — 4g)2° — 2°.
The discriminant of the polynomial in 7 is
—16(2g — 5)%(29 — 3)(2g + 1)(2g + 13)?

and at a negative value of the parameter g = —13 it gives a cubic zero

W ). 8 s B — (2 - 17— )
The potential is singular in (0, co)

195 144 12 112 4

U — -
r(z) =22 + + x2—6+(x2_14)2+a:2—14

W g +12. (3.12)

3.2.7 Seed solution case (G)

In this case

W [5(z; 9), 1 (25 9)] (2) = 55 { (=3 +29) (=1 + 29)(1 + 29)(3 + 29) (5 + 29)
+10(—3 + 29)(1 + zg)(3 +29)(5 + 29)2* + 80(—1 + ¢)(3 + 29)(5 + 2g)x*
+160g(5 + 29)2° + 80(3 + 2g)2® + 3227}

The discriminant in 7 is proportional to
(29 — 3)(29 +1)(29 + 3)*(29 + 5)°(10g — 39)°
and g = % gives a cubic zero
W[k (2;39), 1 (2 3)] () = sae (12 + 52)° (2244 + 49522 + 252%).

The potential is

V() = 22 + 1131 44 1440 60
T)==x - =
¢ 10022 5 (12 + 53;2)2 12 + 5a2
16500022 20(10z% — 99)

(2244 + 49522 4 2524)° 2244 + 49522 + 252

The basic structure of (G) is essentially the same as that of (E). So we will not present the
explicit formulas of (G), since they tend to be rather lengthy.
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3.2.8 The detailed structure of these seed solutions

In the non-generic cases (A) and (B), the potential functions are essentially the same, but the
main eigenfunctions carry different coupling constants, {gbn (:L‘; %)} and {qbn (x; %)} Thus the
corresponding multi-indexed polynomials are entirely different. The equality (up to a sign) of
the seed solutions of (A) and (B) is easily understood, when one notes the trivial identity

dy(w59) = ' (w; 1 — g).
In fact, we have
Bl d) = WM (w: 3) = L2 (3 4 02),
(1/01 (25 1), 1/61 (2 1)) = (1/ (23 7). 1/61" (2:§)) < o0, (3.13)
Byl 2) = B (a:3) = e 24 (3 4 4a) (15 + 4a?)
(1o )1/ (o)) = (1351100 05 ) = o

A cubic zero of the seed solution in (A) and (B) is realised by a nice magic of the Wronskian

W [6x2/2x1/4 (3 + 427, "’ /2314 (3 + 42?) (15 + 42%)] (z)
= (612/2161/4 (3+ 4x2))2W[1, /2 (15 + 4$2)] ().

The Wronskian on the r.h.s. provides another factor 3 + 4x2. The fact that 1/ (511 (m; %) and
1/ gbm( x; 4) are square integrable (3.13) means that the mechanism of multi-index polynomials

developed in [19] does not apply.
For (C) and (D), the functions are

~111(x; %) _ —ie‘xz/%_f’/‘*(s +4x2)’ ¢2 (m %) 3%e—ﬂ/z —5/4(_3+4x2)(1 +4x2)’
0 (2:9) = 1% (3 aa), s d) = e (3 4 40) (1 4 1a?),
(@1 (3 9), 01 (23 ) =00, (1/01(2:9),1/01 (2:7)) = oc.

Again the cubic zeros of these cases are realised by a nice magic of the Wronskian. As expected,

2 (x; ) qﬁm( ) and ¢IH( x; ) change sign in (0, c0), which is a deviation from the mechanism
of multi-index polynomials developed in [19].

Now it is clear that the solutions ¢£3) (z) (3.6) have a p = —2 apparent singularity, that is,

1 1
(2) —_— A), (B), (C (2) —_— D). 3.14
0@ % G (A B © @) x s O (314)
Among the six terms of the numerator Wronskian W{p1, p2, ¢p](z) of (3.6), the four terms
containing ¢} (x) or ¢!/ (x) contain at least one term ¢1(z) or ps(x) without a derivative. Thus
they contain at least one factor of 3 4+ 422 in (A), (B), (C) and —3 + 42?2 in (D). The remaining

two terms which contain ¢, (z) are proportional to
P ()3 () — o (z)h ().

Since ¢;(x) is a solution of the original Schrédinger equation (2.1), they satisfy
90;-'(33) = (U($) — gj)gpj@), j=12.

Thus the above terms also contain one factor of 1 (x) or @o(x), that is, 3 + 422 in (A), (B),
(C) and —3 + 422 in (D). Thus one factor of the cubic zero of the seed function W[ep1, po](x) is
cancelled and we arrive at (3.14).



Global Solutions with a High Degree of Apparent Singularity 9

The relationship between the generic cases (E) and (F) has similarities with that between
the non-generic cases (C) and (D). The functions in (E) are

gglg(:zj, %) _ %em2/2$15/2 (6 + x2) (12 + 1:2), ~111 (1,; 12j) — /2,132 (6 + x2).
The functions in (F) are
ggll (x; —%) = exz/Qx_l‘g/Q(—G + 1:2), ~111 (x; —12—3) = %e‘x2/2x15/2(—6 + xz) (—12 + x2).

Thus it is also clear that the solutions ¢512) (x) (3.6) have a p = —2 apparent singularity, that is,

1
(@ =672 (F).

(x

@ x g ©) o)

3.3 Global solutions with a p = —2 apparent singularity

Here we present the infinitely many global solutions with a p = —2 apparent singularity in
explicit forms. They are simply obtained by evaluating ¢$12) () (3.6) in each case (A)—(F), to
be denoted by ¢2(z), ¢B(z), ..., ¢¥'(z), respectively. Most formulas look simpler as functions
of n = n(x) = 22, since the eigenpolynomials of the radial oscillator potential are the Laguerre
polynomials in 7, (3.2).

3.3.1 Global solutions (A)

The global solutions are

d?
HAG (@) = Eatl(x),  HAE g 4 Ua(e),  En=4dn, (3.15)
—n/2,3/8
i) = ] n=01,..., (3.16)

W‘Cn 7])7

in which £2(n) (n > 0) is a degree n + 3 polynomial in 1 defined by

£A(n) (=117 + 1567 + 20852 + 647°) LI/D (1)

—4n(3 + 4n)2 LYV () — 4n(3 + 4n) (15 + 4n)9, LYY (n).

In evaluating the Wronskian W[QBIIH (33; %), qz% (:L‘; %),qﬁn (:z:; %)] (), the second derivative of the

Laguerre polynomial LSM) (n) appears. It is replaced by LSM) (n) and &,LSM) (n) by using the

equation for the Laguerre polynomial

2L (z) + (a + 1 — 2)0, LY (2) + nL{ (z) = 0.

There is another member of this family corresponding to the eigenvalue & = —8, because of
the fact that the Darboux transformation in terms of ¢11H (a;; %) is not one-to-one, (1 / (;51111 (a:; %),

1/ (z;3)) < 00, (3.13), see [19]. Let us denote it tentatively by £4,(n)

£A5 () €15 + 4n, (3.17)
whose normalisation is irrelevant. Note that n = —1 is missing. Some lower members are
765
L8 (n) = —117 4 1561 + 2087% + 647°, L) = —— T408n+ 408n% — 64n*,
8505 6237

+ 4567 — 252n° — 168n* + 321°.

554(77) = 39 3
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They are also discussed in § 6.2.5 of [9]. They satisfy the orthogonality relation

1
< eyt 4 A A
— LA LA ())dn = hASpm, m=-2.01,...,
/0 B n(m Ly (n)dn = hy, n,m

of 4 2)(4n + 13)T 5
A def (n+ )(”Z' )(”+4)7 ——

which is obtained by rewriting (2.4) with (‘:’{H(%) = —8 and gg(%) = —13.
By rewriting the Schrodinger equation for ¢} (x) (3.15) in terms of
G (@) = e 120y (n),

we obtain a second-order differential equation with regular a singularity at n = 0 and n = —%
and an irregular singularity at x = oo

h

5 45 — 24n + 160>
" - — ! =0 =-2,0,1,.... 3.18
ny+<4 n>y+ EETE y+ny=0, n (3.18)
For each n we have a global solution with a p = —2 apparent singularity
Ly (n)
= —" =-2,0,1,....

The differential equations for the polynomials {£2(n)} read
4n(3 + 4n) L3 ()" — (4n = 1)(15 + 4n) L3 (n)’
+4(5+1277+n(3+417))£ﬁ(77) =0, n=-201,....

The groundstate wavefunction ¢4,(z) (3.16) with £4, (3.17) and the energy & = —8 is
related to the potential Ua(x) (3.7) through the prepotential w4 (z) (Riccati form of Schrédinger
equation)

ewa(@) def e_x2/2x3/4(15 + 4$2) = dwa(z) ’ + dzwA(x)
(3 + 4x2)? dz

In other words, the Hamiltonian H* (3.15) is written in a factorised form

A def i . de(m) At _ _i _ de(a:)
AT = dx dx AT = dz dr
It is easy to verify that the standard Darboux—Crum transformation [3] of deleting the ground-
state applied to (3.19) will lead to the system of one-indexed (or the exceptional) polynomial

system generated in terms of the virtual state solution <Z~>12 (x; %)

HA = AT AL — 8, (3.19)

2 2 2 2
A1 def 4 AT_gz_i dw(z) _de(x)_8:_i U
H A%A dx? + < dx dx? dx? + U (@),
U gty 2Ly 16 96 16 40 9
AL = 1622 34422 (3+ 4332)2 15 + 422 (15 + 43:2)2 2

3 d2 71 3
=U(x;3) — 255 log éa(w: 7).

dx
This shows clearly that the non-generic two-indexed polynomial system (A) generated by a non-
virtual state solution ¢! (3:; %) and a virtual state solution ¢} (m; %) is not shape-invariant [7], in

contrast with the generic multi-indexed polynomial systems [19]. The standard Darboux-Crum
transformation removes the groundstate “created” by the non-virtual state solution @} (:U; %)
and the generic one-indexed polynomial system generated by the virtual state solution ¢ (x; %)
is obtained.
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3.3.2 Global solutions (B)

The global solutions are

o 2

WGl (@) = Eadl (@), HPE — 75 4 Upa),  E=dn, (3.20)
B . e_n/2n1/8 B B

¢TL (x) - (3 + 477)2 En (/rl)? n= 07 17 MR (3.21)

in which £2(n) (n > 0) is a degree n + 3 polynomial in 1 defined by

LB(n )def( 63 + 2521 + 2400 + 64n°) L (=1/4) ()
— 4n(3 4 4n)2LEVY () — An(3 + 4n) (15 + 4n)d, LY ().

There is another member of this family corresponding to the eigenvalue £ = —12, because of
the fact that the Darboux transformation in terms of qu( ; 1) is not one to one, (1/¢)IH( x; )
1/¢IH( T )) 00, (3.13), see [19]. Let us denote it tentatively by £5(n)

L8, €' 1. (3.22)
Its normalisation is irrelevant. Note that n = —2, —1 are missing. Some lower-degree members
are

B 2 3 B 297 3 4
Ly (n) = —63 + 252n + 240n° + 64n°, Ly (n) = e + 3961 + 264n* — 6403 — 64n*,
2835 4725
LBn) = = T g 1t 225n% — 3001 — 120n* 4 321°.

They are also discussed in § 6.2.6 of [9]. They satisfy the orthogonality relation

ey p s B
) Wﬁn (n)ﬁm(n)dn = hnénm, n,m= —3,0,1,...,

B def A4n+3)(dn+T7)D(n+3)
" n!

) n#_37

which is obtained by rewriting (2.4) with SHI(%) —12 and 51( ) =-T.
By rewriting the Schrédinger equation for ¢2(z) (3.20) in terms of

OB () = 712 By (),

we obtain a second-order differential equation with a regular singularity at n = 0 and n = —%
and an irregular singularity at x = oo

3 45 — 24n + 160>

iz /
- — =0 =-3,0,1,.... 3.23
ny +<4 77)?/+ BRI y+ny=0, n ,0,1, (3.23)
For each n we have a global solution with a p = —2 apparent singularity
L7 (n)
= - =-3,0,1,....

The differential equations for the polynomials {£2(n)} read

An(3 +4n)LE )" — (9 + 64n + 16n) L5 ()’
+4B+n)B+4n)LEBm) =0, n=-3,0,1,....
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The groundstate wavefunction ¢B;(x) (3.21) with £5; (3.22) and the energy £ = —12 is
related to the potential Up(x) (3.8) through the prepotential wg(x) (Riccati form of Schrodinger
equation)

Jun(e) def €7t/ dwp()\* | dwp(x)
(3 + 4.’132)2 d[]; de

—12 = UB(.’E)

In other words, the Hamiltonian H? (3.20) is written in a factorised form

WP — APTAP —1g, 4P L dws@)

d  dwp(z)
dz dx '

dx dx

, ABt = _

It is easy to verify that the standard Darboux—Crum transformation [3] of deleting the ground-
state will lead to the system of one-indexed (or the exceptional) polynomial system generated
in terms of the virtual state solution ¢} (x; %)

. d2 dwg(z)\? d*w d?
'HBld:f.ABABT—12:—d:CQ+< 53:( )> —d:f?()—12:—dx2+UBl(x)v

Upi(z) = 2% + 165902 + ; 4—1?1932 _ 5 +9j$2)2 - g =U(z; 1) — 2;;2210g P (5 1)-

3.3.3 Global solutions (D)

The global solutions are
HPGP (2) = En¢P(z), HP X - dd22 +Up(z), & =4n, (3.24)
0w = 1a ), n=0e

in which £2(n) (n > 0) is a degree n + 3 polynomial in 7 defined by

£0(n) % (3 4 4n) (63 + 1642) LTV (1)

n n

)
— 16nn(—3 + 4n)2L/D (1) — 367(—3 + 4n) (1 + 41)9, LT ().

n

There is another member of this family belonging to the energy £ = —8, to be denoted tentatively
by 592(77)

£P(n) L1+ an. (3.25)

Some lower members are

2079
LEm) = B+4n)(63+1607),  LP(n) = =2 + 792 — 384n° 4 19217,

4
31185 10395

£P () = 5 g 1T 3465107 — 29401 + 1512n* — 2247°.

Note that n = —1 is missing. The lowest member £, (3.25) with the energy & = —8 is related
to the potential Up(z) (3.10) through the prepotential (Riccati form of Schrédinger equation)

Jwp(a) det €21+ da?) dup(e)\* | dwp(x) _
(=3 + 42)? dz
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By rewriting the Schrédinger equation for ¢2 () (3.24) in terms of

oP (x) = e By(n),

we obtain a second-order differential equation with a regular singularity at n = 0 and n = —l—%
and an irregular singularity at x = oo

3 27 + 72n — 160>
" - — - =0, =-2,0,1,.... 3.26
ny +<4 n)y (3iapz YW n (3.26)
For each n we have a global solution with a p = —2 apparent singularity:
L7 ()
= —"— =-2,0,1,....
yn(,r/) (_3+477)2’ n ? ) )

The differential equations for the polynomials {£” (1)} read
4n(=3 +4n) L3 ()" — (1 +4n)(9 + 4n) L7 (n)
+4(3+ 120+ n(=3+4n)) LY (n) =0, n=-201,....

3.3.4 Global solutions (E)

The global solutions are

of d?
WG (@) = Loyl (@), HPE ——5 4 Up(a), & =dn, (3.27)
n/2 2
- 4
OF(x) = 5] chim, n=0,1,..., (3.28)

(6 +m)2(14+n)""
in which £Z(n) is a degree n + 3 polynomial in 1 defined by
LE(n) % —24(840 + 2801 + 30n% + n*) L) ()
= 4n(6 + ) (14 + ) LI (1) = 169(6 + 1) (12 + n)oy LD (n).

This belongs to the generic case and the Darboux transformation is one-to-one. The groundstate
corresponds to EOE . Some lower members are

L () = —24(840 + 2807 + 307” + 1°), (3.29)
LY (n) = 28(—6336 — 1320 + 44n? + 221> + n*),
L5 (n) = —16(54432 + 45361 — 1944n* — 180n° + 12" + 7).

They satisfy the orthogonality relation

= e’ E( o\ ,E E
L ﬁ d :h(snma ) :0,].7...7
/0 (6+77)4(14+77)2 n(n) m(ﬂ) n n n,m

hE € 16(n +10)(n + 6)(n + 1)7,
which is obtained by rewriting (2.4) with gg(%) = —40 and f:’{l(%) = —24. Here (a), def

n

[] (a+ k — 1) is the shifted factorial (the Pochhammer symbol).
k=1
By rewriting the Schrédinger equation for ¢ (z) (3.27) in terms of

OF (x) = 712 Ay (),
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we obtain a second-order differential equation with a regular singularity at n = 0 and n =
—6,—14 and an irregular singularity at z = oo

1008 + 12 — 16n% — n?

! /
+ (8 — +4 +ny =0, =0,1,.... 3.30
ny" +@—ny Grnzaarmz Yt n (3.30)
For each n we have a global solution with a p = —2 and a p = —1 apparent singularities:
L7 (n)
n(n) = - : =0,1,....
N T

The differential equations for the polynomials {£Z(n)} read
n(6+m)(14+ )Ly (m)" = (=672 = 8n+ 180" + 1) L3 (n)’
+ (=224 + 180+ 30 + n(6 +n)(14+n)LEM) =0,  n=0,1,....

The groundstate wavefunction ¢f (z) (3.28) with £F (3.29) is related to the potential Ug(x)
(3.11) through the prepotential wg(z):

() et e~ 1215/2(840 + 28022 + 30z 4 29) L (dws() 2+ Pwp(z) Us(e)
B (6 + 22)2(14 + 22) da ez~ BV
By construction, the system is shape-invariant
dwg(x) 2 d*wp(z) 17 d (.. 17\ JI(, .. 17
( dx A2 :U(:L‘; 7) —QEIOgW[¢2(:U;7),¢1 (x;7)](x)+4
255 48 4
2
= — — 14—
SR 6+222 6142
640(630 + 1752% 4 1227) N 4(—160 + 32?)
(840 + 28022 + 30x* + x6)2 ~ (840 + 28022 + 3024 + 26)
As shown clearly above, the singularity at 2 = —6 of the new potential corresponds to the
characteristic exponents p = —1, 2.
3.3.5 Global solutions (F)
The global solutions are singular in (0, c0)
F P P Fdet d?
H ¢, (z) = Endy, (), HY = 12 + Up(x), En = 4dn, (3.31)
—n/2,—13/4
of(x) = — £Em),  n=0,1,.., (3.32)

(=6+n)2(—=14+4n)"
in which £X(n) is a degree n + 3 polynomial in 7 defined by

£F () © —4(—9(~280 + 1407 — 220* + 1°) + (=14 +1)(—6 + ) LT ()
—16n(—6 4 ) (=12 + 1), L) (n).

They are not square integrable and thus they are not eigenfunctions. Some lower members
are

LE(n) = 36(—280 + 140 — 220% +1?), (3.33)
L1 (n) = —32(—1512 4 5047 + 12n* — 167> + n*), (3.34)
L (n) = 14(—6480 + 1080n + 3967 — 421> — 12n* + 1°).
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By rewriting the Schrédinger equation for ¢Z () (3.31) in terms of

o () = e/ 273y (),

we obtain a second-order differential equation with a regular singularity at n = 0 and n = 6,14

and an irregular singularity at x = oo

1008 — 129 — 165 +n°
(=64 1)?(—14 + n)?

ny" — (6 +n)y —4 y+ny =0, n=20,1,.... (3.35)

For each n we have a singular global solution with a p = —2 and a p = —1 apparent singularities

Ly (n)
(=6 +n)*(~14+n)’

Yn(n) = n=0,1,....

The differential equations for the polynomials {£Z(n)} read

(=6 +n)(=14 + )Ly ()" — (504 — 104n — 80* + 1°) L3, (1)’
+ (=252 = 8n+3° +n(=6 +n) (=14 +n)LE(m) =0, n=0,1,....

The wavefunction ¢f () (3.32) with £ (3.33) is related to the potential Ur(z) (3.12) through
the prepotential wg(z)

wp(a) def €% /227 13/2(—280 + 14022 — 222" + 2°)
e =
(=6 + 22)2(—14 + 22)

Wp\T 2 2w €T
(“52) + i < vt

By construction, the system is shape-invariant. The equations and the wavefunctions of (E)
and (F) systems have very similar forms.

Here we provide a summary table of (A) to (F), with the seed solution, the potential, the
orthogonality weight function and the “degree” of the extra member, that is the “n” of the extra
member £,,. Case (C) is omitted because it is identical with (B).

Summary table

seed potential weight extra “deg.”
_ 2 —n,1/4
(4) | @+ o~ i + Mo § e -2
—n,—1/4
B) | (3 +4a?)? Us+1 S -3
n)
- 48(—9+4a?
(D) | 273/2(=3 4 422)3 r? — 163;2 + ﬁ -4 n.a. -2
2 3( 72 195 | 12(2*—6) | 4(a?—14) "’
(E) (ZL‘ +6) (ZE + 14) 17 + 42 + (1’2+6) + ($2+14) — 16 W none
(F) | (2% —6)3(2® —14) | 22+ izé + 1(2(1 Jr)ﬁ) + ((”5 Jﬁ;% + 12 n.a. none

3.4 Three-index case

Among various possibilities of the three index cases with lower degrees, the following has been
noted to have a cubic zero:

2
e~ T /2

Wior (2 5), 01! (2: F), 05 (2 F) (@) = ~4— (30 + 22)° (390 + 3922 + z*).
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This case is denoted by (H). The potential is

2499 720 12 31222 4 (2z* — 39)

Up(z) = 2* - - '
A = (30+x2)2+30+x2 (39043922 +24)* 39043922+

The global wavefunction of the Schrédinger equation with the eigenvalue &, = 4n is

(30 +n)2(390 + 39 +n2) " "

oy (x) =
in which £7(n) is a degree n + 4 polynomial in 7. This belongs to the generic case, and
the groundstate corresponds to EOH (n), which is proportional to 425880 + 677047 + 4004n% +
10473 +n*. The polynomial £ (n) also satisfies a second-order differential equation with regular
singularities at n = 0,—30,—39/2 + v/—39/2 and an irregular singularity at * = oo. The

6_7]7]25d1’]

30+n)%(390+39n+n2)2 "
At present we do not have a systematic means to locate seed solutions with high multiplicity

of zeros, we stop our investigation here.

orthogonality measure for the polynomials {£ (1)} is given by 57

4 Summary and comments

Several families of infinitely many global solutions are presented for certain second-order diffe-
rential equations (3.18), (3.23), (3.26), (3.30) and (3.35) having two or more finite regular
singularities and one irregular singularity at infinity. The characteristic exponent of the global
solutions at each finite singularity is —2, —1 or 0. They are obtained from the non-generic as
well as the generic two-indexed Laguerre polynomials by choosing the parameter g in such a way
that the seed solutions have a triple zero. In two families (D) and (F), the extra finite singularity
is located inside the domain of the radial oscillator potential (0,00). In the other three families,
the extra singularity is outside of (0, 00) and thus they form orthogonal polynomials over (0, c0)
with the weight functions (A) Wa(n) = e™ ™4 /(3 + 4n)*, (B) Wg(n) = e My~ /4/(3 4 4n)*,
(E) Wg(n) = e ™" /{(6 + n)*(14 + n)?}. Since they are obtained within the framework of
multi-indexed orthogonal polynomials, their degrees have “gaps”. Those polynomials belonging
to (A) and (B) were derived in a different way in [9].

By construction, these families of two-indexed Laguerre polynomials are also the main part
of eigenfunctions of exactly solvable quantum mechanics, belonging to the class called deformed
radial oscillator potentials. In contrast with the generic multi-indexed polynomials (E) and (G),
the systems obtained from the non-generic multi-indexed polynomials (A) and (B) are not shape
invariant. By the standard Darboux—Crum transformations, these non-generic two-indexed poly-
nomial systems are mapped to the generic one-indexed polynomial systems.

By using the same method, we tried in vain to find other global solutions with higher degrees
(p = —3,—4) of apparent singularities within the multi-indexed Laguerre polynomials. It would
be interesting to explore the Jacobi polynomials counterparts of those results established in the
present paper [12]. We wonder if the ideas of the present paper could be generalised to a certain
kind of difference equations in discrete quantum mechanics [6, 16, 17, 18, 22, 23, 27, 28]2.
The multi-indexed orthogonal polynomials are also established in the framework of difference
Schrodinger equations, the multi-indexed (¢g-)Racah, Wilson and Askey—Wilson polynomials
20, 21, 24, 25, 26).

2The dual ¢-Meixner polynomial in [27, § 5.2.4] and dual ¢-Charlier polynomial in [27, § 5.2.8] should be
deleted because the hermiticity of the Hamiltonian is lost for these two cases.
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