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Abstract. In this paper we compute the asymptotic behavior of the recurrence coeffi-

cients for polynomials orthogonal with respect to a logarithmic weight w(z)dz = log %dx

on (—1,1), k > 1, and verify a conjecture of A. Magnus for these coefficients. We use
Riemann—Hilbert/steepest-descent methods, but not in the standard way as there is no
known parametrix for the Riemann—Hilbert problem in a neighborhood of the logarithmic
singularity at z = 1.
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1 Introduction

In this paper we consider the sequence of polynomials {p,(z)} that are orthonormal with respect
to a logarithmic measure w(z)dz on [—1,1) and 0 elsewhere

1
[ meme@ar =,

where

We will only consider the case k > 1, for which the measure is strictly positive on its support,
w(z) = c>0forxe|-1,1).
The polynomials {p,(x)} obey the well-known three term recurrence relation

.I'pn(l') = bnpn—i—l(x) + anpn<$) + bn—lpn—l(x>7
where the recurrence coefficients a,, € R,b,, > 0 are of particular interest.

Remark 1.1. Note that the notation for a,, b, in this paper is the same as the notation in
[7, 9], but the reverse of the notation in [13, 14].

Logarithmic singularities like the ones exhibited in the above weight present various obsta-
cles to the asymptotic analysis of the associated polynomials {p,(z)} and their recurrence co-
efficients. The standard Riemann—Hilbert approach requires that explicit local solutions can be
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found in the neighborhood of singularities of the underlying measure for the associated Riemann—
Hilbert problem. Because no such local solution is known near x = 1 for the logarithmic case,
the standard approach cannot be applied directly.

The approach in this paper hinges instead on a comparison with the Legendre polyno-
mials {p,} which are orthogonal with respect to the weight

w@g—-{L for z € [-1,1],

0, otherwise,

and which have recurrence coefficients a,, I;n The asymptotics of a, and l;n are well known.
We have, from [13],

- ~ 1 1 1
Gn =0, bn:fw*()(m)'
The result of this comparison, and the main result of this paper is that

Theorem 1.2. As n — oo, the differences between the log-orthogonal coefficients and the Le-
gendre coefficients have the following asymptotic behavior

2C 1
—lp=——""--5+0| 55— 1.1
== g +© (e ) o

- C 1
bp—bp=——>4+0|——= 1.2
== Goregre 0 (omgs) (12)
where C = —3% ~ —0.094. In particular this implies that, as n — oo, the recurrence coeffi-

cients ap, b, have the following asymptotic behavior

_ 20 (1
fn = (nlogn)? n?(logn)3 )’

S SR S Ay OY G— —
"2 16n2  (nlogn)? nZ(logn)? )’

This result, and more, was conjectured by Alphonse Magnus in [14], up to the precise value
for the constant C'. We are indebted to his work, which provided the inspiration for the above

result. For the weight w(x) = —logz on [0, 1], in particular, Magnus conjectured that as n — oo
1 1 2C 1
- - = - 1.3
=97 gp2 (nlogn)? to (nQ(log n)2> ’ (13)
1 1 C 1
o= L_ b 1.4
"4 32n2 * (nlogn)? o <n2(logn)2) ’ (14)

and on numerical grounds he conjectured further that C' ~ —0.044. The weight — logz on [0, 1]
corresponds to the case kK = 1 for which our analysis is not yet complete. Nevertheless, our
prelimary calculations confirm (1.3) and (1.4) with stronger estimates O(m) on the error
terms, and with the explicit value —3/64 for C. As —3/64 ~ —0.047 this is close to Magnus’s
conjectured value.

The proof proceeds as follows: The polynomials {p,} have a well-known expression in terms
of the solution Y of a Riemann—Hilbert problem due to Fokas—Its—Kitaev, see Section 3.1.
We follow a now standard series of transformations as in [7, 13|, that transform the original
Riemann—Hilbert problem for Y into a modified problem that is close to a Riemann—Hilbert

problem whose asymptotics can be inferred directly.
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Here is where our analysis diverges from the standard analysis. The standard analysis com-
pares the modified Riemann—Hilbert problem to a model Riemann—Hilbert problem (parametrix)
that explicitly solves the Riemann—Hilbert problem locally around the critical points at the edge
of the measure. The new difficulty of our problem is that no explicit local solution is known
near the logarithmic singularity. The main new feature of our analysis is that, for the problem
at hand, no local solution is needed.

The strategy here is to compare the modified Riemann—Hilbert problem above to the corre-
sponding modified Riemann—Hilbert problem for the Legendre case. In the standard approach,
a comparison is made by examining the quotient of solutions to two Riemann—Hilbert problems
as the solution to a Riemann—Hilbert problem in its own right. However, for the case at hand,
the log singularity renders this approach ineffective. Instead we compare the problems through
the operator theory that underlies Riemann—Hilbert problems, see Section 4, or see [10] for more
details.

In Theorem 4.4 we prove a general and very useful formula that allows for an effective
comparison of two Riemann-Hilbert problems on the same contour. In our case, where we
compare the log case with the Legendre case, this formula can be approximated by quantities
solely related to the Legendre case, for which the asymptotics are well known, and this leads,
eventually, to the formulas (1.1) and (1.2). It is a remarkable, and unexpected, development
that the log problem can be approximated adequately by the Legendre problem.

The proof is laid out within this paper as follows:

e In Section 2, we prove several preliminary properties and estimates on the auxilliary func-
tions that will arise in our analysis.

e In Section 3, we introduce the Riemann—Hilbert problem for the orthogonal polynomials
and transform this problem into one which can be controlled as n — co.

e In Section 4, we prove bounds, uniform in n, on the resolvent operators that are associated
with the Riemann-Hilbert problem in the standard way and prove Theorem 4.4.

e In Section 5, we calculate the asymptotics of the recurrence coefficients by combining the
results of the previous sections with calculations derived from the known asymptotics of
Legendre quanties.

e The above calculations are given in Appendices A, B, and C.

Note that the case & = 1 corresponding to the weight log ﬁ on the interval [—1,1), for
which w(x) > 0 on its support, but for which w(x) > ¢ > 0 fails, is not considered in this paper.
Recall that questions concerning orthogonal polynomials on the line with respect to a measure
of compact support correspond to questions involving associated orthogonal polynomials on the
unit circle, where the vanishing of the weight log % at the point —1 corresponds to a Fisher—
Hartwig singularity for the related problem on the circle, see [8]. The methods in this paper do
not extend immediately to cover this case, but will be addressed in a future paper.

This paper is in the line of questioning concerning the effect that singularities and zeroes
in the measure have on the asymptotic behavior of orthogonal polynomials. Here we have in
mind the extensive history of the problem dating originally back to the work of Szegd, proving
the strong limit theorem for Toeplitz determinants for non-vanishing smooth weights on the
circle without singularities [15], and whose result has been extended to include a wide class of
algebraic singularities, in particular, by the work of M.E. Fisher and R.E. Hartwig, see [8] for a
history. Of additional interest is the recent work of Barry Simon et al. concerning sum laws of
Szegd type where zeros of the form e~/ 2 for example, in the weight are investigated (see [2] for
an up to date discussion). The logarithimic singularities explored in this paper are of practical
interest in both physics and mathematics as described in [14, 16].
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2 The ¢ function and the Szeg6 function

In this section, we introduce several functions central to our analysis and detail their properties.

2.1 The map ¢ and the Szeg6 function F

The first part of our work closely follows the work from the papers [9, 13, 17], and uses the
Riemann—Hilbert approach to orthogonal polynomials, first put forward by Fokas, Its, and Ki-
taev [11]. We apply similar sets of transformations to the Riemann—Hilbert problems associated
with the weights w and w,

Y >T — Q, Y ->T— Q.

The problems @ and Q are then close in a “certain” sense, allowing the comparison. The prob-
lem @ can be asymptotically solved as in [13], as repeated in the appendix, also see Section B.1.

In the calculations that follow (22 — 1)1/ ? refers to the branch of the square root of 2% — 1

that is analytic in C\[—1,1] and is positive for z > 1. For z € (—1,1), (2% — 1)1j[/2 refers to the
boundary value of (2% —1) as 2’ — z with 2’ € C4 respectively, C1 = {z = z+iy|z € R, y > 0}.
Additionally, when 2 > 0, \/x will refer to the positive square root of x.

The map
b(z)=z+ (2 -1 zecC\[-1,1]

plays a key role in the transformations Y — T and Y -5 7. In particular ¢ plays the role of
normalizing these problems at infinity. The function ¢ has the following properties,

Proposition 2.1. The function ¢, and its boundary values, ¢+, on the interval [—1, 1] have the
following properties:

0) ¢(z) is analytic for z € C\[-1,1], (2.1)
1) ¢(z)=22+0 <i> as z — 00, (2.2)
2) (z)=1+vV2(z-D)"24+0(z—-1) as z— 1, (2.3)
3) B(z) = -1+ V2i(z+1)"?+0(z+1) as z — —1 (2.4)
4) ¢(z) = ¢(2), (2.5)
5) lo(z)| > 1, (2.6)
6) o¢i(x)=o+iV1—22 (2.7)
7 ¢(x)o-(x) =1, (2.8)
8) lo+(z)| =1 (2.9)

The function (z—1)'/2 in (2.3) is analytic in C\(—o0, 1] and positive for z > 1 and the function
(z+1)Y2 in (2.4) is analytic in C\(—1,00] and is positive imaginary from z < —1.

Proof. We will prove statement (2.6); the remaining statements follow directly from the defi-
nition of ¢.
First note that for all z € C\[-1, 1],

6(x) x (2= (- 1)"*) =22 = (" - 1) =
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Therefore ¢(z) # 0. The function é is therefore analytic in the region C\[—1.1]. By proper-
ty (2.2), we see that %(z) — 0 as z — oo, and by property (2.9), we see that ‘é(z)| -1

as z — [—1,1]. Therefore, the maximum modulus principle guarantees that ’%(2)| < 1 for
z € C\[-1,1] and so |¢(z)| > 1 in the same region.

For the log-orthogonal polynomial case, we make use of the associated Szegé function F
similar to the non-Legendre cases analyzed in [13],

1
1/2 logw(s) ds
F(2) = exp (z2_1)//_1(2_1)1/28_z ;
+

s
where
ds
ds .= —
27
and similarly dt,dz,... mean %, %, .... In the calculations that follow we shall use the

following lemma repeatedly without further comment:

Lemma 2.2. The function w(s) = log > 1 ~ has an analytic extension from [—1,1) to C\[1,00)
where log takes on its principle value.

The function L(s) := logw(s) has an analytic extension from (—1,1) to C\((—o0,1 — 2k] U
[1,00)), where again log takes its principle value.

Proof. The proof is left to the reader. |

Proposition 2.3. The function F, and its boundaray values, Fy, on the interval [—1,1] have
the following properties:

0) F(z) is analytic for z € C\[-1,1], (2.10)
1) F(2) = Foo + 5 +0 <212> as z — oo, for suitable constants Foo, F1 € R, (2.11)
2) 1;2(2') =1 wz(z) 21;2( ;+0 (z))l(z)) uniformly as z — 1, (2.12)
3) 1;2( ) =1+ 0(|z + 1|Y/?) uniformly as z — —1, (2.13)
4) Fz)=F(2), (2.14)
5) Fy(x)F_(z)=w(x). (2.15)

Proof. With the exception of statements (2.3) and (2.4) of Proposition 2.1, the above state-
ments are straightforward to prove. Statements (2.12) and (2.13) are proven in Appendix A.1
as Proposition A.1 and Proposition A.3. |

Additionally, as a consequence of Proposition 2.3, the Szeg6 function satisfies.

Proposition 2.4.

forx>1asx— 1.
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Proof. As the estimate in statement (2.12) of Proposition 2.3 is uniform in 0 < |§| < 7, we can
compute for x > 1, x — 1,

F2()+F2() 5 i N i 72 < 1 )
—(z —(x) —2=— — —_—
wy wi@) (@) log? (2 \log 1 —a]
_ar(w- fwy) w2 0 < 1 >
w-&-(x)w—(x) 10g2 |w2,kl‘ 10g3 ‘1 - x‘
272 2 1
== - 5 o T 0 <3>
i@ (@) log? 2 T \log? 1 — ]
372 ( 1 )
= — +0
log? |$2_k:1| log?® |1 — z|
as x — 1. [ |

We will also need the following technical estimate on the difference %(1 +7r)— %(1 +7)
for r,7 > 0 suitably small and close together. This estimate is needed to estimate the integral
in Proposition 5.4.

Proposition 2.5. Fix R > 0 and suppose r,7 > 0 obey

r,f:O(le>, n(%—l) € [-R,R).

Then
2 2 2 2 1
—(1+r) - —(1+F)+ —1+r) - —1+7) =0 :
C - Taen+ e - 040 = 0n (o)
Proof. See Proposition A.4. |

3 The Riemann—Hilbert approach

In this section we define the main Riemann—Hilbert problem and transform the problem into
a form which is amenable to asymptotic analysis.

Remark 3.1. The notation O,, is used as follows. For matrices

A — (AP AR G) o) = (Bulz) Bia(z)
Alz) =472 = <A§T})(z) Ag)(z) ’ B(z) = (le(z) 322(Z)>

we say A(z) = O,(B(z)) as z — zg if, for each pair 7, j = 1,2, and for any n > 0, there exists &
and ¢, such that

‘AZ(.;Z)(Z)\ < cn|Bij(2)]

for all |z — zp| < €. Similarly, for scalar functions A, (z) and B(z), we say that A,(z) = O(B(z))
if there exists ¢, such that

[An(2)] < en| B(2)]
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3.1 Riemann—Hilbert problem for Y

We will denote by m,(x) = 2™ + -+, T, = 2™ + - -+ the monic, orthogonal polynomials associ-
ated with the weights w,w respectively. The polynomials {m,} are described by the following
Riemann-Hilbert problem introduced by Fokas, Its, and Kitaev [11] (see also [7]) for a 2x2
matrix valued function Y (z) = Y™ (z2):

(a)

Y™ (2) is analytic for z € C\[-1,1]. (3.1)
(b) Y™ has boundary values, Y3 := lim  Y(z), for z € R pointwise almost everywhere
z—x,2€C1

and in the following L? sense:

R
for any R > 1, hi%l |V (z £ i€) — Ya(z)?dz =0
el0 J_p
and
Y (z) = v (2) (é w(f”)) for z € (—1,1). (3.2)

(¢) Y™ has the following asymptotics as z — 0o

Y™ (z) = (I +0, C)) <z; 29n> . (3.3)

Of course, for |z| > 1, Yi(z) =Y_(z) =Y (2).
Define the Cauchy operator, C(_y 1) by
1
f(s
Crof = /1 1) 4,

s —Z

and let C[ji 1] denote its boundary values from C4 respectively. We give a brief summary of the

properties of the Cauchy operator and its boundary values on general contours in Section 4.2.

Proposition 3.2 (Fokas-Its—Kitaev). Let v, > 0 be the leading coefficient of p,, the orthonor-
mal polynomials with respect to the weight w, p, = Yn7n. The function

Y(n)(z) _ < T (2) (C[—l,l]ﬂ-nw)(z) > (3.4)

21 7n—1(8) 27”'%21—1(0[—1,1]7%7110)(2)
uniquely solves the RHP for Y (™).

Proof. Aside from some special attention that must be paid to the L? sense in which the
boundary values Y. are achieved, the proof proceeds as in [7]. The L? condition in (3.2) plays
the following key role in proving uniqueness:

Note that, by the L? condition in (3.2), for any a,b € R

b
li%l/ |det Y (x +ie) — det Yo ()| dx

b
~ lim / Vi1 Yas(2 = i€) — (Yia Yao) o (2) — (VioVar (2 & i€) — (Yia¥ar ) (2))] da = 0.
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26i9

o
) 2

z—1=re?

Figure 1. Definition of Cy, Cs.

However, the jump condition in (3.2) implies det Yy (z) = detY_(x) for almost all z € R.
Therefore,

b b
lim/ det Y (x + ie) = lim/ det Y (z — ie)
el0 J, el0 J,

and it follows, by standard calculations, that fC det Y (z)dz = 0 for all closed contours C' C C.
Hence detY(z) is entire by Morera’s theorem. Condition (3.3) and Liouville’s theorem then
implies that det Y (z) = 1 for all z. In particular, Y(2) is invertible for all z € C\[-1, 1].

Let Y be a second solution to the RHP (3.1)-(3.3) and define H(z) = Y (2)Y~!(z), and
repeating the same argument, we find that H(z) is entire, and H(z) — [ as z — oo and hence
H(z) =1 for all z and therefore Y =Y.

We must also demonstrate that the function Y (z) defined in (3.4) achieves its boundary
values in the aforementioned L? sense. A standard argument as in [13] shows that

(d) Y™ has the following uniform asymptotics as z — —1, z € C\[—1, 1]

n B 1 log(lz+ 1))
Y(e) = On <1 lo§<|z+1|>>' (3:5)

We must also analyze Y (z) for z near 1. Let z = 1 + re?® where r > 0 and —7 < 6 < 7, and
recall from Lemma 2.2 that w(s) has to analytic extension in C\[1,00). The following estimate
holds uniformly for —7m < 0 < 7,

211 = s)w(l — s)

I
s—z 18—1—7‘619 s + ret?

_/ Tn(l — s)w (91—3)d8+/ ﬂn(l—s)w(;—s)ds
o s+ ret Cy s+ ret

where C, C5 are depicted in Fig. 1. The integrand is clearly bounded over C is clearly analytic
and hence the integral of Cy is O(1)

1-— 1-—
/ T ( s)wge S)ds‘ < Cn/
ol s+ re o

ds

)

w(l—s)
s + ret

|ds].
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Making the change of variables s = re'’t,

w(l—s) 2T w(1 — ret®t)
Cn/ s + rei? |d5|:cn/ rett + re? rdt
Ch 0
iy /2/’" w(l—re?t)| /2/” log "5t |
" Jo t+1 " Jo t+1
2/ | log t 21
< dt + ¢, 1 ——_|at
cn/o t+1‘ +cp ogr/o t+1‘
1 2/r
logt logt 9
< dt dt + O, (1
c”/o t+1‘ +C”/1 t+1' + On(log”r)

2/r
<cp logr/
1

1
Hl’dt—i—On(loth) = On(logzr)

proving
1
‘/ ﬂ—n(s)w(s)dg'zon(log2z—1’)
1 S—Zz

uniformly for z € C\[—1, 1], as z — 1. Therefore,

(e) Y has the following uniform asymptotics as z — 1, z € C\[—1, 1]

. L log?(s — 1]
Y =0u () ols 1)) 30

Lastly, note that the function Y (™ (z) clearly is continuous up to the boundary for all = €
R\{—1,1} from the properties of the Cauchy operator. Therefore, combining (3.5) and (3.6), it
is clear that Y achieves its boundary values Yy in the L? sense described in (3.2). [

Let o3 refer to the 3rd Pauli matrix

o 1 0

= \o -1/
The recurrence coefficients a,,, b, associated with the polynomials {m,} have the following
expressions in terms of the solution Y (™) (z):

Proposition 3.3. Let Yl(”) be the coefficient of% in the Laurent expansion Y (™ (z)z7"8 =

(n)
I+Y17+O(Z%) as z — 0o. Then

n = (Yl(n))n - (Yl(n+1))11’ b1 = (Yl(n))w (}’1(”))21,
and
1= (Yl(n))w (Yl(n+l))21'
Proof. See [7]. [

References for the calculations that follow are [7, 9, 13, 17].
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3.2 The transformation Y — T

The first step in the asymptotic analysis of Y, is to provide a reformulation of the RHP described
by (3.1)—(3.3) in terms of a RHP normalized at infinity, and now with a bounded, but highly
oscillatory, jump function.

Remark 3.4. In the standard Riemann-Hilbert theory, the RHP is converted to a problem
involving a bounded singular operator on the contour. The replacement of the unbounded jump
(3 %) with a bounded jump makes it possible to apply Riemann-Hilbert theory directly.

Recall the definitions of ¢ and F' from Section 2 and define

T(2) = <i)03 Y (2) (ﬂé)))og, 2 e C\[-1,1]. (3.7)

Since Y, ¢, and F are all analytic in the region C\[—1, 1], T clearly satisfies the same analyticity
condition (3.1) as Y.
For z € (—1,1)

r=(z) ro(Eg) -(£) rolb ) GE)
—ro(50) () (5E)

Fy (¢_)" oo P2
L = T+ 4 —2n 1
_T () F_\ ¢y F,F_ Ner @ by ) ’
0 E qbi 0 igf)*?n
F+ qb_ w o

where we have used property (2.8) of Proposition 2.1 and property (2.15) of Proposition 2.3.
Combining property (2.2) of Proposition 2.1 and property (2.11) of Proposition 2.3 with (3.7),
we see that

T(z):I—i—On(i) as z — 00

Finally by properties (2.3) and (2.4) of Proposition 2.1 and properties (2.12) and (2.13) of
Proposition 2.3 and by conditions (3.5) and (3.6) of the RHP for Y, we see that

B 1 log(]z+1]) _
T(z) = Oy, <1 log(|z + 1]) as z — —1,

ool/2(|5 — 003/2(|5 —
T(2) = n<lg (Iz=1]) log™ (| 1I)>

— 1.
log!/2(|z —1]) log¥2(|z — 1)) o

To summarize, T'(z) solves the following standard RHP:

(a) T'(z) is analytic for z € C\[—1, 1],
(b) T™ has continuous boundary values for z € (—1,1), which we denote by Ti") (z) and
7™ (z) and
ﬁ¢;2n 1
Ty(x)=T_(z)| W 72 for x € (—1,1), (3.8)

w



Asymptotics of Polynomials Orthogonal with respect to a Logarithmic Weight 11

Qo + i

Figure 2. Definition of ¥ =%, UXo U [-1,1JU[1 + 4, 1].

(¢) T(z) has the following asymptotics as z — oo

T(z):I+On<1) as z — 00,
z

(d) T has the following asymptotics as z — —1

B 1 log(]z+1])
T(z) = On <1 102(\,2“))’

(e) T has the following asymptotics as z — 1

log/2(|z — 1)) log™?(|z - 1]
T =0, .
(2)=0 (1og1/2<|z—1|> log*2(|2 — 1)

It follows from the definitions of 7" (3.7) and the fact that det(Y") = 1 that det(T") = 1.

Remark 3.5. Properties (2.12) and (2.13) of Proposition 2.3 imply that %2 is bounded uniformly
as we approach the interval [—1,1] and therefore the jump matrix for 7" in (3.8) is indeed
bounded.

3.3 The transformation T' — Q

The transformations in these sections are well known to those familiar with the Riemann—Hilbert
approach to orthogonal polynomials. The next transformation is a slight modification of the
typical “lens” transformation. The difference is that it collects factors in the upper and lower
lips near the singularity at 1. For our particular weight, these factors cancel each other to leading
order, due to Proposition 2.4. We “deform” the RHP on [—1,1] to a problem on the oriented
contour Y as depicted in Fig. 2.

The transformation in this section is based on the factorization of the jump matrix of T
in (3.8) into a product of 3 matrices on (—1,1):

2
&gﬂzn 1 L0\, 10
w F2
F? o2 (—1 )
0 ;(25:271 w = 1 0
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Since F, ¢ are analytic in C\[—1, 1], and, by Lemma 2.2, log 12—_]“8 has a unique analytic continu-
ation to C\[1, 00), the matrix valued function

1 0
F2
—2n
— 1
—57n(2)
is an analytic function on C\[—1,00) and, by Remark 3.5 and Proposition 2.1 is continuous up
to the boundary. Now define

T(z) for z € Qo,
1 0
T(z) F? for z € Q,
Qz) = T 1 (3.9)
1 0
T(z) | F2 g for z € Q.

A straightforward calculations shows Q = Q™ solves the following RHP:

(a) Q(z) is analytic for z € C\X,
(b) @ has continuous boundary values for s € ¥\{—1,1} and Q1(s) = Q_(s)vx(s), s € %,

where
( 1 0
F72¢72n . for s € X1 U X9,
w
(s) 1 0
vx\s) = F?2 2 for s € [1,14+ 6],
e
w4 w—
0 1
for s € [-1,1],
-1 0

(c) as z — oo
Q 1
Q(z):I—I—Zl—I—On<Z2>,

(d) @ has the following asymptotics as z — —1

. (logllz+1) log(|z +1])
Q=) = On <log<|z+1|> 1og<z+1r>)’ (3-10)

(e) @ has the following asymptotics as z — 1

o, (= = 1)) Tog? (1=~ 1]
261 =0n (o1 g 1) 24y

The endpoint conditions in (3.10) and (3.11) guarantee that the solution @ to the above RHP
achieves its boundary values in the L? sense. The same argument as in Proposition 3.2 proves
that this solution is unique. Therefore, any solution to the above RHP must be the solution we
obtain from the RHP for Y through the transformations (3.7) and (3.9).
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3.4 The associated Legendre problem, Q

The same steps as in Section 3.3 can be repeated for the problem with the Legendre weight
w(s) = 1, s € [—1,1], in which case all of the above calculations hold true provided we take
F=1

This results in the following RHP on X for Q=Qm:

(a)

Q(z) is analytic for z € C\X. (3.12)

(b) Q has continuous boundary values for z € ¥\{—1,1} and Q(s) = Q_(s)vs(s)

1
0 for s € X1 U X9,
¢—2n 1
- 1 0
Ux(s) = 2621 1 for s € [1,1+ 4], (3.13)
0 1
> for s € [-1,1],
-1 0

(c) as z = o0
- Q 1
A =1+%+0,(3).

(d) Q has the following asymptotics as z — —1

o log(|z +1]) log(|z + 1)
Q(z) = On <1og(\z+ 1)) log(|z + 1’)> 7

(e) @ has the following asymptotics as z — 1

o (log(l=—1]) oz — 1]
Q=) = On <1og<|z—1\> 1og<z—1r>>‘ (3.14)

3.5 A formula for recurrence coefficients

Proposition 3.6. The following formulas hold for the recurrence coefficients in terms of the
modified RHPs Q, @,

an — Gp = (an))ll - (an))u - ((anﬂ))ll o (~§n+l))11)7
b1 —brr = (1)1, = (Q1) ) (@), — (@1),)
+ (an))m[(an))Ql B ( (n+1))21 B ((an))ﬂ B (an+1))21)]'

Proof. Note, from Proposition 3.3, that the recurrence coefficients a,, b, are related to the
RHP for Y via the formulas

an = (") = (")
b= ("), (0")

11’

12 21’
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and, again from Proposition 3.3, Y satisfies the following symmetry relation:
1
1= (Yl(n))lz (Yl(n+ ))21' (3.17)

Now for z sufficiently large (outside of the contour X)

(&) re(5d) o

(o) () () (3

By Propositions 2.1 and 2.3

and

Hence

9" (2) 2" n -2 2" 2"Fy -2

= 2"+ O, (2" = —2" - 2" 4+ 0, (277,
F(z)  Foo+ 2 +0,(272) nl ) Fy F2, n( )
F(z) Fuo Fy —2

O n
(]5”(2) mnan O (Zn 2) + 2nzn+1 + On(zn—l) + n(z )
Fo _ Fr . —n—2
:2‘;" e +On(27"77)

So

<I+}2+On(z‘2>)z"”3:(§jf> <+Ql+0( ))

N\ 1 (=3 0
— - % o) —2 nos
X ((Foo> + p ( 0 % + On (2 )",

Fy

Vi 1P\, (2 (TR )
z z \ 2" ! Fy z 0 ﬂ ’

Fy 0
F o\ % on \ 78 T
Yl‘(zn) Q1<m> S R

o0

and so the formula for the recurrence coefficients in (3.15)—(3.16) can be expressed in terms of
the RHP for @ by

n = (an))n - ( gnH))n’ bi—l = (an))m (an))m'

The symmetry consideration (3.17) becomes

1= 4(an))12( §n+1))21

and so

an = (an))n . ( §n+1))11’
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21— Q) (@) - (@),
The same formulas hold for a,, and 572171, replacing )1, Y1 with Q1, Y1. Therefore,
n = Gn = (an))u o ( ~§n))11 o (( §n+1))11 o (~gn+1))11)
by = Ona = (1), (@) = (@7)50) = (@)1, (@) = (@7F1),))
= (@)1 = (@) 1) (@) — (@"),)
+ (an))m[(an))zl o ( (n+l))21 - ((an))m a (an+l))21)]
as desired. [

4 A comparison of resolvents

In this section we develop the machinery that will allow us to compare two Riemann-Hilbert
problems using non-local information.
4.1 Comparing Riemann—Hilbert problem through the Cauchy transform

For a bounded, oriented, rectifiable contour ¥, consider Cy acting on LP(X), 1 < p < oo, as
follows

s
csne = [ Ias
where recall ds = %. For almost all z € ¥, the limits
(CEf)(2) := lim f(5) ds

2=zt J, 8 — 2
exist. Furthermore,
(CTH(2) = (C)(2) = f(2)
for almost all z € ¥, and
(CTH(2) +(CTf)(2) =iH f(2),

where H is the Hilbert transform

. £z 42’
AfE =t [ o
|z—2'|>€

which exists for almost all z € 3. An oriented, rectifiable contour X is called Carleson (or
Ahlfors-David) if

Ur(2) N %]
sup ———— < 00

ZEY r
r>0

Ky =

)

where U, (z) denotes a ball of radius r centered at z.

The fundamental theorem, starting with the work of Calderon [3], continuing through the
work of Coifman, Meyer, and McIntosh [5], and culminating in the work of Guy David [6], is
the following: The operators Cy are bounded from L?(X) — L*(¥) (and in fact in LP(X) for all
1 < p < o0) if and only if ¥ is Carleson. Note, in particular, that the contour in this paper is
clearly Carleson.

We will say that a pair of functions Ay € LP(X) belongs to 0C(LP(X)) iff Ay = C;E f for
some (unique) f € LP(X).
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Proposition 4.1. Let ¥ be a Carleson curve, and let Ay € I + 0C(LP(X)) and By € I +
OC(LI(X)) for 1 < p,q < oo where 1 > 1 = % + é. Then if A(z), B(z) are the extensions
of Ay, By respectively, then (AB)(z) is the extension of

(AB)+ € I+ 0C(LP(2) 4+ LY(Z) + L' (%)).
If 3 is compact, then
(AB)L € I+0C(L"(%)).

Proof. Suppose f € LP(X) and g € LI(X), then f(Hg),(Hf)g € L"(X), and

L (CsJ(Hg) + Cs(H )] (2)

Lo ([, o0i25) s Lam () s0rt) ot

— lim /s’tez f(5)9(t) (S LI t;) dsdt =1lim [ f(s)g(t) L1 gar

e—0 t—s —z e—0 s—zt—z
[s—t|>€ [s—t|>€
= (CEfCEg)(Z),

where we have used the fact that the Hilbert transform converges in LP(X) and L4(X). Therefore,
if Ay =1+ CFfand By = I+ Cig, (and hence A = [ +Csf, B = I+ Cxg), then (AB)(2) is

the extension of

(AB)s = 1+ CE + G+ CECEg = T+ C (F 4+ (1) + (1))

and, since f € LP(X),g € LY(Y),

/I; T
f+g+5(f(Hg) + (Hf)g) € LP(Z) + L1(X) + L(2),
which completes the proof. |

Remark 4.2. Note in the case r = 1 that dC(L'(X)) is not contained in L(X).

Remark 4.3. Suppose Ay € I + dC(LP(X)) and suppose that AT!(x) exists a.e. and lies in
I+00(L4(%)), L = % —|—% < 1. Let A(z), B(z) be the analytic extensions of Ay, A7 off ¥

T

respectively. Then A(z) is invertible in C\X and A~!(z) = B(z). Indeed by Proposition 4.1
(AB)+ = I + CZh for some h € LP(X) + LI(X) + L"(X), but (AB); = (AB)_ = I and so
h=C{h—Cgh=0. Thus AB(z) = A(2)B(z) = I.
Theorem 4.4. Suppose va,vg € L>(3) and Ay solves the RHP:

Ap(z) = A_(z)va(x), forx e X, AL € I+0C(LP (%)),
and B4 the RHP:

B (z) = B_(x)vp(x), forz e X, By € I+0C(LF(%)).

Suppose further that vy* € L®(Z) and By € I+ 9C(LI(X)) where %—i— % =1, then if A, B are
the analytic extensions of A+ and B4 respectively,

AB™' =T+ CsA_(vavg' —I)BZL.
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Proof. The following calculation holds almost everywhere on X,
CHA_(vavg' —I)BZ' = C5 A_(vavp' — I)BZ' + A_(vavy' — I)BZ?
=C5A_(vavyg' —I)BZ'+ Ay B — A_B~".
Therefore, almost everywhere on X,
I+ CEA_(vavg' —I)BZ' = AyB{ =1+ C5 A_(vavy' —1)BZ' — A_BZ". (4.1)
However, using Proposition 4.1,
I+ CEA_(vavy' —I)BZ' — (AB™Y), € 9C(L'(D)).
Thus
I+ C5A_(vavg' —I)B~' — (AB™Y), = C5h
for some h € L}(X) + LP(X) + L4(X). However, (4.1) then implies that h = 0, and therefore
I+ CsA_(vavg' —I)BZ' = AB ' =0
completing the proof. [ ]
Proposition 4.4 clearly implies for z € C\X,
A(z) = B(2) + [CsA_(vavg' — I)BZ'](2)B(z)

= B(z) + [CEB,(UAUB —I)BZ ](z )B(2)
+ [Co(A- ~ B)(wavy' ~ B (2)B(2)

If it is possible to control the L?(X) difference A_ — B_ then quantities related to A away
from the contour ¥ can be estimated by quantities that only rely on B and the jump func-
tions v4, vg. The results of this section will lay the groundwork of controlling this difference,
with the remainder of the work being done in the following section.

For compact ¥ and f € LP(X), p > 1, we have that (Cxf)(z) = O(L) as 2 — co. The
contour X defined in Section 3 is clearly compact, we will use this fact repeatedly without
further comment.

4.2 The resolvent bounds
Let h, f refer to matrix valued functions, h € L°°(X) and f € L?(X), and define the operator
Cj, acting on L%(X) by

(Crf)(@) =C5 (f(h—1))(x) = hm/f ) ds for x € X.

Z—T

Clearly Cj, is bounded from L?(X) — L?(X). The importance of this definition lies in its role
within the general theory of Riemann—Hilbert problems, see for example [4, 10] and the references
therein. In particular, let p be any L?(X) solution of the equation

(1-Cupn=1 (4.2)

Note that I € L?(X) since X is bounded. If 1—C,y, is an invertible operator from L*(¥) to L*(%),
then

p=(1- Cvz)ill (4.3)
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is the unique solution to (4.2). In this case the unique solution X to the RHP normalized at
infinity with jump vy is given by

X(2) = I + Cx(ulvs —I)).

Our first step to controlling the difference Q — @, will be showing that the resolvent in (4.3)
is bounded uniformly of n for the following modified version of the Legendre Riemann—Hilbert
problem:

Define, as in (3.13), for the same contour X, and subcontours X1, X5 as depicted in Fig. 2,

(

1
0 for s € X7 U X9,
¢"(s) 1
1 0
Uy = for s € [1,1+ 6],
=1 ag2n(e 1) Pl il
0 1
) for s € [-1,1],
\ -1 0

then we have the following theorem:

Theorem 4.5. The operator 1 —Cjyy, is invertible for allm > 0. Moreover (1—Cyy,)~! is bounded
uniformly of n in operator norm from L*(3) — L*(%).

Proof. The following proposition follows from Proposition 2.14 from [10], see also [4].

Proposition 4.6. A family of operators (1 — Cy,,,)~! is bounded uniformly with respect to n if
and only if the inhomogeneous RHP

m4(s) = m—(s)hn(s) + g(s) forseX, mge€ 3C(L2(Z))
is (uniquely) solvable for all g € L*(X) with ||m<||r2 < c||g||r2 with ¢ independent of both n
and g.
We want to apply Proposition 4.6 to h, = 0x. To this end, suppose a solution my(s) =
m4(g,n, s) exists to

m4(s) = m_(s)vs(s) + g(s) for s € ¥, my € 0C(L*(X))

and note m(z) := (Cxf)(z) for z € C\X is the analytic continuation of m4. It will follow from
the calculation below that such a solution indeed exists. For z € C\[—1, 1], let

1) = () 1)

and, in the notation of Fig. 2, set

m(z) — Cxg(z) for z € Qo,
t(z) = ¢ m(2)9(z) — Csg(z) for z € Oy,
m(2)071(z) — Csg(z) for z € Q,

g(s) for s € ¥y,
g(s)o71(s) for s € o,

(s) forsell,1+4],
0 for s € [-1,1].
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Since 9(s) is uniformly bounded, it is clear that ||g||z2(5) < c|lgl|z2(x), and it is also clear that
[mallr2sy < clltellzzes) + cllgllrzs). For s € $1, 39, or [1,1 + 4], straightforward calculations
will show that ¢4 (s) = t_(s). Therefore t(z) is actually analytic for z € C\[—1, 1]. Lastly, for

€ (—1,1), first note that § = 0, and therefore Cst§ = Cy g, which we label Cxj. Another
calculations shows:

)
t+ =t_ ¢+ n + ng ¢+ n +g ( —12n 0) - ng
0 ¢+) 0 ‘b+> 2
o o

So t(z) solves a RHP:
(a)

t(z) is analytic for z € C\[-1, 1], (4.4)

(b) for x € (—1,1),

ty(z) =t (z) Cﬁ)n 1 g (4.5)

z) = O, <1> , (4.6)
where
Y e
g=Cxg . (?)n +9(¢4—_2n 1)‘ »g-

Since the restriction of Cs; to [~1,1] is bounded as an operator from L?(X) to L?([—1,1]), and
since [¢4(z)| =1 for z € [-1,1]. Tt is clear that [|g[|2(—1,1)) < cllgllz2(m)-
Next, let

u(z) = 1(2)¢"%(2)
it is clear that [[t4||z2(—1,1)) < [luxl[z2(=1,1))- The jump conditions becomes

uy(x) =u_(x) <(1) i) + G

for z € [-1,1], and, as z — oo,

wr=aomer=on () (4 L, i)

_0 znfl anfl
n Zn—l Z—n—l .



20 T.0O. Conway and P. Deift

In particular, a solution to the RHP described below can be transformed in a bounded fashion
to the solution m,

u(z) is analytic in C\[—1,1],

wy <(1) }) 36" () for = € [-1, 1],

—1 —n—1

u(z) = O( 1jn1>asz—>oo

This RHP can be solved as follows. Let ¢ = (g1,92) and u = (u1,u2) where g1, ga, u1, ug are
the column vectors of § and u. Then

Uy = u— + G197, Uzt = Up— + u1- + G2@ly.

Thus, since u; = O, (2"~ 1) as 2z — oo, any polynomial p,_; with deg(p,_1) < n — 1 provides a
potential solution for u; through Plemelj’s formula,

L an(s)onls)

u1(z) = pp-1(2) + /_1 P (4.7)

and, since ugo = Oy, (z_”_l), if the solution exists, it must be, again by Plemelj’s formula,

ds

vy — /1 u1—(s) + §2(5)¢5" (5)

—1 S—Zz

:_i/l( ()4 dnle) i}( ) (4.8)

-1

The condition uy = Oy (z‘”_l) is therefore equivalent to a system of n equations for the n
coefficients of p,_1. Specifically, we have

1
/ sk(ul,(s) + Ga2(s)p7")ds =0 for0<k<n—-1,

-1

1 1
/ Fpp_1(s)ds = — / 1 (C599%)(s) + g2(s)p"ds for0<k<n—1. (4.9)

1

As det ( fil shti ds) Z,;io # 0, equation (4.9) is a system of n independent, linear equations for
the n unknowns, ag, a1,...,a,_1, where

pnfl(s) =ap+as+---+ anflé’n_l.

It follows that the solution u exists and is unique. Moreover,
1
/ sk(ul_(s) + Go(s)¢;")ds = 0 for0<k<n-—1,
-1
1
| P pa1(6) + Oy (@16) + (5)677) s = 0
For all polynomials with deg(P) =k <n—1

1
| (pact PC6) + a1 (016%) + ot ()57 ds =0

-1
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1 —
||pn71||%2(_171) = _/_lpnl(s) (C[il,l] (gIQﬂ-) +§2(S)¢J_rn)d5
<Hlpnallr2llCy 3y (910%) + G207 [ 2
So, using the fact that |¢4| = 1 and the boundedness of the Cauchy operator, we have

[Pn—1llr2 < ¢llgallL2-

Most importantly, we notice that ¢ is independent of n. Therefore, by using the boundedness of
the Cauchy transform and the fact that |¢+| = 1, as well as (4.7) and (4.8), we see that,

l/l|

||(U17U2)i|\L2( -1,1]) H9||L2 |9||L2

where all the constants are independent of n. Up until now, we have been assuming solutions m
and t existed. However, reversing our construction,

t(z) = u(z)p™"
is a solution to the RHP for ¢, (4.4)—(4.6) with [[t+] z2(—11)) < luxllz2(-1,1)) < cllgllz2(z), and

t(z) + Cxg(z) for z € Qq,
m(z) = 4 (t(z) + Csg(2))o71(z) for z € Oy,
(t(2) + Cxg(2))o(2) for z € Qo
solves

m(z) is analytic in C\X,
m4(s) = m—(s)ox(s) + g(s) for s € X,

1
m(z) = Oy, <> as z — 00 (4.10)
z
and satisfies [myl|r2(s) < elltll 211 + cllgllzz ) < cllgllizes)

All that remains is to show m4(z) € 8C(L2( )) To that end, let fi(s) = m_(s) and define
for z € C\,

H(z) = (Ce(i(0s — 1) + g))(2)- (4.11)
Then for s € ¥

H(s) = ((Cfi(vs — I) + 9))(s) = ((C ilvs — I) + 9))(s) + fi(s)(s(s) — 1)) + g(s)
H_(s)+mqy—m_.

Therefore
H+—m+:H_—m_.

It follows from the same argument as in Proposition 3.2 that the function H(z) —m(z) is entire.
From (4.10) and (4.11), H(z) — m(z) = O, (1) as 2 — co. Thus, by Liouville’s theorem,

m(z) = H(z) = (Cx(i(vs — 1) + 9))(2)
and so
my € 0C(LA(X))

concluding the proof of Theorem 4.5. |
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Theorem 4.5 has, as a corollary, the equivalent result for the modified log-orthogonal problem:
Theorem 4.7. The operator 1 — Cl, is uniformly invertible for all sufficiently large n.

Proof. Note that

0 0
<F2 _1> 5 0 for s € ¥ U X,
vy — Uy = 0 0
F?  F? for s € [1,1+ 4],
<+—2>¢2n of forecl ]
w4 w—
0 for s € [-1,1].

So it follows from Propositions 2.1 and 2.3 that
|vs — Osl[ oo sy — 0,

which, in particular, implies that
1Cvs = Cosllp2r2 — 0.

Combined with Theorem 4.5, we see that

H(Cvz _Cf) )(1_0172)71”[/2%]} — 0. (4.12)
Writing
(1= Cug) (1= Crg) ™ =1 (Cuy = Cay) (1 = Cy)) ™ (4.13)

and using (4.12), we see that for n sufficiently large, the series

(1 - (O'UE - Cﬁ )(1 - Cﬁz)il)_l = i [(Cvz - Cﬁz)(l - Cﬁz)il]k
k=0

converges in operator norm and
(1= (Coy — o)1 = Ci) ™) | 2,2 < C < 0.
It follows from (4.13) that (1 — O,y )~ ! exists and is given by
(1= Cun)™ = (1= Ci) 7 (1= (Coy = )1 = Co) ™)™
for n sufficiently large and hence

_ _ -1
11 = Cup) Mlzzsre < (1= Cog) M| oy o[ (1= (Cow = Co) (1 = Co) ™) ™ o 10
< CH(l - Cﬁz)_IHL2—>L2'

So by Theorem 4.5, (1—C,.) ! is bounded in operator norm uniformly for n sufficiently large. W

Remark 4.8. In fact, a standard RHP argument shows that (1 — C,,,)~! exists and is bounded
in L? — L? for all n > 0. The point of the above theorem is that the bound is independent of n.
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4.3 A formula for Q; — Ql

Proposition 4.9.

Q1 — Q1= —/Eﬂ(vz — Op)fi ' dz, (4.14)
where
p=(1=Cw) ', fi=(1-Cs)'I.
Proof. The functions p and i are given in terms of the RHP solutions Q and Q, see [10], by
p=Q-, fi=Q-,
and so
Q+ = I+ C5 (u(vs - 1)),
and it is straightforward to show that
Q' =T+C5((vog' = Di™").

However ji = Q_ € L*(X) and det (Qi) = 1, therefore ! € L?(X) and clearly Uil € L>(%),
and so Q1! € I +dC(L3(X)). From Theorem 4.4, we have

Q()Q 7 (2) =1+ CxQ_(vsig' — 1)QY, (4.15)
but
° ; f YiuUX
(56) 1) 66 0 or 8 € T Uy
vply (s) — I = 0 0
((ﬁ(s)+1lf(8)_2> $=27(s) 0) for s € 1+ 4,1]
0 for s € [—1,1]
= vy — Vy. (4.16)
Therefore
CoQ- (vt = 1)Q™" = Cop—(v = )i~ == [ ju-(ow = i)~ a5+ 0(=72)

as z — 0o. Therefore

I+ Q1 -1 +0(z7) =QQ '(2) =1— / p—(vs — ox)fi s + O(27?).
z >

So

Q- Q1= —/E/J—(Uz — Oy)i " ds,

which completes the proof. |
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Remark 4.10. The goal of this section is to develop the machinery that allows effective com-
parison of the difference of the RHPs () and Q. As mentioned in the introduction, the stan-
dard approach of comparing the RHPs for @, @) by their quotient breaks down. Indeed, for
z €[1,1+4],

1 0
Q0. =Q 2 g2 1 0 O
+ - <+> ¢—2n 1 _2¢72n 1 —
w4 w—
1 0
— N—1 2 2 A—1
= QfQ— Q* (F + i o 2> ¢—2n 1 Qf
w4 w—

~ F2 O N L, (QuQ  —QY >
©Q <I+<w++w— 2>¢ <Q§2 —Q12Q2) _ )"

So QQ~ 1 is the solution to a standard RHP on ¥ with jump

Jo=14 (FQ I I _2> o2 (ng@zz N—Qiz ) _ (4.17)

wy  w_ Q3  —Q12Q2.

Typically, we would like to draw conclusions about QQ_l by demonstrating that ||J—1I||ze — 0.
However, while the jump functions associated with @, Q) are close in an L sense, and specifically,
near the point 1,

(e mo-2) o0 g o (i) e

this behavior is counteracted by the singular behavior of Q. From (3.14), we have that Q12, Q20 =
On(log(|z — 1])) as z — 1. More is true, in fact, Q1a, Q2o = ¢, log(|z — 1))(1 4+ 0(1)) as z — 1
where ¢, ~ en'/2, which we will not prove, but which can be inferred from the behavior of s
described in Section B.1. Therefore, from (4.17), it is clear that

HJHLoo([LH(;]) 40 as n — oo.

Thus it is not clear how to proceed in an analysis of the quotient QQ . Ultimately, this
difficulty motivated our examination of the difference Q@ — Q.

Remark 4.11. We note that formulae (4.15) and (4.16) can be used, in principle, not only to
derive our basic formula (4.14), but also to obtain asymptotic information about the orthogonal
polynomials for general values of z, not just for z = co. Certainly for general z the analysis
should go through as long as z is at a fixed distance away from the interval [—1, 1], but as z
approaches the end points £1, in particular, technical difficulties arise that we have not yet been
able to address. Also, as z — 00, one can, in principle, use (4.15) and (4.16) to obtain lower
order terms for the recurrence coefficients, but again certain technical difficulties arise that we
have not yet overcome.

5 Conclusion of the proof of Theorem 1.2

In this section we combine the previous results of the paper in order to prove the main result,
Theorem 1.2.
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5.1 Calculation of the integral in (4.14)

The integral in (4.14) involves both i and p. The asymptotics of i are known, see [13], or
Appendix B.1 for a summary. Theorems 4.5 and 4.7 together with the known asymptotics of /i
give us control over u in an L?(X) sense, which will be sufficient for our purposes.

Namely, in Proposition B.2 we prove:

Proposition 5.1. The functions i, fi obey the following estimates:

1808 =5 sy = © (7o ) 51
[ = 5Oy = O (@) , (5.2)
) )~ DL )y =0 (). 53
1 = ) = () = D)y =0 (). (54
Proof. See Proposition B.2. ]

Proposition 5.1 together with Theorems 4.5 and 4.7 allow us to estimate the integral in (4.14)
by a similar integral involving only Legendre quantities. This is done through the following
proposition:

Proposition 5.2. The integrals can be estimated by

e . e 1
—/M(Uz—vz)u 1&8:—/M(Uz—vz)ﬂ 153—1‘0( 1 )
X ) nlog®n

and

= J ) =) [ ) )

= A =) @) e [ - ) ) T

by
1
+O0(———F).
<n2 log* n)
Proof. Recall that det(y),det(fi) = det(Q_),det(Q_) = 1. Therefore the norms (5.2) and (5.4)
also imply

O 1
H(UE — On)ft 1HL?(z) =0 <n1/2 log2n> ’
n ~(n ~(n)\— n ~(n n 1
16 = 857 = ) = ) G0 gy = O e )

n3/2log* n

and therefore,

- /Z plog — Bp)i~ ds = - /E filvs — Up)fi s — /Z (n— f1) (vs — )i~ ' ds,

and by (5.1) and (5.2),

[ s = o)t = i)
b

- 1
<o = 35y 7 = sy = O (s )

nlog*n
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So

. N _ o 1
—/M(UE—UE)M 158:_/#(“2—”2)# 153—1‘0( 1 )
X ) nlog®n

Somewhat similarly,
= [ GO e [ i) )
== [ o) ) s [ - ) ) s

= L = () ) ) = Y = ) )

_ /Z (1) = 5 — (@) — DY) (ui ) gy () g,

Now, by (5.2) and (5.3),

L = R () =) ) — () =) ) s

) = B g | ) = 7)) ) =) )

i
1
n2log* n

and by (5.1) and (5.4),

fi HL2(2)

/Z (1™ — @) — (@) DY) () _ gy ()~ g

< (™ — 7Y (um D Y| ([ (00D - gy

1
=0(—11.
<n210g4n>

Therefore, we see that
= O H) ) e [ @ ) ()
_ /E A (w0 — 50 () " s + /E A () _ gDy () g

1
+O0(——-7F),
<n2 log4n>

which completes the proof of Proposition 5.2. |

() o)

The integrals in Proposition 5.2 can be computed asymptotically using the known asymptotics
of i, yielding:

Proposition 5.3.

L) - s e = ot (L ) o (o).

Proof. See Proposition C.3. |
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Proposition 5.4.

/Z AT () (0 (2) = 807 (2)) () 7 (2)dz

=LA@ ) - o @) () 7 e)as

~ s (1) 0 ()
© 16n2log?n \—i —1 n2log3n /)’

Proof. See Proposition C.4. |
A(n)

Combining the results of this section, we can compute the difference an) — (@, asymptoti-
cally,

Proposition 5.5. The difference Ql—Ql = (1n) — ~gn) has the following asymptotic expansions
~ 3 -1 1
— =—7 | . +0 ) 5.5
Q=@ 16nlog?n < ? 1) <n10g3n> (5:5)
() _ 5 _ (on+l) _ HlntD) 3 -1 i 1 )
— - — = —7— | . +0(———75—). 5.6
@ ! (@ ) 16n2log?n < { 1> <n2 log®n (56)

Proof. Combining Propositions 4.9, 5.2, and 5.3,

Q1— Q1= —/Eﬁ(vz — Oy Mz = —/E,&(vz —Os)ji Az 4+ O ( L )

nlog®n
3 -1 i 1
St (1) 70 (i)
16nlogn \ ¢ 1 nlog®n

demonstrating (5.5). Similarly, combining Propositions 4.9, 5.2, and 5.4,

an) . ~gn) o (an+1) . Q§n+1))
= [ =) e [ <o) ) e
=~ [ ) @) e

o LA =) ) a0 ()

n2log3n
3 -1 1
16n2log?n < ( 1) <n2 log® n)

demonstrating (5.6). [

5.2 Computing the asymptotic behavior of a,, b,
Proof of Theorem 1.2. Recall that by Proposition 3.6,

an — Gp = (an))n - ( ~§n))11 - (( gn+1))11 - (~§n+1)>11)’
bi—l - b721—1 = ((an))u B ( (N))m) ((an))m B ( (1n+1))21)
+ (an))m[(an))Zl o (an))m - (( gn+1))21 B (anﬂ))m)}'
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The calculation for a,, — a, is read directly from Proposition 5.5

o= (g (1) 7 (o)
T \en2login \ i 1 n2log3n/) /|,

16n21og%n n2log®n )’

To calculate b2, — b2_,, note from (B.6) and (B.10) that as z — oo,

n—1

a+atl a—at

_ Ri(2) 1 2 2
_<1+ n +O<n2>> a—at' a+al|’ (5.7)
—27 2
From (B.11)
R™(z) = I + erfz) +A(2),

where R, A(z) are analytic in for z € C\Xg and

IR1(2)] < — and |A(2)| <

2] S e

We can write N(z) = I + % +0(27%) and N(z) = (N“(Z) %;z(z)) So, in particular, Q; =
Nl + 0 (%) and

Nm(z):W:Qli ((;DM_ (thM)

as z — Q.

R e CR VR ) R ()
— % (2;2 1)1/4 2 (1 . %)1/4
1 1 1 _ _ 1 _
. <1_2z_1_2z+o(2 2)) (140(:2) = (_2iz+ (= 2))
from which it follows that
. 1 1
(@), = "9 +0 <n> : (5.8)

Combining Proposition 5.5 with (5.7) we see that
(n) _ H(nt1) _ (nt1) 1
@ @ Q -~ @ <n2 log? n)

— lim 2(R™(2) - R"V())N(2) + O (12> _0 (1> . (59)

z2—00 n2log”n n?
Using Propositions 3.6 and 5.5, and substituting in (5.8) and (5.9), we see that

bi b 1_(( g ) ( gn))m)((an))Ql_( gn+1))21)
(@)1 [(@7)5 = (@) — (@), = (@),0)]
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1 1 1 1
=0 g) ()« (a0 3)
3 -1 14 1
— | . O ——
- (16712 logzn < t 1> " <n2 log3n)>21

3 1
=———+0 | ——5|. 5.10
32n2log?n <n2 log® n) (5.10)

Next, note that

by —bh g = = (bp-1 — anl) (bp—1+ Enq) = (bp—1— anl) (2677,71 +bp1 — Enfl)-
Recall that Bn_l = % + O(%) Therefore
" . 1
b1 = bp_1 = (ba-1 = bn1) (1 + (bp-1 —bn-1) + O (712)> . (5.11)

By definition, b,_1 > 0, so (1 + (bn—l — Bn_l) + O(#)) > % — ¢, which combined with (5.10)
and (5.11), first demonstrates

~ 1
bp1—bn1=0—-—1,
! ! <n2 log2n>

which, substituted into (5.11) and using (5.10) a second time, gives

~ 3 1
bp1—bp1=—77-—4+0| ———
! 1T 392 log?n <n2 log® n)

concluding the proof of Theorem 1.2. |

A Asymptotics of the Szeg6 function

A.1 Asymptotics of F

The following proves assertion (2.12) of Proposition 2.3

Proposition A.1. For z € Cq,

ff(z):(wl@glg@*O(uﬁl@z)))

as z — 1.

Proof. Let z = 1+ re? where 0 < |0] < 7, » — 0. We will first prove that

L logw(s)  ds 1 4 1 k G| 1
_ L (L, BT +o< )
r%e oglog — ,
/1 (s2 — 1)1/2 s—z 42 2 88T g log? -k log® r

where O(logl3r) is uniform in 0 < |#| < w. Note that

/1 logw(s) ds U logw(s) ds (A1)
( )1/23—z_ _1\/1_323—,2’ '

i ([ gty [ ot [ - s o)
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A calculation shows that
1 1 1 ds
log w A2
Ry = e (42

:/_Ollogw(s) [2ﬁ5;(1+8)] = +/0110gw(s) {wﬁﬂ(us) —

The first integral is clearly bounded as z — 1. The second integral is easily seen to be controlled
via the following lemma:

Lemma A.2. Let f(z) be an absolutely continuous function on the interval [a, 1] with f(1) =0
and with a derivative f'(x) € LP([a,1]) for some p > 1. Then

/f P 0(1), as z — +1

for z € C\[a, 1].

e [ [

//z—s dt__gm/f (log(z — t) — log(z — a)) dt.

Proof.

Therefore

<1 ze (o)) % og(z —t) —log(2 — @)l pa(pa1y = O(1),

where % =1- %. Here we have used the fact that log(z —t) —log(z —a) is in L9([a, 1]) uniformly
as z = +1, z € C\[a, 1], for all ¢ < co. |

Applying Lemma A.2 to (A.2) and combining with (A.1),

L logw(s) B log w(s)
/1(82 )1/28_2— \f/ l—ss—z+0()

as z — 1 uniformly for z € C4. Recall z = 1 + re” and make the change of variables t = 1 — s,
then

A L logw(s) d / log w( 1—t) dt
V2 )1 V1=s5s—z \f Vit t+rei?’

From Lemma A.2, w(l — t) is analytic for s € C\(—o0,0] and logw(1 — t) is analytic in the
region C\((—o0,0] U [2k, 0)), so

/ log w 1—t) dt / / logw(l—1t) dt
V2 Vi ttre? o Jo t/2 t4re?’

where the contours C', Cy are depicted in Fig. 3 for 0 < § < ; there is an analogous picture for
—7 < 0 < 0. Here t'/2 = |t|1/2¢9/2 where —7 < < 7 is the analytic continuation of v/# from
(0,00) to C\(—o0,0]. The integral over the contour C5 is bounded away from all singularities of
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26i9

o
) 2

z—1=re?

Figure 3. Definition of Cy, Cs.

the integrand, and thus, by dominated convergence, tends uniformly in 0 < |f| < 7 as r — 0 to

dt
/;2 10g'LU(1 — t)w,

which is finite. Therefore,

L' logw(s) logw(l1—t) dt
= -+ O(1).
/_1 (s2—1 )1/23—z \f/ t1/2 t + re +0()

Making the change of variables t = re?u, u > 0, vy = Vv,

logw(l—t) dt ir—1/2¢=10/2 2/r1 (1= reifa) du
\[ A2 ttoe® NG e N YE

—1/2
_ i [ gt — reitg?) -5
= gw( re ’7) 3
0

o [V 2% d

= \@ir_l/Qe_w/z/ log | log — — 2log~y — 6 4
0 r ’Y2 +1

. G G v
_ - —1/2 —i0/2
= V2ir € / +/T 1/4 +/T —1/4

0 (3%) (3%)
x log <log2k_210gfy—29 7&11

= V2ir 2702 (Ny(r) + No(r) + N3 (7). (A.3)

When v < (2%)1/47 we have that log 27’“ < —4log~y. So as —2log~y > 0,

L
2

?T‘

dy

N -
M) S

2
log <log —k —2logy — z'0>
r

2

R‘

2k dry
1 log — — 21
0g<0g . og7> )

N

I
e
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(ﬁ)m i6 dvy
+ log | 1— % 3 .
0 log =¥ — 2logy ) v* +1

As log % — 2logy = log % — 00 as r — 0o, the integrand in the second integral is bounded
above and therefore

2k d
log <logr - 2log'y) ‘ 2 1 7 + O(r1/4).

og x| 1S an 1ncreasing unction when = > y therelfore since og =—- & —4log an og =~ —
1 is an i ing function wh 1, therefore since log 2® < —4log~y and log 2
2logy>1asr — 0,

r\1/4

1 (G dy 1/4
M) < 5= [ toe(<610g7) 5 + 00

N
el
~—

r\1/4

(k)
< 1 log (—6log~y)dy + O(T1/4)
2 0

Integrating by parts,

(i)lﬂl 7"1/4/(2k)1/4 r1/4/(2k)1/4 1
log(—61og~y)dy = log(—6log~)y —/ dry
0 0 0 log ~y
= O(r1/4 log(—logr)),
and so
|N1(r)| = O(r1/4 log(— log r)) (A4)
Now,

—1/2

r 2k , dy
|N3(r)| = |/(27"k)_1/4 log <logr —2log~y — 19> i1

)

which, after the change of variables y = %, becomes
()"
7“1/2/\/5
1)

g -
2T S22
)

2k
log <logr +2logy — i0> 1

2k dy
1 log — + 21 — 10
og(ogT—l— ogy Z)’y2+1

1 2k 2
< — log <10g+2logy> + 62
2T r1/2/\/§ 2 T
2k d
+iarg <<logr +2logy—i«9>> 7 —iy- T
G 2% 2 d
2k
< — log <log —|—2logy> + 62 27?; +O(r1/4).
A S22, r ye+1
<y < (i)l/{ we have that —2logy + log % < log 27’“ < —4logy. So

(ﬁ)m 1 | 2k \ 2 02 dy
og og? + 241

1 B 2, 2
|N3(r)| < o /r1/2/\/§ (‘log(( 2logy)” + 0 )‘-l—

r1/2

When 7
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()

()"

1
< — Yy
y?+1

2
= dr r1/2/\/3 |10g (410g y+9)

<2 (ﬁ)wl 4log?y)| -
[log (4108 y)| 5=

= E 7ﬂ1/2/\/§
1 () 62 d
= [ log (1+ 5 )‘ - Yo'
2m Sz, 4log®y /)| y=+1

1/4

+ O(r1/4)

A dy
< — log (—21

ot 7~1/2/\/§ Og( og y) y2 +1
= O(r1/4 log(—log r)),

(A.5)

where, in the final step, we use the same argument as in the proof of (A.4)
‘log A‘ Therefore for v in this region

When (ﬁ)l/4 <7< (2—2)71/4, we have |log~y| < %
we can use the power series expansion for the logarithm

2k 2k
log (log —2logy — i9> = log (logﬂ — 210g7> = loglog — +1 <
ret ret log =
3

2k 21 2log? 1
= loglog —5 — Og7 (;g 21? ( Og37> ’
re log -2 Tew log = log” r
where again the term O (1 ?ﬂ) is uniform in 0. Therefore
21o 2log? log? d
8y _ 2log s +0( ggv) &
logr ) | v +1

- —1/4
Ny(r) = A [log og 619 log 2 reu‘? " Tog B

r\—1/4
(3%) 2 log ydy

ok () (‘Py 1
= loglog 0 1/4 + 1 1 1/4 241

re (i) ’7 0g 'rele (i) v

r\—1/ r\—1/
1 /(%) " 91082 ydry L1 /(%) 710 (log? )
log? ri’fe (&) ¥ +1 log® r ()" ¥ +1
2k [ dy 1 ° 2log vdvy
= loglog — 3 —
re Jo 7?41 lo o Y+l
21 d 1
- 22k/ Ong O( 3)' (A.6)
log® =% Jo ¥ +1 log”® r
The first integral in (A.6) is easily calculated

© dy 1 o

— " arct i AT

/0 L) I (A7)
The second integral, after a change of variables n = =, satisfies
/ *logydy / > log ndn
o P+l Jo w41
(A.8)

and so

/Oologfyc’f’y
o V+1
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The final integral can be calculated by the method of residues, which yields:

2/00 log2fyc’f’yi7r2
o 2+1 0 8

Combining (A.6) with (A.7), (A.8), and (A.9), we see that

1 2k w1 1
No(r) = —loglog — — ————— 1+ 0O
2(7) ;0808 b T g log? % * <log3r> '

and combining (A.3) with (A.4), (A.5), and (A.10), we see that

/1 logw(s) ds

1 (32_1)i/28—z

L i g (1 2k 7w 1 1
= — ’ —loglog —> — ————5- + O O(1).
ﬁr e 2 og log i 1 logQQTk + log3r +0(1)

Now note that for z = 1 + re®,

(22 . 1)1/2 _ \/§T1/2€i9/2 +O(r).

So combining (A.11) and (A.12) with the definition of F', we see that

1 2k 7w 1 1
log F(z) = iloglog e T 4 Joa? 2E +0 <lo 3r> )
g eif g

and so

2k ™ 1 1
F2(2) = log 2% 1—+0(> .
(2) & reif ( 2 log2 ri’fg loggr

Now for z =1+ re € C, and recalling that log always refers to the principle branch,

o2k %k 2k .
Og’,"eie_OgW:FZW_OgW:F/LW_w(Z):FZW

from which it follows that
F? s 2 1
—2)=1lF—————4+0 | ——
w (2) + w(z) 2w?(z) * (w3(z))
uniformly for z € C4 as z — 1, which completes the proof of Proposition A.1.

The following proves assertion (2.13) of Proposition 2.3
Proposition A.3.

F2
—(2) =1 +0(]z +1]?)

as z — —1, z € C\[-1,1].

(A.9)

(A.10)

(A.11)

(A.12)
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Proof. Note that as z — —1, uniformly for z € C\[-1, 1],

/1 logw(s) ds /1 logw(—1) ds /1 logw(s) — log(w(—1)) ds
= +

1 (82_1):_/28—2 1 (82_1)1/25—7: . (82_1)!2 s—z

By the proof of Lemma A.2, the second integral is easily seen to be O(1). Therefore

/1 logw(s) ds :/1 logw(—1) ds +o(1)

1 (82_1)1/23—2 1 (82_1)1_/25—2

1 1 ds
= _1 —1 1
sloau(-1) [ e o),

where C' refers to any clockwise contour containing [—1, 1] but not the point z. Letting C go to
infinity, a residue calculation gives

1 1 ds 1 logw(—1)
2logw(—1)/ Fe 5" 5 .
C (52 _ 1) s—z

2 (22 . 1)1/2
Thus
1
F%(z) = exp 2(22—1)1/2/ Ing(i)ﬂ ds :exp(logw(—l)—|—O(|Z—|—1|1/2))
1 (82—1)+ S —z
=w(—1)+0(]z +1|'/?),
and so
F2

—(z) =1+0(]z+1]'?)

as z — —1, z € C\[—1, 1], which proves Proposition A.3. |

A.2 Estimate on %2(1 +7r)— %2(1 +7), r,7 >0
Proposition A.4. Fiz R > 0 and suppose r,7 > 0 obey

- 1 T
7",7’—0(712)7 n(;—l)é[—R,R]
Then

F? F? F? F? 1
—(14r)——A+7)+—A+r)— —(1+7)=0r | ——5 ).
Wy (1+7) Wy (1+7) w— (1+7) w_ (1+7) R (n log? n>

Remark A.5. Notice that if r = O(n—g), then Proposition 2.4 implies %(1 +7r)+ g—f(l +

r)—2= O(log%n). Also notice that loglgn o (1n 9= O(@). Therefore we would expect

%(1+7’)—%(14—?)—#5%(1%—7“)—5%(1#—7’) = O(—15—) for sufficiently close r, 7. Proposition A.4

nlog3n

makes this rigorous.

Proof. We define a = a(r,7) := n(% —1). Clearly 2 = 1+ %. In the calculations that follow,
we assume without loss of generality that r > 7, and hence a > 0. First, note that

1

logw(s ds
o Pl1-+1) = (1407 =1)" [ n 1()%2 s—(1+7)
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1 og wl s S
= (Var'/2 + 0(312)) /_1 (812g_ 1()1)/2 - g et (A.13)
+

By (A.11), which holds uniformly for z € Cy, we have

L logw(s) ds
= O(r1/? loglogr),
/—1(52—1)}’_/25_(1“‘7“) ( )

and so, since r = O(n_Q),

1
log F(1+r) = \@Tl/z/ log w(sl)2 ds L0 <10g lc;gn) '
1 (2= 1)/?s—(1+7) n

Therefore

F(1+r) L logw(s) ds
log ——— = /2 1/2/
CFAT ) " (2 1) Ps—(1+7)

1
B 2?:1/2/ logw(s) ds _ L0 loglogn ' (A14)
BRI R

In (A.14),

\/57“1/2/1 logw(s) ds _\/57:1/2/1 log w(s) ds
1 (s2—1)/2s = (147) 1 (s2 - 1)Y= (14 7)

L logw(s) ds Y logw(s) ds
= —V2ir'/? + V2iFl? _
V1 =82s—(1+7r) V1 —=82s—(1+7)

Making the change of variables t =1 — s,

22 1 log w(s) ds i 1 log w(s) ds

1V1—82s—(1+7) 1V1—82s—(1+7)
Ologw(l —t) —dt Ologw(l —t) —dt
= —/2irt/? + V22 ~
2 \t(2—t) —t—r 2 \t(2—t) —t—=7

VIRV Zlogw(l —t) dt o/ Zlogw(1l —t) dt

o ie—b t+r )y Jiz—p) t+7

2 _ 2 _
0 \/‘E t+r 0 \/E t+7r

where
Zlogw(1 —t) dt 2logw(l —t) dt
H(r.7) = 3 1/2/ _~1/2/ ]
(. 7) [T o Viz—b t+r )y Jre—p) t+7

B [T1/2/210gw(1—75) dt —f1/2/2 logw(l —t) dt ]
0 Vi ttr 0 N

The same calculations as in the proof of Proposition A.1 show that
NG } dt
V22 —t+(2—-t) ] t+T

H(r,7) =r'/? /02 logw(1 — t) [



Asymptotics of Polynomials Orthogonal with respect to a Logarithmic Weight 37

2 Vi dt
_ pl/2 oo w(l —
1 /olg a t)[\/i\/iQ—tﬁ—Q—t)}tJrf

) 2 Vi dt
= (P12 — 7Y/ ogw(l —
= (r\/? 12)/01g (1 lt)[\/§ T—t+(2—t)}t+r

#7 [ogu -0 [ﬂ\/zf\t/i (HJ ()
So

2
Aol < [ _7:1/2}/0 ltogeo(l =) [ﬂ\/f—ﬁ (2 —t)} %

2 o
+f1/2/ |logw(1—t)|[ vt ] [ = r|dt
0

f\/z— t+2—t)] [t+r]-[t+7]
1/2 |7a r| NG dt
<2t /2l” T _
e 1| +7 |logw1 t)] NN eI 7
1/2
<art?|5n -1 +02f1/2‘£—1‘ = 0(n7?).

Making the changes of variables t — rt and ¢ — 7t in (A.15) within the respective integrals,
we have

2] 1—t) dt 2] 1—1t) dt
ir1/2/ og w( ) _ val/Q/ og w( )
0 0

Ji o t+r Vi b7
Ry /2/7" logw(l—rt) dt i1/ /2/’: logw(1l —7t) dt
0 Vrt t+1 0 7t t+1
/2/’“ logw(1l —rt) dt Z,/W’" logw(1l —7t) dt ,/2/” logw(l — 7t) dt
= Z —_ —_
0 Vi t+1 ) Vi ottt gy, Vi t+1
2r dt 2T logw(1 —7t) dt
=1 1 1—1rt)—1 1—7t) 75— — ¢ . (A.16
i} omwt =) gt ) S i [ TR (g
Note that, as log k < log % < log o O( ) for t € [%, %], we have
2/F s 2/F
/ logw(l = 7t) d H / logw(l — 7t)| dt
2/r Vit t+ 1 \[t‘i‘ Ul poo(a/m2/i) J2/r
< erd? j—g :cr1/2‘j—1‘20(n72).
T T
To estimate the remaining term in (A.16),
) 2/1” B dt
Z/O (logw(1l —rt) —logw(1l — 7t)) B
2T w(l —rt) dt
=1 1 . A.17
Z/O ©8 <w(1 - ft)> 132 4 {172 (A.17)

Now, for t € [0, %],

w(l —rt) log (2

) _ ., loe () —log ()
w(l—7t)  log *

B log ()

R
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14 log 7 log (1+2) 1 a +0(n™?)
log (%) log (%) nlog (%)
So
lo (w(l — rt)) - +0(n? (A.18)
S\w(T—7t)) ~ nlog (%) :
Substituting (A.18) into (A.17) yields
2r a dt
i — 40| ——m—
/0 (nlog (%) ( )) t3/2 4 ¢1/2
—1/2
" dt
=1 E O —2 ,
Z/rl/2 nlog (2 3/2 - 1172 +E(r) +0(n™?)
where
ri/2 a dt 2/r a dt
E(r) = Z/ 2k\ 13/2 1 £1/2 +i/ 2k\ 13/2 1 41/2°
0 nlog (ﬁ) t +1 r—1/2 nlog (ﬁ) t +t
Now
rl/2 r1/2 1/4
dt dt
/ a% 3/2 L 41/2 </ - 72 S - :O(”_g/Q)'
o nlog (Z)13/2 Y/ o nllogr|tl/2 = nlogr
Similarly
/2/7‘ a dt _ /'2/7‘ ¢ ﬂ _ C’I"l/4 B O(n—3/2)
r-1/2 nlog (2£) t3/2 4 t1/2 = Jic2 n|logr| t3/2 T nlogr )
Therefore,
|E(r)| = O(n™%?),
and so
2r a dt
i — 4+ 0(n7?) | ——
/o (nlog (27’:) ( )> 3/2 4 11/2
—1/2
[ d —3/2
_l/Tl/z nlog (%) t3/2+t1/2 +O(n )
—1/2
" a dt
=1 +O(n=3/?
/r1/2 nlog (%) — nlogt t3/2 4 t1/2 ( )
—1/2
" a 1 dt 3/
= Al
Z/TI/Q nlog (2716)1_107gtt3/2_|_t1/2 +O(n )’ ( 9)

s (2]

but ¢ € [r/2,7=1/2] and so |logt| < $logd < 1log % Therefore, (A.19) is

. r—1/2 9
o logt log?t dt s
nlog (%) /7“1/2 (1 * log (%) +0 <log2 (2Tk)>> 3/2 4 t1/2 + O(” )
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Making the change of variables v = ¢1/2, this becomes

2ia /’"_1/4 14 2logy ) log2’7 dry 4 O(n’3/2)
nlog (%) Jy/a log (%) log® (%) ) ] v¥*+1

F

1/4

_ 2ia /T_ dy +/T_ 2logy dy —i—O( 1 )
~onlog () \ s A2+1 0 s log (%) 42 +1 nlogn

_ 2ia /OO dvy +/°O 2logy dy —i—O( 1 >
_nlog(%k) 0o Y2+1 0 log(%)’ﬁ—l—l nlog®n/ "

So, using the same calculations of the above integrals, see (A.7) and (A.8), as in the proof of
Proposition A.1,

i/2/r(low(1—rt)—low(l—ft)) @ __«a +O< ! ) (A.20)
0 & 8 324112 2nlog 2 nlog®n /)’ '

So, combining (A.13), (A.15), (A.16), and (A.20), we obtain

F2(1+r)> F(1+r) a < 1 )
log [ L= TT)) _ 94 ) _ 40 :
g<F2(1+T) gF(1+7“) nlog 2 nlog®n

which implies

F2(1+7) a ( 1 ) a ( 1 )
—5 T = €X +O0 | ——— =1+ +0 .
F2(1+7) P nlog%k nlog®n nlog%k nlog®n

Now,
e F? F2(1+7) = F*(147) 1 1
—(14+r)——04+7r) = + F2(1 47 B ]
wi( ) wi( ) wx(l+7) ( )<wi(l+r) wi(1+r)>
SPOn (B ) PO ()
Cwie(l4r) \F2(1+7) we(1+7) we(l+7)
F2(1+7 1 1
= (1+7) a2k+0< . >+1_M L(A.21)
we(1+7) nlog <* nlog’n wy(1+7)
where
wi(l—i—r)_log%kj:iw_l ]og%-log%
we(1+7)  log 2k +im log 2% + irr
1ng a
=1+ T — +0 n—2 7
log Z £ ir n(log% :l:m) ( )
SO
a +1 w:t(]‘ ) _ a a
nlog % w:l:(l 7:) nlog 2k n(]og 2k 4 Z7T)
+ima Ta 1
= =+ . (A22
nlog%(log%im) nlogQ% <nlog3n> ( )

Substituting (A.22) into (A.21),

F? F? F2(1+7) ina 1
(47— —(1+7) = + +0
wi( ) wi( ) w4 (1+7) nlog? % <n10g3n>
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ma 1 1
=[x (@) 1+0 )
( nlog2% N <n10g3n>> < + (logn>>

where we have used Proposition A.1. So, in particular

F? F? F? F? 1
—(1+r)——1+7)+—@1+r)——1+7) =0 :
w+( ) w+( ) w,( ) w,( ") <n10g3n>

which concludes the proof of Proposition 2.5. |

B A summary of Legendre asymptotics

In this appendix we prove a series of L? estimates, ultimately allowing us to replace the integral
in Proposition 4.9 with an integral only involving Legendre quantities, as in Proposition 5.2.

B.1 A summary of Legendre asymptotics

In [13] the authors derive the asymptotics of the solution S(z) = S((z) to the RHP (Xg,vg):
(a)
S(z) is analytic for z € C\Xg, (B.1)

(b) S satisfies the following jump relation on s € Xg
S (5) = 5 (s)us(s), (B.2)

(c) S(z) has the following behavior at infinity
1
S(z) = (I +0 (z)) , as z — 00, (B.3)

(d) S(z) has the following behavior as z — 1

o (loglz—1| log|z —1]
S(Z)_O<logz—1] log|z—1|)’ (B.4)

(e) S(z) has the following behavior as z — —1

o (loglz+1| log|z+1]
S<Z)_O<logz—|—1] log |z +1])’ (B.5)

where Yg is depicted in Fig. 5,

1 0
for s in the upper and lower lips,
¢(s)7" 1
vs(s) = 01
) for s € [-1,1].
-1 0

The asymptotics are derived for z in the regions A, B, C, D, and FE, see Fig. 6. We will
summarize the necessary results in this section.
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)y

1+0

Figure 4. Depiction of X.

Figure 5. Depiction of Yg.

Recall that Q is the solution to (3.12)(3.14) (X, o). S is the solution to (B.1)~(B.5) (g, vs).
See Figs. 4 and 5 for depictions of the contours ¥ and Xg. The RHP for S differs from the RHP
for () near the point 1, but the problems are related via the deformation:

10 ,
S(z) 52 () 1) for z € Qf,
)(z) = 1 0 B.6
=150 o 1) for = € Q, (B6)
S(z) otherwise,

where the regions Q) and €, are depicted in Fig. 7.
For z € C\[-1, 1], we define, as in [13],

a+a !l a—al

2 21
N =
(2) a—al a+al]’
—21 2
where

21 1/4
a:=a(z) = <z+1> ,

where a(z) is analytic for z € C\[—1, 1] and a(z) > 0 when z > 1. Let Us(s) refer to the closed
ball of radius 0 centered as s = £1. The regions B and C are given by B = Us(1)\Xs and
C = Us(—1)\Xg respectively. We define

_ log® ¢(2)

1z = 22



42 T.0O. Conway and P. Deift

Us(—1) Us(1)

Figure 6. Definition of the regions A, B, C, D, and FE.

s
Y\ (ZgNnX)

9/

v

—1 Q2 ,/

Figure 7. Definition of the regions Q}, €.
f(2) is analytic in a neighborhood of 1 and
1
f(z):i(z—1)+0(|z—1|2) as z — 1,
1

f(=2) :—§(z+1)+0(|z+1|2) as z — —1. (B.7)

So, in particular, we can pick 0 sufficiently small so that f(z) is locally conformal for z € B,
which clearly also implies f(—z) will be locally conformal in C. We define

([ o(26") Ko (2612)
2miV /214 (2¢12)  —2¢1 2K (2¢1/?)
for |arg(¢)| < 2m/3,

( W (2(=¢)112) 1H<2><< ¢1/2) )

() = CI/Q( HV)Y' (2(=02) =2 (HEY) (2(-0)V?) (B.8)
for 2m/3 < arg( <,
3Hy” (2(=0)"?) —§H; (2(~¢1/)
(‘WCI/Q(H§2)'(2(—C)1/2) WC”Z( 0 ))'(2(—01/2)>
{ for —m < arg( < —2m/3,

for ¢ € C\I', and where I' is defined in Fig. 8. The contour Xg is chosen within U;(1), (resp. —1)
to be the preimage of I under the map n?f(z) (resp. n?f(—z)). Therefore, around the point —1,
Y is the preimage of I' under the map n?f(—z) as well. In other words

n*f(—(2NUs(~1))) cT  for all n. (B.9)
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Figure 8. Definition of I'.

Figure 9. Depiction of Xp.

In (B.8), Iy, Ko refer to the modified Bessel functions of the first and second kinds with

parameter 0, and Ho(l), 0(2) refer to the Hankel functions of the first and second kinds, see, for
instance, [1]. As before, the square root in the above definition is given by its principle value.
For any fixed § sufficiently small, the following holds uniformly,

RM™(2)N(2) for r€¢ AUDUE,
RM(2)E

2) (z)(27m)“3/2\11(an(z))¢_"“3(z) for z € B, (B.10)
O-SR(”)(_Z)E(_Z)(Qﬂn)03/2\ll(an(—z))¢_na3(—2)0'3 for z € C,

S (z) =

where R(™(z) is bounded, analytic in C\X g, with ¥ depicted in Fig. 9, and

Rl(z)

M) () =T
RO (z) = 14 T

1
+0 <2> uniformly in z € C\Xpg,
n

where Rj(z) is an n-independent, bounded, analytic function for z € C\Xg. Additionally
1

n?|z|

Ri(2)

n

(B.11)

~X

RM™(z) — I —

Finally, E(z) is defined by (see Remark B.1)

B(z) = N(z)—= ( L ;i) )75/,

—1
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E(z) is analytic and bounded for z € B and has determinant 1. It follows, in particular, that
E~1(2) is also analytic and bounded for z € B.

Remark B.1. We use slightly different notation than in [13] in a few ways,

o We refer to R(z) as R (z) to emphasize its dependence on n.
e The neighborhoods Us and Us we refer to as Us(1) and Us(—1) respectively.

e The matching factor E,(z) in [13] we write E,(z) = E(2)(27n)?3/2, where F(z) is clearly
independent of n.

In estimating the integral

- /Z 1(s)(wss(s) — Bxs(5))i ) (5)ds

we need asymptotic information about the function . However, since vy (s) — 0x(s) is identi-
cally 0 for s € (—1, 1) and is strictly lower triangular otherwise, we actually only need information
about [i’s second column. To that end, let fis, Qg, and Sy refer to the second columns of the
matrices fi, Q, and S.

It is clear from the RHP for Q, (3.12)—(3.14), that Qs is actually analytic in C\[—1, 1], and
it is clear from the deformation (B.6) that Qy = S. Similarly, S is analytic in C\[—1,1].
Therefore, for z € ¥\[-1,1],

fia(2) = (Q2(2))_ = Q2(2) = Sa(2).

For z € (X NX¥2)\[-1,1], fia(z) = S+(z) = S_(2) and hence, in evaluating fi2(z) we can, when
convenient, use either applicable expression from (B.8) or (B.10).

We will always pick the “outside” interpretation for Sa(z) in such cases. When z € ¥\ (3gNX)
(see again Fig. 7), we are outside of the contour Xg. It follows from (B.10), uniformly as n — oo
for z € ¥\[-1,1],

a—ail

w2

2

~ _ for z € ¥\([-1,1] U Us(1) U Us(—1)),

F(2) = ) R0 (2) B(2) (2mm) 20 (n? () 67(2) (B.12)
for z € (X\[-1,1]) N Us(1),

03 RO (=) B(—2) (2 2 (n? f(—2) )67 (—)

for 2 € (S\[~1,1]) N Us(~1),

where

L Ko (2¢1/2
Wa(C) = (_221/51((&242/2)) :

Note, from the properties of the modified Bessel function Ky, that ¥5(() has an analytic exten-
sion to C\(—o0,0]. From (B.10) and (B.12), we have

R (2)E(2)(2mn)7/2W (n? f(2)) ¢~ "7 (2)
() — for (X\[-1,1]) N Us(1),
) —agR(”)(—z)E(—z)(27m)"3/2\I/(n2f(—z))¢>_””3(—z)03 (B-13)

for z € (S\[~1,1]) N Us(~1),
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where

v \j . /
U= (q;i q;Z) ) P12(C) = %Ko(2g1/2)7 Wos(C) = —2{1/21(0(2(1/2),

We will repeatedly make use of the following asymptotic estimates for the functions Wig, Wao:

W1a(C), Waa(Q), Wiy (C), Why(¢) = O(¢M4e2") as ¢ — oo, uniformly for |arg¢| < ,
U12(¢) = O (log() as ¢ — 0, U (¢) = O(1) as ¢ — 0,

() =0 (2) as C >0, () =0 (2) as ¢ — 0, (B.14)

These estimates follow from [1] formulas (9.6.11), (9.6.13), (9.6.27), (9.7.2), (9.7.4), and the fact
that K is a solution to the modified Bessel equation

22K (z) + 2K} (z) — 2 = 0.

For clarity, we depict the contours in which f is given by different expansions, see (B.12), in
Figs. 10, 11, and 12. Note that (3\[—1,1])NUs(1) = [1+, 1]. In all instances where we integrate
over the contour ¥, the integral over [—1, 1] will not contribute.

It will be routine in the calculations that follow to break up an integral over ¥ into an
integral over (X\[—1,1]) NU;/,(1), an integral over (X\[-1,1]) NU;/,(—1), and an integral over
S\([=1, 1JUUy (1) WUy jp (1)), where Uy s, (s) denotes a ball of radius 1/n centered at s = +1.
This decomposition is shown in Fig. 13.

B.2 Some important norms

Proposition B.2. The functions u, i obey the following estimates:

~(n n ~(n 1

| ) (v _u(2>)HL2(E) :O<n1/210g2n>, (B.15)
(n) _ ;) _ 1

1 = 1 sy = O =71 ) (B.16)
~(n n ~(n ~(n n ~(n 1

|| () — 500) — @D (D +1))HL2<2) -0 <W> , (B.17)

n ~(n n ~(n 1
H(N( ) — il )) _ (u( ) _ “))Hm@) =0 (713/21(%2”> _ (B.18)

Proof. Recall that 6 > 0 is fixed as n — oo and that vs(s) — vs(s) = 0 for s € [—1,1] and
Ui/n(s) refers to the ball of radius 1/n centered at s = 1. We have that

- - 2 - -
HM(UE —ox) HLz(z) = / i (vs — UE)|2 |ds|
Z\[_lvl}
=(/ + + [ )mm—@WMﬂ
(E\[-11)NUy /(1) JEN[-L,IDNU1/n(=1)  IEN([=1,1UU; n (—1)UU; /(1))
=1+ I, + I3. (B.lg)

First we will bound

h:/ 1 (v — ) |ds,
EN([=1,1]UUy /p, (= 1)UUy /5, (1))
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146

Figure 10. Depiction of ¥\([—1,1] U Us(1) U Us(—1)).

~~~~~
- ~

,/’ \‘s -

// \(f— ‘\‘\
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1 e 1+90
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e s\(’—--N\‘

A Y
\

<146

O = - -
-1 1 ,
’

‘\ ,,\~~-—”/

\\ ,’

~
________

Figure 12. Depiction of (X\[-1,1]) N Us(—1).

which will be done by first proving L> bounds on fiz and ¢~2". From (B.12),

sup  |fi2(z)| = sup  [RU(2)E(2)(2mn) 8 2 Wa(n? f(2))¢" ()]

z€[1+1/n,1+46] %nglga
< en!/? sup ‘\112 (an(z))¢"(z)|
L<z—1<6

=cn'? sup }\Ifg(an(z))eQ(”Zf(z))l/z‘

1<z-1<0
oy1/2
12 Wi2(y)e®
=cn sup 9y1/2| )
o(n)<y<0(n?) | Yaa(y)e

where y = n?f(z). Substituting in the asymptotics of ¥ as in (B.14), we see that

sup |2(2)] = O(n) (B.20)
z€[1+1/n,1+46]
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1+0

Figure 13. Decomposition of ¥\[—1,1] into ¥\ ([~1,1]UU; /,,(1) UU; /,(—1)) and (X\[-1,1]) N Uy (1)
and (X\[=1,1]) N Uy (=1).

Similarly
sup |fi2(2)]
2€(X\[=L1D)NUs (=1)\U1/n(-1))
< en'/? sup Do (n2f (2)) 2DV
2€(X\[-1,1)N(Us(=1)\U1/n(-1))
2y1/2
= cn!/? sup \Iju(wezyl/z ;
o(m)<lyl<o(n?) | Y22(y)e
arg y==42m/3

where in the last step we have used the fact that n?f(—% N Us(—1)) C T for any choice of n,
see (B.9). Once again, substituting in the asymptotics for ¥ from (B.14),

sup |f2(z)| = O(n). (B.21)
2€(BNUs (—1)\Uy1 /n(-1)

Lastly, it is clear from (B.12) that fi2 is uniformly bounded for z € ¥\ ([—1,1]UUs(—1)UUs(1)).
Combining this with (B.20) and (B.21), if we are at least a distance 1/n from +1 on ¥\[—1, 1],
then |fi| < cn, that is,

1£22]] oo (2 (-1, 1100, (1)U, (1)) = O(72): (B.22)

Similarly, we prove an L* bound on the function ¢(z): A straightforward calculation using
properties (2.3) and (2.4) of Proposition 2.1 shows that
6(2)] =1+ % for some ¢ > 0 (B.23)
and, since the contour ¥\ ([—1,1] U Us(—1) U Us(1)) is bounded away from the interval [—1,1],
property (2.6) of Proposition 2.1 implies

inf
2€(B\[=1L1DN(Us (=1)\Uy /pn (—1))

inf lp(2)] =1+¢, for some fixed ¢ > 0. (B.24)
ze€X\([—1,1]uUs(—1)UUs(1))

Equations (B.23) and (B.24) together imply

—1 C
H¢ (z)HL°°(E\([—I,I]UUl/n(l)UUl/n(—1))) <l- % for some ¢ > 0,

—92n —conl/2
167" | e (1,000 0y (=11 S CLE (B.25)
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So, using the fact that £ is bounded, (B.22), and (B.25),

i (vs = B9)|” = (0, iz) (v — )| = O(e*")
uniform]y for s € E\([_L 1] U Ul/n(_l) U Ul/n(l)) and so
I=0(e").

Turning to I; and using (B.13),

1+
L= / i (vg — 55) % |ds| = / i (w5 — ) ds
Ul/n(l)mz 1

/1+71L
1

1+% 2
[ (o 2 st )
F2 F2 . 2
X (m(s) + E(s) — 2) o "(s)| ds
1+% Uiy (n2f(8)) 0 2 2 I )
< <‘If (n21(s)) o) o)+ ()~ 2] ds.
By Proposition 2.4,
F2 F2 1
w+(8)+w—(8)_2:0<10g2|3_1|> as s — 1,
so for |s — 1] < %7
F? F2 !
wTr(S) ’ E(S) —2e <log2n> '
So
1+% Uiy (n2f(s)) 0 2 2 I ) )
n/l ‘ <‘1’22 (n?f(s)) 0) oy )T () =2 ds
n 1+% \1112 (n2f(5)) 0 2

Making the substitution y = n?f(s),
c n /H_TIL ‘ <\I/12 (an(s)) 0)
log*n J; o (n?f(s)) 0

n n?f(1+3)
= 674 /
log™=n Jo

Using (B.7), we see that n?f(1+ 1) = O(n) and df ! (%) = 2%

n nzf(lJr%)
2 /
log®n Jo

(az 0)

R (s)E(s)(2mn) /2 W (n? f(5)) ¢ 7" () (( gy 1

(B.26)

(B.27)

(1 + O(%)) Therefore,
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1
_ ¢ /an(l-i-n) (\I]lz (y) 0)
T log* n Jo Waa(y) 0

where we have used that Wig, Uay € L%(0, 00), which is clear from (B.14). So we have proved

11:o< ! ) (B.28)

nlog*n

2

dy = ¢

nlog*n’

Similarly

L= / i (o5 — 7%)| |ds] = / i (s — 9x) 2 |ds]
(ENUy/n (=D)\[-1,1] (BZNUy /n (=D))\[-1,1]

03 R (=) E(—s)(2mn) /20 (2 f (=) 6" (—s)07

/(EﬂUun(—l))\[—lvl}

( O 0)
X F2 —2n ‘ds,
(L@-1)o) 0
Uiy (n2f(—s)) 0) ? (F2 > N
< Z(s)—1 —s)| |d
cn/(EﬂUl/n(l))\[l,l] <\1122(n2f(8)) 0 —(s) ¢~ " (—s)| |ds|
<on [ <‘Pl2(”2f (=) 0) N2 1 st
=m0y [\ P2 (R f(=5)) 0/ [ w
By Proposition 2.3,
F2
—(s)—1=0 3+11/2, as s — —1,
—(s) (1s +11
and so for [s + 1| < L,
2
%(s) - 1' =0(n"1?), (B.29)
and so
2 2| 2 2
cn/ <\I'12(n2f(—s)) 0> F—(s)—l |ds|
@0y oLy [ \P22(02f (=8) 0/ [ w
< c/ (%2(”2"((_8)) 0) .
©0 (N -11] | \P22(n? f(=5)) 0

Making the change of variables y = n?f(—s), and using (B.7),

| (Laletioo) D)y,
=0 (-0 1] [ \P22(nf(=5)) 0
c 1 Via(y) 0|
(e (0) L. () o)] oot
72 f(—(SNU; /(= 1))\[-1,1]) 22(Y

Recall that n?f(—(X N Us(—1))) C T, see (B.9), therefore

(10 (3)) ) () o)
n? n) ) Jn2g—@av, - | \Y22(y) 0

2
|dy|
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:c/ qjl?(y) 0
n2 0<|y\<0(7>) Uaa(y) O

|argy|=2m/3
where the asymptotics of Wia, Way in (B.14) imply Wia(y), Waa(y) € L?(Cp), where Cy is the
contour |argy| = 27/3. This proves

2
C

L=0 <le> . (B.30)

Thus combining (B.19), (B.28), (B.30), and (B.26), we see that

~(n)(, (n ~(n 1
15 0 =) sy = © (70077 )

nlogtn
—(n)(.(n)  ~(n 1
H“( )(U(E) - U(E ))HL2(Z) =0 <n1/2 10g2n> )

thus proving (B.15).
The equation (B.16) is a relatively straightforward consequence of (B.15) as follows

o= = (1 - Cvz)ill - (1 - Cﬁz)ill = (1 - Cvz)il(cvz -Gy )(1 -Gy )71[
= (1= Cuy) " (Cug = Cig)it = (1 = Cog)) T O (w5 — T5)).
Therefore, using the fact that Cg and (1 — C,y,)~ ' are both bounded as L? — L? operators

uniformly in n, we see that

~ _ _ ~ N 1
H“ - “HL? < H(l — Cuy) 1HL2~>L2H02 HLQHLQHM(UE - UE)HL2 =0 <nl/210g2n> '

thus proving (B.16).
As in the proof of (B.15), we have that

A0 (08 = ) = A0 (g = 50 [,
(/ o )
SNUym(D) 80U (-1) S\ L (-D)UUL (1)
<JFOOE ) GG ) P = Btk (B

and the same estimates as before imply
Iy=0(e"). (B.32)

For I, we see that
Ha ~(n)(, ) _ ~(n) ~(n+1) (, (n+1) _ ~(n+1)y|2
Il:/l A" (v = 057) = o (v 7 —0n )| ds

) /11+; | (H Ris) <$2>> E(s)(2mn)7/2 05 (n? £(5)) 6" (5)

n

0 0
X ((F(s)+F(s)2> ¢72n 0) —((n)<—>(n+1))

2
ds
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(4 B 0 (L) mpam (B 0)
2
X (i(s) + 52(5) — 2) ¢ = ((n) <> (n+1))| ds. (B.33)

Making the substitution y = n%f(s), and defining s = s, (y) = fl_l(%), where f; ! denotes the
inverse of f; in the neighborhood B where it is conformal, (B.33) becomes

/Oan(Hi) <[+ Rln(s) +0 (;)) E(s)(2mn)75/ (\1112(3/) 0)

F? F? _oyl/2 Ri(s) %2@1 0 9
X <w+(s) +—(s) —2) e W~ (I+ 1 +O <nQ>> E(s)(2m(n +1))7%/
(n +1)2 2
A A P
22 n2 Y
) QM/Oan(H}L) (H Ris) | o <nlz>> E(s) (é 2(1)> @;Zg; 8)
x <Fi(s) + i(s) - 2) e b
1+ B9 Lo (L)) Bs ”Zl ’
e ) el A
2m/n(n + 1)

Uy (W; 0 (i(SHf(S)_Q) 2 () B3y

First note that n?f(1+ 1) = O(n) and for [y < en, dfi (5) = (¥ (1+0(3))- As in (B.27),
%(3) + 5%(8) — 2| < =5—. Therefore (B.34) is

log*n
/O(Tb)
0

<I+ erfs) +0 (;)) E(s) ((1) i) <$;zgz; 8) R
(B o (L)) e | TV

n+1
0 - -
2my/n(n+ 1)
n+ 1) 2
\1:12(( : )y> o\
e 25 dyO(

Ty ((n :21)2y) 0

Now R; and E are uniformly bounded functions, and W1s, Uas are L?(0, 0o) functions. Therefore,

1
nlog4n> . (B.35)
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performing the subtraction in (B.35) term by term, (B.35) is

O | 1\ (Tya(y) 0 ok 1
o= 12\Y ) —2y dy O < >
/0 (n> (‘1’22(y) 0)° Y nlog*n

(n+1)°

L <) 0

O(n 12 Y

+ / " <%2(y) 0> e - n o2y dy0< ; )
0

Uos(y) O n+ 1) log*
Uoo (n2)y 0 nlog-n

(n+1)2 2

1 O(n) Y d Upp(z) 0 1/2 1
-0 il —2077 ) dx| dy O
<n3 log4n> +/0 /y dz ((\I/22(a:) 0) © ) e <n10g4n)

2

2

1 O | (n 4 1)% — n? d Uia(z) 0O 9p1/2
— + ~ 7 — T d
<n3 log* n /o n? Y (y,:&;? y> dz <<‘I’22($) 0) ‘ > Y
1
<0 < i ) . (B.36)
nlog®n

Now, ¥5(z) = O(log z) and Wh(z) = O(2) as z — 0 and ¥y, U)(z) = O($1/4e*2”’1/2) as T — 00,
see (B.14). As a consequence,

y s d <<\I/12(x) 0) 62361/2) o) for all v,
(y7 (n+21)2 y) dSU \Ij22 (:C) 0 O(y1/4€_4y1/2) as y — OO,

and thus

O(n) (n+1)2 —n? d Wia(z) 0 2z1/2
\nr ) —n il T d d
[ s () o))

T
(y7 ) y)

C o0 d \1112(1‘) 0> ) 1/2> 1
< — sup  — (( e dz| dy=0(— |,
n? Jo Y (y’(n+21)2y) dz \ \Waz(z) 0 Y n?

n

and hence, by (B.36),

1
LH =0 ——|. B.37
! <n3 log4n> ( )

A similar calculation shows

L=0 <n14> . (B.38)
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Thus combining (B.31), (B.37), (B.38), and (B.32), we see that

~(n n ~(n ~(n n ~(n 1
5 o))~ D )y =0 (7).

n3log* n
B n ~(n ~(n n o :
Hﬂ(n) (v;) _ U; )) - M( +1) (Ué ) _ v(z +1))HL2(E) =0 (713/210g2n> ’

thus proving (B.17).
To move from (B.17) to (B.18), we proceed as follows

(1) — 7)) — (ulr 1) _ n )y
= ((1=C0) T = (1= Cy0) 1) = (1= Cpnn) T = (1= C\em) 1)
= (1= Cy) O™ () =) = (1= C o) " O™ (o™ — )
= ((1=Cyp) ™ = (1= C ) )™ (g 0 5)
(1= C i)~ O (" (o = 0) = D (o) — 5 ). (B.39)

Now, by (B.17) and the boundedness of the operators Cy, and (1 — C’U(n+1))_1, we see that
b3}

(0= ) 5 (762 = 82%) — 0 ) — )

1
_o <n3/210g2n> (B.40)

and
(= C) ™ = (1= C ) A (05 —38)

= ((1 — Cv(zn))_l(cv(;) - CU(ZnJrl)) (1 — Cvgﬂ))_l)cgﬂ(”) (U(En) . f)(zn)).

Now

IC,e = Cpn [l poye = [y P [ R e [
where

0 0
o) D = (I;Z(z)qb%(z)(l ~672(2)) 0) for z € Z\[=1, 1},
0 for z € [-1,1].

Therefore

105 = o5 ey < elle™ (1= 72 | oo ey o1 (B.41)

When z € (S\[-1,1]) NUs(1), #(2) =1 +v2(z — 1)/2 4 O(z — 1), letting y = n?(z — 1),

67(2)(1— ¢72)(2) = <1+\f1/2+0(y2)>_n<2f1/2+0( ))

2 2
Y o (1 L0 (yl/)) |
n n
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Since z € (2\[~1,1]) N Us(1), Re(y'/?) > € > 0. Therefore Y 2e= 2V < o0, s0
67" )1 -6 ()| <= for z € (B\[-1, 1)) NTs(L).

The same argument shows the same bound around the point —1. Since |¢(z)| = 1+ > 1 when
z € Z\([_la 1] U U(S(]') U U5(_1))7

072 (2) (1 — ¢72)(2)] < ce™, for z € £\([—1,1] U Us(1) U Us(—1))

Therefore,

—o2n — 1
|2 (1—¢ 2)HLoo(z\[—l,l]) =0 <n> ’

which, combined with (B.41), implies
1

6 = oy =0 (3 ). € = Cugonlliass =0 (3 )
Therefore
(1= C) ™" = (1= C o) ) O™ (v — o )HL2(2
= [1((1 = C,p0) (O = Cooen) (1= Cooen) ™)l oy sy

(n)

x i (o5 = 55 | 2 g

(n) _

H(C (n> C (n+1))HL2 —>L2(Z)HM ( n))HL2(E)

1 1
=0|- |0l ——+——)=0(—7775- B.42
<n> <n1/2 10g2n> <n3/2 10g2n> (B42)

So, combining (B.39), (B.40), and (B.42), we see that

(n) _ ~(n) (n+1) _ jnt)) b
[ (" = a") = (u AN |y = O<n3/210g2n>

as desired. |
C Leading order asymptotics of the difference formula
In this appendix we calculate the integrals that arise in Proposition 5.2.

C.1 Some preliminaries

Proposition C.1. The following bounds hold

1+1/n \11%2(712]?(5)) 52( )-f-FQ( )—2]||ds| =0 2;2 ’
/1 N n*log“n
1+1/n \I’%Q(an(S)) Fi(s) + F72(S) —2)||ds| =0 2#2 ’
/ ws w_ n*log“n
/1+1/n U1 (n2£(5)) Uan (n2 £ (s)) <Fj(s) + 5}2(3) - 2> [ds| =0 <n2101ggn> . (C1)

1

—

furthermore

g, (2 5(9)) <F2<s> - 2)ds = ot 0 () (C2)

1 n?log
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Proof. Recall that by Proposition 2.4, as s — 1,

F? F? 32 1

wy w_ log® %% log® |1 — s|
In particular, note that for 1 < s < 14 1/n, that

FQ(SHFQ(S)—QI—O( ! )

log?n

Therefore

1+1/n
J

W) (o) + - 2) s

W4 w—
c 1+1/n c n? f(1+1/n) 1
< \I/ — \IIZ - -3
oo [ el = o [T ] (7 00 ) ay
n2f(1+41/n) 0o
¢ 2 < ¢ P2 c_ ¢
S 2 10g2n/0 “1’12(24)‘(1?4 S 10g2n/0 ’ 12(?J)‘dy S 2 logzn’

where we have used the fact that

z—1

f2) = 5= +0((= = 1),

and that Wi5(y) € L?(0,00). Similar arguments show the other estimates in (C.1).
Paying more attention, we can make the calculation (C.2),

// W (n2f(s >>(F2<s>+F2<s>—2)crs

w4 w—

1+1/n 3 !
B 9 n2 5 B e — S.

Letting s =1+ %,

L/n 32 o 1 N
)\ — - -
et (o O Gogriia)) @
3m2 [ t 1 1
_ 3 M (w2 (14 L 0 ( )) dt
n? /0 2 <n f < * n2>> (logQ(ZImz/t) * log® n
2 n
3 o 2) (o)
n= Jo n (2logn + log %) log n

2 " 1 1
S L n?f 1+ * —— 10 dt
2 12 2 2
4n?log”n Jo n <1 | log 2tk> logn

2logn

32 n t 1 1
=——— | 9 (n?fl1+— O dt C.3
4n210g2n/0 12 (n / ( + n2>> L4 Lo 2% N log? 2 + <logn> (C.3)

logn 4log?n

log?

I log +41°g” rof-t dt
logn log 28 log? 2k logn )

1+ logn + 4log®n
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Note that for 0 <t < n, —oco < log o5 < logn, and

log % 1

> )
2logn 2

2% 2 2k 2% \ 2
+log7+log T 1+log7 21’
logn  4log®n 2logn 4

and therefore

SO

10g2 2k

372 n t 1 log 2k + FL 1
0 U2 (n2f 1+ — s @) dt
4n? loan/o 12 (n f( * n2>> logn | log2t  log* 2k + logn
n 4log’n
c n t 2k 2k
< ——5— T2y (n2f (14 = 4 [log =| + 4 |log? dt.
g ¥ (727 (152) )| (o o5 - ot
Letting y = n2/(1 4 1/n), then dy = —F(t/n2)at = — (5 + O(2))at and 1 = 291+ O(2)), s0
o )[4 (7 (1+52)) | ( ot ) o

nf(1+1/m) k 1
c gy
= w2 log? “|+0( = d
anOggn/o | 12(1’)‘( Tl y'+ <n+ n )) !

C (&

log‘ +4

k
log ‘
Y

/Oo W%, (y)| (llog y| + [log® y|) dy (C.4)

~ n2log®n Jo n2 log3n’

where the integrability of (C.4) follows from the asymptotics of Wi5(y) in (B.14). Thus
2 1 + lo
3 " t 1 0g 1
s ~ / \IJ%Q 2f 14 \t| 4logn +0 dt
4n2log®n Jo n? logn log 2k log® & logn

1+ logn 4log®n
1
o)
n2log”n

Therefore, picking up from (C.3),

o
372 n t 1 log % T Togn 1
e (e (145 ) (1 En 40 at
4n2log®n /0 12 (n / ( n? logn log % log? ff‘ logn

1+ logn 4log®n

RY n t 1
L L Ry 1+>)c’[t+0<>
4n2log?n /0 12 <n f < n2 n2log®n
32 " 1 1
- K2 (2nf'/? <1+ >)dt+0<)
4n? log? n/o < 7T2> 0 < / n2log®n
3 n 1
3 ["k2(s 1/?(1 >>dt 0().
4n2log®n /0 0 ( nf + n2 + n2logn

Making the change of variables y = nzf(l + n%) and noting that this implies dt = (2 +O(%))dy,

3 " t 1
———— | K} (2nf'/? <1+>)crt+0<>
4n? loan/o 0 < nf n? n2log®n
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2
3 n®f(1+1/n)
= oTlog®n /0 K2 (2" dy + O <

)
n2log®n /)’

Ko(y) is exponentially decaying for y >> 0, see [1, formula (9.7.2)]. Therefore

2
3 n?f(1+1/n)
_ 3 K221/2d+0<>
2n210g2n/0 0(2'%)dy n2log3n
3 & 1
__ 9 K221/2d+0<>
2n210g2n/0 0(2"7%)dy n2logn

3 & 1
- [ RKReudu+0(——
n210g2n/0 0 (2u) udu <n210g3n>

3 1 +O( 1 > B 3 +O< 1 >
27 8n2log’n n2logdn,)  16min2log’n n2log®n )’

where we have used the fact that [;° K3(v)vdv = §, see [12]. We have proved (C.2). |

Additionally, we have the following matrix calculation:

Proposition C.2.

1 1 —i
Proof.
a+at a—al
: 1 1 —
— 2 21 _ o3/4
E(z) a—al a+al \/§<—z 1)f3
—21 2

a+a !l a—at

1 2 2 U4z —ifVA(z)

Vo la—at arat [\ Zpuicy  foe
—21 2

1 <a‘1f1/4(z) iaf_1/4(z)>

TV \ i i) af ()

Now

af V4 = (z—pH 1
DY (G- +o(=-12) "

So af Y1) =1.
Therefore, we see that

2= (% 1)

as desired. [

=14+0(z—-1).

C.2 The first integral
Proposition C.3.

Lioese) -t = 2 (L D)o (or). o

~ 16n log?n \—i nlog®n
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Proof. As in the proof of Proposition B.2, we have

/Z A2 (o) — Bn (=) (2)dz

B (/ +/ +/ > i(2) (vs(2) — os(2)i (2)dz
EﬂU1/n(1) EﬂUl/n(—l) E\(Ul/n(l)UUUn(—l))

=0+ I+ Is.
The same argument as Proposition B.2, gives
Iy =0(e=").
For I

Il
|
»\
+
N
—
+
Q
7 N
S|
N—— |
N————
=
&
N
3
S
~
3
S
3
o
=
3
O

T (
[T (0 (1)) peremn (Matarne) whine) )
<tamy o (40 (1) (0 + 40 -2)] o

— 2mn /11+71L (1 +0 <i>> E(2) <(1) (1)> (quiz(i(ﬁ(z();)) —\Ei%;( f(i)))

« (2%1@ ‘i) B(2) (1 +0 (i)) [(f:(z) + fi(z) - 2)} . (c.7)

Now, note that by the n-independence and analyticity of the functions E(z), E~1(z), for z €
(L,1+1/n),

E(z)=E(1)+0 <71L> , El)=E'1)+0 (i) ,

and clearly

b )6 0ol

Therefore, subtracting term by term in (C.7), (C.7) becomes

oo [0 5 ) (RN alBEAD) G 8
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X [(FQ(Z) + F—Q(z) - 2) dz] +2mné, (C.8)

where

/\

)

L(1,141/n)

2=0(5) oMbl ity (e o -2)
which, by (C.1), yields

n3log” n

So (C.8) becomes

. 1+% 1 0 \1112\1122(71,2]0(2’)) —‘;[/2 (nzf(z)
oon [ 20 (o) (CUEED) e

N ~—
=
N——
N
o O
_ O
N—

which, by (C.2), is

0 1\ ., 3 1
2mnE(1 E (1 O
B )<O O> ( )(16m'n2 log?n * (n2 log3n>)
3 0 1\ .., 1
=—FF(1 E (1 O .
8inlog?n ) <0 0> (1) + <n10g3n>
Substituting in (C.5),
3 0o 1\ ., 1
———F(1 E (1 0]
8inlog?n ( )<0 0) 1)+ (nlog3n>
3 1 1 — 0 1\ 1 /1 14 1
=—>5—| . — |- +0 C.9
8inlog?n /2 (—Z 1) (0 0> 2 <Z 1) <nlog3n> (€-9)

oo (1 23) 0 (i) = o (5 21) 0 ()
~ 16inlog?n \1 —i nlog’n) 16nlog’n \—i —1 nlog®n )’

which is the right-hand side of (C.6).
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All that remains is to show that I5 is of lower order. Following the same steps as the lead up

o (C.7),

1 1 0
(E\[=1,1)NUy /pn (-1) n 0 —

N <—‘1’12‘1’22(n2f(—2)) Wiy (n >
—\II%Q(n2f(—z)) \Iflz\pzz n f

(o a0 (i) [(o-)e

Therefore,

|I2] < en

(FEuta R s )

/(Z\[—l,l])ﬂUl/n(—l) _‘I’%Q(”Qf(—z)) UioWao (an(—z

(Zo-)

As in (B.29), for |z 4+ 1| < 2

(Zo-1)]-06),

w

X |dz|.

and so

|Io] < cn1/2/
(E\[=1,1)NU1 /5 (1)

Letting y = n?f(—z), in which case we have, as before, dz = 27;1—2?’(1 + O(%)), and recalling that
2 [(~(S N Uy(~1)) C T,

—3/2

<

IB2| < en ﬂ)éyIéO(n)
arg y==42m/3

<—‘P12‘1’22(n2f(—Z)) Wiy (nf (= >‘\dz\
—U3,(n*f(=2))  WiaWar(n?f(—

—WpWa(y)  Ui,(y) B 3
< ~ U3, (y) W12$22(y)>‘ [dy| = O(n™"?),

where we have used the fact that Wio, Uos € L?(Cp), where Cj is the contour |argy| = 27/3,
see (B.14). Therefore we see that

3 1 — 1
- - N ~—1 =3/2y_ 2 + 0
_ dz=1L+0 ; ’
/ZM(UE Up)idz =1 (n ) 16nlog?n (—z 1) <nlog3n>

where we have used (C.9). Thus we have proved Proposition C.3. [

C.3 The second integral
Proposition C.4.

LA 08 = ) (1) (2)a
= [ AT ) - o) () ()
%

3 1 — 1
= ———5 . +0——+1. C.10
16n2log?n <—Z —1) <n2 log3n> ( )
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Proof. While not sufficient to prove the above, note that

3 <1 —z)_ 3 (1 —z)
16nlog®n \—t —1 16(n + 1)log?(n+1) \—t —1

3 AR
©16n2log?n \—i —1 n2log®n )’

So this proposition essentially asserts that the leading order of the difference (C.10) is the
difference of the leading orders of the two terms, which are computed in (C.6).
We have, as before,

LA 08 @) = ) (1) )
= [ A 8 ) o @) (@) )z = B+ fa+ B,
X

where Iy, I, I3 refer to the difference of the integrals of the above over [1,14 6], XN U/, (—1),
and X\ (U, (1) N Uy, (—1)) respectively. The same argument as in Proposition B.2 shows

Iy =0(e ).
Following the same steps as in Proposition C.3, but this time using the more precise expansion

R(”)(z) =1+ RlT(Z) + O(%) in the expression for [i, we see,

14+
B / () (os(2)® =08 (2)) (1) ()
1+% 1 0
:—27rn/1 (1+R7§ )+O<le>>E(Z) (0 1)
" <‘1’12‘1’22(n2f ) =93 (n? (Z)) )
U3, (n?f(z))  —V12Up(n*f(2)) 01

(
) i
xE_l(z)(an()+0< >> K +52()2)]JZ,

and therefore,

1+4 -
_ /1 () (08 () = 087 (2) (B) 7 ()2
+f I ) ) — s 0) () s

B ), )

o <\I/12\I/22(n2f(z)) Uiy (n*f(2)) >
U3, (n?f(2))  —U1aWae(n?f(2))

(o (-0 (@) <[(Eor o))
cao [T (1B o (1)) o (; . )
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" <\I/12\I/22((n+ 1)?f(2))  —¥h((n+1)°f (Z ) )
U3, ((n+1)2f(2)) —\1’12‘1’22((714‘ 1)?f(2))

(7 o1t o )

x KFQ(z) + Fi@) - 2)] &z (C.11)

w4 w—

Now, let y; = n?f(2) and yo = (n+1)2f(z), note that if z € [1,1+1/n] then 0 < y1,y2 < cn.
Let f; ! refer to the inverse of f within a neighborhood of 1. Then for z € [1,1+1/n], and some
constant a,

e ()= (15 10 ()

dz = (H e ()’ (m_yfl)z> dy2 = (nQiyf)z (1 M CES TR <:2>> '

Making the substitution y; = n?f(z) in the first integral of (C.11) and yo = (n + 1)2f(z) in the
second, we obtain

i 0n2f(1+;) (HRl(fl;(Z%)) +0<;)>E(ff1 (2))

x<; ) Catns <) ()

B (5 (1)) <1_Rl(f11(3§))+0(12>>

(= (@)~ (7 () -2) 1+ %o ()

e [ (1 PO o (1)) £ (1 ()
(o h (s ) ()
(o) (- o)

(5 0 () = o (O () -2)

<1+ (n+1) +0< >> dyo. (C.12)

Note that (n+1)2f (1+ n+1) O(n) and (n+1)%f(1+ %ﬂ) —n?f(14+21) = O(1). Therefore,
since all of the terms in the above integrands are bounded for large y, and since W15, Woo rapidly
decay for large argument, we can replace the limits of the second integral in (C.12) with the
limits of the first and pick up an error that is exponentially small in n. Next, recall that

X

ol =

(e
-

i
R (

X

FHy) —1=2y+ay’+O(y*)
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and y is in the region !f_l(%) — 1| <1, with

(k) 25(1+0(:)  _ 1
fﬁl(ﬁ) 2(714?:1)2 1+0(;)) _1+O<n> '

So, by Proposition 2.5, we see that
) () - (7 ()
F2 1
o (7 (7)) -0 Gag)

Next, using the analyticity of F, Ry,

(i (5) -2 (1 () ) =0 ()
(1 U (1, ARSI o (1),

and clearly
1 0 1 (1) 1
Q’m%)<02ﬂn+n)o<“>'
Thus, subtracting (C.12) term by term, (C.12) is
n?f(1+1
() [ (o ()2 ()
« <1 (1) > <\I/12;I/22(y) — Ui (y) ) (2;71 0>
0 o U352 (y) —V12 W2 (y) 0 1

™

2 (5 () (10 (0)
[( (7 () (6 (29) )]
(@ (R i)
) R Py ) e

n 4—7TO ( 1 > H (‘If11‘1122(y) — U35 (y) >
n nlog®n Uh(y)  —PiaWa(y)

and

LY (0,n2f(141/n)) .

(C.13)

The function % + 5% — 2 is bounded in compact sets and W1, Way are both L?(0, 00), therefore

the L! norms are both bounded uniformly of n. Therefore (C.13) is

s [ (o (2)) £ ()
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(o D) (utmy e ) (5 Y
(*WD(HOCD
(G ) G () 2o () @
Inverting the change of variables y = n?f(z), (C.14) becomes
_n2T1 /11+,£ <1+0 (i)) E() ((1) 27(1:)
(SR ST G e (o)

« [(i(zwf(z)n)]crwo(m). (C.15)

However, the integral here is exactly —— times the integral in (C.7), and therefore (C.15)
evaluates to

1 (oo (- ”)w(l )
n+1 \16nlog?n \—i —1 nlog®n

3 1 — 1
R — . +0 | —=], C.16
16n2log?n <—Z —1> <n2 log3n> ( )

which is the right-hand side of (C.10).
To conclude the proof we need to show the contribution from the left endpoint, I, is of lower
order. Following the same steps as those leading up to (C.11), we have

_ 1 0
(E\[_lvl])mUI/n(_l) n n 0 T

X (“1’12‘1’22 (n*f(=2)) ¥R (n*f(-2)) >
—03,(n?f(—2))  WiaWas(n?f(—2))

o ) ea (1- B2 s o (L))o [ (S -1)]

- 1 0
+2ﬂ<n+1)/ o3 (1+R1( Z)+O<12>>E(—z) N
(DAL (~1) n+l1 n or(n+ 1)

. <_\Ij12%2((” F12f(-2)  Wy((n+ 12f(—2)) >
—U3((n+1)%f(—2)) \1’12‘1122((n +1)2f(-=2))

(<> 3)]51(2)(1 8o (L))o [ (Zr-1)] st

Subtracting (C.17) term by term,

|I2| < C/ <—\Ifl2\1122 (n2f(—z)) \I}%Z > ‘ ‘ . 1‘ \dz\
(E\[-1,1)NUy /0 (—1)

—\I’%Q(TLQf(—Z)) \1/12\1’22 n f
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(—\1112\1122((71 + 1)2f(—z)) \11%2((71 + 1)2f(—2’)) )
U5 ((n+1)2f(=2))  TraWa((n+1)*f(—2))

+ cn/
(E\[-1.1])NUy /5 (1)

(Vs (nPf(—2)) Wi (n?f(-2)) F? N
( — W3, (n?f(~2)) W12$22(”2f(—z)))’ w ) 1' [dz]. (C.18)
Recall from (B.29) that for |z + 1| < %7

- 1' =06 (C.19)

Making the change of variables y = n?f(—z) and using (C.19), (C.18) becomes

2
—5/2/ (—\1112\1122(y) Wia(y) ) d
cn ?J|
0<|y|<O(n — 2 U U
arg;iﬂﬂ/)?) 22(y) 12¥22(y)
n+1)2 n+1)2
—WU19Ws ( 3 ) y> Uiy ( 5] ) y)
+ Cn_3/2 n ) n ;
0<y|<O(n) 5 ((n+1) (n+1)
arg y==42m/3 —\1122 2 Yy \1112\1122 2 Y

—UpWUs(y)  Uiy(y)
_< —11’%2@) ‘P12$22(y)) dy

—UpWo (2)  Uiy(x)

<<Hn5”-+<an5ﬂb/‘ y  sup < 2 ) |dy].
0<|y|<O(n) -y UqioW
arg 5::‘:27:;3 (y’%?» dz 22 (JZ‘) 12%22 (x)

n

Recall that ¥2(y) = O(logy) and W¥h(y) = O(%) as y — 0, and Wy(y), ¥h(y) = 0(6—0y1/2) as
y — 00, see (B.14). Therefore

y  sup i <_\I’12\I’22 (z) \11%2(30) )) dy| = O(1),

argyilj:QO;/g <y7<ni721>2y> dz 22(7) 12Vaa(w
and so
I = O(n=5/?),

which, together with (C.16) implies
~(n n ~(n ~(n —1
LA 08 @) = ) (1) )a
- /E AT (2) (8 () = 50 (2) (D) T (2)dz

s (1) 0 ()
 16n2log?n \—i —1 n2log®n

completing the proof of Proposition C.4. |
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