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Abstract. In this paper we examine in detail the procedure of averaging of the local field-
theoretic Poisson brackets proposed by B.A. Dubrovin and S.P. Novikov for the method of
Whitham. The main attention is paid to the questions of justification and the conditions of
applicability of the Dubrovin—Novikov procedure. Separate consideration is given to special
features of single-phase and multiphase cases. In particular, one of the main results is the
insensitivity of the procedure of bracket averaging to the appearance of “resonances” which
can arise in the multi-phase situation.
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1 Introduction

As is well-known, the Whitham method [48-50] is associated with slow modulations of periodic
or quasiperiodic m-phase solutions of nonlinear systems

Fi(‘Pv‘prva"'):Ov izlv"'vnv LP:(SOaa‘Pn)» (11)
which are usually represented in the form
¢'(z,t) = @' (k(U)z + w(U)t + 6, U). (1.2)

Let us note that we will consider here systems with one spatial variable x and one time
variable ¢t. In these notations the functions k(U) and w(U) play the role of the “wave numbers”
and “frequencies” of m-phase solutions, while the parameters 8y represent the “initial phase
shifts”. The parameters U = (U',..., U N ) can be chosen in an arbitrary way, we just assume
that they do not change under shifts of the initial phases of solutions 6.

The functions ®%(0) satisfy the system

F'(®,w*®ge, kP ®ys,...) =0, i=1,...,n, (1.3)

and we have to choose for each value of U some function ®(8,U) as having “zero initial phase
shift”. The corresponding set of m-phase solutions of (1.1) can be then represented in the
form (1.2). For m-phase solutions of (1.1) we have in this case k(U) = (k}(U),...,k™(U)),
w(U) = (W(U),...,w™U)), 8y = (63,...,00), where U = (U,...,UN) are the parameters
of a solution. We will require also that all the functions ®*(8,U) are 2m-periodic with respect
toeach 04 a=1,...,m.

*This paper is a contribution to the Special Issue “Geometrical Methods in Mathematical Physics”. The full
collection is available at http://www.emis.de/journals/SIGMA /GMMP2012.html
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Consider a set A of functions ®(6 + 8y, U), depending smoothly on the parameters U and
satisfying system (1.3) for all U.

In the Whitham approach the parameters U and 6y become slowly varying functions of x
and t, U=U(X,T), 6y = 0p(X,T), where X = ex, T =€t (¢ — 0).

For the construction of the corresponding asymptotic solution the functions U(X,T") must sa-
tisfy some system of differential equations (the Whitham system). In the simplest case (see [31]),
we try to find asymptotic solutions

6, X,T)=> 0, < . T) 0,X,T>ek (1.4)

k>0

with 27-periodic in @ functions W ; satisfying system (1.1), i.e

Fi(p,eor, epx,...) =0, i=1,...,n.

The function S(X,T) = (SY(X,T),...,S™(X,T)) is called the “modulated phase” of solu-
tion (1.4).

Assume now that the function W) (0, X, T) belongs to the family A of m-phase solutions
of (1.1) for all X and 7. We have then

() (0,X,T) =®(0+600(X,T),U(X,T)), (1.5)
and
ST(X,T) =w*(U(X,T)), Sx (X, T) = k*(U(X,T)),

as follows after the substitution of (1.4) into system (1.1).
In the simplest case the functions W ;(0, X, T) are determined from the linear systems

where LJ U6 }(X ,T) is a linear operator defined by the linearization of system (1.3) on the so-
lution (1.5). The resolvability conditions of systems (1.6) in the space of periodic functions can
be written as the conditions of orthogonality of the functions f()(8, X, T) to all the “left eigen-
vectors” (the eigenvectors of the adjoint operator) of the operator lA};’.[UﬂO](X ,T) corresponding
to zero eigenvalue.

We should say, however, that the resolvability conditions of systems (1.6) can actually be quite
complicated in general multi-phase case, since the eigenspaces of the operators L[U 0,] and Ll U.60]
on the space of 27-periodic functions can be rather nontr1v1al in the multi-phase situation. hus
even the dimension of the kernels of L[U 0, and L[U go] Can depend in a highly nontrivial way
on the values of U. In general, the picture arising in the U-space can be rather complicated. As
a result, the determination of the next corrections from systems (1.6) is impossible in general
multiphase situation and the corrections to the main approximation (1.5) have more complicated
and rather nontrivial form [4-6].

These difficulties do not arise commonly in the single-phase situation (m = 1) where the
behavior of eigenvectors of .ZA;[U,QO] and ﬁfU,oo}’ as a rule, is quite regular. The resolvability
conditions of system (1.6) for k =1

][U 90}(X T)w (1)(9 X,T) = f(il)(aaXaT) (1.7)

with relations kr = wx define in this case the Whitham system for the single-phase solutions
of (1.1) which plays the central role in considering the slow modulations.
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For the multi-phase solutions the Whitham system is usually given by the orthogonality
conditions of the right-hand part of (1.7) to the maximal set of “regular” left eigenvectors
corresponding to zero eigenvalues which are defined for all values of U and depend smoothly
on U. As a rule, this system is equivalent to the conditions obtained by the averaging of some
complete set of conservation laws of system (1.1) having the local form

PtV(Lp’(‘Pt?(pJH'"):Q;(Lpasotaso$a"')7 I/:17"'7N'

The Whitham system is written usually as a system of hydrodynamic type
Uy =V, (U)U% (1.8)

and gives the main approximation for the connection between spatial and time derivatives of the
parameters U”(X,T). The variables T' and X represent the “slow” variables T' = et, X = ez,
connected with the variables ¢ and x by a small parameter €. Thus, the Whitham system (1.8)
represents a homogeneous quasi-linear system of hydrodynamic type connecting the derivatives
of slow modulated parameters.

As mentioned above, the construction of the asymptotic series (1.4) in the multi-phase case
is impossible in general situation (see [4-6]). Nevertheless, the Whitham system (1.8) and the
leading term of the expansion (1.4) play the major role in consideration of modulated solutions
also in this case, representing the main approximation for corresponding modulated solutions.
The corrections to the main term have in general more nontrivial form than (1.4), but they also
tend to zero in the limit e — 0 [4-6].

Let us give here just some incomplete list of the classical papers devoted to the foundations of
the Whitham method [1,4-8,14-16,22-25,28,29,31,39,40,42,48-50]. We will be interested here
only in Hamiltonian aspects of the Whitham method. In the remaining part of the Introduction
we will give the definition of the “regular” Whitham system for the complete regular family of
m-phase solutions which will be used everywhere below.

Let us use for simplicity the notation A both for the family of the functions ®(6+ 6y, U) and
the corresponding family of m-phase solutions of system (1.1), such that we will denote by A both
the families of the functions ®(0+ 6y, U) in the space of 2r-periodic in all 8¢ functions ¢(0) and
P[ue0)(7) = ®(k(U)z + 6p, U). We will assume everywhere below that the family A represents
a smooth family of m-phase solutions of system (1.1) in the sense discussed above.

It is generally assumed that the parameters k%, w® are independent on the family A, such that
the full family of the m-phase solutions of (1.1) depends on N = 2m + s (s > 0) parameters U”
and m initials phase shifts 6f. In this case it is convenient to represent the parameters U in the
form U = (k,w, n), where k represents the wave numbers, w are the frequencies of the m-phase
solutions and n = (n!,..., n®) are some additional parameters (if any).

It is easy to see that the functions ®ga(0 + O, k,w,n), a = 1,...,m, ®,:(0 + 0y, k,w,n),
I =1,...,s, belong to the kernel of the operator ﬁ;[k’w,nﬂo]. In the regular case it is natural
to assume that the set of the functions (®go, ®,,1) represents the maximal linearly independent
set of the kernel vectors of the operator L regularly depending on the parameters (k,w,n). For
the construction of the “regular” Whitham system we have to require the following property of
regularity and completeness of the family of m-phase solutions of system (1.1).

Definition 1.1. We call a family A a complete regular family of m-phase solutions of sys-
tem (1.1) if:

1) the values k = (k',..., k™), w = (w',...,w™) represent independent parameters on the
family A, such that the total set of parameters of the m-phase solutions can be represented
in the form (U, 08y) = (k,w, n, 6y);
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2) the functions ®pa (0 + 0y, k,w,n), ®,:(0 + 0y, k,w,n) are linearly independent and give
the maximal linearly independent set among the kernel vectors of the operator Lj.[k’w’n,eo],
smoothly depending on the parameters (k,w,n) on the whole set of parameters;

3) the operator i’;’[k,w,nﬁo] has exactly m + s linearly independent left eigenvectors with zero

eigenvalue
SO+ 00) = K@+ 00, g =1 ms

among the vectors smoothly depending on the parameters (k,w,n) on the whole set of
parameters.

By definition, we will call the regular Whitham system for a complete regular family of
m-phase solutions of (1.1) the conditions of orthogonality of the discrepancy f()(8, X, T) to the

functions m[%)(X’T)] (0+60(X,T))

dme
2m)m

2w 2w )
/0 /0 ”E{IJ)(X,T)]i(eJr90(X7T))fgl)(9,X,T)( =0, g¢=1....m+s (19

with the compatibility conditions
kT = wk. (1.10)

System (1.9), (1.10) gives m + (m + s) = 2m + s = N conditions at every X and T for the
parameters of the zero approximation W (0, X, T).

It is well known that the Whitham system does not include the parameters 6§ (X,T) and
provides restrictions only to the parameters U”(X,T) of the zero approximation. Let us prove
here a simple lemma which confirms this property under the conditions formulated above!.

Lemma 1.1. Under the regularity conditions formulated above the orthogonality conditions (1.9)
do not contain the functions 05 (X, T) and give constraints only to the functions U¥(X,T), having
the form

COUUY - DDUUL =0, q=1,...,m+s,

v

with some functions cf (U), DY ().

Proof. Let us write down the part f(/1) of the function f(;), which contains the derivatives
HgT(X, T) and GgX(X, T). We have

f(ll)(e,X, T) = _a§0j (‘II(O)a .. ) ‘I’%())GBQ()T - @ (‘I’(O), .. ) qjio)eﬁQOX
¢ T
OF" . , ,
"o (T (o), -+ ) 20 (X, T) Wy s bor
OF" . ‘ ,
= oL (T ) 2K (X, )Wy gagolox =+ -

!This simple fact was present in the Whitham approach from the very beginning (see [31,48-50]). In fact,
under various assumptions it can be also shown that the additional phase shifts 05 (X, T") can be always absorbed
by the functions S*(X,T') after a suitable correction of initial data (see, e.g., [9,23,24,35]). It should be noted,
however, that the corresponding phase shift can play rather important role in the weakly nonlocal case [39] (see
also [9,33]).
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Let us choose the parameters U in the form
U= (k.. E™ W, o™l 0.

We can write then

i 9 i pi 0 o
f(y(0,X.T) = [_MF (‘I’(9+00,U)7---)+LjW‘I’J(9+907U)} Oor

9 i i O o
The total derivatives OF?/0w® and OF?/0kP are identically equal to zero on A according
o (1.3). We have then

; dme

27 2T
(@) i -
/0 /O Aoy (6 + (X, TN (6, X, T) o =0

since RE%)( X T)](H + 6y(X,T)) are left eigenvectors of L with the zero eigenvalues.

It is not difficult to see also that all the 8y(X,T) in the arguments of ® and k(@ disappear
after the integration with respect to 8, so we get the statement of the lemma. |

We can claim then that the regular Whitham system has the following general form

ok~ _,  ow*

BUVUT:W{]X, azl,...,m,

CW UL =DWUUY, q=1,...,m+s. (1.11)
Let us note that according to our assumptions we have here rank ||0k®/0U"|| = m. In generic

case the derivatives U can be expressed in terms of U and the Whitham system can be written
in the form (1.8).

2 Lagrangian and Hamiltonian formulations
of the Whitham method

Together with the formulation of Whitham’s method the Lagrangian structure of the equations
of slow modulations was proposed [48-50]. The method of averaging of Lagrangian function
introduced by Whitham can be formulated in the following way. We assume that the original
system (1.1) is lagrangian with the local action of the form

S://L(90790t790x,‘19tt790xt7¢:c:c7-‘-)dxdta

such that the functions F’ have the form

_ 65 _ 9L 09L 9oL
CSpi(x,t) Ot Otdpl Oz Oyl

Fi(‘Pa‘Pta‘an---)

Let us assume here for simplicity that the parameters (k,w) = (k! ... k™, w!, ..., w™) give
the complete set of independent parameters on the family of m-phase solutions (excluding the
initial phase shifts), such that the number of parameters U” is equal to 2m.

The linearized operator [A’;’[kv w.00)] (X,T) in (1.6) is given now by the distribution

L (0,6') = s
ilew, 60X 7 50i(0)503 (07
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where

2 2 5 d4me
S:/ / L(®,0®po, kP ®ys, ... ) —
0 0 ( ? o )(27T)m

is a self-adjoint operator.

Throughout the paper we will always understand the integration with respect to 0 as the
averaging procedure. For this reason, all the integrals over d™# will be defined with the factor
1/(27)™. In particular, we will also assume that the variational derivatives of the type .5/5¢%(8)
are defined as

21 21 58 ) dme
55’5/ —— " (0
ol 5@ Ve

on the space of 27-periodic in 8 functions.
We also define here the delta function §(6 — 0’) and its higher derivatives dgo1 _gas (0 — 6")
on the space of 27-periodic functions by the formula

dme
(2m)m

2m 2m
/0 cee ) (59‘11...9a5 (0 - 0’)1/)(0/) = 'Lpgal...gas (0)

The functions ®ga, a = 1,...,m, represent both the left and the right eigenfunctions of the
operator [A/;[k’ c‘,790](X ,T'), corresponding to the zero eigenvalue.

Under the assumption that the family of the m-phase solutions A is a complete regular
family of m-phase solutions of (1.1) we assume that the functions ®go (0 + 6y, k, w) are linearly
independent and give the maximal linearly independent set among the kernel vectors of the
operator ﬁ;‘[k, w,00] smoothly depending on the parameters (k,w). The regular Whitham system
is given then by the conditions k% = w$ and m conditions of orthogonality of the function
f(1)(0, X, T') to the functions ®ga (60 + 0o, k,w).

According to the Whitham procedure the Whitham system on the parameters (k,w) is ob-
tained from the condition of extremality of the action

21 2w dme
5(0) [S]:///o /0 L((I’,S%'I)ga,;sg(‘i)gg,...)(QW)dedT (2.1)

under the conditions k% = S§, w® = ST.

The conditions k¢ = w$ and 0X/55%(X,T) = 0 give a system of 2m equations on the
parameters (k,w).

It is not difficult to see that the system given by the variation of the “averaged” action
coincides with the conditions of orthogonality of the function f(;)(8, X,T) to the functions
Pya (0 + 09, k,w). Indeed, let us consider the action

S(X,T) o (S(X,T) dmg
by = | L —_— X, T — X,T],... XdT
[S:%E] / <<P( c +97 ) >168T¢< B +07 ) 5 (27T)md d
= 2(0) [Sa 90} + 62(1) [Sa 90] + 622(2) [Sv LP] +oee

defined on the functions (0, X, T), 2r-periodic in each 6. Taking into account the relation

0% [T S 0% dme
Y b (0,X,T) —
65°(X,T) ¢ /0 /0 Phe (0, X, )5<,0’(0,X,T) (2m)™

and the invariance of the action with respect to the shifts

S(X,T) — S(X,T) + AS,
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it is easy to see that

2m 2T 52(0) dm@
R . X. T ,
2m 2m 52(1) dme
5saXT / / Pl BXT)(S@(BXT)( 2m)m (22)
etc.

Substituting the functions ¢ (€, X,T) in the form (0, X,T) = ®(0 + 0y,Sx,Sr) in the
relations above, we can see that we have to include now the additional dependence of the
functions (6, X,T) on Sx and Sy in relation (2.2). However, due to the relation

53(0)

550, X.7) "

on the family A, the relation (2.2) will not change in this situation. Taking also into account
the equality

sn(@)

‘ XT)= —
T 041 = 56 %)

we get the required statement.

Under the assumption of the completeness and regularity of the family A we can see then
that the averaged action (2.1) defines a lagrangian structure of the regular Whitham system
in general multiphase case. We should say also that the cases with additional parameters n,
as a rule, can be also included into the scheme described above with the aid of the Whitham
“pseudo-phases” [49]. Let us note also that different questions connected with the justification
of the averaging of Lagrangian functions in different orders can be found in [7].

Another approach to the construction of the regular Whitham system is connected with the
method of averaging of conservation laws. According to further consideration of the Hamiltonian
structure of the Whitham equations we will assume now that system (1.1) is written in an
evolutionary form

01 =F' (@, 00, Pues- ) (2.3)

The families of the m-phase solutions of (2.3) are defined then by solutions of the system

W ha = F* (0, K 005, . ..) (2.4)

on the space of 2m-periodic in each 6 functions ¢(0).
We will assume that the conservation laws of system (2.3) have the form

Pty(‘Pa‘Paca‘me--):Q;(‘P74Px7¢:vx7--->,

such that the values

+oo
1Y = PY (o, 0z, Pz, ... ) dx
— o
represent translationally invariant conservative quantities for the system (2.3) in the case of
the rapidly decreasing at infinity functions ¢p(x). We can also define the conservation laws for
system (2.3) in the periodic case with a fixed period K

1 K
I”_K/O P’ (@, 0z, Pzz, - .- ) dz,
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or in the quasiperiodic case

1 K
IY = lim — pP” ... )dx.
Kl—r>noo oK /—K (907 Pz, Prax ) Xz

It is natural also to define the variational derivatives of the functionals I” with respect to the
variations of () having the same periodic or quasiperiodic properties as the original functions.
Easy to see then that the standard Euler-Lagrange expressions for the variational derivatives
can be used in this case.

Let us write the functionals I in the general form

I”:/P” (@, Py Przy-..)dT (2.5)

assuming the appropriate definition in the corresponding situations.

Let us define a quasiperiodic function ¢(z) with fixed quasiperiods (k!,..., k™) as a smooth
periodic function ¢(@) on the torus T™ which is restricted on the corresponding straight-line
winding

(ke + 6) — ().

Let us define the functionals

JV = /% /27r P (¢, k° )Lme (2.6)
0 0 L) Posy - - - (27T)m .

on the space of 27-periodic in @ functions.
It’s not difficult to see that the functions
0J

) —

(2.7)
©(0)=2(0+60,U)

represent left eigenvectors of the operator ﬁ;[
parameters U on a fixed smooth family A.
Indeed, the operator L;'.[U 00] is defined in this case by the distribution

U.60] with zero eigenvalues regularly depending on

SF' (s, K’ epgs, . ..)

Lt 0,0") = 6w 5ga (0 — 0') — : .
7[U,00)] ( ) J ( ) 5¢] (0/) o(8)=B(6--60.U)

We have

27 2 SV . . dme
_ wacpla—Flgo,kB(pﬁ,... 0
L] st - ek e ) oo

for any translationally invariant integral of (2.3). Taking the variational derivative of this
relation with respect to ¢’ (0’) on A we get the required statement.
Thus, we can write

Coy(0) = et (U)K (6) (2.8)

q

with some smooth functions c;(U) on a complete regular family A.
For the construction of the regular Whitham system on a complete regular family of m-phase
solutions of (2.3) we need a sufficient number of the first integrals (2.5) such that the values of

the functionals J¥ on A represent the full set of parameters U¥ = J"|5. Besides that, we should
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require that the maximal linearly independent subset of the functions (2.7) give a complete set
of linearly independent left eigenvectors of the operator i’é‘[U,Oo} with zero eigenvalues among
the vectors regularly depending on the parameters U on the family A.

Coming back to the definition of a complete regular family of m-phase solutions of sys-
tem (2.3) we can see that in the case of a complete regular family A the number of linearly
independent vectors (2.7) on A is always finite. More precisely, if N = 2m + s is the number of
parameters of m-phase solutions of (2.3) (excluding the initial phase shifts) then for a complete
regular family of m-phase solutions we require the presence of exactly m+s = N —m left eigen-
vectors n(%) (0 4 6y) with zero eigenvalues, regularly depending on parameters, in accordance
with the number of the vectors ®pa, ®,;. Thus, according to Definition 1.1, we assume here
that the number of linearly independent vectors defined by formula (2.7) is exactly equal to
m+ s = N —m for a complete regular family A.

We should note that the conditions on the variational derivatives of J¥ formulated above do
not contradict to the condition that the values J” (v = 1,..., N) can be chosen as parameters U
on the family of m-phase solutions. Indeed, the definition of J* (2.6) explicitly includes the
additional m functions k%, which provide the necessary functional independence of the values
of J¥ on A. In other words, we can use the Euler-Lagrange expressions for the variational
derivatives of I" only on subspaces with fixed quasiperiods (k',..., k™). The variation of the
quasiperiods gives linearly growing variations which do not allow to use the Euler-Lagrange
expressions.

Moreover, under the assumptions formulated above, we can show that the condition of the
completeness of the variational derivatives (2.7) of the functionals J¥ in the space of regular left
eigenvectors of the operator f/; U,60] with zero eigenvalues follows in fact from the condition that
the values U” = J¥|5 can be chosen as the full set of parameters (excluding the initial phase
shifts) on the family A.

Let us make the agreement that we will always assume here that the Jacobian of the coordi-
nate transformation

(k,w,n) — (U',...,UN)

is different from zero on A whenever we say that the values U”(k,w,n) represent a complete
set of parameters on A (excluding the initial phase shifts).
Under the conditions formulated above let us prove here the following proposition.

Proposition 2.1. Let A be a complete reqular family of m-phase solutions of system (2.3). Let
the values (U, ..., UN) of the functionals (J',...,JN) (2.6) give a complete set of parameters
on A excluding the initial phase shifts. Then:

1) the set of the vectors
{<I>wa(0+00,k,w,n), P..(0+6)kwn) a=1,...,m, = 1,...,5}

is linearly independent on A;

2) the variation derivatives QL.(E{}] (0+86y), given by (2.7), generate the full space of the regular

left eigenvectors of the operator lA};[U 00] with zero eigenvalues on the family A.

Proof. Indeed, we require that the rows given by the derivatives

Ut UMy qaut oot
w7 Qwe )’ onl’ "7 Onl
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are linearly independent on A. Using the expressions

ouv 21 2w dme

o, =1,...
o= | @G astm,
ouv 2 2 dme

6,U l=1,...
=), ) s@eevg T =t

on A, we get that the set {® e, P, } is linearly independent on A and the number of linearly
independent variation derivatives (2.7) is not less than m + s.

We obtain then that the variation derivatives (2.7) generate in this case a space of regular
left eigenvectors of the operator I:;.[Uﬂo] with zero eigenvalues of dimension (m + s). |

As a remark, let us note here some general fact associated with multiphase solutions of partial
differential equations. As is well known, the presence of families of multiphase quasiperiodic
solutions, as a rule, is connected with integrability of system (1.1) by the inverse scattering
methods.

The first m-phase solutions for the KdV equation given by the Novikov potentials were
introduced exactly as the functional families represented by the extremals of linear combinations
of some set of higher integrals of the system, i.e. the families where the variational derivatives
of integrals of the set become linearly dependent.

If we have a natural hierarchy of the first integrals and commuting flows of an integrable sys-
tem, some of the first integrals of the hierarchy (I',...,I9) are usually used for the construction
of m-phase solutions. So, the functions given by the conditions

It + - 4 017 =0

for all possible (c1,...,¢q) form a complete family of m-phase solutions of the integrable sys-
tem [41].

Thus, for Novikov potentials we have ¢ = m+2 while the dimensions of the families of m-phase
solutions for KAV (excluding initial phase shifts) are equal to 2m-1. The first 2m-+1 of integrals
of KAV (I',...,I*™*1) can be used for the construction of parameters (U!,..., U?*™*1) on the
families of m-phase solutions of KdV. The number of linearly independent variational derivatives
of these functionals on the family of m-phase solutions is exactly equal to m+1. It’s not difficult
to show also that the variational derivatives of all the higher integrals of the KdV hierarchy are
given by linear combinations of the variational derivatives of the set (I',...,I%) on the families
of m-phase solutions.

The construction proposed in [41] in fact is used without substantial changes for many sys-
tems that are integrable by the inverse scattering methods, and represents the basic scheme
for constructing of m-phase solutions of integrable systems. This circumstance gives therefore
a convenient method of checking the above relations for most specific examples.

Let us prove here the following lemma, which we will need in further considerations.

Lemma 2.1. Let the values UV of the functionals J¥ on a complete reqular family of m-phase
solutions A be functionally independent and give a complete set of parameters (excluding initial

phase shifts) on A, such that we have k® = k*(U?',...,UN). Then the functionals k*(J*, ..., JV)
have zero variational derivatives on A.

Proof. As we have seen, the conditions of the lemma imply the existence of m independent
relations

. 5J”
ZA O

on A.

=0, a=1,...,m, (2.9)
©(8)=8(6+6,,U)
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For the corresponding coordinates U” on A this implies the relations
N m
S ayarr =Y i (U)dard (u)
v=1 =1

for some matrix u(a) (U).

Since U¥ provide coordinates on A the matrix u(a) (U) has the full rank, and therefore in-
vertible. We can then write

m N

~—1\B e v
dk? = Zl (") 0y (U) leg J(U)dU”.
The assertion of the lemma follows then from (2.9). [

The regular Whitham system in the described approach can be written as
<PV>T: <QV>X, I/:l,...,]\/v7 (210)

where (...) denotes the averaging operation on A defined by the formula

2 o .
epn = [ [T (@) S0

Let us prove here the following lemma about the connection between the systems (2.10)
and (1.11).

Lemma 2.2. Let the values UY of the functionals J* on a complete reqular family of m-phase
solutions A be functionally independent and give a complete set of parameters on A excluding
the initial phase shifts. Then the system (2.10) is equivalent to (1.11).

Proof. Let us introduce the functions

aP”(cp,gw, cn)
9oty

v

z(l)(‘lov Py )

for I > 0.
Using the expression for the evolution of the densities PY(p,epx,...) we can write the
following identities

P/ (p,epx,...) :Zelﬂlzf(l)(cp, €px, . ..)(Fi(np,ecpx, . "))ZX = eQ%(p,epx,...). (2.11)
>0

To calculate the values €(Q")x let us put now

S(X)

€

©'(0,X) = ( +0, U(X)) : (2.12)
where 5§ = k*(U(X)).

The operator e0/0X acting on the functions (2.12) can be naturally represented as a sum of
k*0/06 and the terms proportional to €. So, any expression f(,€epx,...) on the submani-
fold (2.12) can be naturally represented in the form

floepx,...)=> efy[® U],

>0
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where f;[®, U] are smooth functions of (®, ®pa, ®yv,...) and (U, Ux,Uxy,...), polynomial
in the derivatives (Ux, Uxx,...), and having degree [ in terms of the total number of derivations
of U w.r.t. X. Note also that the functions ® appear in fj; with the phase shift S(X)/e according
0 (2.12). The common phase shift is not important for the integration with respect to 6, so
let us assume below that the phase shift S(X)/e is omitted after taking all the differentiations
with respect to X.
According to (2.11) and (2.4) we can write

27 27 ) dme
=] h P

e ame
/ / Z foroFix) +H<>szxm1> anm
>0
2 27
/ / Z l)[O ml' k7 F[l]ml 0
>0
+ II% g LY Rt (wﬁq)i )
i(1)[0] 98071 ...971—1 X[1]

(-1 .
+ H’ZL/(Z)[O](Q)’IC};} k'YZ e kﬂnilwﬁ(plgﬂg"/l_ng’nfl

. i dme
+ Hi(l)[l]kﬁl L. ]{;“/lwﬂq)eﬂml...mz> W

It is not difficult to see also that for arbitrary dependence of parameters U of T, the derivative
of the average (P¥) w.r.t. T' can be written as

2w 4™
(P¥) T—/ / ZH l)[o] (K- kD), 00) T
= " @m
Now, we can write the relations (P")r = (Q")x as
27 27 dme
/ / D (k- K7 @ g+ Tk - K=k @y ml)W
1>0 T
27 2
/ / D\ Wpoh™ - B Fygn g
1>0

+ H;‘/(l)[o}lk% C kvl*lw)ﬂ(q)éﬂeﬁ...ml—l + H;'j(l)[o]lk’h c kry“lwﬁq)éﬁml...9’71—1)([1]

, -1 ; y ; dme
+ Hi(l)[o}(Q)k}(lk’m e k7l71w5®9ﬂ971...97l71 + Hi(l)[l]k’h R k”lwﬁ%ﬂml...mz> W

The last three terms in the right-hand part represent the integral of the value

> W’ ( D 1xy + H?(z)m‘I’éﬁ,zxm]) = wPopy/00°
>0

and are equal to zero. The remaining terms after integration by parts can be written in the form
27 27
! (c}ﬁ}(xn (0)[ (6, U(X)) — F, (6, X))
dme

+ (kg —w) D Th gk "'kV’_I‘I’éﬂmlu.GWll) enm =~
>0

where the values Ci([’g( X)](H) are given by (2.7).
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Consider the convolution (in v) of the above expression with the values 0k®/0U". The
expressions

ok” v
7 (UGG, (0)

are identically equal to zero according to Lemma 2.1.
From the other hand we have

ko 2 2 lkﬁl kﬁl_lcpi 1% PP dme
507 |, i Z 08081...6%1-1 i(l)( ) 9vy---) (2m)m

1>1
ok 9
= <W%3J [%k]>

since the variations of the functions ® are insignificant for the values of k% according to
Lemma 2.1.

We get then that conditions (2.10) imply the relations k% = w$, which are the first part of
system (1.11).

Now the conditions

— 53, (2.13)
©(6)=2(6.U)

2m 2 ) ) ) dme
. 0)|9%(0,U(X)) — Fy(0,X)|——=0
| [ @ lene.u00) - 7. x) g
express the conditions of orthogonality of the vectors (2.7) to the function —®7 + F[y), which
coincides exactly with the right-hand part of the equation (1.7) in our case. Since the linear
span of the vectors (2.7) coincides with the linear span of the complete set of the regular left
eigenvectors of the operator Lj.[U 00 (X,T) with zero eigenvalues, we get that system (2.10) is

equivalent to system (1.11). [

Let us note here that it follows from Lemma 2.2 that systems (2.10), obtained from different
sets of conservation laws are equivalent to each other. In other words, if system (2.3) has
additional conservation laws then their averaging gives relations following from system (2.10).

Let us note also that the justification questions discussed above, as a rule, can be considered
in a simpler way under additional assumptions about the next corrections to the main approxi-
mation (1.5) (see, e.g. [7]). We note again that here we don’t make any additional assumptions
of this kind and consider the regular Whitham system as an independent object that is associa-
ted only with description of the main approximation (1.5). As we have said, we will follow this
approach everywhere in the paper.

The Hamiltonian properties of systems (2.10) and more general systems (1.8) play very im-
portant role in their consideration. The general theory of systems (1.8), which are Hamilto-
nian with respect to local Poisson brackets of hydrodynamic type (Dubrovin—Novikov brackets)
was constructed by B.A. Dubrovin and S.P. Novikov. Let us give here a brief description of
the Dubrovin—Novikov Hamiltonian structures and of the properties of the corresponding sys-
tems (1.8).

The Dubrovin-Novikov bracket on the space of fields (U'(X),...,UN (X)) has the form

(U (X),UH(Y)} = g (U)8' (X = Y) + BH(U)URS(X —Y),  vyu=1,...,N. (2.14)

The Hamiltonian operator corresponding to (2.14) can be written in the form
- d
JVH — gV”(U)ﬁ + b,’;M(U)U:}Y{

As was shown by B.A. Dubrovin and S.P. Novikov [14-16], expression (2.14) with non-
degenerate tensor ¢g”#(U) defines a Poisson bracket on the space of fields U(X) if and only if:
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1) tensor ¢g"#(U) gives a symmetric flat pseudo-Riemannian metric with upper indexes on
the space of parameters (U',...,UN);

2) the values
v Av
L = =90y,

where ¢"*(U)gy,(U) = &

1., represent the Christoffel symbols for the corresponding met-
ric g,,,(U).

As follows from the statements above, every Dubrovin—Novikov bracket with non-degenerate
tensor ¢g”#(U) can be written in the canonical form [14-16]

(Y (X),n"(Y)} = /0R (X — ), & = 41,

after the transition to the flat coordinates n” = n”(U) for the metric g,,(U).
The functionals

“+oo
N”:/ n’(X)dX

— 00

represent the annihilators of the Dubrovin—Novikov bracket while the functional

+o0 N
P—/ %Ze”(nVF(X)dX

-0 v=1

represents the momentum functional for the bracket (2.14).
The Hamiltonian functions in the theory of brackets (2.14) are represented by the functionals
of hydrodynamic type, i.e.

H= /:O h(U)dX.

The bracket (2.14) has also two other important forms on the space of U(X). One of them
is the “Liouville” form [14-16] having the form

oy"H

{U7(X),UH(Y)} = ("(0) + 4" (U)8'(X — V) + S

URd(X —Y)

for some functions v*#(U).
The “Liouville” form of the Dubrovin—Novikov bracket is called also the physical form and
corresponds to the case when the integrals of coordinates U”

+oo

1Y = / U”(X)dX
—0oQ

commute with each other.

Another important form of the Dubrovin—Novikov bracket is the diagonal form. It corre-
sponds to the case when the coordinates UY represent the diagonal coordinates for the met-
ric g,,(U) and the tensor ¢"#(U) in (2.14) has a diagonal form. This form of the Dubrovin-
Novikov bracket is closely connected with the integration theory of systems of hydrodynamic

type

Ur =V, (U)U
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which can be written in the diagonal form
Ut =V (U)Ux (2.15)

(no summation) and are Hamiltonian with respect to bracket (2.14).

It was conjectured by S.P. Novikov that all the systems of hydrodynamic type having the
form (2.15) and Hamiltonian with respect to any bracket (2.14) are integrable. This conjecture
was proved by S.P. Tsarev in [46] where the method (the “generalized hodograph method”) of
integration of these systems was suggested. However, the method of Tsarev proved to be appli-
cable to a wider class of diagonalizable systems of hydrodynamic type which was called by Tsarev
“semi-Hamiltonian”. As it turned out later in the class of “semi-Hamiltonian systems” fall also
the systems Hamiltonian with respect to generalizations of the Dubrovin—Novikov bracket — the
weakly nonlocal Mokhov—Ferapontov bracket [38] and the Ferapontov bracket [18,21]. Various
aspects of the weakly nonlocal brackets of hydrodynamic type are discussed in [18-21,36,38,43].
Let us note also that the generalization of the Dubrovin—Novikov procedure for weakly nonlocal
case was proposed in [34].

Let us describe now the procedure for constructing the Dubrovin—Novikov bracket for the
Whitham system in the case when the original system (2.3) is Hamiltonian with respect to
a local field-theoretic bracket

{¢'(@), ¢’ W)} =D Bl (¢ pus - )W (@ —y) (2.16)
k>0

with the local Hamiltonian of the form

H = /PH(cp,tpx,...)dx, (2.17)

which was suggested by B.A. Dubrovin and S.P. Novikov [14-16].
Method of B.A. Dubrovin and S.P. Novikov is based on the existence of N (equal to the
number of parameters U of the family of m-phase solutions of (2.3)) local integrals

Iv = /P”(cp,cpx,...)dx, (2.18)
which commute with the Hamiltonian (2.17) and with each other
{I",H} =0, {I", 1"} =0 (2.19)

and can be described as follows.
We calculate the pairwise Poisson brackets of the densities P¥ having the form

{P¥(2), Pr(y)y = Y AP (e w80 (2 —y), (2.20)
k>0

where

A (@, @as ) = 0Q M (@, Py - )

according to (2.19).
The corresponding Dubrovin—Novikov bracket on the space of functions U(X) has the form

Q™)

{U7(0),UM(Y)} = (AP0 (X = Y) + S

ULS(X —Y). (2.21)
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Let us remind that we assume that the parameters U” coincide with the values of the func-
tionals I defined on the corresponding quasiperiodic solutions of the family A

U” = (P"(z)).

The Whitham system (2.10) is Hamiltonian with respect to the Dubrovin—Novikov brac-
ket (2.21) with the Hamiltonian

+oo
H® = / (Py) (U(X)) dX. (2.22)

—00

The proof of the Jacobi identity for the bracket (2.21) was suggested in [32] under certain
assumptions about the family of m-phase solutions of (2.3). Besides that, it was shown in [37]
that the Dubrovin—Novikov procedure is compatible with the procedure of averaging of local
Lagrangian functions when carrying out of both the procedures is possible.

Let us note also that in [44] all the local brackets (2.14) for the Whitham equations for KdV,
NLS, and SG equations were found. Besides that, in [2] the hierarchies of the weakly nonlocal
Hamiltonian structures for the Whitham systems for KdV were represented.

In this paper we give the most detailed discussion and justification of the Dubrovin—Novikov
procedure separately for the single-phase and the multiphase cases. In the multiphase case we
will show also that the justification of the Dubrovin—Novikov procedure can be done under
weaker assumptions than in previous reviews. In particular, we will show that the justification
of the procedure is in fact insensitive to the appearance of “resonances” which can arise in
the multi-phase case, which is the basis for its widespread use in the multiphase situation. In
all cases we will consider the regular Whitham system defined above without any assumptions
about the form of higher corrections to the main approximation (1.5) of a slowly modulated
solution.

In this chapter we consider general constructions connected with the Dubrovin—Novikov pro-
cedure and prove some technical lemmas needed for its justification. At the end of the chapter,
we give a detailed justification of the procedure in the single-phase case. In the next chapter we
will consider multiphase case, where the justification of the Dubrovin—Novikov procedure will
have a more complicated form. In conclusion, we consider a simple but typical example of the
justification of the Dubrovin—Novikov procedure using the Gardner—Zakharov—Faddeev bracket
for KdV.

As we said above, we will now consider the general structures connected with the construction
of the Hamiltonian structure for the regular Whitham system.

Let us note that according to (2.19) the flows

P = 5" (@ Py ) = {#'(2), 1"} (2.23)

generated by the functionals I” according to the bracket (2.16) commute with the initial
flow (2.3). The flows (2.23) leave invariant the full families of m-phase solutions of (2.3) as
well as the values UY = [I” of the functionals I” on them. For a complete regular family
of m-phase solutions with independent parameters (k',..., k™) it’s not difficult to show that
the flows (2.23) generate linear (in time) shifts of the phases 6 with some constant frequen-
cies w®(U), such that

S (B, ®ys,...) = w*(U)Dha (0, U). (2.24)

According to Lemma 2.1 we have also that the functionals £%*(I) should generate the zero
flows on the corresponding family of m-phase solutions of (2.3). For U" coinciding with the
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values of I” on A we get then the relations
0k (U) 4,
ouv

Let us give here the definition of a regular Hamiltonian family of m-phase solutions of sys-
tem (2.3) and of a complete Hamiltonian set of the functionals (2.18).

(U) =0, a,B=1,...,m. (2.25)

Definition 2.1. We call family A of m-phase solutions of system (2.3) a regular Hamiltonian
family if:

1) it represents a complete regular family of m-phase solutions of (2.3) in the sense of
Definition 1.1;

2) the corresponding bracket (2.16) has on A constant number of annihilators N, ... N* with
linearly independent variational derivatives 0N'/§p!(x) which coincides with the number
of independent annihilators in the neighborhood of A.

Let us say that according to the generalized Darboux theorem we can identify the num-
ber of the variational derivatives dN'/6¢'(z) on A with the number of linearly independent

(@

quasiperiodic solutions v;’(z) of the equation

ij l
Z B(i)(@,(p$, c ) AU§J)§(E - 07
k>0

@

where v, (x) have the same quasiperiods as the corresponding functions ¢(z) on A.

Definition 2.2. We call a set (I',...,I"V) of commuting functionals (2.18) a complete Hamil-
tonian set on a regular Hamiltonian family A of m-phase solutions of system (2.3) if:

1) the restriction of the functionals (I',...,I") on the quasiperiodic solutions of the family
A gives a complete set of parameters (U',...,U") on this family;

2) the Hamiltonian flows generated by (I',...,I"V) generate on A linear phase shifts of 8
with frequencies w”(U), such that

rank | (U)|| = m;

3) the linear space generated by the variational derivatives §1V/d¢’(x) on A contains the
variational derivatives of all the annihilators N of the bracket (2.16), such that

ON
6 (x)

e 51

A v

A

for some smooth functions v/, (U) on the family A.

Let us note that it follows from Definition 2.2 that if a complete Hamiltonian set of integrals
(I',...,IV) exists for a regular Hamiltonian family A then the number of the additional para-
meters (n!,... n®) discussed above is equal to the number of annihilators of the bracket (2.16).
Indeed, according to Definitions 2.1 and 2.2, the number of the functionals ¥ having linearly
independent variational derivatives on A exactly equals to m + s, where s is the number of
annihilators of the bracket (2.16). The total number of independent parameters U” on A is then
equal to 2m + s due to the wave vectors k%, a =1, ..., m, which implies the above assertion.

As follows from the condition (2) of Definition 2.2 and from the invariance of the functio-
nals N' and I” with respect to the flows (2.23), the values v (U) can always be chosen indepen-

dent on the initial phase shifts on the family A. The values 51" /6¢'(z)|5 are linearly dependent
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on A, so it’s natural to choose a complete linearly independent subsystem. Remembering that

the variational derivatives of J¥ (2.7) are linear combinations of the regular left eigenvectors

(@)

Ki) (6 + 6y), we can write

ON

l (9)
: =Y L (U)rL (k(U)z + 6)) (2.26)
op'(x) o(z)=®(k(U)z+60,U) zq: ! .

for some smooth functions nlq (U). The functions né(U) are then uniquely determined on A and
we have ranané(U)H = s by Definition 2.1.

We will need now the construction of the Dirac restriction of a Poisson bracket on a subma-
nifold. We describe here briefly this construction. Using the terminology of finite-dimensional
spaces we can say that the Dirac restriction of a Poisson bracket on a submanifold A* ¢ M™ is
associated with a special choice of coordinates in the neighborhood of the submanifold A*. The
coordinates in the neighborhood of the submanifold A% are divided into the “coordinates on the
submanifold” (U*, ..., U*) and the constraints (g', ..., ¢"*) which define the submanifold N*.

It is assumed that the submanifold N* is defined by the conditions
g'(x) =0, i=1,...,n—k,

while the functions U'(x),...,U¥(x) on M" play the role of a coordinate system on N'* after
the restriction to this submanifold.

If the Hamiltonian flows generated by the functions U7 (x) leave the submanifold N'* invariant,
i.e. we have

{U/(x),g'(x)} =0 for g(x)=0,

then the pairwise Poisson brackets of the functions U’(x) define the Poisson tensor in the
coordinates (U%,...,U¥) after restriction on A'* which is called the Dirac restriction of the
Poisson bracket {-,-} on the submanifold N'* ¢ M".

In general, according to the procedure of Dirac, if we have some constraints g*(x) which
define the submanifold A% and some functions U J(x) which give a coordinate system on N'* we
must find k linear combinations 8(U)g®(x) at every point of N*, such that for the functions

U/(x) = U7 (x)+ BI(U)g*(x), j=1,....k,
we have the relations
{07 (x),9'(x)} =0

for g(x) = 0.
The functions U7 (x) take the same values that U7(x) at the points of N* and we can define
the Dirac bracket {-,-} p on A’* by the formula

(U U07}p = {U'(x), U7 (x) }| 1 (V).
The functions 32 (U) are determined from the linear systems
{9'(x),° ()} \wBL(U) + {g" (%), V! (%) }[;u =0, i=1,....n—F,
and we can also write
{0, 07}, ={U' (), U7 () } | = B3 (U){ 9" (%), 97 (%) } 1 53 (U)

for the Dirac bracket on N*.



Whitham’s Method and Dubrovin—Novikov Bracket 19

We now describe the procedure of the Dirac restriction, which will be needed in our situation.
We consider now system (2.3) which is Hamiltonian with respect to some local bracket (2.16)
with a local Hamiltonian function of the form (2.17). We first introduce the extended space of
fields

p(z) = ¢(8,2),

where the functions (0, x) are 2m-periodic with respect to each %, and define the extended
Poisson bracket

{(pz(ev CL‘), @j(ela y)} = Z B’(Li;) (LPa Py - )5(k) (SC - y)5(9 o 0/)
k>0

We also make the replacement x — X = ex and define the Poisson bracket

{£°(6,X),07(0,Y)} =) ekBg)(go, cpx,... )0 (X —Y)5(0 — @) (2.27)
k>0

on the space of fields (0, X).

Let us define again the submanifold K by the formula (2.12) in the extended space of fields.
We thus assume that the functions (6, X) represent functions from the family A of the m-phase
solutions of (2.3) with some parameters U(X) at every X.

It is convenient to choose the boundary conditions in the form U(X) — Uy, X — +o00, such
that £*(Up) = 0 and define the functions S*(X) by the formula

+oo
SHX) = ;/ sgn(X — Y)k4(Y)dY.

We can write then

S[UJ(X)

©'(0,X) = < + B,U(X)) , (2.28)

where S%[U] is a single-valued functional of coordinates U(X) on the submanifold .2

Let us introduce the functionals J¥(X) on the functions ¢ (6, X) by the formula

2 2 dme
JV(X):/ / PV(‘P7€(PX7€2<PXX7) m (229)
0 0 (2m)

and consider their values on the functions of the family .
We can write on K,

JY(X) = UY(X)+ ) T (X), (2.30)
>1
where J (12) (X)) are polynomials in the derivatives Ux, Uxx, ... with coefficients depending on U

and have grading degree [ in terms of total number of derivations with respect to X.
The transformation (2.30) can be inverted as a formal series in €, such that we can write

U"(X) = J(X) + > Ut (X) (2.31)
>1
2The case when the values k* = 0 are absent on the space of the parameters U requires just a simple

modification of the definition of S(X) which we do not consider here.
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on the functions of the submanifold K. In the formula (2.31) the functions Uy are functions of
J,Jx,Jxx,..., polynomial in the derivatives Jx,Jxx, ..., and having degree [ in terms of the
number of derivations w.r.t. X.

The values of the functionals J¥(X) or U”(X) on the functions from I can thus be chosen as
coordinates on . We can define also the functionals U(X) on the whole functional space using
the definition of the functionals J(X') and relations (2.31). Let us introduce also the constraints
g'(8, X) defining the submanifold & by the conditions ¢°(@, X) = 0 and numbered by the values
of @ and X

S[UM(X)

(6.3 = ¢'(6.3) - o (2

+0,U[J] (X)) . (2.32)
The constraints ¢*(6, X) are functionals on the whole extended space of fields (@, X) by
virtue of the corresponding definition of the functionals J¥(X).

The constraints (2.32) are not independent since the following relations hold identically for
the “gradients” dg°(0, X)/5¢?(6',Y) on the submanifold X

+oo  p2m 27 6JV
/ / / ' (
Nevertheless, it will be convenient here not to choose an independent subsystem from (2.32)
and keep the system of constraints in the form (2.32) keeping in mind the existence of identi-
ties (2.33).
Thus, we consider now the values of the functionals [U(X), g(8, X)] as a coordinate system
in the neighborhood of K with the relations (2.33). The values of the functionals U(X) will be

considered as a coordinate system on /.
Using the explicit expression for the quantities §.J%(Z)/5¢* (8, X) on K

6g(6,X)
x 001(6,Y)

d™o

) G dX = 0. (2.33)

6J”( )
51(6, X) |

-, o (5 (32

we can write the convolution (2.33) in the form of action of the operator

/% /QW ;1:1 m(‘I’ <S(€Z) +9,U(Z)> aaZ‘I’<S(GZ) 97U(Z)> ) d(zl (2.34)

>0

(Z)) aan’ (S(EZ) +0, U(Z)) . > o (Z - X),

on the distributions §¢°(0, Z) /8¢’ (6',Y)|x.
Pairwise Poisson brackets of the functionals J¥(X), J#(Y) have the form

2m 2m m
0.0 = [ [T A (006, X),cox(8,), ) Gy S V),

k>0 ( )
where

A (pepx,...) = eOx Q"™ (@, epx, ... ). (2.35)

Substituting the functions ¢*(@, X) in the form (2.28) it is easy to see that the Dubrovin—
Novikov bracket is the main part (in €) of the pairwise Poisson brackets {J"(X), J#(Y)} on the
submanifold K in the coordinates [U(Z)].
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The Poisson brackets of the fields ¢?(0, X) with the functionals J#(Y') can be written as

{£'(8, Y)} = ZECW (0,X),e0x(0,X),...)0V(X —Y) (2.36)
>0

with some smooth functions Cég(go, €EPX,...)
We also have in this case

i
Co)

by virtue of (2.23).
For any function of the slow variable ¢(Y) we can write

(0(8, X), epx(0,X),...) = S" (p(6, X), epx (0, X),...) (2.37)

{gpi(e,X),/q(Y)J“(Y)dY} = Zecgg( 0,X),e0x(0,X),...)qix- (2.38)

1>0

The leading term in the expression (2.38) on K has the form
{e0.0, [ar)rav}
K[o]
— cg'g) <<I> <S(X) +0,X> KP® s (S(GX) +0,X) ) q(X)

€

= q(X)S™ <‘I> (S(X)Jre,X) BB, <S(€X)+0,X> )

€

where S™ (@, @z, ... ) is the flow (2.23) generated by the functional I*. According to (2.24) we
can write then

{Sﬁiw,X),/q(Y)J“(Y)dY}

Similarly, for any smooth function Q(6, X), 2m-periodic in each 6%, we can write on the basis
of (2.36)

/27r /27r <+ex> {£(6,X), J*(V)} |, (21:)0

21 dm0
/ QO X) (6, U(X) 550

= WH(X)Dha <S(€X) + 0, U(X)) ¢(X)+0(e). (2.39)

K

(X —=Y)+ O(e). (2.40)
In view of relations (2.30), (2.31) for the functionals J*(Y'), U*(Y) we can also write
S(X)

{oo.x. [ q<y>U~(y>dy} = X)), ( +£6,0(X)) g(X) +0(0). (241

/27r /27r ( 1o, X> (£(6,X), UF(Y)}|,. (21:)0

27 2T dm0
/ Q0. X)) (6. U(X)) i S8(X — V) +0(). (2.42)

In this case, by virtue of (2.25) we have

= O(e), (2.43)
K

{so"(G,X),/q(Y)k“(U(Y))dy}
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/% /277 ( +0, X> {£'(0,X), k*(U(YV))} gﬂf = O(e) (2.44)

for fixed values of coordinates [U(Z)].

Let us note here that since we consider the change of coordinates, which depends explicitly
on €, we shall assume now, that all relations are written in the coordinate system [U(X), g(8, X)]
near K. In particular, all the values on K will be functionals of U(X), represented usually in
the form of graded expansions in € with coefficients depending on U,Ux,Uxx,....

Let us prove here some lemmas about the structure of Poisson brackets on the submanifold IC
which we will need in the further consideration.

Lemma 2.3. Let the values UY of the functionals I” on a complete reqular family A of m-phase
solutions of (2.3) be functionally independent and give a complete set of parameters on A, ex-
cluding the initial phases. Then for the Poisson brackets of the functionals k*(U (X)) and J*(Y)
on K we have the following relation

{k*(U(X)), J"Y)}] o = e[w™(U(X))6(X = Y)]  + O(€?). (2.45)

Proof. The conditions of Lemma 2.3 coincide with the conditions of Lemmas 2.1 and 2.2.

Consider the Hamiltonian flow generated by the functional [ ¢(Y)J#(Y)dY according to the

bracket (2.27) with a compactly supported function ¢(Y') of the slow variable Y = ey.
According to (2.38) we can write at the “points” of the submanifold

4 - [(S(X S(X
ph = (X)W (U(X)) P, ((6) + 9,U(X)> n[q] <(e) + 0,X> +O(e?) (2.46)
with some (27-periodic in each 6) functions nfq}(é’, X).

Let us introduce the functionals k*(J(X)) = k*(JY(X),...,JN(X)) using the same func-
tions k%(U). According to (2.30), (2.31) we can write

(k*(U(X)), *()}|,c = (R4 (I(X)), T(V)Y] o + O ().

Consider the evolution of the functionals £%(J(X)) according to the flow generated by
[qY Y)dY on the submanifold K. Using relations (2.46) we can write

BOI0) = 05 (00 T (X) = 90 (3(X)) (X ) (U(X))

[ g (0 (32 o) 0 (32 o) ..

>0
l m
<t (27 “”U“‘)) G
be gg: (U(X)) (¢(X)w (U(X)))
2
/ / S I, (@ (0, U(X)) K@y (0,U(X)) ,...)

>1
x k1 (X) s kal_l(X) fgﬁgal...gal—l (G,U(X)) ((21:)?11

a 2
+6§(ij( / / S, (@ (6,U(X)), K@y (6,U(X)), ..

1>0
dm«9

62 .

X R (X) - R X g g (8, X) o
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It’s not difficult to see that the first part of the above expression contains the integrals over 8
of the expressions Py (6, X) and is equal to zero. It is easy to see also after integration by parts
that the third part of the above expression represents the value

. o e ) dme
6/0 o (U(X))Q[U(X)](e)n[q}w X) omym (2m)m

and is equal to zero according to Lemma 2.1.
Thus, we can write in the main order the expressions for the evolution of the functionals
k*(J(X)) on the submanifold K in the form

K (I(X)) = e(a(X)w™(U(X)))

27 .
B B )
aUV/ / Zlk Lo P 1‘139B9ﬂ1 oo Ly (B, K7 ‘I’m,...)(zﬂ_)m+0(€ ).

>1

Using relations (2.13) we get then
K (I(X) = e[g(X )™ (U(X)]x +O(e),
ie.
{k*(3(X)), JM(V) e = ew™ (U(X))d (X = Y) + ewi'6(X = Y) + O(¢),
which implies (2.45). [
Easy to see that according to Lemma 2.3 and relations (2.30), (2.31) we can write also
{k*(U(X)), UH(Y)} ik = e [w™(U(X))5(X — V)] + O(e?) (2.47)
on the submanifold K.
Corollary 2.1. Under the conditions of Lemma 2.3, we have also
{k*(X),k°(Y)}| . = O(€?) (2.48)
for the functionals k(U(X)).
Indeed, by virtue of (2.25) we have

{F(X), K ()} = {k“(X),U“(Y)}\K%(U(Y))
— W (XKL, (X)F (X = ¥) + ™ (X) (K (X)) ¢ 6(X — )
F e (WH(X)) x kpu (X)6(X —Y) + O(e2) = O(2).
Let us note now that in the proof of Lemma 2.3, we have not used the fact that the function-
als J#(Y') belong to our special set of functionals (2.29) and used only the fact that the flow

generated by the functional I* leaves invariant the family A generating linear shifts of 6§ with
constant frequencies w™(U). We can therefore formulate here the following lemma.

Lemma 2.3, Let the values U" of the functionals IV on a complete reqular family A of m-phase
solutions of system (2.3) be functionally independent and give a complete set of parameters on A,
excluding the initial phases. Let the flow generated by the functional

I= /P(Lp,cpx,...)dx (2.49)

leave invariant the family A generating a linear shift of 0f with constant frequencies 0*(U).
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Consider the functionals

2 2m dma
/ / QO,GQOX,6 Lpr,...)(2 ) (250)

Then for the Poisson brackets of the functionals k*(U(X)) and J(Y) on K we have the relation

{ka(U(X)), j(Y)}‘]C =e[w*(U(X))(X —-Y)]y + 0(62).
Proof of Lemma 2.3 completely repeats the proof of Lemma 2.3.

Lemma 2.4. Let the values UV of the functionals I on a complete regular family A of m-phase
solutions of system (2.3) be functionally independent and give a complete set of parameters on A,
excluding the initial phases. Then for the constraints ¢'(0, X) imposed by (2.32) and smooth
compactly supported function q(X) as well as smooth 2m-periodic in each 0% function Q(6,X)
we have the following relations on the submanifold K

{a6.5), [ar)rryar | =00

[ [ o3 o) o 2

Proof. Indeed, by (2.39), (2.40), and Lemma 2.3 we have

{gi(B,X),/q(Y)J“(Y)dy}

_ lqﬂa (S(X) + 9,U(X)> /sgn(X ~ Z) (W (2)a(2)) ;42 = 0,

[/% /% ( +0X>{g 0, X), JHY )}((21:)2“}

= 0(e). (2.51)

= o, <S(X) + 0, U(X)> W (X)q(X)
K[0] €

K[o]
27 2w ; dme
1) [ [ @) 0.000) G - v)
2 27 m
/ Q(8, X)Biy. (0, U(X ))(;1 )?n;sgn(x 2) W™ (2)5(Z —Y)],dZ =0.

Similarly to the previous case, we can formulate also the following lemma.

Lemma 2.4, Let the values U" of the functionals IV on a complete reqular family A of m-phase
solutions of system (2.3) be functionally independent and give a complete set of parameters on A,
excluding the initial phases. Let the flow generated by the functional (2.49) leave invariant
the family A generating a linear shift of 6f with constant frequencies ©*(U). Then for the
constraints g'(0, X) and the functionals J(X) imposed by (2.50) we have the following relations
on the submanifold IC

{g0.20, [arity >dY}
[ o) vz oo

Let us consider now the Dirac restriction of the bracket (2.27) on the submanifold K.

= 0O(e),
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For the Dirac restriction of the bracket (2.27) on the submanifold I we have to modify the
functionals U#(Y’) by linear combinations of the constraints g*(6, X)

Th(Y) = UM(Y) + /_:O /Ozw---/o%gi(e,X) ot <S[Ui(X) +0, [U],X,Y> g:ﬁndX,

so that the flows generated by the functionals U#(Y) leave K invariant and then use the func-
tionals U*(Y) to construct the Dirac bracket on K.

Since the functionals U#(Y') are defined with the aid of the functionals J(Z), technically it
is more convenient to modify the functionals J#(Y)

~ +oo p27m 2T m
JHY) ZJ“(YH/_ /0 /0 g’(e,X)ﬂf(S[U[i”(X)Jre, U], X y) (gﬂf ax,

so that the flows generated by the functionals J H(Y') leave K invariant and then put

UMY)=JHY)+ ) U (Y

>1

just using the functionals J(Y) instead of J(Y) in (2.31). Both the approaches give, certainly,
the same result for the Dirac restriction of the bracket (2.27) on K.
The distributions (S(X)/e + 6, X,Y) must satisfy the relation

“+o00 27 27 ; o u S(Z) , dmel
/OO/O | {g0.%).80. 2} 5 (6+0,Z,Y> Gy
+{g'(0,X),J*(Y)}|,. =0 (2.52)

on I and are defined at each “point” of K up to linear combinations of the distributions
§J¢(W)/64°(8, X) by virtue of the original dependence (2.33) of the constraints (2.32).

To obtain a local Poisson bracket on K we are trying to find the functions (0, X,Y) in the
form

B0, X,Y) =) B, 6,X,Y), (2.53)

>1

where the functions %)(9, X,Y) represent the local distributions

Bl (0,X,Y) =" B (8, X)W (X ~ V)

with the total grading [ in ¢, considering that the derivatives of the delta function §®) (X-Y)
have by definition the degree p.
Thus, we assume that all the functions Bi“(l),p(G, X) on K are local functionals of (U(X), Uy,
..) at every 6, polynomial in the derivatives (Ux,...) and having degree [ — p under the
previous definition. Such a structure of 8¥(6, X,Y) is obviously equivalent to saying that the
functionals

“+oo
Jiq = / JH(Y)qu(Y)dY

—00

can be modified by linear combinations of constraints (2.32) with the coefficients

d qu(X)
Biq)(6,X) =Y ¢ Byq (6, X) = ¢ Zﬁz(z X) =5

1>1 I>1  p=0
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so that the corresponding flows leave invariant the submanifold K. Under this scheme, the
derivatives d”gq,/dX? of slowly varying functions ¢,(X) also have grading p as the derivatives
of the functionals U(X).

The pairwise Poisson brackets of the constraints ¢(@, X), ¢/(6’,Y) on K can be written in

the form
{gi(B,X)’gj(O”Y)HK
={¢'(0,X), 07 (0.Y )}k — {¢'(0, X), UY)}i ©), (S(ey)

+ 0’,U(Y)>

€

i, <S<X> N O,U(X)> {U(X), 7 (0" Y)} i

S(Y)

+ @i, <S(€X) + 0, U(X)) {U"(X),UNY)}Hic @), (6 +6, U(Y))

- 216/{cpi(9, X), kP (W)} icsgn(Y — W)dW &, (S(Y) +0, U(Y))

Ly, (S<X> Lo, U<X>) [senx — 2)0(2),96 ¥ )}z
+ 2%1#‘& <S(6X) +6, U(X))
S(Y)

< [se(x - 2) k(2,00 Heaz @], (

+ o (S(EX) 10, U(X))

+6', U(Y)>

€

« / {U7(3), k(W) e sen(Y — W)AW &, <S(Y) Lo, U(Y))

+ 41?@% (S(EX) +0, U(X)) (2.54)

. (S(Y
X /sgn(X — 2){k*(2), kB(W)}];C sgn(Y — W)dZdw @éw (() + 6, U(Y)> .
€
For the purposes of this chapter, we need only “approximate” restriction of the bracket (2.27)

on the submanifold K. Specifically, we will need to prove the existence of only the first term
Bi"(l)(a, X,Y) in the expansion (2.53) having the form

B (6,X,Y) = B (0. U(X))S (X —Y) + By 0 (0, UX)URS(X - ¥), (2.55)
which is equivalent to the approximation
Bz[q}(l) (Oa X) = Biﬂ(l),l (97 U(X))QMX (X> + 65(1)70,\(07 U(X))U)A(q#(X) (256)

for the functions Bjq(0, X).

To find it we need only the leading term of the convolution of the Poisson brackets of con-
straints on K with Bjig1)(S(Y)/e+0',Y") and the first (in €) non-vanishing term of the brackets
of constraints and the functional Jig).

Note that according to the relations (2.43), (2.44), (2.47), and (2.48) all the terms of the
bracket (2.54) behave as the values of the order of at most O(1) for ¢ — 0 in the convolution
with Bj[q}(l)(S(Y)/E +0.Y).

We impose additional conditions

dmg
(2m)m

2m 2T
/ / ®}.(6,U(X)) B4, (6.X.Y) =0, a=1,...,m, (2.57)
0 0
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or equivalently

2m 2T dme
/ / @5 (0, U(X) By (0, X) o =0, a=1.m, (2.58)
0 0

to be confirmed aposteriori for the functions ﬁ;(l)(O,X, Y) and Bjq)(1)(8, X). The Poisson

brackets of constraints (2.54) on K can then be reduced to the form
{9'(6,X),4’(6',Y)} | = {9'(6, X), ¢/ (¢, )} '

i j i (S

— (0. X)) ~ 150, ). 0 e o], (5

+ 0’,U(Y)>

— B, (Sf{) + e,U(X>> {U"(X),¢ (6", Y)}ic
+ @i, <;X + 0, U(X)) {U"(X),UNY)}Hic @), (S(EY) +6, U(Y))

_lgi <S<X> Lo, U(X)) [ senx = 242,90 ¥}z

# 50 (B 40,000 [smn(x - 220 )z

x ®7 (S(EY) +6, U(Y)) (2.59)

in finding Bz[q](l) (9, X) .

To find the leading term of the convolution of the Poisson brackets of constraints on X and
Bjiq1)(S(Y)/e+0',Y) we can simplify further the relation (2.59). Namely, taking into account
relations (2.41), (2.47) we can omit in the leading order the second and the last terms of (2.59)
in the convolution with Bjq(1)(S(Y)/e+6',Y). By (2.42) and (2.58), we can omit in the leading
order also the third term of (2.59) in the convolution with Bjq1)(S(Y)/e 4 6',Y). The fourth
term of (2.59), obviously, is of the order O(e) and also can be omitted in the leading order.

As a result, the principal term of the convolution of (2.54) with the functions
€Bjiq1)(S(Y)/e + 6',Y) can be written in the form

[ / {9(0,X), ¢ (0. Y)}ceBjiq 1) (S(EY) + 6, Y> ((;:f:ndY} y
= 2 BZ) <<1> (S(EX) +0, U(X)) K (X) g <S(€X) + 0, U(X)> . >
X k(X)) -k (X)Bijlg)(1)0°1 005 <S(;X) + 0,X>
— %qﬂ'a (S(EX) + 9,U(X)> /sgn(X - 7)
X [/ {k*(2),¢'(0',Y)} |ceBjiq 1) <S(€Y) +0',Y> ((;:)H;dY] ) dz. (2.60)

Let us remind here that the indexes [1], [2] mean as before the terms of the corresponding
graded expansion on K having degree 1 and 2 respectively.
We have also

S(X)

{9"(6, X), Jig i) = {°(0. X), Jig Hcpy — @ow (6 + 9,U(X)> {UY(X), Jiq i
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€

- %qﬂ'a (S(X) + 9,U(X)> /sgn(X — D)k(Z), T Y A2 (2.61)

Let us prove here the following lemma which allows to investigate the further construction of
the functions Bjq(1)(0, X).

Lemma 2.5. Let the functions Bjq1)(0, X) satisfy the conditions (2.58), i.e.

27 2r d™0
/ / e (0, V(X)) Bjlay) (8, X) 55 =0
0 0

and the relation

Bfé}(X)Bj[q](l)(O,X) + Al (6, X) = 0, (2.62)
where
B (X) (2.63)
g o5
= BY (® X X)) DPga X)), . )ENX) k(X)) ——————
= B (00, UL KX 0 0. D00) - DA 060K () g™
i S(X)

Al (6 +0, X) (2.64)

=1{¢"(0,X), Jiq Hrp — P —t 0,U(X) )| {U"(X), Jiq }Hicp-
Then the functions Byjq1)(0, X) satisfy the relation
|:/{gl<0,X),g‘7(0,,Z)}‘]CﬁB][q}(l) (()+9/,Z) de:|
€ (2m) 1

+{9'(6, X), Jiq }icy = 0. (2.65)

Proof. The fulfillment of condition (2.58) allows to reduce the expression

dme’
(2m)m

S(2)

[160.30.56 20k B (22 +0.2) 5z

according to formula (2.60) up to the terms O(e?). From (2.62) we can get then

dme’
(2m)m

[16'6.20.9''. )} By <S<Z> L z)

_ g, (S(GX) + B,U(X)) /Sgn(X ~2)

dZ +{g"(6, X), Jiq }Hx

2
a i(0! eB.: m ’ dme’
x [/{k (2), 618", W)} Bj[q](1)< : +0,W> (%)de] L
— SCIJia (S(GX) + 0,U(X)> /sgn(X — 2){k™(2), Jiq Y dZ + O(€%). (2.66)

The proof of the Lemma follows then from the orthogonality conditions of the left-hand part
of (2.66) to the variational derivatives

ok’ §JMNX)

SKPIXN))| _ /
,C_W(( ) 5410, X)

5538 X) B=1,....,m (2.67)

’
K
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according to (2.33) in the order €2 on K. Here we use the functions k°(U) to define the
functionals k%(J(X”)). Let us remind also that the functionals U(X) and J(X) are connected
by the transformations (2.30) and (2.31).

Indeed, the right-hand part of (2.66) has the form

%cpia <S(6X) +0, U(X)) / sen(X — 2)Qfy(2)dZ + O(¢?) (2.68)

with some functions Qp,(Z ).
The convolution with the quantities (2.67) can be represented as the action of the operator

/27r /% - g[]ji( X)) (2.69)

A (X') 9 S(X) a
x Y I, ( < (X )> GaX/(I’< —+0.UX)) ... )
on the functions of S(X’)/e + 0 and X'.

1>0
Expanding the action of the operator (2.69) in powers of € we can write it’s main part in the
form

[ e Séi (i)

(0% (0% al
XY Ty (R( ), K Rge( ), ) RO(XT) ok l(X’)m.
>0

We can see then after the integration by parts that the main part of the operator (2.69)
reduces to the convolution (w.r.t. @) with the vectors

ok’ , S(X’)

which are identically equal to zero according to Lemma 2.1.

We can conclude, therefore, that terms of the order of O(e?) in the right-hand part of (2.66)
do not play any role in the convolution with the values (2.67) in the order €2.

Let us consider now the action of the operator (2.69) on the terms of the order of € in the
expression (2.68). We can see that the terms in which the operators d*/dX’® apply only to the
functions ®go (S(X’)/e + 0, U(X")) yield the quantity

¢ OkP LT g ame
o O00) [ [T P o | g [l - 2)03y (2102

identically equal to zero.

The terms of the order of €2 occur at the same time with a single differentiation of the function
sgn(X’ — Z) and application of the remaining derivations 9/9X’ to ®ga(S(X')/e+0,U(X’)) in
the leading order. In the required approximation the functionals J(X) should be also replaced
by U(X) in the argument of 9k°/0U>.

The corresponding values are then equal to

2 K
au™

(U(x))

2m N N dme o
/ / ZHA (®, k7 ®gr,... ) LK - - K- 1%&1 D) W)mQ[q](X/)‘

>1
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Using again the relations (2.13), we obtain that the orthogonality of the right-hand part
of (2.66) to the values (2.67) in the order € is equivalent to the relations Qﬁﬂ (X') = 0. Given
that the main part of (2.68) represents the difference between the left-hand sides of (2.65)
and (2.62) we obtain the assertion of the lemma. [

For a regular Hamiltonian family A and a complete Hamiltonian set of integrals (I', ..., IV)
we can also prove the following lemma.

Lemma 2.6. Let the functions Bjiq1)(0,X) satisfy conditions (2.62). Then the functions
Bjiq)(1)(0, X) automatically satisfy (2.58).

Proof. We first prove the following statement.
The values CIK[VI)J(X)](H) are orthogonal (for any X) to the values Afl][q](B, X), ie.

2w 2w m
(v) i ame
/0 /0 Giux) (0)Afyq (0, X) arym = 0. (2.70)

Indeed, as we know, the values {g°(0, X), Jiq } |k identically vanish under action of the op-
erator (2.34) (with the replacement of Z to X). In the leading order (~ €) it’s action is given
by the convolution w.r.t. @ of the values {¢°(0, X), Jiq} k1), imposed by (2.61), with the values

CZ.(%(X)](S(X)/G + 0). We know also that the values CZ.([VI}(X)](S(X)/G + 0) are automatically
orthogonal to the functions ®5.(S(X)/e + 0, U(X)), so we get the relation (2.70).

Thus, the implementation of (2.62) implies the conditions

2T 2T m
(v) 31 | dmo
/O /0 Ci[U(X)}(e)B[O] (X)Bjlq)(1)(0, X) 2mm 0,

which is equivalent to

2 2T m
w””(U(X))/O /0 %(97U(X))Bj[qu)(avX)(;lﬂﬁn =0

view the skew-symmetry of Bfg] (X).
From condition (2) of the definition of a complete Hamiltonian family of commuting func-
tionals we immediately obtain now conditions (2.58). |

It is not difficult to see that from the relation (2.70) follow also the conditions

27 27 (@) ) dme
/O /0 000 (0) A1) (0, %) Gy =0 (2.71)

by Proposition 2.1.

We come, therefore, to investigation of system (2.62) to construct an “approximate” restric-
tion of the Poisson bracket (2.27) on the submanifold K. In the remaining part of the article the
investigation of system (2.62) will play the basic role for the justification of the main results.

In what follows we consider separately the single-phase (m = 1) and the multiphase (m > 2)
cases.

The following lemma can be formulated for the single-phase case m = 1.

Lemma 2.7. Let A be a regular Hamiltonian family of single-phase solutions of (2.3) and
(I',...,IN) be a complete Hamiltonian set of the first integrals of the form (2.18). Then the
functions Bjiq(1)(0, X) can be found from system (2.62) and can be written in the form (2.56)
with smooth dependence on parameters U(X).
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Proof. System (2.62) in the single- phase case is a system of ordinary differential equations
in 6 with skew-symmetric operator B[o] (X). It is easy to see also that the right-hand side of

system (2.62) has the form
(0, U(X)) g x (X) + 1" (6, U(X)) Ux gu(X)

with periodic in @ functions £#(0, U(X)), n3*(0, U(X)).
The orthogonality conditions (2.71) imply the orthogonality of both the sets of functions
£"(0,U(X)) and ny(#, U(X)) to the functions k0 )](9), such that system (2.62) can be split

iUX
into independent inhomogeneous systems
B (X)B 1 (6, U(X)) =€ (9, U(X)), (2.72)
Bfé](X) 3(1),0M (0,U0(X)) = 77/\ (0,U(X)) (2.73)

defining functions (2.55).
Both the systems (2.72), (2.73) are systems of ordinary linear differential equations with
periodic coefficients and the skew-symmetric operator B[O]( ). The zero modes of the opera-

tor B[é}(X ) are given by the variational derivatives of annihilators of the bracket (2.16) rep-
resented as functions of 6 on the manifold of single-phase solutions and are orthogonal to the
right-hand parts of (2.72) and (2.73) according to (2.26) and (2.71). Eigenfunctions of B[o] (X)
form a basis in the space of 27-periodic functions ¢(6). Besides that, the nonzero eigenvalues
of B[J]( ) are separated from zero in this case. Thus, the 27-periodic functions 55(1)71(0, U((X)),
ﬂj(l) o2 (0, U(X)) can be found from systems (2.72), (2.73) up to the variational derivatives of
the annihilators of the bracket (2.16). If we impose additional conditions of orthogonality of
ﬁ](l)(Q X,Y) to the variational derivatives of the annihilators of the bracket (2.16) on the
manifold of single-phase solutions we can suggest a unique procedure of construction of the
functions ﬂ;f(l)(@,X, Y). The functions ﬁ;‘(l)(ﬁ,X, Y) satisfy (2.52) in the order of O(e) and
conditions (2.57) and smoothly depend on the parameters U(X), which implies the required

properties for the functions Bjq(1)(6, X). |

Let us formulate now the theorem that gives the justification of the Dubrovin—Novikov pro-
cedure for a regular Hamiltonian family of single-phase solutions of system (2.3).

Theorem 2.1. Let A be a reqular Hamiltonian family of single-phase solutions of system (2.3).
Let (I',...,IV) be a complete Hamiltonian set of commuting first integrals of system (2.3)
on A having the form (2.18). Then the Dubrovin—Novikov procedure gives a Poisson bracket of
hydrodynamic type on the space of parameters {U"(X), v=1,..., N}, where U" = (P").

Proof. The antisymmetry of the Dubrovin—Novikov bracket follows immediately from the an-
tisymmetry of the original bracket. Let us prove the existence of the Jacobi identity under the
conditions of the theorem.

Consider the Poisson bracket (2.27) and the functionals

2
Tty (%) = // (6.2) m(s() 9,Z,X>d‘9dz

in the neighborhood of the submanifold K. (Note that the functions 55(1) depending on the

values U(X) on K, can be considered as functionals in the neighborhood of K by the definition
of the functionals U(X)). ) .
The pairwise brackets of the functionals J(”l)(X), Jﬁ)(Y) can be written as

{6 (X), T4, ()} = {J7(X), JH(Y)}



32 A.Ya. Maltsev
2 Sz , dé
+ 6//0 {55(1) <<€> +0,Z2, X) q'(0,2), J“(Y)} 547
2 , S(W dé
+e //0 {J”(X), 0. W8 <(6) 40,7, Y) } Caw (2.74)

S(2) . 4 S(W) d6 4o/
2 v 7 X 1 7 J1(0' %% M / 1% W
€ /{/Ez(l)< € 07 ’ )g (07 )ag (97 ) ](1)< p 0’ ,Y 97 9 dZdw.

We note here that despite the presence of non-local terms in the brackets of constraints
{6(0,2),¢° (0", W)}, and {J¥(X),q’ (0, W)}, {g%(6,Z), J*(Y)}, the bracket of the functionals
{j(”l)(X), j("l)(Y)} on K has a purely local form because of the conditions (2.57). We can also
see here that expression (2.74) is a regular at e — 0 distribution after the restriction on K.

From the form of the constraints and condition (2.57) it is easy to obtain that the pairwise

Poisson brackets of the functionals j(”l)(X), j(“l)(Y) on K can be written as

l
TV 7 l v
{J6)(X), I ()} e = D e Za[l‘iq](U,Ux, L)X —Y), (2.75)
>1  q=0
where al[’l’i o) are some functions of U, Uy, ..., polynomial in the derivatives and having deg-

ree [ —q. By virtue of relations (2.51) we can state also that the leading term in € in the
expression (2.75) is still the same Dubrovin—Novikov bracket on K, since the corrections given
by the last three terms of (2.74) are of the order of O(e?) on K. We thus have

l
{76 (X), jg;)(ym,c = e {U"(X),U'(Y)}lpx + > € Zalfl’iq}(U,Ux, L)X —Y),
1>2 q=0

where

Q")

{U"(X), UM (¥)}py = (A7) (U(X)) §'(X = Y) + —5 =

ULS(X —Y)

is the Dubrovin—Novikov bracket on the space of fields U(X). Thus, we can write

d ] 7 o{UY(X), UMY
5T L0 0 Ty (D} = ¢ { <5U>W(W<) Jx
I
+(SUW(;(W)ZelZaE‘iq](U,UX,,,,)5(q)<X_Y) -

1>2 q=0

on the submanifold .

For further discussion it is convenient to introduce “regularized” functionals. Namely, for any
smooth compactly supported vector-valued function q(X) = (q1(X),...,qn (X)) we introduce
the functionals

Jiq = /q,,(X)J”(X)dx, J)q = /qu(X)jﬁ)(X)dX, Ulq = /qu(X)UV(X)dX-
We can write then

~ _ +o0 27 S(Z) ; de

{Jmta Tt} = {Jals Tipl} +€/_ /O {Bi[q](l) (6 +97Z> g'(0, Z)J[p}} o

oo 2w ; S(W do
+€/ /0 {J[q],gj(e,W)Bj[p](l) < ) +9,W)}2ﬂ_dW (2.77)

€

dz
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Sz , . S(W do d¢’
+ 62/{Bz'[q]<1> <(€) +0, Z) 9'(0,2),¢°(0', W) Bjp) 1) ((6) +¢, W> }dZdW

2m 27

We can see again that the last three terms of (2.77) give corrections of the order of €2 on the
submanifold K.

For the expansion of the brackets (2.77) in the neighborhood of the submanifold K it is
convenient to use the expressions

S(X)

€

©'(0,X) =¢'(h, X) + @ < + 0, U(X)> (2.78)

making it possible to easily expand any functionals of (6, X') with respect to the values of g.
For example, using the expression (2.20), we can write for the brackets {J[q], J[p]} in the neigh-
borhood of K

{Jia» J2[p1}= {J[q]’ v} 2
Sl o e

70, W)dgdwm( 2,

K

where the values {J1q)» Jip) e as well as all the other values on K are calculated on the functions
@'(0, W) € K corresponding to the same values of the functionals [U(Z)] as the original functions
©'(6,W). We can see that the first term of the expansion of {Jig], Jjpj} near K also has the
order O(e) as well as the values {J|q), Jip|} on K view the condition (2.35).

Considering relations (2.36), we can write a similar representation for the remaining terms
of the expression (2.77).

We can see that the last term of the right-hand side of (2.77) has the order O(¢?) in the
whole space which gives the same order in € for the terms of its expansion after the substitution
of (2.78).

By Lemma 2.4, the second and the third terms of (2.77) are of the order O(e?) on the
submanifold K. However, this can not be said about the next terms of the expansion of these
brackets in the values of g. To find the values of these terms near I we write e.g.

2 Sz ; do
// Bz[q](l) (U +(9,Z> g (Q,Z)de

//% Bia ( Z)+QZ> (@, Z)dedz //%Bz[qm)(@ Z)0'(0,U(2 ))gedZ.

™

After rather simple calculations it’s not difficult to get then for the second term of (2.77)
near C

2 S(2) ; d
//0 {Bi[q](l) <€ + Q,Z) g (9, Z), J[p}} —dZ
2m S(2) ; de
= //0 {Bz[q}(l) < . +9,Z> g (H,Z),J[p]} ]Ci

e 517
5CZM (¢(97Z)7690Z(07Z)7) de
/ /BZ[Q](1)< +0, Z> © . 2224z + 0
K

Sl (0, W)

/
x g’ (@, W)%dW
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de

v
q'(, Z)gdZ + O(gQ)

2 S(2) ; d
_ //0 {Bi[q](l) <6 +0, Z) 40, 2), J[p]HK oz

' S(2) 55M(p(0, Z), ep2(0', 2), ...
o[ B (B2 02) SHEETEE

x g'(0, W)%dw

D5 4947+ 00

+/ / Bijq)(1)6 (S(ﬁZ) +6, Z> w"(Z)pu(Z) + O(E)] g'0, Z)%dZ +0(e).

In general, considering the expansion of the brackets (2.77) in the neighborhood of I, we can
write the relations

{Ja: Jom} = {oas Jowl e

+e//2ﬂ:f[qp]< )+ew> (0, W) S2aW +0(e?) (2.79)

with some regular at ¢ — 0, 27-periodic in 6, functions T[q p) (0, W, €).
Now for the bracket (2.27) we consider at the “points” of IC the Jacobi identity of the form

{Jom: Jom b Jow } +ep- =0 (2.80)

with some smooth compactly supported q(X), p(X), r(X).
We have on K the relations

{9 0, W), r]}‘ic—O( )

for the bracket of the functionals ¢*(#, W) and j(l)[r].
It’s not difficult to get also

{UW), Joyw Hie = {77 W), Ty e + O(€)
= {JW(W)vJ[r]HICWLO(g) :e{UW( U }DN+O<€2)'

Now using relations (2.76) and expansion (2.79), we can see that the Jacobi identities (2.80)
on K coincide in the leading order in € (¢2) with the similar Jacobi identities for the Dubrovin—
Novikov bracket

5{U[q] s Upp) IpN B
/ WW—(VV){U’Y(W% U[r}}DN dW +cp.=0

on the space of fields U(X). [

Let us formulate here also the Theorems justifying the invariance of the Dubrovin—Novikov
procedure and the Hamiltonian properties of the Whitham system (2.10) with respect to the
averaged bracket in the single-phase case.

Theorem 2.2. Let A be a reqular Hamiltonian family of single-phase solutions of (2.3). Let
(I',...,IN) and (I'',..., I'N) be two different complete Hamiltonian sets of commuting first
integrals of (2.3) having the form (2.18). Then the Dubrovin—Novikov brackets obtained using
the sets (I',...,IN) and (I'',..., I'N) coincide with each other.
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Theorem 2.3. Let A be a regular Hamiltonian family of single-phase solutions of (2.3). Let
(I',...,IN) be a complete Hamiltonian set of commuting first integrals of (2.3) having the
form (2.18) and H be the Hamiltonian function for the system (2.3) having the form (2.17).
Then the Whitham system (2.10) is Hamiltonian with respect to the corresponding Dubrovin—
Novikov bracket (2.21) with the Hamiltonian function (2.22)

H“:i/%m@h>ﬂKX»Xm

—00

Proofs of Theorems 2.2 and 2.3 are identical for the single-phase and the multiphase cases,
so we prove them in general m-phase case in the next chapter.

3 Dubrovin—Novikov bracket and the multiphase case

We turn now to the general multiphase situation. We note that the difference with the single-
phase case occur only in Theorem 2.1, since finding the functions Bj[q](l)(e, X) here is a more
complicated problem. Let us return to the system (2.62), i.e.

B{{)(X)Bjiq)1)(8, X) + Afjjjq (0, X) = 0, (3.1)

where the operator Bfg] (X) and the functions Afl} dl (6, X) are given by (2.63) and (2.64) respec-
]

tively. It is easy to see that the operator B[o} (X) is a differential operator on the torus, which acts
along a constant direction k*9/96“. The corresponding vector field generates one-dimensional
trajectories which are everywhere dense in the torus T™ for generic vectors k(X ). For special
values of k(X') the closures of the trajectories may be lower-dimensional tori, in particular, the
closed one-dimensional trajectories in T™. Note that the operator BE(J)] (X) = Efé] (U(X)) is
exactly the Hamiltonian operator for the bracket (2.16) on the manifold of m-phase solutions A.

The operator B’lg (U) has in general finite number of “regular” eigenvectors with zero eigen-
values defined for ah values of the parameters U and smoothly depending on the parameters.
However, for special values of U the set of eigenvectors with zero eigenvalues is infinite and
determined by the dimension of closures of the straight-line trajectories in T, defined by the
vector k(U).3

Let us define in the space of the parameters U the set M, such that for all U € M the tra-
jectories of the vector field (k'(U),...,k™(U)) are everywhere dense in T™. From the condition

rank ||0kY/OU"|| = m

it follows that the set M is everywhere dense in the parameter space U and, moreover, has the
full measure.

3For some special brackets (2.16) the differential part can be absent in the operator B[lg] (U). The opera-
tor B[ig](U) reduces then to an ultralocal operator acting independently at every point of T™. As a rule, the

matrix Bfg] (U) is non-degenerate in this case. For example, for the ultralocal Poisson bracket

{¥(2),9(y)} = i6(x —y)
for the NLS equation
iy = Yoo + v[Y[*P

we have exactly this situation. Easy to see that system (3.1) represents a simple algebraic system in this case and
is trivially solvable. The multiphase situation is not different here from the single-phase one, so all the arguments
of the previous chapter can be used also for the multiphase case. However, for arbitrary brackets (2.16) the
operators B[ig] (U) have more general form described above.
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In the study of the solubility of (3.1) we must first require the orthogonality of the functions
Al 1ldl (0, X) to the “regular” eigenvectors of B[o]( ) with zero eigenvalues. Let us prove here
the following lemma.

Lemma 3.1. Let A be a regular Hamiltonian family of m-phase solutions of (2.3) and (I, ...,
IN) be a complete Hamiltonian set of commuting first integrals of (2.3) having the form (2.18).
Let for U e M

vl (0) = (00, (0),....00 (0),  1=1....s

be the complete set of linearly independent eigenvectors of the operator B[O}(U) on the torus with
zero etgenvalues, smoothly depending on 6. Then

1) the number of the vectors V[(Il}](O) is equal to the number of annihilators of the bracket (2.16)

on the submanifold of m-phase solutions of (2.3);
2) the functions Afl][q](B,X) are orthogonal to all the vectors v[(g(X)](O), i.e.

27 2 dme
/ / viu o) (0)Afy g 6. X amm =

Proof. Consider the values of v[(g} () on any of the trajectories of the vector field £*9/00% on
the torus T™. According to the definition of regular Hamiltonian family of m-phase solutions

of (2.3) the corresponding functions UE[II)J] (kz 4 60p) should be the variational derivatives of some
linear combination of annihilators of the bracket (2.16). We have then for a fixed value of

ONP

(1)
Vi }(k:v—i—eo Za (U, 8y) 55 ()

p

¢_¢(kx+007 )

From relation (2.26) we have then

l
vg[%ﬂ(k )z + 6p) = Z a,(U, 0g) nk(U) (?)] (k(U)z + 6y) . (3.2)

By definition, for U € M the trajectories of the field k*9/00% are everywhere dense in T™.
Since both the left- and the right-hand parts of (3.2) are smooth functions on T™, we get then
that they coincide on T™. We can put then (U, 8y) = o (U) and write

o2(8) = 3" b (U) 2 (U) 5 fy (0). (3.3)

It is easy to see also that any linear combination of the form (3.3) gives a regular eigenvector
of the operator Bfé] (U(X)) with zero eigenvalue.
Statement (2) follows then from relation (2.71) in view of representation (3.3). [

However, despite the presence of Lemma 3.1, study of system (3.1) is much more complicated
in the multiphase case if compared with the single-phase case. Thus, the presence of “resonances”
for some values of the parameters U(X) may lead to insolubility of (3.1) in the space of periodic
(in all %) functions. The set of the “resonance” values of U, as a rule, has measure zero.
Nevertheless, the possibility of resonant parameters do not allow to transfer directly the methods
of the previous chapter to the multiphase case. The following theorem shows, however, that the
procedure of the bracket averaging is in fact insensitive to the appearance of the resonant values
of U and can be used in most multiphase cases, as well as in the single-phase case.
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Theorem 3.1. Let the system (2.3) be a local Hamiltonian system generated by the func-
tional (2.17) in the local field-theoretic Hamiltonian structure (2.16). Let A be a regular Hamil-
tonian family of m-phase solutions of (2.3) and (I',...,IV) be a complete Hamiltonian set of
commuting integrals (2.18) for this family.

Let the parameter space U of the family A have a dense set S C M on which the system (3.1),
or, equivalently, the multiphase system (2.72), (2.73) is solvable in the space of smooth 2m-
periodic in each 0% functions. Then the Dubrovin—Novikov bracket, obtained with the aid of the
functionals (I', ..., IV), satisfies the Jacobi identity.

Proof. As before, for a smooth compactly supported vector-valued function q(X) = (q1(X),
.., qn(X)) we define the functional

+o0
Ja= [ 00X

_ Then, for arbitrary smooth, compactly supported in X and 2w-periodic in each 6 functions
Q(0,X)=(Q1(0,X),...,Qn(0,X)) we define the functionals

' 2 21 dme’
— ®i,(0,U(X))MP (U / Q;(0', X)®),,(6', U(X))

(2m)™”

where the matrix MA7(U) is the inverse of the matrix

[ ./%rl )85 (6, 1) 5

which is always defined according to the definition of a complete regular family of m-phase
solutions of system (2.3).
By definition, the functions Q;(0, X) are local functionals of U(X)

depending also on the arbitrary fixed functions Q(G, X). Everywhere below we will assume that
Q(6, X) is a functional of this type defined with some function Q(8, X).

Easy to see that the values of Q;(6, X) with arbitrary Q(B, X) represent for fixed values of
the functionals U(Z) all possible smooth, compactly supported in X and 27-periodic in each ¢
functions with the only restriction

2 2 ) dme
/ Qi(6,X) ga(e,U(X))(%)m =0, VX,a=1,...,m (3.4)

For the functionals Q;(8, X) we define the functionals

B 400 2m 2m ; ' S(X) dme

Now, for fixed functions q(X), p(X), and functional Q(€, X) consider the Jacobi identity of
the form

{91Q) Wi v 1} + {71l 191@0 iy} + {1l 100 9111} = 0. (3.5)
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Expanding the values of the brackets {J"(X), J#(Y)} in the neighborhood of the submani-
fold I, as in the single-phase case, we can write

{J7(X), JH(Y)} = {J7(X), JM(Y )}k

5 2 2T . , , dme’
> [wew/ o A (0 X cox(® ..
) dmg
(2m)™

where all the values on the submanifold IC are calculated at the same values of the functionals
[U(Z)] as for the original function (6, X).
Let us introduce by definition

K

g (0. W)

—dWe' s (X - Y) + 0(g?),

5{Jiggs o

759 G v;) (3.6)
2m 27TS Z/ILL / / dm9/

- ; / [590 / / A (0. X).cox(8).X)...) 5 )m] qu(X)p#,stX‘

Note that the notations 6/6g"(8, W), generally speaking, are not natural in our situation
because of the dependence of the chosen system of constraints. Nevertheless, the preservation
of these notations can better clarify the algebraic structure of the further calculations.

The values defined by (3.6) can be represented in the form of the graded decompositions at
e — 0 on the submanifold K. By virtue of (2.35) it is easy to conclude that the expansion in e
of the quantities (3.6) begins with the first degree in €

6{J J[p} — . 5{JQ]’J[P’} 12 5{J[Q]’J[p]}

_ . e 3.7
5k (e,W) 09RO, W) |y 3g*(0. W) Ixp o

The leading term of (3.7) can be divided into two parts, corresponding to the functions
Q¥ (p,epx,...) and A"(p,epx,...) and containing the quantities g, (W)p,(W) and
@ (W)pu,w (W) as local factors, respectively.

The values of {J|q], Jip] }, are obviously invariant under transformations of the form

©(0,X) = p(0 + A0, X). (3.8)

From the invariance of the functionals U(X) in such transformations, we can write for the
corresponding increments of the constraints (2.32)

59%(0,X) = ¢"(0 + 60, X) — ©"(8, X).

As a consequence, we can write on the submanifold K

//27r /27r (5{‘][(1]"][p

a=1,.

cp’ga (S(EV) + 0, U(W)) (;:)ildw =0, (3.9)

The above relation is satisfied to all orders in €. By the arbitrariness of the functions ¢, (X),
the relation (3.9) in the leading order can be strengthened. Namely, according to the remark
about the form of the leading term of (3.7) we can write for any W

/27r /27r 5{‘][01 J[p]}

S(W) ame
<I>’2(+9,UW) =0, a=1,...,m. (3.10
- . (W) hR (3.10)
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Quite similarly, we have the relation

S(X . dmg
{91l T} = /Qz’ ((6) +97X> {905, Jial} gy

+ /gi(eaX)Qi,G‘l <S(€X) +0,X> %sgn(X —Y) {k*(Y) q]} deX
i S(X) v dmo
+/ (6, X)Qi v ( +6, X) {U"(X), Jiq } de
S(X ame

1>0

S(€)+0,X) @"(W+9U >{UV J[‘”}%

—/Qi (;X)+6,X) b (S()Q—FG,U(X))

1 o mg
x 5o sen(X —Y) {k*(Y) gt o oYX

:/Qi< : )+97X>Z dcit (o (6.X). cox(8.X).....) (st (X)dX
(

+/9i(07X)Qz‘,9a <S(X)—H9 X> ! sgn(X —Y) {k*(Y q]} deX

+ /gi(a,X)Qwu <S(6X) + 0,X> {U"(X), Jiq } (Q:)il

According to relations (3.4), we can actually see here that the third term in the above
expression is identically equal to zero.
According to the form of the constraints, we have again in the neighborhood of IC

{91Q): i} = {g[cuv T}

5CIH (p(0' X)e 0.X),...) qrg
/Ql< 10X )Z l px ((;w)emqwx(x)dX

P06, W)
>0 K
dmg
x g*(0,W) (%)de
_ (p' i / dme’ 5{UV(X)7J[q}} d™e
[ 0o Xm0 0000 g S | X0 g
/Qk oo <() + 0, W> sgn(W —Y) {k*(Y), Jig } | dY x gk(O,W)(;rﬁndW

# [ (S0 0.) {070 5 0.0 e + O(g)

provided that all the values on the submanifold K are calculated at the same values of the
functionals [U(Z)].
For the quantities {g|q), J|q} We can introduce by definition

i) Jia
o9k (0, W) |x
_ [0, (3% Lo > 1501“ (0(0',X), epx (0, X),...) g
_/QZ< e 07 ;) dph(0, W) %uix(X) e
. / 7 / dm9/ 6{UV(X)’J[q}}
_/Q”(O’X) o (0 UXN) oo “sx@w) |, X
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+ Q.60 <S(EW) +0, W>

+ Qi <S<€W> Lo, W)

;e/sgn(W —Y) {E"(Y), Jig }| e Y
{0 W), Jig } - 1

The quantities §{g|q), Jjq}/09"(6, W)|x have the order O(1) at € — 0. We have also

C(O)( (0, X),epx(0,X),...) = 5" (p(0,X),epx(0',X),...)

according to relation (2.37).
Let us introduce the functions

DS (p, P ..)
Ay, '

S}il(tl)(ﬂov Pry-) =

Using now Lemma 2.3 and relations (3.7) we can write for the leading term of (3.11)

o{g1q): J| - o o o
R0, W) i _;<_1)lk W) W) ggar a6
<l (BB v o) st (el wcowiom).. o[ Laum)
+ W (W) qu(W)Qp g (S(W) + 0,W> , (3.12)
where

Sity (0. W), con(0.W),..)|

= 52’"&) <<I> (S(ZV) + 0, U(W)) KBy <S(€W) + 0, U(W)) ... > .

Note one more property of the values 0{giq), Jjq} /09" (8, W)|xjg). As we saw carlier, the
values {g|q); J|q} are of the order O(e) at ¢ — 0 on the submanifold K. This property is
preserved also under the overall shift of the initial phase (3.8).

Indeed, for

S(X)

€

©'(0,X) =o' < + 0+ A0, U(X)> (3.13)

we can write

{91q) T} = /Qm( )+6’Z fsgn(Z w)

x {k*(W), Jiq } (S %) 4o+ e, U(Z)) (;m)@ dZdw
+/QZ<S(€Z) +6, Z)C(0)<<I><S(Z)+0+A9 Uz ) K ®gn ( +0+A9,U(Z)),...>
< 4u(2) G dZ + 00)

Because of the invariance under translations (3.8) the value of the bracket {k*(W), Jiq} on
the functions (3.13) is equal to its value on K

{k’a(W), J[q]} =€ (wau(W)q,/(W))W + 0(62).
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Similarly, we have on the functions (3.13)

Cib) <<1> (S(GZ) + 6+ A6, U(Z)) KBy (SI(GZ) +6 + A6, U(Z)> L )

= WH(Z) DY (Siz) + 6 + A#, U(Z)) :

We then obtain

am
(o0 T} = [ (20 2) 0 [Q:(0, 2)0'(0 + 20, U(2)] A2 +0(0) = 0(e)
As a consequence, we can write
27 2T m
// / 5{g[Q J[“]} ok, (S(W) +0,U(W)> 40w =0, (3.14)
’C[O] € (27T)

a=1,.

for the main part of §{gq), Jiq}/d9"(6, W) on K.
Using again the fact that the relation (3.14) contains arbitrary functions g, (W), appearing
in the integrand expression in the form of local factors, we can rewrite (3.14) in a stronger form

/27r /27r é{g[Q]’ q

a=1,...,m.

. [(S(W) dmg
ch o (6 +0,U(W)) = 0, (3.15)

We now turn back to the Jacobi identity (3.5) for the functionals g|q), Jq), and Jip). It is not
difficult to see that after the restriction on K the leading term (~e€) of the relation (3.5) can be
written as

i Jpi} | d™6
/{g[Q] 90 W) Sgk(g.w) xpy (2m)™

5{9q)> Jla}
k Q] “[q]
+/{J[p]’9 (OvW)}’icu] 3g"(8, Mc/l)

5{9Q]’J[ 1}
/{J[q] 9" (0, w) }‘Ic[l] a0 VIE)

dw

dme
ko (2m)™

d™e
ko) (2m)™

dw

dW = 0.

The above identity can again be written in a stronger form. Namely, making the change
Qi(0, W) — Qi(6,W)u;(W), we get the corresponding change, Q;(8, W) — Qi(0, W)u;(W),
where p;(W) are arbitrary smooth functions of W. By virtue of (3.4), (3.10), and (3.12) it is
easy to see then that the integrands are smooth functions of @ and W, containing u;(W) in the
form of local factors. By the arbitrariness of p;(W), we can omit the integration over W in the
above integrals and write for every W

2 2 5{J[ } dme
0, W) al> /Ip]
/ ) {91, 9"( }‘IC O 3G (0, W) |y 2m)™
27 27 (5{‘9 Q]? J[q } dme
J| g (6, W)
/ / { [p]> }’IC [ gk (6, W) K[ (2m)™
{91qp) Jip) dme
— e J| (6, W) =0.
/0 o { [a]’ 9 }’K[l] gk (6, W) K[0] (27)m
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Finally, using the relations (2.61) and (3.15), we can write the above identity as

o ‘5{‘][01 Jipl} dmo
/ " / 2WA <S ) Mo Jat|  d™0
Hipl dg*(0, W) K[0] (2m)™
+/ (S ) Moy Jpk| A0 _
0 7 69 (0, W) | (2m)™ 7

where the functions AF, (8, W) are introduced by formula (2.64).

(1][q]
Now assume that the values Aﬁ}[ }(0, W) for U(W) € S, according to (3.1), can be repre-

sented in the form
Al (0, W) = =B (W) Byq)0) (6, W) (3.16)

with some smooth in @, 2r-periodic in each 6 functions Bjq1)(6, W).
We can then write for U(W) € S

o H{Jiq) Jip) dme
9 W 01 317
/ 0 {g[Q] 9O W)}y gt (0, W) /cm( ™" (3.17)
/ ’ / NE —S(W Hgiqy S| d™0
0][S] Bjpia 5g%(0, W) - (2m)m
_/%.../27r [gkj <S (W) ﬂ {gq)> v} o _ .
o o [Pors B 04" (0. W) iy 2m)™ ~
where
i (w S(W
[0[s1 ZB] ( ( ) (W)>,k7(W)<I>m< (6 )+9,U(W)>,...>
s>0
(e5] a as

Using the expression (2.54) for the bracket of constraints on K, as well as the relations (2.42),
(3.4), (3.10), we can obtain also the following relation

2 2T 5{J J| } dm™eo
g O, W a7
/0 y (9@ O ey 0g"(0, W) |y (2m)™
2 or S(W) H{Jiq)s Jip)} dame
/ / [ 0][S] @ <e +0’W>] o9k (0, W) K[1] (2m)m’

Expanding also the remaining terms of the identity (3.17) according to (3.12), we get for
Uuw)es
dme

o e (355 0m) | St e

2 2 dme R
/ / [ 651 W)Bippi1) (+9 w ]

l
3 [z<—1>lkf“<w> ey

>0
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[Qz <(W) 4, W) S (i (G,W),...)"C[O]] gu(W)

+aHW)g, (W) Quoe (S0 +0,0)
Jr/o%r“'/()%r (Sf)i [Bﬁ[s}(W)Bj[ql(l) <S(€W)+9’W)]

[
" [Z(—le“l(W) a k“l(W)m

y [Qi (S(W) + o,w) st (cp(B,W),...)’K[O]] (W)

+ W (W)p(W)Qp 92 <S(EVV) +6, W) ] =0. (3.18)

Consider now the Jacobi identity of the form

{ge): {9 Ty} + {9@i AT 921} + { i L91p1 9191} } =0 (3.19)

for arbitrary fixed functions q(X), and the functionals P(0, X) and Q(6, X) defined as before
with the aid of arbitrary functions P(0, X), Q(0, X).
According to the relations

{9p U} =0(),  {Jqg"(O0. W)} =0(),  {Jiq, U'(W)}|,c = Ole),

it’s not difficult to see that after the restriction on K the major term (in €) of (3.19) will be
written as

oy Jt|  d™0
/{g[P (6, W) HICO] 5gk(6 W) K[0] (2 )de
gy, J}|  d™0
(0, W) dW = 0.
/{g[Q }‘IC[O] 59k (6, W) K[ (2m)m

Again recalling that g, (W) are arbitrary functions of W appearing in the integrand in the
form of local factors, we can write the above relation in a stronger form. That is, for every W

2m 2m 5{9[Q]a dme
(6, W)
/ / {Q[P] g"( }‘lco] 5g" (0 W) o) 27)™
5{9p)s Jiq)} dme
_ .. =0. 3.20
/0 o {g[Q HIC[O] GO W) | 2™ (3.20)

As well as in the case of the identity (3.18), using the relations (2.54), (2.42), (3.4), (3.15),
we can write the identity (3.20) in the form

[ [ o, (22 o)

l
" [Z(—D%“l(W) o k“W)W

>0

x [Qi (S(W) +o,w> Sty (9(0,17),....)|

€
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[
. [Z( kS W) k() O
>0
+ w (W) qu(W) Py go (S(ZV) + 9,W> ] =0. (3.21)

Note now that the values of Q(6,X) and P(0, X) are arbitrary 2m-periodic functions of 6,
satisfying the conditions (3.4). In particular, we can put in (3.21) at U(W) € S

P(0, W) = B[p](l)(o, W) or P(g, W) = B[q](l)(e, W) (3.22)

By analogy with (3.12) we introduce for convenience the notation for U(W) € S

5{9[613[ K Jiq} o
P = ~ D) (W) RN (W) g
5gk(9, W) . ZZZO( ) ( ) ( )agal <00
S(W
X |:Bl[p](1) <(€) + 0 W> S (l) ( (07 W)a e )‘IC[O]:| QH(W)
S(W
+ W™ (W) qu(W)Bip)(1),0 <(6) +0, W) ] (3.23)

for arbitrary smooth functions q(X), p(X).

Note that the functional 9B 1)) is not defined on the whole functional space, so the rela-
tion (3.23) plays just a role of a formal notation for U(W) € S.

Using now (3.21) for the functions (3.22), we can rewrite (3.18) in the form

21 2w dme w
/ / [ ]E)J][s]( )Qg< (6 )+0 W)]
) =0
K1)
provided that U(W) € S.

X M _ 9By )] Jial}
5.gk(9> W) IC[l] 5gk(0¢ W)
Using the skew-symmetry of the Hamiltonian operator B[]BJ] S| (W) on A we can then write
2w 2m m
/ / d 0 < (W) Lo W>
€
)] =0.
K]

(W) 5{'][01]’ Jip)} _5{9[€B[p1<1>}’ T}
5gk(07 W) K[1] 5gk(07 W)

The values Q;(0,W) are arbitrary smooth 27-periodic functions of @ with the only restric-

tion (3.4). We know also that the values in the brackets are smooth 27-periodic in each ¢

5{9[6]3[(]](1)] ? J[p} }
0g*(6, W)

K[1]

% | BI*
ogk (6, W)

[0][S]

K]
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/C[l})
with some coefficients a®(U (W), Uy (W)).
The values in parentheses are smooth 27-periodic functions of 8 at U(W) € S. At the
same time the trajectories of the vector field (k'(W),...,k™(W)) are completely irrational
windings of the torus T". We can therefore say in the case of a regular Hamiltonian family A,

functions of @ for U(W) € S. As a consequence, we can write for U(W) € S

§{ i, Jror
s 5{ial: Tl }
Bljs (W) ( 545(0, W)

5{9 GB[q] '][p]}
dg* (8, W)

. 5{g[€B[p](1)] ’ J[q]}
K[1] dogk(0, W)

K[

= a®(U(W), Uy (W) ), <S(€W) +0, U(W)>
a=1

that up to a linear combination of the regular eigenvectors V[(IZ}(W)] (S(W)/e+0) of B[JOIT[S] (W) =

B{O?[S] (U(W)), corresponding to zero eigenvalues, the value in parentheses is a linear combination
of the variational derivatives (2.7), generating linear shifts of the phases on A. For complete

Hamiltonian set of the integrals (I',..., I") we can then write according to (2.8) and (3.3)
{J1q o)} 9By Jlal} {918 g o1}
k
SFOW) ey o0 | akew) |
S(w
=" by( U (W) <(6) + o) (3.24)
q

with some coefficients by(U(W), Uy (W)) at UW) € S.
Consider the Jacobi identity of the form

s Tior Tl b+ i) T b iy b+ {0 T+ ol ) =0

with arbitrary smooth functions q(X), p(X), r(X).
In the main (~e?) order on K given identity leads to the relations

/ 0{J1q)> /il }
SUT(W)

//27T /27r 5{‘][01 J[p]}

Again, using the relations (2.61), (2.64) and (3.10), we can replace the identity (3.25) by the
following relation

0 ia): ot y
/ 5U7<W) - {U (W), JM } |IC[1}dW + c.p.
o . 5{‘][01 J[p]} S(W) dmg
// / Am[r]< 0,W> R dW +c.p. =0.
Using relations (2.71) and representations (3.16) and (3.24), we can write for U(W) € S
2T 2T 5{J J[p <S(W) ) dme
Al (2 LW

/% /% [ B10jis (W) Bitein <S(6W) +6, W)]

{UPY(W), J[r} } |IC[1}dW + C.p.

dme
{g" (6. W), J[r]}\m] 2y dW +cp.=0.  (3.25)
K[1]

K]
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% 6{g[EB[q](1)}’ J[p]} o 6{g[EB[p](1)]7 J[Cﬂ} dmé’
k k m
ko) | T arew) | | @)
2m 2r . S(W) 7
k
+/0 /0 [B[Oj][s}(W)Bj[(ﬂ(l) (6 +97W>_
k m
T P 7 CATOI P C%)
2 2w . S(W) b
/ / [ o)) W) Bjlp](1) (6 +97W>
k k m :
SO W) | ko) | | e
Similarly to earlier arguments, substituting now in the identity (3.21)
Q(97 W) = B[I‘](l) (97 W>7 P(97 W) - B[p}(l) (07 W)
for U(W) € S we obtain the identity
2m 2 ; S(W) 6{9[5]3[,.](1)]? J[q]} dm9
Lo [ s V) Bitei) ( e )| SR O
1
o o B S(W) oW HY(eBy)0))> Il ame
Byl (W) By : 0440, W) |, (2m)
K1

Using the cyclic permutations of the functions q(X), p(X), and r(X) in the identity (3.27),
it’s not difficult to see that the right-hand part of the relation (3.26) is identically equal to zero
at U(W) € S. It’s not difficult to see also that the left-hand side of the expression (3.26) is
a smooth regular function of the parameters U(W). Using the fact that the set S is everywhere
dense in the parameter space U, we can conclude that the left-hand side of equation (3.26) is
identically equal to zero under the conditions of the theorem.

We have, therefore, that under the conditions of the theorem, the identity (3.25) implies the
relation

0{Jja): Jip)} y _
Using the relations
0{Ja): /o)) 3{Ulq); Upp) DN v v
(5U7(W) K] - (5U’Y(W) ’ {U (W)’ JMHK[I] - {U ( U[I' }DN7

we obtain the Jacobi identity for the Dubrovin—Novikov bracket on the space of the func-
tions U(X). [

Remark 3.1. According to relations (2.47) the functionals
+o00
K* = / E*(U(X))dX
—00

are annihilators of the Dubrovin-Novikov bracket (2.21) since we have {K%,U|q} = 0 for any
functional Upg). As a consequence, we can claim that the functions & (U) represent a part of the
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flat coordinates for the metric g"#(U) = (A]") connected with the Dubrovin-Novikov bracket
for the Whitham system. Besides that, we have

{k*(X), kP (Y =0

)Ypx
according to relations (2.48).

The remaining part of the flat coordinates of g"#(U) and the corresponding annihilators of
the bracket (2.21) are defined by concrete form of the initial bracket (2.16) and the family of
m-phase solutions of system (2.3).

Let us prove now the second theorem justifying the invariance of the Dubrovin—Novikov
procedure.

Theorem 3.2. Let A be a regular Hamiltonian family of m-phase solutions of (2.3). Let
(I',...,IN) and (I'',..., I'N) be two different complete Hamiltonian sets of commuting first
integrals of (2.3) having the form (2.18). Then the Dubrovin—Novikov brackets obtained using
the sets (I',...,I) and (I'',..., I'N) coincide with each other.

Proof. Note that the sets (I',...,IV), (I'',..., I'V) correspond to the two systems of coordi-
nates (U',...,UN), (U,...,UN) on the family A, given by the averages of the functionals I
and I'. We have to show then that the Dubrovin—Novikov brackets obtained using the set
(I'',...,I'V) coincides with the bracket, obtained using the set (I',...,I"), after the corre-
sponding change of coordinates,

U =U"(U).

Consider the values of the functionals

/271' /27r (p B ) dme
yEP X5 )
(2m)™

and the values of constraints ¢¢(8, X), introduced with the aid of the functionals J(X) by
formula (2.32), as a coordinate system in the neighborhood of the submanifold K.
For values of the functionals J”(X) on the submanifold K we then have the relations

JV(X )| =U"(J —|—Z€j J,Ix,...),
1>1

where jé'lj) are smooth functions of (J,Jx,...), polynomial in the derivatives and having degree .
Expanding the values of J”(X) in the neighborhood of the submanifold K, we can write

JVX)=U0"1J +Zeg J,JIx,...)
>1
+o0 21 27 ) dme
+ [ / [0, 41(0.Y) G ay + O(g?),
—% Jo 0 (2m)™

where, according to the form of the constraints (2.32), we can put

TV (X,0,Y.e) = > I ( egoX(B,X),...)‘Kelé(l)(X—Y)
>0
/v
= Z op 0(0,X),epx(0,X),...)] sV (X -Y).
1>0 (plz K
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Considering the functionals J[ = [ ¢,(X)J"(X)dX with arbitrary smooth (compactly sup-
ported) functions ¢, (X), we can wrlte in the v1c1n1ty of K

Jiq = /qV(X) [U”’ I+ (J,JX,...)]dX (3.28)
>1
z ¢ d' v 0Y 0.Y 0.y dme qv + 0
/; [dquu( ) 1) (0(6,Y), ey (6, ),...)H 0.7 Gy +0(&)

The leading term (in €) in the second part of the expression (3.28) is given by the expression

/qy(Y) S EDERY) RO oy o <<I> (S(EY) +6, Y) . ) q'(0,Y) (2:)‘1 dy

1>0

and coincides with the value

//027r ) "/027r QV(Y)C;EIVJ)(y)] (S(EY) + 9) (9 Y)mdy’

where

2 2 m
v (o / / P (o, kP g, ... o ]
“io(®) [&p (e ear ) oy

As the values C[U]( ), the values (;[(6)}(0) represent regular left eigenvectors of the opera-

#(0)=5(6,U)

tor L].[U] corresponding to the zero eigenvalues. In the case of a complete regular family of
m-phase solutions, we have therefore

z/ Z FV z[U]

for some functions I'y (U).
We can write, therefore, up to quadratic terms in g(6, X)

/qy(X)J”’(X)dX = /qV(X) [U”’ (IX) + ey (J,JX,...)]dX

>1
+/qy(X) [ZPZ(U)REFI)MX)} (S(j() +0) Hee

Consider the Poisson brackets
{‘][/q}’J[/p]H/c = {/qV(X)J/V(X)an/Pu(Y)J/M<Y)dY}

= [a0 5500 {700, [normwr]
+ [ Sy 000) Wi, (S5 +6) +000)

X {gi(H,X),J’“(Y)}}Kpu(Y)((;:)?ndXdY

dmg
(2m)m

9'(0,X)——dX + 0(g?).

K+ 0(62)] ax

K
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By Lemma 2.4" we have the relation {gi(B,X),J[’p]H;C = O(e) on the submanifold K. In
addition, completely analogous to the relation (2.71) holds the relation

27 21 S(X dme
/0 /0 KE’E%(X)]( (6)+0>{ (6, X), Jip iy I )mEO

by virtue of the original dependence of the constraints g*(@, X). We thus obtain
//q,, {J'V ), J(Y }‘Kpu )dXdY
ou' \ I
= qV(X)W(X) JNX), [ pu(Y)JH(Y)AY

Repeating the arguments for the functional [ p,(Y)J*(Y)dY we finally obtain

/ / 4 () {T(X), T (V) YY) dX AY

= [ 020 ), T | G (V)XY +O(&). (3.29)

dX + 0(€).
K

Given that the principal (in ¢) terms in the expressions {J»(X),J?(Y)}x and
{J"(X),J"™(Y)}|x coincide with the Dubrovin-Novikov brackets, obtained with the aid of the
sets (I',...,IV) and (I',..., I'V) respectively, we conclude from (3.29) that

” our A ou'
(U™ (X), UV} = Vi) X){UMNX), U (V) }pn e T (Y),
which means the coinciding of the brackets {-,-}px and {-, - }px- |

Finally, we prove the theorem about the Hamiltonian properties of the Whitham system (2.10)
under the same conditions as before.

Theorem 3.3. Let A be a regular Hamiltonian family of m-phase solutions of (2.3). Let
(I',...,IN) be a complete Hamiltonian set of commuting first integrals of (2.3) having the
form (2.18) and H be the Hamiltonian function of the system (2.3) having the form (2.17).
Then the Whitham system (2.10) is Hamiltonian with respect to the corresponding Dubrovin—
Novikov bracket (2.21) with the Hamiltonian function (2.22)

H® = /_ +Oo<pH> (U(X)) dX.

Proof. By Theorem 3.2, without loss of generality we can assume that the Hamiltonian func-
tional H belongs to the set (I',...,IV), H = I"o. It is easy to verify that the corresponding
Hamiltonian H*" generates in this case the system

d
Uf = % Q) (U)]
i.e. exactly system (2.10). |

As the simplest example of Theorems 3.1-3.3 consider the procedure of averaging of the
Gardner—Zakharov—Faddeev bracket for the KdV equation.
Consider the Gardner—Zakharov—Faddeev bracket

{p(@),py)} =0 (z —y) (3.30)
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for the KdV equation

Pt = PP — Prax

with the Hamiltonian functional

3 2

' Pr
H= 4+ Iz .
/<6+2>da:

As is well known, the KdV equation has a family of m-phase solutions for any m, given
by the Novikov potentials, which represent the stationary points for the higher KdV flows.
According to the Hamiltonian structure (3.30) it is also equivalent to the extremality of a linear
combination of higher integrals of the KdV

101" + 20T 4 -+ a0 I™T2 =0, (3.31)

where

IlzN:/god:L‘

is the annihilator of the bracket (3.30),

2
12:13:/9‘;0195

is the momentum functional of the bracket (3.30), I? = H, and I*, k > 4 are higher integrals of
the KdV equation.

As was shown in [41], all the systems (3.31) are completely integrable finite-dimensional
systems with quasiperiodic solutions in the general case. As is well known, the correspond-
ing m-phase solutions of KdV can be represented in the form (1.2) with the theta-functional
expressions for the functions ®(6, U), satisfying the system [10-13,17,26,27]

W (U)Bga = k(U)dBge — k®(U)kP (U)K (U)Bgegsgn. (3.32)

The parameters of the solution (Ei,...,Eom+1), F1 < Eo < .-+ < Eg;,41 represent the
branching points of the Riemann surface of genus m, and, together with the initial phases
(63,...,05), completely determine the corresponding solution ¢(x,t) [41].

The eigenmodes of the linearized operator (3.32), as well as the adjoint operator, were studied
in detail [4,5,28-30]. In particular, we can state that the families of m-phase solutions of KdV
are complete regular families in the sense of Definition 1.1 and the corresponding systems (2.10)
for any independent set of 2m 41 higher integrals of KAV (I*1, ..., I*2m+1) represent the regular
Whitham systems for the KdV equation in the sense defined above. It is well known [22,49],
that the Whitham system for KdV in m-phase case can be written in the diagonal form where
the parameters F1, ..., Fony1 are its Riemann invariants.

Regular zero modes of the linearized operator (3.32) on the torus T™ are given by the functions
Dy (6,U), 6 = 1,...,m and by the function 0®/In (at constant k and w), where n is the
value of the functional NV on the corresponding solution. Similarly, regular zero modes of the
adjoint linear operator on the torus T" are given by any m + 1 linearly independent variational
derivatives of the higher integrals of KdV on the family of the functions ®(8, U).

The families of Novikov potentials are obviously regular Hamiltonian families with respect to
the bracket (3.30), while any set of 2m+ 1 independent higher integrals of KdV is a complete set
of commuting functionals (2.18) on such a family. We also note that the variational derivative
of the annihilator of the bracket (3.30) always appears on the family of m-phase solutions in the
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form of a linear combination of m+ 1 variational derivatives of higher integrals of KdV according
to the original construction of the Novikov potentials.

Investigation of the system (3.1) can be carried out in this case as follows. We first note that
the operator B[O} (X) is given in this case as

i
oo™
and, thus, is the derivative along the vector field (k'(X),...,k™(X)) on the torus T™.
The regular zero mode of the operator Bjy(X) is a constant function on the torus and is

orthogonal to the functions Apyjjq (6, X) by Lemma 3.1. This fact is easily verified also by direct
computation. Indeed, the functions Ajj)iq(€, X) have in this case the form

B (X) = K (X) o -+ 4 K™(X)

S(X)

S(X)
A[H[Oﬂ( +0, X>: {‘P(aX)’J[q]H/c[u_@U”( +60,U(X >{U J[CI]}‘IC[I]'

Let us assume for simplicity that the functional

:/02”.../02”80(9,;()(‘;7’;?71

is included in the coordinate system U(X), N(X) = U'(X), which, by Theorem 3.2, does not
affect the Dubrovin-Novikov bracket. We have then

/27r /2W<I>U1 0.U( ))(de _ /27r /%CI)UV 0.U( ))(dm)ﬁ — 0, VA1

It is easy to see then that

2T 2T dme
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The operator E[O] (X), however, has also irregular zero modes which arise in the cases when
the closure of trajectories of the vector field (k'(X),...,k™(X)) on T™ represent the lower-
dimensional tori T C T™. Modes of this type arise obviously on a set of measure zero in the
parameter space U, i.e. {U}/ M.

We assume here, without proof, following easily verifiable from the theta-functional represen-
tation fact. The Fourier harmonics Aﬁl] [q]nm (X) of the functions Ajjiq) (6, X) in the variables 6

Apq (0, X) = Y Aot (X) exp (in16" + -+ + ing,0™)

N1y sMm

decay faster than any power of |n| at |n| — oo, where
ln|=/n?+--+n2,.

Let us define the Diophantine conditions for an arbitrary set of values (k'(U),...,k™(U)).
The vector (k'(U),...,k™(U)) is a Diophantine vector with the index v > 0 and the coefficient
A>0,if

|1k (U) + -+ + npk™(U)| > Aln| ™"

for all (n1,...,nm) € Z™ ((n1,...,nm) # (0,...,0)).
Let us use now the following well known theorem (see, e.g., [3,45]):
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For v > m —1 the measure of the set of non-Diophantine vectors (k',... k™) in R™ is equal
to zero.
Using the condition rank [|0k*/0U|| = m we can also state that the measure of the corre-

sponding parameters U, such that k(U) are non-Diophantine vectors with index v > m — 1, is
also zero in the parameter space U.

We can now define the sets S, in the space of the parameters U, such that the wave vectors
(k*(U),...,k™(U)) are Diophantine with index v if U € S,. In this case all S, with index
v > m — 1 are everywhere dense, and also have the full measure in the parameter space U.

It is easy to see also that the system (3.1) is resolvable in the space of 2m-periodic in all
A< functions for each U € §,. Indeed, due to the absence of the zero Fourier harmonic of the

function Aj)iq)(6, X) and conditions of decreasing of Fourier coefficients Aﬁﬁ [q}"m (X) we can put
1
Bn1...nm X — A’I’Llnm X
" X) = GO T 5 i) Al X)
for (n1,...,nm) # (0,...,0) and restore the solution

!/
Biquy(0,X) = > Bl (X)exp(inif" + - - + in,0™),

N1 yeey i,

(n1,...,nm) # (0,...,0)

as a smooth m-periodic function of 6.
Assuming, therefore, S = S, for any v > m — 1, we meet all the conditions of Theorem 3.1.
We can thus formulate the following proposition.

Proposition 3.1. The Dubrovin—Novikov procedure is well justified in the averaging of the
Gardner—Zakharov—Faddeev bracket on the m-phase solutions of KdV for any m and provides
a local Hamiltonian structure of hydrodynamic type for the corresponding reqular Whitham sys-
tem.

We note here that both local and weakly nonlocal Hamiltonian structures of the Whitham
hierarchy for KdV were investigated in detail in the papers [2,44].

In the more general case the constructing of the set S requires the study of the eigenfunctions
and the eigenvalues of the Hamilton operator 3{8}(U) on the manifold of m-phase solutions
depending on the values of the parameters U. For m-phase solutions, given by the algebraic-
geometric families, in this case are very convenient methods similar to those used in [4,5,28,30,47]

to study the spectrum of auxiliary linear operators of integrable hierarchies.
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