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Abstract. Let X, be a finite type Dynkin diagram, and ¢ be a positive integer greater than
or equal to two. The Y-system of type X, with level ¢ is a system of algebraic relations,
whose solutions have been proved to have periodicity. For any pair (X,,£), we define an
integer sequence called exponents using formulation of the Y-system by cluster algebras.
We give a conjectural formula expressing the exponents by the root system of type X,., and
prove this conjecture for (Ay, £) and (4,,2) cases. We point out that a specialization of this
conjecture gives a relationship between the exponents and the asymptotic dimension of an
integrable highest weight module of an affine Lie algebra. We also give a point of view from
g-series identities for this relationship.
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1 Introduction

In the study of thermodynamic Bethe ansatz, Zamolodchikov introduced a system of algebraic
relations called Y-system for any finite type simply laced Dynkin diagram and conjectured that
solutions of the Y-system have periodicity. This periodicity conjecture was proved by Fomin
and Zelevinsky [5]. Their proof was implicitly based on the theory of cluster algebras that they
introduced in [4]. In fact, in [6] they refined the result on the periodicity using the concept in
cluster algebras called Y-seed mutations.

More generally, for any finite type Dynkin diagram X, (= A,, B,, Cy, D,, E¢ 738, F4 or G2)
and integer ¢ > 2 called level, the Y-system associated with the pair (X, /) is defined in [21].
When X is ADFE and the level is 2, this is the Y-system introduced by Zamolodchikov. The
periodicities for these Y-systems were also proved in [12, 13, 18]. Their proof used the quiver
representation theory, in particular the algebraic objects called the cluster categories.

Although these periodicities are themselves very interesting, it is also interesting that they
relate to conformal field theories through the Rogers dilogarithm function. The sum of special
values of the Rogers dilogarithm function associated with the Y-system gives the central charge
of a conformal field theory [12, 13, 29]. This is called the dilogarithm identities in conformal field
theories. Note that the central charge also appears as the exponential growth of a character
in the representation theory of affine Lie algebras [15]. For the proof of these identities, the
periodicity of the Y-system mentioned earlier plays an essential role.

The purpose of this paper is to introduce a sequence of integers associated with the Y-system
that we call exponents and to reveal interesting features of it. In particular, we give a conjectural
formula on the exponents that gives a new connection between the theory of cluster algebras
and the representational theory of affine Lie algebras, and give proofs for some cases.

In order to define the exponents, we first review roughly formulation of the Y-systems by
cluster algebras. First, we define a quiver Q(X,,¥) for a pair (X,,¢). Then, we can obtain
the Y-system as algebraic relations between rational functions obtained by repeating mutations,
which are certain operations defined on quivers. In particular, we can paraphrase the periodicity
of the Y-system associated with a pair (X, ) to the periodicity of the cluster transformation u,
which is a rational function obtained from a mutation sequence on Q(X,,¢). Let I be the set of
vertices in Q(X,,¥). Then the cluster transformation p is actually an I-tuple of single rational
functions in the variables y := (y; |i € I), that is, u € Q(y; |i € I)L. Keller [18] (for X = ADE)
and Inoue et al. [12, 13] (for X = BCFG) proved the periodicity of the Y-system by showing
that p has the following periodicity:

propo---opu(y) =y,
——
t(e+hV)
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where t is defined by

1 if XT = AT,DT,E(;,E7 or Eg,
t=<2 if X, = B,,C, or Fy,
3 if X, =Gy,

and h" is the dual Coxeter number of X,.

Using this result, we define the exponents as follows. First, we see that there is a unique
n € (Rso)! that satisfies () = 1. Then, let J(y) be the Jacobian matrix of the rational
function p:

1= (Grw)

The periodicity of 1 implies that the t(f + hv)—th power of J(n) is the identity matrix. Thus all
the eigenvalues of J(n) are t(ﬁ + hv)—th root of unities. These eigenvalues can be written as

2mimy 2mimo 2mim g

et(t+rY) , et(t+rY) e et(e+rY) ,

using a sequence of integers 0 < my < mg < --- < myy < t(ﬁ + hv). We say that this sequence
mi,...,myy is the exponents of Q(Xy,¢).

We give a conjectural formula on the exponents in terms of root systems. Let A be the root
system of type X, with an inner product (-|-) normalized as (a|«) = 2 for long roots a. Let
ai,...,ap be simple roots of A. For any a = 1,...,7, we define an integer t, by t, = 2/(aq | aq).
Let Al°"8 and Al°"8 be the set of the long roots and the short roots, respectively. Let p be the
half of the sum of the positive roots. Using these materials, we define two polynomials Ny, ¢(z)
and Dx, ¢(x) by

ropterhY) _q
Nx, o(x) = H

a=1

_ pl hort
a1 Dxee) =D (@) DX (@),

where the polynomials D};;fgﬁ(x) and DL (z) are defined by
Dlong o t *vf%;([; L) Dshort _ *V*Q?(Z‘ 2)
XT,Z(LE) = H (m —e f+h ), o) (x) = H (x —e &+ )

aeAIong o€ Ashort

The following formula is the main conjecture of this paper. It says that the exponents are
obtained from the ratio of N, ¢(x) and Dx, ¢(x).

Conjecture 1.1. The following identity holds for the characteristic polynomial of J(n):

_ Nx, ()

det(zI — J(n)) = Dy (@)’

We prove the conjecture in the following cases. In these cases, we give explicit expressions
for eigenvectors of J(n) using known explicit expressions for 7.

Theorem 1.2. Conjecture 1.1 is true in the following cases:

1) (A1,¢) for all L > 2,
2) (A,2) forallr > 1.
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This conjecture gives a relationship between cluster algebras and root systems. Even more
interestingly, it relates to the representation theory of affine Lie algebras. Let us explain this.
Let g be the finite dimensional simple Lie algebra of type X, and g be the affine Lie algebra
associated with g. It is a central extension of the loop algebra of g together with a derivation
operator d. Let L(A) be the integrable highest weight g-module with the highest weight A.
The (specialized) character x(q) is a g-series such that its coefficients are the multiplicities of
the eigenvalues of the derivation operator d in L(A). If we set ¢ = ™7 the character y(q)
converges to a holomorphic function on the upper half-plane H= {7 € C| Im7 > 0}. Let 7 | 0
denote the limit in the positive imaginary axis. Kac and Peterson [15] found that xa(g) has the
following asymptotics:

_ mic(¥)
e 127 — a(A)7

li 27ir
i xa ()
for some rational number ¢ and real number a(A). The real number a(A) is called the asymptotic
dimension of L(A). They also found the explicit formula of asymptotic dimensions. Using their
formula, we find that the right-hand side of our conjecture at x = 1 and the asymptotic dimension
of L(¢Agy) where Ay is the O-th fundamental weight is related as follows:

Nx, (1) _ _
Dy o(1) 1P/Q|™ a(tAg)?,

where P and @) are the weight lattice and the root lattice for g, respectively. Therefore, if the
conjecture is true, we can describe the asymptotic dimension using the exponents.

Another interesting feature about the exponents that we deal with in this paper is that the
relationship between the exponents and partition g-series. Partition g-series, which is defined by

Kato and Terashima [17], is a certain g-series associated with a mutation sequence. Typically,
it has the following form:

Z(g)= ) e

we(Zog)T (Dur (Dur

TKu

)

where T is a positive integer, K is a T x T positive definite symmetric matrix with rational
coefficients, and (q),, is defined by

(q)n = H (1 - qk)~
k=1

This type of g-series has been studied in various contexts, such as characters of conformal field
theories, Rogers-Ramanujan type identities, algebraic K-theory, and 3-dimensional topology |1,
2,3,8,9, 11, 22, 24, 28, 32, 33, 37, 38, 39].

As explained earlier, we can obtain a mutation sequence for any pair (X,,¥) that describes
the corresponding Y-system. We can define the partition g¢-series Z(q) associated with this
mutation sequence. We show that the exponents and the asymptotics of this partition g¢-series
are related as follows:

_ _a detA_;’_
lim Z(e™® e =4/ —
Jim Z(e™)e \/ det (7 — J(n))’

where @ is a positive real number and A, is a matrix determined by the mutation sequence
that we call (the plus one of) the Neumann-Zagier matrix. This result explains the conjec-
tural relationship between the exponents and the asymptotic dimension mentioned earlier from
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a viewpoint of g-series. As observed in [17], the partition g-series conjecturally coincides with
a finite sum of the string functions associated with the integrable highest g-module L(¢Ag) via
the conjecture in [22]. Since Kac and Peterson [15] showed that the asymptotic dimension ap-
pears in the asymptotics of the string functions, we can obtain the relationship between the
exponents and the asymptotic dimension from the relationship between the partition g¢-series
and the string functions. We see that the resulting relationship is exactly our conjecture at
x = 1. This gives us a consistency between our conjecture on exponents and the known conjec-
ture on g-series, and also gives an interesting connection between the theory of cluster algebras
and the representation theory of affine Lie algebras.

Remark 1.3. The tuple n of positive real numbers plays an important role in our definition of
the exponents. We remark that there is a conjectural explicit formula of 1 for general (X, /)
described by the g-dimension of Kirillov-Reshetikhin modules [20, Conjecture 2] (see also [22,
Conjecture 14.2 and Remark 14.3]). A version of this conjecture is also found in [19]. It is not
difficult to verify this conjecture for type A. It was also proved for type D by Lee [25], for
type Eg by Gleitz [10], and for all classical types by Lee [26].

This paper is organized as follows. In Section 2, we review quiver mutations and Y-seed mu-
tations. In Section 3, we define the exponents associated with the Y-system for any pair (X, ¢),
and give a conjecture that describe the exponents in terms of the root system of type X,.. In
Section 4, we give proofs of this conjecture for (A, ¢) and (4,,2). In Section 5, we study par-
tition g-series. We calculate the asymptotics of partition g-series in Section 5.3, and give an
explicit formula for the partition g-series associated with any pair (X,,¢) in Section 5.4. In
Section 6, we discuss relationships between the topics discussed so far and the representation
theory of affine Lie algebras. We see that the asymptotics of the conjectural identity between
the partition g-series and the string functions yields our conjecture at x = 1. We point out that
this gives the relationship between the exponents and the asymptotic dimensions of integrable
highest weight representations of affine Lie algebras.

2 Quiver mutations and Y -seed mutations

Here, we review quiver mutations and Y-seed mutations following [6].

2.1 Quiver mutations

Set n to be a fixed positive integer. A quiver is a directed graph with vertices I := {1,...,n}
that may have multiple edges. In this paper, we assume that quivers do not have 1-loops and
2-cycles:

Hoes

For example,

is a quiver.
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Definition 2.1. Let ) be a quiver, and let k be a vertex of (). The quiver mutation uj is
a transformation that transforms @ into the quiver pi(Q) defined by the following three steps:

1. For each length two path ¢ — k — j, add a new arrow i — j.
2. Reverse all arrows incident to the vertex k.

3. Remove all 2-cycles.

The transition

is an example of a quiver mutation, where we have omitted all labels other than the vertex k.

It is sometimes convenient to identify a quiver with a skew-symmetric matrix. Let Q be
a quiver. For vertices 7, j, we denote the number of arrows from ¢ to j by Q;;. Let B be the
n X n matrix whose (7, j)-entry is defined by

Bij = Qij — Qji-

Then the matrix B is skew-symmetric. Conversely, given any skew-symmetric matrix B, we can
construct a quiver @ by

Qij = [Bijl+,

where [z]4 = max(0,x), and this gives a bijection between the set of n x n skew-symmetric
integer matrices and the set of quivers with vertices labeled with 1,...,n.

In the language of skew-symmetric matrices, the quiver mutation Q — ux(Q) can be described
as follows:

B Bij + BBy if By, > 0 and By; > 0,
L Bij - BikBkj if B;r <0 and Bkj <0,

B;j otherwise,

where B and B are the skew-symmetric matrices corresponding to @ and u(Q), respectively.
Let v be a permutation of {1,...,n}. We define the action of v on a quiver @ by o(Q);; =
Qu-1(p=105):
Let m = (m1,...,my) be a sequence of vertices of a quiver (), and v be a permutation on
the vertices of (). Consider the transitions of quivers

Q(0) % (1) L2y . B Q(T) X w(Q(TY)).

where Q(0) := Q. We say that a triple v = (Q, m,v) is a mutation loop if Q(0) = v(Q(T))
We define the following notion introduced in [30].

Definition 2.2. We say that a mutation loop v = (Q, m, v) is regular if it satisfies the following
conditions:

1. The set {v"(m)|n € Z, 1 <t < T} coincides with I.

2. The vertices mq, ..., mp belong to distinct v-orbits in I.
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2.2 Y-seed mutations

Let F be the field of rational functions in the variables yi,...,y, over Q, and let

Fo— {f(yl, ceyYn) cF f and g are non-zero polynomials in Q[y1, ..., yn] }

9y, Yn) with non-negative coefficients
be the set of subtraction-free rational expressions in 1, ..., y, over Q. This is closed under the
usual multiplication and addition, and is called universal semifield in the variables y1, ..., yn.

A Y-seed is a pair (Q,Y) where @ is a quiver with vertices {1,...,n},and Y = (Y7...,Y},)
is an n-tuple of elements of Fy. Given this, Y-seed mutations are defined as follows.
Definition 2.3. Let (Q,Y) be a Y-seed, and let k& € {1,...,n}. The Y-seed mutation py, is
a transformation that transforms (Q,Y) into the Y-seed ux(Q,Y) = (Q, Y), where Q = ux(Q)
defined in Definition 2.1, and Y is defined as follows:

v, ! if i = k,
V=V )7 i Ak Qu >0,
V(Y + 1)@ if i # k, Qi > 0.
Let v be a permutation of {1,...,n}. We define an action of v on a Y-seed by v(Q,Y) =
(v(Q),v(Y)) where v(Y); =Y, -1(;.
Let v = (Q, m,v) be a mutation loop, and let (Q(0), Y (0)) be the Y-seed defined by Q(0) = Q
and Y (0) = (y1,...,yn). Then the mutation loop  gives the following transitions of Y-seeds:

Hmp v

(Q(0),Y(0)) =5 -+ 255 (Q(T), Y(T)) %> ((Q(T)), v(Y (T))). (2.1)

Although Q(0) = v(Q(T)) holds from the definition of a mutation loop, we have Y (0) # v(Y (T))
in general. We denote v(Y (T')) by p,(y), and call it the cluster transformation of ~. It is an
element of (Fg)".

3 Exponents determined from a pair (X,, £)

3.1 Root systems

In this section, we introduce notations of root systems. Let A be a root system of type X, on
a R-vector space with an inner product normalized as (| ) = 2 for long roots a, where X, is
a finite type Dynkin diagram in the Fig. 1. Let aq, ..., a;, be simple roots, where the numberings
are consistent with the numberings of nodes in Fig. 1. Let A8 and ASP' be the set of long
roots and short roots, respectively. Let Ay be the set of positive roots, and p be the half of the
sum of the positive roots:

1

=1%

aEAL
We define an integer ¢ by

1 if Xr = AT,DT,E67E7 or Eg,

t=<¢2 if X, =B,,C, or Fy, (3.1)
3 if X, =Gs.

For a =1,...,r, we also define an integer ¢, € {1,2,3} by
2

g = —.
¢ (| )
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S —o—e
A 2 r—1 T
oo : oj:o
B 9 r—1
S : o:@o
T 2 r—1 T
Ir
S °®
D 1 2 r—2 r—1
I4
B, & —© oo
1 2 3 5 6
I?
g, ®&—@ oo o
1 2 3 4 5 6
Is
B 06— —@ oo
1 2 3 4 5 6 7
F €0 @
g 9 3 4
G 1: 9

Figure 1. The list of finite type Dynkin diagrams.

3.2 Quiver Q(X,, %)

For any finite type Dynkin diagram X, and positive integer ¢ such that ¢ > 2 (called a level), In-
oue, Iyama, Keller, Kuniba and Nakanishi [12, 13] defined a quiver @ = Q(X,,¢) and a mutation
loop v = (X, £) on Q(X,,¢) that have the following periodicity:

fiy O iy © -2 0 1y (Y) = Y,
t(e+hV)

where h" is the dual Cozeter number of X,. The list of dual Coxeter numbers is given by

X,| A. B C D Es Er Es Fy Gy

AWlr+l 2r—1 r+1 2r—2 12 18 30 9 4 (32)

We review the definition of Q(X,, ¢) in this section, and the definition of (X, ¢) in the next
section. In the definition of Q(X,,¥), we also give auxiliary labels on vertices as

+ or — if X=A Dor FE,
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4+ or —, and e or o if X=B,CorF,
+,—, LILIIL,IV,V or VI, and e or o if X =G.

These labels will be used when defining a mutation sequence (X, ).

Type ADE

First, we assume that X, is simply laced, that is, X = A, D or E. Let X/, be another simply
laced Dynkin diagram. Let C' = (Cjj); =1, and C" = (Cyjr)ir ji=1,. , be Cartan matrices of
types X, and X/,, respectively. Let I = {1,...,r} and I’ = {1,...,r'} be the nodes in these
Dynkin diagrams. We fix bipartite decompositions I = I, UJ_and I' = I, UI' . Let I=1x1TI"
For an element i = (4,7') € I, we write i: (++4) if i € I, x I’ , etc. Let B be the skew-symmetric
I x I matrix defined by

—Cijopy ifi: (—=4),j: (+4) or iz (+-),j: (——),
Cijbiy ifi: (+4), J: (=+) or iz (==), j: (+-),

By = ¢ —0i;Cypjr  ifi: (+4),j: (+=) ori: (——), j: (=),
0ijCyryr if1: (+-),J: (+4) or iz (=+), j: (=),
0 otherwise.

We define a quiver Q(X,,¥) as the quiver corresponding to the skew-symmetric matrix B for
(X, X!,)) = (X,, Ag_1). For each vertex i, we label i as + if i: (+4) or (——) and — if i: (+-)
or (—+).

For example, the quiver QQ(A4,4) is given by

Type BCF

Next, we assume that X = B, C or F.
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We define Q(B,,?) as

if ¢ is even, and

if £ is odd.
We define Q(C;, ¢) as

20 -1

if £ is even, and

20 -1
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if £ is odd, where we identify the rightmost columns in the left quivers with the center columns
in the right quivers.

We define Q(Fy, ) as

20 —1 -1
if £ is even, and
20 —1 -1

if £ is odd, where we identify the rightmost columns in the left quivers with the center columns
in the right quivers.

Type G

Finally, we assume that X, = G2. We define Q(G2,?) as

o+ o+ o+
v - II 4 VI i
o+ -+ S
I - \Y _ I -

(-1 30— 1
- 4 -
I = 1T 4 VI |
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if £ is even, and

+ + +
IV — II — VI —
+ + -+
-1 _ _ . B3l—1
I -+ \Y - IT .
+ + +

if £ is odd, where we identify the three columns consisting of filled vertices.

3.3 Mutation loop on Q(X,, £)

In this section, we define a mutation loop (X, ¢) on the quiver Q(X,,{).

Type ADE

First, we assume that X, is simply laced, that is, X = A, D or E. Let I be the set of the vertices
in Q(X,,?), and I; and I_ be the subsets of I consisting of the vertices labeled with + and —,
respectively. We define the following two compositions of mutations:

pr= I tm:  n-= [] #m.

m€I+ mel_
We can easily verify the following lemma.
Lemma 3.1. Let Q = Q(X,,¢). Consider the following transitions of quivers:
Q /‘L_+> Ql /J‘_—> Q//
Then Q" and Q" do not depend on orders of the mutations in uy and p—. Furthermore, we have
Q=0q"
Thus
Y( Xy, €)= ((I4,1-),id)

is a mutation loop, where I and I_ in this equation mean any sequence in which all the elements
in I, and I_, respectively, appear exactly once.

Type BCF

Next, we assume that X = B,C or F. Let I be the set of the vertices in Q(X,,¢), and 1%,
I*, IS and I° be the subsets of I consisting of the vertices labeled with (+,e),(—,e), (+,0) and
(—,0), respectively. We define the following two compositions of mutations:

s = I wme 22 =] tm
meluIQ mel®

Let v be the permutation of vertices in Q(X,,¥) that is identity on the filled vertices, and
left-right reflection on the unfilled vertices.
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Lemma 3.2 ([12, 13]). Let Q = Q(X,,¥). Consider the following transitions of quivers:

o
, 12

Q//.

® O
My B
—

Q Q

Then Q' and Q" do not depend on orders of the mutations in pu$ S and p® . Furthermore, we

have Q@ = v(Q").
Thus
X 1= (12 LT 1°).0)
is a mutation loop, where I$ LIS and I® in this equation mean any sequence in which all the
elements in I U IS and I®, respectively, appear exactly once.

Type G

Next, we assume that X = G. Let I be the set of the vertices in Q(G2,¢). Let IS, I® be the
subsets of I consisting of the vertices labeled with (4,e) and (—, ) respectively, and let I, ..., Ig;
be the subsets of I consisting of the vertices labeled with (I,0),. .., (VI, o), respectively. We define
the following two compositions of mutations:

phf = I wme = ] tm.

mel® U1 mel® LI
We choose indices of vertices in Q(G2,¥) to be
{(a,i)|a=1,2,3,i=1,....,0 —1}U{(4,9)]i=1,...,30 -1},

so that (a,i) is the i-th row (from the bottom) vertex in the a-th quiver (from the left). Let v
be the permutation of the vertices in Q(Go, ¢) that is the identity on the filled vertices, that is,
v(4,1) = (4,1) for all i, and acts on the unfilled vertices as

v(l,i) = (2,1),

v(2,1) = (3,1),

v(3,1) = (1,1),
for all 7.

Lemma 3.3 ([13]). Let Q = Q(G2,¢). Consider the following transitions of quivers:

® O ® O
My Bp ; MM

Q Q Q".

Then Q' and Q" do not depend on orders of the mutations in pSpuf and p® ug. Furthermore,

we have Q = v(Q").
Thus

Y(Ga, ) = (I LI, 12 U Tg),v)

is a mutation loop, where I U IP and I® L If in this equation mean any sequence in which all
the elements in I$ LI} and I® U If, respectively, appear exactly once.
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3.4 Periodicity

As above, we have defined quiver Q(X,,¢) and the mutation loop (X, ¢) for any pair (X, ¢).
The following lemma follows from these definitions.

Lemma 3.4. The mutation loop v(X,,¥) is reqular.

A remarkable fact, as stated in the beginning of Section 3.2, is that these mutation loops
have periodicity.

Theorem 3.5 ([12, 13, 18]). Let v = v(X,,¥). Then the following holds:

fiy O iy © -0 1y (Y) = Y,
t(e+hY)

where hY is the dual Cozeter number of X, (see (3.2) for the list of dual Cozeter numbers),
and t is given by (3.1).
3.5 Exponents of Q(X,, £)

First, we see that the rational function pu, for the mutation loop v = v(X,,¢) satisfies the
following property.

Proposition 3.6. The fized point equation p(y) =y has a unique positive real solution.

This lemma will be proved in Section 5.3 (see Corollary 5.16). This positive real solution is
denoted by 1 € (Rx)L.
Let J(y) be the Jacobian matrix of the rational function fi:

To(y) = @Z (y)>i,ja’

where p; is the i-th components of f,. Then Theorem 3.5 implies that the t(€ + hv)—th power
of J,(n) is the identity matrix:

J’y (n)t(fﬁ-hv) —I.

Thus all the eigenvalues of J,(n) are t(ﬁ + hv)—th root of unities. These eigenvalues can be
written as

2mimy 2mimg 2mim g
et(2+h;) 7et(£+h; ) ey et([—!—h: ) ,

using a sequence of integers 0 < mj; < mg < --- < myy < t(ﬁ + hv). We say that this sequence
mi,...,myy is the ezponents of Q(X,, ().

Example 3.7. Let (X,,¢) = (A1,4). In this case, the index set of the quiver is given by I =
I'xI'={(1,1),(1,2),(1,3)}. We choose bipartite decompositions of I = {1} and I' = {1,2, 3}
as [ =1, UI_={}uU{l}and I' =T, UI" = {1,3} L {2}, respectively. Then we obtain the
decomposition I =TI, UI_ = {(1,2)} U{(1,1),(1,3)}, and the mutation loop (A41,4) is given
in Fig. 2, where we simply write (1,7) as ¢’ in the figure.

The cluster transformation is now given by

=Yy Yy (y2 + 1), pe = y1y2ys(y1ye + y2 + 1) Hyoys +y2 + 1) 7,
s =yy 'ys (y2 + 1),
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Figure 2. The mutation loop v(A41,4).

where p; is the i-th component of 11, (y1,y2,y3). We can directly verify that n = (2,1/3,2) is
the positive real solution of u; =y; (1 =1,2,3).

Although the matrix J,(y) is a little complicated to write down directly, we can see that
the matrix L(y) defined by L(y) = diag(u1, p2, u3)~*J4(y) diag(y1, y2,y3) can be written as
a product of two simple matrices as follows:

1
~1 0 0 L= 0
+1 +1 Y2

L(y) = 42 R— 0 -1 0
yiy2 +y2+1 y2ys +y2 +1 1
0 0 —1 0 1
Y2 + 1
By substituting 7, we obtain
-10 0\ /1 % 0 -1 =3 0
Lim=|(2%2 1 2 0 -1 0]=|2 2,
0 0 -1/ \0 2 1 0 -3 -1

and
det(zI3 — J,(n)) = det(zI3 — L(n)) = 2° + 22% + 22 + 1
27i-2

= (J: —e 6 )(HE _ 62776i‘3)(m B e27'r6i~4).

Thus the exponents of Q(A1,4) are 2, 3, 4.

3.6 Conjecture on exponents

We give a conjectural formula on exponents in terms of root systems. We define two polyno-
mials Nx, ¢(z) and Dx, ,(z) by

ropterhY) _ g
Nx, o(x) = H

a=1

1 hort
1 Dxeele) =Dy G@) DX (),

where the polynomials Dl)?l:gz(x) and DL (x) are defined by

2mi(p | @) 2mi(p | @)
D;??gz(x): H (' —e T+hY ) Dg?:’?(x): H (z—e (o ).

aeA]ong OlGAShort

When X = A, D or E, the polynomials Nx, ¢(x) and Dx, ¢(x) can be written more simply:

2mi(p| a)

+hY 1\
Nx,(z) = <x+1> 7 Do) = H (x—e =07 ).

z—1
aEA
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Figure 3. The underlying white circles represent the exponents of N4, 3(z), and the black marks repre-
sent the exponents of Dy, 3(x). The number of vertices in a same vertical line is a multiplicity. Further-
more, the black circles and diamonds represent the exponents that come from the positive roots and the
negative roots, respectively. The unmarked white circles represent the exponents of Na, s(z)/Da, 3(x).

Conjecture 3.8. Let X, be a finite type Dynkin diagram, and ¢ be a positive integer such that
0> 2. Let v =~(X,,{) be the mutation loop on the quiver Q(X,,¢) defined in Section 3.3. Then
the following identity holds for the characteristic polynomial of Jy(n):

_ Nx, ()

det(zl — Jy(n)) = Dy o(2)

(3.3)

Theorem 3.9. Conjecture 3.8 is true in the following cases:

1) (A1, 0) for allt > 2,
2) (A.,2) forallr > 1.

We will prove Theorem 3.9 in Section 4.1.

3.7 Examples

In this section, we give examples of calculations on the right-hand side in the conjectural for-
mula (3.3).

Let F'(x) be a polynomial whose roots are all N-th roots of unity. The roots of F(z) can be
written as

e27r1m1/N’ e27’l’1m2/N’ o ’627r1mn/N’

where 0 < my <mgy <--- < m, < N is a sequence of integers. We call this sequence of integers
the exponents of F'(x). The exponents of F'(z) is denoted by £(F(x)).

Example 3.10. Let (X,,¢) = (A3,3). The dual Coxeter number is given by hY = 4, so
¢+ hY = 7. Therefore, the exponents of Ny, 3(z) is given by

E(Nay3(x)) =(1,1,1,2,2,2,3,3,3,4,4,4,5,5,5,6,6,6).
On the other hand, by calculation on the root system of type As, we obtain
E(Dags(r)) =(1,1,1,2,2,3,4,5,5,6,6,6).

As the result, the exponents of N, 3(x)/Da, 3(x) are given by
N
£ <A33($)> = (2,3,3,4,4,5).

Fig. 3 illustrates these exponents.
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Figure 4. The exponents of Np, o(z) and Dp, 2(x). The meanings of the symbols are the same as in
Fig. 3.

Example 3.11. Let (X,,¢) = (Bs,2). The dual Coxeter number is given by hY = 5, so
t(f + hv) = 14. Therefore, the exponents of Np, 2(z) is given by

E(Np,a(z)) = (1,1,1,2,2,2,3,3,3,4,4,4,5,5,5,6,6,6,7,8,8,8,9,9,9,
10,10,10,11,11,11,12, 12, 12, 13, 13, 13).

On the other hand, by calculation on the root system of type Bs, we obtain
E(D}g);%(x)) =(1,1,2,2,3,3,4,4,5,5,6,6,8,8,9,9,10,10,11,11,12,12,13, 13),
£(DEeR(z)) = (1,3,5,9,11,13).

As the result, the exponents of Np, o(x)/Dp, 2(z) are given by

NB 2(%))
(282270} _(2.4.6,7,8,10,12).
<D33,2<w> ( )

Fig. 4 illustrates these exponents.

4 Proofs of Theorem 3.9

4.1 (A;,£) case

Let ¢ be an integer with ¢ > 2. In this section we consider the mutation loop v = v(A1, ¢).
Let I ={1,...,¢— 1} denotes the vertices in Q(A1,¢). Let us fix a bipartite decomposition
I=1,UI_. For example, Fig. 2 shows the mutation loop v(A1,4).

Lemma 4.1. The right-hand side of (3.3) is given by

Z .
Nayol) _ I] (= - e%%).

Dyyelz) 5

Proof. First note that the dual Coxeter number of A; is given by hY = 2. Then, the lemma
follows from

0+2

x —1
= —

Naye(@) = ——,

and

DAl,Z(x) = (l“ - e‘?‘c;) (x - eﬁrgi) = (x — eég-t;) (x — e%}%(-f;rl)), m
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Therefore, what we have to show is that the exponents of Q(A;, /) are 2,3,...,¢. To prove
this, we define the matrix L(y) by

-1
L(y) = I (y) ,
pe—1(y) Yeo—1

where f1; is the i-th component of ;1. The matrices J,(n) and L(n) have the same characteristic
polynomial because p(n) = 7. We will find the eigenvalues of L(n) instead of J,(n).

Let ¢ = ™/ (2 For m =1,2,...,¢ — 1, we define non-zero real numbers
. wm +2 _ —m—
L SlHHﬂZSlH ﬂ(enl2 ) _ (Cm _ C m) (Cm+2 _C m 2) (4 1)
" sin? Tt (grt—¢mmey® |
We define the two matrices L, = (LTk)m,k:L...,K—l and L_ = (LTk)m,k:L...,K—l by
—O0mk + 26(Om k—1 + Omr1) if k€ Iy,

where 0 is the Kronecker delta.

Lemma 4.2. The matriz L(n) is expressed as
L(n) = L-Ly.

Proof. Let
(@.y) = (@y) = (Q".y")

be the Y-seed transitions associated with v. Then the chain rule for Jacobian matrices implies
that

L{y) = L-(y") L+ (y),
where Ly (Y) for Y € (Fy)?~ ' is the (£ — 1) x (¢ — 1) matrices defined by

5mk if ke I:Fv

1
—0pm —— (O 1) if kel..
k+1+Yk( b1+ Ompt1) ifkely

LEHY) =

Let 77 be the (¢ —1)-tuple of real numbers such that its m-th entry is n if m € I, and is ¢/|,—,
if m € I_. The following explicit expression of 7 is known (see [23, Example 5.3] for example):

~ sin? v
Nhm = .
" sin 745 sin W(Z;Q)
We can easily check that 2z, = 1/(1 + 7)), and this complete the proof. |

For any non-zero complex number A\, we consider the following difference equation of the
numbers (¢, )o<m<e:

Om-1+ Omi1 = Pmzy (A + A7) (4.2)

with the boundary conditions given by

Po = ¢¢ = 0. (4.3)
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Lemma 4.3. Let (¢m)o<m<e be a non-zero solution of the difference equation (4.2) satisfying
the boundary conditions (4.3). Then the vector

(31
o= :
Vo1
defined by
" Om ifmel,

is an eigenvector of the transpose matriz of L(n) with an eigenvalue N2, that is,
L) = X

Proof. Let ¢/ = LT¢ and ¢" = LIy’ (:L(n)le). In the following equations, we assume that
o = Py = 1, = ¢, = 0. Then we obtain

" _¢m + Zm(wm—l + wm—i-l) ifm e I_,
and

"no_ — Y+ 2m (W + V) ifmely,

" (e ifmel_.

For any m € 1_, we compute

;:L - /\Zwm = 1/121 - >‘2¢m - _wm + Zm(wm—l + wm-i-l) - )\21/}771
= _¢m + Zm)\((bm—l + (bm—i-l) - )\Q(bm
= Zm)\(_z;ll ()\ =+ )\_l)gbm + om—1 + ¢m+1) =0.

In particular, we obtain v/, = A, for m € I_. Thus, for any m € I, we find that
7/”:1 - A2¢m = _@Z};n + Zm(¢7/n—1 + d);n—i-l) - >‘27wbm = —tYm + Zm>\2(¢mfl + ¢m+1) - A2¢m

= _>\¢m + ZmAz((bm—l + (bm—i-l) - )\3¢m
= zmAZ(_Z;wl ()‘ + A_l)gbm + ¢m—1 + ¢m+1) = 07

and this complete the proof. |
Now we focus on solving the difference equation (4.2) satisfying the boundary conditions (4.3).
We will show that ((;Sq(ff))m:o _, for
@ 2 cos T 2 cos W
O =det | )T 1 ma=D(m41) . wlm+1) (4.4)
sin /sin sin /sin
042 {+2 +2 +2

is a non-zero solution of (4.2) and (4.3) for A = (% if a = 2,...,¢ (Theorem 4.7).
To prove this, we introduce the following Laurent polynomials:

a—1 l,—a—s—l

o) =t ta, @) =T
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We write (@) (z*1) and B@ (zm*1) as o\ (z) and B\ (z). We also define a Laurent polyno-
mial P\ (z) by

(a) (a)
(@) (1) — det [ @0 (X) am (af))'
P () t(ﬁé“)(fc) B (@)

Note that gi)m in (4.4) can be written as Pl (C)
Let us examine difference equations for am, (@) (z), B ( ) and ple )(:1:)

Lemma 4.4. The Laurent polynomials a%) (z) satisfy the difference equation

o (@) + o, (2) = ol (@)a@ (x). (4.5)

Proof. We compute

(a) (a) (.I') _ (mam + x—am) + (xa(m+2) + x—a(m—i—?))

X1 + am+1
= (& @ o) = o @)l o)
and this proves the lemma. |

Lemma 4.5. The Laurent polynomials 67(,?) () satisfy the difference equation

(Bl 1 (@) + Bihs (@) (@™ — &™) (&2 — a7 72)
= oz(()a) (x)ﬁ(a) (z) (azmH — x_m_1)2 - ozgf,f) (m)ﬁéa) (z) (m - :1:_1)2. (4.6)

m

Proof. We compute

(B (@) + B (1)) (2™ — 27 ™) (@2 — 27 2) — ol (2) B () (™ — 271
— (x(a—l)m - :E—(zz—l)m)( m+2 x—m—2)

+ (x(a—l)(m—&-Z) (a—1)(m+2) )( )
—a(()a)(a:)(ac(a 1)m (a— 1)m)( m+l - 71)
— (xam—i—Z _i_l,—am 2 am 2m—2 x—am+2m+2)

+ (xa(m+2)72 + xfa(m+2)+ _ xa(m+2)f2m72 o xfa(m+2)+2m+2)

—a(m+2)+2m-+2

o (:L,a(erQ) 4 gam _ poamE2m+2

o xa(m+2)—2m—2 _ pom—2m=2 4 gam x—a(m+2))

— pam+2 + p—am—2 + :L,a(m+2)—2 + x—a(m+2)+2 _ pam _ g—am xa(m—i—?) . x—a(m+2)

_ (x o x—l) (xam-i-l — gam=1 4 ja(m+2)-1 _ x—a(m+2)+1)
— (@ — &) (@D 4 galmID) (el pratl)
= —ol? (@) 8" () (x — 27"),
and this proves the lemma. [

Lemma 4.6. The Laurent polynomaials quf) (x) satisfy the difference equation

(P,Efll(x) + Ps}rl (x)) ($m — xfm) (mm+2 - xfmfz) = PY(,?) (x)a((]a) (x) (me — $7m71)2.
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Figure 5. The values of ( m and (qbs,?{))m: for ¢ = 5.

m=0...,0 0...,0

Proof. By using (4.5), (4.6) and the relation
(xm+1 _ x—m+1)2 _ (:v _ x_1)2 _ (:L,m _ x—m) (xm—i-? _ m—m—2)’

we obtain

Pl (x)a(()a) () (mm‘H - x_m_l) 2

= (0" ()8 () — ol ()85 (x)) oy () (™! — &7 1)?
= af (@) (B 1(2) + By (@) (2™ = 27™) (@™ F2 — 27 2)
+a@ (@) 87 (@) (z — 27)%) — af? (@)al@ ()80 (z) (@™ — 271
= o () (B, (@) + By (2)) (2™ — 27™) ("2 — 2~™72)
— af (2)al) (@) 55" (@) (2! — —m+1)2 (z —a71)?)
= (" (@) (B (x) + Bk () — o ()0 (2) 55" ()
X (xm — x_m) (mm+2 —z 2)
= (a§” (@) (B 1 (@) + B, () = (@l (@) + ol ) (2)) 5 ()

X (2™ — m)(l‘m+2—3§‘ m— 2)
= ()1 (@) + Py (@) (a7 =2 ™) (@2 272,

m

completing the proof. [ ]

Using Lemma 4.6, we can construct non-zero solutions of the difference equation (4.2) satis-
fying the boundary conditions (4.3).

Theorem 4.7. For any a = 2,3,...,£ and m = 0,1,...,¢, let qbgg) = BS?)(C). Then the
following properties hold:

1. The numbers {QS%) |0 <m < E} satisfy the difference equation (4.2) for A = (°.
2. The boundary conditions (4.3) hold, i.e., gb(()a) = gbf) =0.
3. There exists m such that qﬁ,(ff) # 0.

Proof. The property (1) follows from Lemma 4.6 and the definition of z,, (4.1). Now we prove
the property (2). The definition of P () immediately implies that Po(a) (x) = 0, hence gb(()a) =0.
To prove gbéa) = 0, we define a Laurent polynomial pP@ (z,y) of two variables by

ol (x) a(a)(y)>

P, y) = det (ﬁ( D) B (y)
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4 4
3 3
2 2
1 1

1 1 T 1 1

1 1 4 5 1 1 3
-2 -2
-3 -3
-4 -4

Figure 6. The values of ( ﬁ))mzom , and (d)s’?))m:o.me for ¢ = 5.

It is easy to see that the polynomial p@ (z,y) satisfies
P (z,a™) = {1 (2),
P9 (z,y™") = P(z,y),
P(z,—y) = (~1)" P (x,y).
Thus we have
o) = PV(¢) = PO (¢, ¢ = PO (¢, —¢7Y)
= (=1 PY(¢,¢) = ()P =0

Now we prove the property (3). We will show that ¢§a) > (. The number qﬁga) can be written as

a " . <2a—2 o C—Qa—i—? “ o ga—l o C—a—l—l
¢g):C+C o - ¢ +<2.ﬁ
¢omt — ¢t — 1 —at1 2 -2 -1
= (@ ) (P (4 )
¢ot —¢mott 1 2a-+1 2a—1
= e () - ()
-1
= sin (a€—+12)7r (sin ETQ) (2 COSHLQ — 2cos W) .
This shows that qﬁga) >0 fora=2,3,...,¢ |

We plot the values of (cbgf;))m:o.

yforf=5and a=2,34,5inFigs. 5 and 6. The underlying
graphs are plots of the function

2 cos e 2cosw
det {42 {42
“in m(a — 1)/sin T m(a—1)(u+1) Jsin m(u+1)
{42 {42 {42 {+2

in an interval 0 < u < ¢, and the points on these graphs represent the values of (d)’(ﬁ))m:o... ’

Corollary 4.8. The exponents of Q(A1,¢) are 2,3,...,¢, that is,
J4
27ia

det(xl — Jy(n)) = H (z—e®2).

a=2

In particular, Conjecture 3.8 is true in this case.
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Proof. From Theorem 4.7, we find that ¢T3 for a = 2,3,..., 1 are eigenvalues of J, (7). These
are all the eigenvalues and their multiplicities are one, since the size of J,(n) is £ — 1. |
4.2 (A,,2) case

First, we will see that the right-hand side of the conjectural formula (3.3) for (A,,2) is the same
as that for (Aj, /) if we change the parameter as r <» £ — 1. Such a phenomenon is known as
the level-rank duality.

Lemma 4.9. The right-hand side in (3.3) is given by

+1
NA 2("L‘) 1H 2mia
_mer 7= (q; — er+3 ) .
Da,2(z) =
Proof. Because hY = r + 1, we obtain
3 1 r
N, =(—
A,,Q(.%’) < z_1 > )
and
2mi(p | @)
DAT,Z(x) = H ("L’ —e 73 )
aEA
We can easily see that, say using a concrete realization of the root system of type A,, the
following holds:
r+l—a ifl<a<r+1,

#{a€A+|(P|a):a}:{0 ifa=r+2.

Thus for any 1 < a < r 4+ 2, we obtain

#{ae Ay|(p|la) =a mod r+ 3}
—#lac A |(pla)=a}+#{ac AL |(p] —a) =a—r—3}

T ifa=1,
=<r—1 if2<a<r+1,
r ifa=r+42,

and this implies that

r+1

2mia
Dy, a2(x) [ (2 = e73) = Na, (2),
a=2
completing the proof. Fig. 7 illustrates these calculations. |

We now complete the proof of Theorem 3.9.
Corollary 4.10. Conjecture 3.8 is true for (A;,2).

Proof. When we choose suitable bipartite decompositions, the mutation loop v = v(4,,2) is
obtained from the mutation loop 7' = v(Aj,r + 1) by reversing all arrows in quivers. This
implies that their cluster transformations are related by p, = ¢ o p, o, where ¢ is the map
(Y1y -y Yr) (yl_l,...,yr_l). From this relation, we can easily verify that the exponents
for (A,,2) are the same as those for (A1,r + 1). Thus the corollary follows from Corollary 4.8
and Lemma 4.9. |
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Figure 7. The exponents of N4, 2 and D4, 2 for r = 6. The meanings of the symbols are the same as
in Fig. 3.

5 Partition g-series

5.1 Mutation networks

For a mutation loop v = (Q, m, v), we define a combinatorial object called a mutation network,
which we will denote by A. This was introduced in [34]. Roughly speaking, a mutation network
is a graph obtained by extracting only the parts that change in the transitions of the quivers.
We will use mutation networks to define partition g-series.
Consider the sets defined by
E(t)={(i,t) |1 <i<n}, E= E(t).
0<t<T

We define an equivalence relation ~ on E as follows:

1. Forallt=1,...,T, (i,t — 1) ~ (i,t) if i # m,.
2. Foralli=1...,n, (v(i),T) ~ (3,0).

Let E = E/ ~ be the corresponding quotient set.

First, we define graphs A (¢) for allt = 1,...,T. These consist of two types of vertices: black
vertices and a single square vertex. The black vertices are labeled with elements in E(t—1)UE(t),
and represented as solid circles ®, while the square vertex is labeled with ¢, and represented as a
hollow square 0. There are three types of edges joining these vertices: broken edges, arrows from
the square vertex to a black vertex, and arrows from a black vertex to the square vertex. These
edges are added as follows. First, we add broken edges between the square vertex and black
vertices labeled with (my,t —1) or (my,t). Then, for all i =1,...,n, we add @, ;(t — 1) arrows
from the square vertex to the black vertex labeled with (i, — 1) if Qy, i(t — 1) > 0. Finally, for
alli=1,...,n, we add Qi m,(t — 1) arrows from the black vertex labeled with (i, — 1) to the
square vertex if @ m,(t —1) > 0. These rules can be summarized as follows:

(i,S) a 14 . .
2) e&——0ifa=Qm,i(t—1)>0and s=1t—1, for all 4,
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(i,S) a t . .
3) e ——0Difa=Qim(t—1)>0ands=1t—1, for all 4.

Let N v = UlgthN ~(t). Then the mutation network /\f7 of the mutation sequence - is
defined to be the quotient of N, by ~:

Ny =Nof ~ .

Here, the quotient carried out such that the vertices are labeled with the elements of E, and
all edges are included (i.e., we do not cancel the arrows pointing in the opposite direction). We
denote the set of square vertices of N, by A, that is, A = {1,...,T}.

For a mutation network N, we define a map ¢: A — E from the set of the black vertices to
the set of the square vertices by

p(t) = [(mq,t = 1)],

where [(my,t — 1)] is an equivalence class that contains (my,t —1). Let I/v is the set of v-orbits
inI:

I/v={{v"(i)|k € Z}|iec1}.
We also define a map ¢: A — I/v by
b(t) = [ma],
where [my] is the v-orbit of my.

Lemma 5.1. If v is reqular, both the map @ and v defined above are bijections.

Proof. The injectivity of ¢ follows from the definition of F and ¢, and the surjectivity of ¢
follows from the condition (1) in Definition 2.2. The injectivity of ¢ follows from the condition (1)
in Definition 2.2, and the surjectivity of ¢ follows from the condition (2) in Definition 2.2. N

In particular, the number of black vertices and the number of square vertices for a regular
mutation loop are the same since ¢ is a bijection.

Example 5.2. Define a quiver Q by
Q= 1<—2.

Let v = (Q,m,v), where m = (1,2) and v = id. It is a regular mutation loop since the quiver
transitions are given by

12 My —52 20 1 2

where the underlines indicate the mutated vertices. The graphs A ~(t) can then be given as

(1,0)(2,0) (1,1)(2,1)
;/ N
N, = . Ny(2) = 02
o o o o
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Let E = {e1,e2} be the set of black vertices in A, where

e1 ={(1,0),(1,1),(1,2)},  e2={(2,0),(2,1),(2,2)}.

The mutation network of v is then given by

Definition 5.3. Let v be a mutation loop and N, be its mutation network. For any given pair
consisting of a black vertex labeled with e € F and a square vertex labeled with t € A, let N
be the number of broken lines between e and t, Nf be the number of arrows from ¢ to e, and N¢
be the number of arrows from e to t:

e t e t € t
N“:#{o ————— D}, Nf:#{u—[]}, Nit:#{o*m}.
Let Ny be the E x A matrix whose (e, t)-entry is N§'. Define the E x A matrices N4 and N_
likewise. We say that the matrices Ny, N1, and N_ are the adjacency matrices of the mutation

network N,.

Definition 5.4. Let Ny, Ny, and N_ be the adjacency matrices of the mutation network A/.
Define two additional E x A matrices Ay = (A%) and A_ = (A%) by

Ap = No— Ny, A_=Ny— N_.
We call the matrices A, and A_ the Neumann—Zagier matrices of the mutation loop ~.

Example 5.5. Let v be the mutation loop defined in Example 5.2. It follows from (5.1) that
the adjacency matrices of the mutation network N, are given by

2 0 0 0 0 1
o-(on) v=Ga) -0

and the Neumann—Zagier matrices of the mutation loop  are given by

2 0 2 -1
A+:<0 2)’ A:<—1 2)'

The following lemma is proved in [27].

T

Lemma 5.6. The matriz Ay AT is symmetric, where T is a transpose of a matriz.

Proof. This follows from Proposition 3.11 in [27]. [

In other words, Neumann—Zagier matrices satisfy the following relation:

A AT = A_AL
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5.2 Definition of partition g-series

Let v be a mutation loop. Let E and A be the set of the black vertices and of the square vertices
of the mutation network N, respectively.
We define two abelian groups Z, and B, by

Z, = {(u,v) |u € Zh, veQ? A_u= A+v}, B, = {(AIw,AIw) |w e ZE}.

It follows from Lemma 5.6 that B, is a subgroup of Z,. Let H, be the quotient group of Z,
by B.:

H,=27,/B,.
For any elements o € H,, we define 0>¢ C o as follows:
o>0={(u,v) €o|u; >0foralli=1,... N}

For vectors u € (ZZO)A and v € Q®, we define a g-series W (z,y) by

B q%u-v
W) = e @

T
where u-v is the usual dot product, that is, u-v := > w;v;, and (q),, for a non-negative integer n

=1
is defined by

n

(@n = H (1 - qk)-

k=1

A mutation loop is called nondegenerate if A4 is a non-singular matrix. In addition, a non-
degenerate mutation loop is called positive definite if A_T_lA, is a positive definite symmet-
ric matrix. Note that AjrlA_ is always symmetric (if the mutation is nondegenerate) since

AjrlA_ = AfA_AI (A;l)T, and A_A_T_ is symmetric.

Definition 5.7. Let v be a nondegenerate positive definite mutation loop, and ¢ be an element
of H,. The partition g-series of v associated with o € H, is defined by

Zg)= > Wl(u,v).
(u,v)€0>0

We also define the total partition g-series of v as the sum of the partition g-series over H.,:

Zy(g) =Y 25(q).

o€H,

Lemma 5.8. Suppose that v is a nondegenerate positive definite mutation loop. Then the total
partition q-series is given by

1,T4-1
u AJr A_u

Z’y(Q) = Z e

W (Zg)D (Q)u1 T (Q)uT .
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Proof. Because 7 is nondegenerate, the abelian group Z, can be written as
Zy={(u, AT'A_u) |u € ZA}.
This implies that
LuTAT A w

Z@= 3 WewAlAw= 3

uE(Zso)® uE(Zz0)A e (Q)uT

and the sum is well-defined since A;lA, is positive definite.

Corollary 5.9. Suppose that v is a nondegenerate positive definite mutation loop. Then parti-
tion g-series of v associated with any o € H and the total partition q-series are well-defined as

a formal power series with integer coefficients in some rational power of q.

5.3 Asymptotics of partition g-series

In this section, we investigate the asymptotics of total partition g-series of nondegenerate positive
definite mutation loops. The asymptotics will be described by using the Rogers dilogarithm

function and the Jacobian matrix associated with the mutation loop.

Let v be a nondegenerate positive definite mutation loop. For any ¢t = 1,...,T, we define

rational functions zy (y;t) and z_(y;t) by

Yo, (t — 1) 1

) = (y:t) =
Z+(y7 ) 1+Ymt(t—l)’ z (y7 ) 1+Ymt(t_1)’

where Y, (t — 1) is the rational function in y defined by (2.1).

Lemma 5.10. There is n € (Rxo)"™ such that pu(n) =n, and such n is unique.

Proof. We define the following two sets:
570 = {ne ®0)"| fy(n) = n},

T
DO {c eV [[¢ ™ -0 = 1torallce E}

t=1
Using [27, Corollary 3.9], we find the map &: S’io — ng,l) defined by

(n) = z+(n; 1)

is a bijection.

)

Since the matrix A, is invertible, the set ’Dgo’l can be expressed as

T
ng,l) = {( e (0,1)7)¢ = H(l - (t)(Aj’lA‘)st foralls=1,... ,T} .

t=1

(5.3)

Using the fact that AIIA_ is positive definite and [36, Lemma 2.1], we find that the right-hand

side of (5.3) consists of one element. Thus §3 0 also consists of one element.
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The Rogers dilogarithm function L(zx) is defined by

L(x):—l/ {log(l—y)Jrlogy}’ 0<o<l.
2 Jo Yy 1—y

Using the Rogers dilogarithm function, we define a positive real number a by

T
=" Lizs(n: 1)),
t=1

where 7 is the unique solution of the fixed point equation p,(y) = y as in Lemma 5.10.
Let J(y) be the Jacobian matrix of the rational function fi:

Ty (y) = <ZZ] (y)>me1’

where f1; is the i-th components of /i, .
Let € be a positive real number, and € — 0 denote the limit in the positive real axis.

Theorem 5.11. Let v be a nondegenerate positive definite mutation loop. Then

_ _a d@tA+
lim Z € e =4/ ——. 4
Jim 2y (e™%)e \ det(T = 7, (n)) (54)

Proof. Using [36, Theorem 2.3], we find that

lim Z, (e_’s)e_a?/ =V,

e—0
where a/ and V' are the real numbers given by

T

d =3 (L(1) — L(=_(n; 1)),

t=1

[ I
N

T
W = det (AT A_ + diag(&1,....&0)) 2 [ [ 24 (1) 72,
t=1

and & = z_(n;t)/z4+(n;t). Since Rogers dilogarithm satisfies L(z) + L(1 — x) = L(1), we find

that o' = a.
Let Zy = diag(z+(n;1),...,2+(n;T)). Then we compute the number b as follows:

/ 1 -1 T 1
V' =det (A7 A_ + diag(&, ..., &) 2 H zy(mt) 2
t=1

N

= det (A7'A_ + diag(&y, ..., &7)) 2(det Z,) 2
—det (AT'A_Zy + Z_) 7% = (det A )3 det(A Z_ + A_Z.)"3.

N[ =

Using [27, Theorem 4.2], we find that
det(AyZ_+ A_Z,) =det(d — J,(n)),
completing the proof. |

Remark 5.12. In [36] (as well as [35, 39]), they not only gave the limit of g-series, but also gave
a formula on the asymptotic expansion in the powers of €. Although it might be interesting to
investigate higher order terms of the asymptotic expansion, it is not dealt with in this paper.
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DT’+1: ,—,7

C,: x “
1 2

Figure 8. The map 7 for X, = B,,C,.

5.4 Partition g-series of the mutation loop on Q(X,, £)

Let X, be a finite type Dynkin diagram, and ¢ be a positive integer such that £ > 2. Let
v = v(X;,¢) be the mutation loop defined in Section 3.3. In this section, we give an explicit

expression of the partition g-series of (X, ¢).

For a Dynkin diagram of type X,, we define another Dynkin diagram of type Y, as follows:

X, if X=ADor E,
Agp—1 it Xy = By,
Y=< D1 it X, =G,
Es it X, = Fy,
Dy if X, = Go.

We define a map
o {1l = {1, )

between the nodes of these two Dynkin diagrams by

7(a) =a
if X=A,Dor E,
a ifl1<a<r,
T(a) = .
{2r—a fr+l1<a<2r-1

a ifl<a<r,
7(a) = .
r ifa=r+1
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Eg:
Fy -
Figure 9. The map 7 for X, = Fy, Gs.
if X, =C,,
a ifl<a<d4,
T(a) =42 ifa=>5,
1 ifa=6
if X, = Fy, and
1 ifa=1,3or4,
7(a) = .
2 ifa=2

if X, = G. These definitions are indicated in Figs. 8 and 9.
We define integers k4 (a = 1,...,7") by

Ko =#{b|1 <b <71, 7(a) = 7(b)}.
Then the vertices in the quiver Q(X,,#) can be parameterized by the elements of the set
I={(a,m)|1<a<r,1<m<kKl—1}.

Here we use the letter I so that we identify the set of the vertices in the quiver with this set.!
Let J be the set defined by

J={(a,m)|[1<a<r 1<m<t,l—1}.
Lemma 5.13. The map
I —J
defined by 7'(a,m) = (7(a), m) is well-defined and surjective.
Proof. The lemma follows from the fact that ko, =t} if 7(a) = b. [
Lemma 5.14. The induced map
7oy —J

defined by 7'([(a,m)]) = 7'(a, m) is well-defined and bijective.

!This parametrization is slightly different from that in Section 3.3 that we used to define a mutation loop

on Q(Ga,¥).
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Proof. From the definitions of v and 7/, we see that (a,m) and (b, k) belong to the same v-orbit
if and only if 7/(a,m) = 7/(b, k). Thus 7 is well-defined and injective. It is also surjective from
Lemma 5.13. n

Using Lemmas 3.4, 5.1 and 5.14, we identify F and A with J. In particular, we think that
the Neumann—Zagier matrices Ay and A_ are J x J matrices.

Let Aftb’mk be the ((a,m), (b, k))-entries of the Neumann—Zagier matrices Ay. Let K be the
Jy x Jpy matrix defined by

mk

Kapmr = <min(tbm7tak’) - £> (aq | ),

where Kupmi is the ((a,m), (b, k))-entry of K. Let C% = be the Cartan

matrix of type A, ¢—1:

( _gmk)m,kzzl,.,.,taé—l

Crke = 20mk — O k1 — O k1.
Proposition 5.15. The Neumann—Zagier matrices of v(X,, ) are given by

ab,mk ~
AL = 0abCr e
tal—1
ab,mk A
A~ = E Crn Kb nk-
n=1

Proof. First, we note that the components of A, and A_ come from the arrows of the vertical
and horizontal directions, respectively, in the figures of quivers in Section 3.2. Then, the formula
for A4 that we want follows from the definition of v(X,, ¢) because the components of A} come
from arrows in the vertical A; 1 quivers. We can also verify from the definition of v(X,,¢)
that the following formula for A_ holds:

—Cap(02m k—1 + 202m & + O2m k+1) if ty/tq = 2,
bymk .
AT = 8 —Cop(O3mk—2 + 203m -1 + 303m k + 203m k11 + Ozmpr2) if tp/ta = 3,
—Chaltym,tok otherwise,

where Cjy, is the (a,b)-entry of the Cartan matrix of type X,

2(a | ap)

Cuwp = )
(| aa)

By concrete calculation, we can see that the right-hand side of this equation coincides with

tal—1

Z annKab,nkv

n=1
and this complete the proof. |
Corollary 5.16. The following relation holds:

K=A'A_.

Moreover, v = ~(X,,{) is nondegenerate and positive definite, and p(y) = y has a unique
positive real solution.

Proof. The equation follows from Proposition 5.15. The positive definiteness of K is well-known
(e.g., see the proof of Proposition 1.8 in [12]). The last argument follows from Lemma 5.10. W
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Let @ be the free abelian group defined by

Q= é Zay,.
a=1

The free abelian group @ is called a root lattice. Let M be the free abelian subgroup of @
defined by

.
M = @ Tt gy,
a=1

For any element u € Z7, let u'® denote the (a, m)-entry of u.

Lemma 5.17. The group homomorphism

F: Zy — Q
defined by
F(u,v) = Z mul®ay
(a,m)ed

is surjective, and the kernel of 1o F is equal to B, where v: Q — Q /UM is the projection. Thus
we obtain the group isomorphism

F: H, — Q/(M. (5.5)

Proof. Since A, is non-singular, the abelian group Z, is given by (5.2). Thus the map Fis
surjective since

F(u,v) = Z uga)aa
a=1

if ' = 0 for all m > 1.

For any element w € Z7, we compute

F(ALw, ATw) = Z m Z 5abé,%kwl(€b) Qg

(a,;m)eT (bk)eJ
r ftal—1 tal—2 tal—1
= Z ( Z 2mw(® — Z (m+ Dw'® — (m— 1)w£,ff)) Qg
a=1 m=1 m=1 m=2
= Z taﬂngz_laa,
a=1
and this shows that B, = ker (L o F’) as desired. [ |

Theorem 5.18. The partition q-series of v = v(X,., {) associated with o € Hy is given by

TKu

ol gz"
= 2 I (@,w

u€(Zx0)7,(0) (a,m)eT
where the sum runs over u € (Z>q)? under the condition

Z mu®a, =X mod (M, (<)
(a,;m)eT

where X is a representative of F (o).
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Proof. The theorem follows from Corollary 5.16 and Lemma 5.17. |

Corollary 5.19. The total partition q-series of v = v(X,,{) is given by

1uTKu

(=3 f’[—

u€(Zxo)” (a,m)EJ(Q) W

Um

Example 5.20. Let (X, /) = (As,3). The quiver Q(As, 3) is given by

+ - +
(1,2) (2,2) (3,2)
— + —

(1,1) (2,1) (3,1)

The set of indices of Q(As,3) is

I={(1,1),(1,2),(2,1),(2,2),(3,1),(3,2)}.

The mutation loop v = v(A4s,3) is given by

+ — +




Exponents Associated with Y-Systems and their Relationship with g-Series 35

The set of indices of N, is
J={(1,1),(1,2),(2,1),(2,2),(3,1),(3,2)}. (5.6)

The adjacency matrices of N, are given by Ny = 21 and

010000 001000
100000 000100
000100 100010
N+_001000’N‘_010001’
000001 001000
000010 000100
so the Neumann—Zagier matrices of « are given by
2 -1 0 0 0 0 2 0 -1 0 0 0
-1 2 0 0 0 0 0O 2 0 -1 0 0
0O 0 2 -1 0 0 -1 0 2 0 -1 0
A+_00—1200’A‘_0—1020—1’
o 0 0 0 2 -1 0O 0 -1 0 2 0
o 0 0 0 -1 2 O 0 0 -1 0 2

where we choose an order of J as in (5.6).
Lemma 5.6 implies that

4 -2 -2 1 0 0
-2 4 1 -2 0 O
-2 1 4 -2 =2 1
1 -2 -2 4 1 =2
0o 0 -2 1 4 =2
0o 0 1 -2 -2 4

ALAT = A AT =

is a symmetric matrix. When X = A, D or E, the Neumann—Zagier matrices A, and A_
themselves are symmetric, so we find that they are commuting, that is, A;A_ = A_A,. Fur-
thermore, they are (possibly decomposable) symmetric Cartan matrices. We remark that such
a pair of commuting Cartan matrices appeared in the study of W-graphs by Stembridge [31],
and also in the classification of periodic mutations by Galashin and Pylyavskyy [7].

The positive definite matrix AjrlA_ is given by

4 2 -2 -1 0 0

2 4 -1 =2 0 0
11-2 -1 4 2 -2 -1
1 _ =+
Add-=31_1 9 2 4 -1 -2

o 0 -2 -1 4 2

o o0 -1 -2 2 4

The partition g-series are parametrized by elements of the following set:
H, ={(a,0,b,0,¢,0) |0 < a,b,c, < 2},

where (u,v)+ Zy € H is denoted by (ugl),uf),uf’), ugg),u:(;))). Let us write (a,0,b,0,¢,0) more

simply as abc. Then we have

H., = {000, 100, 200, 010, 110, 210, 020, 120, 220,001, 101,201,011, 111, 211, 021, 121, 221,
002, 102,202,012,112,212,022,122,222}.
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We exhibit several low order terms of the partition g-series:

Z7(q) = 1+ 6¢° + 20> + 54¢* + 144¢° + 360¢° + 804¢" + O(¢®)

if o = 000,
2 5 8 11 14 17 20 23 26

g3 +3¢3 + 13¢5 +38¢3 +108¢3 + 264¢3 + 62293 + 1364¢3 + O(q3)
if o = 100, 200,010,110, 020, 220,001,011, 111,002, 022, 222,

q+6¢° + 18¢° + 564" + 144¢° + 357¢° + 808¢" + 1767¢° + O(q°)
if o = 210,120,211,021,221,012,112,122, and

4 7 10 13 16 19 22 25 28

2¢3 + 8¢5 +28¢3 +76¢3 +199¢3 + 468¢3 + 1060g3 + 225693 + O(q3 )

if o = 101,201,121,102, 202, 212.

Example 5.21. Let (X,, /) = (Bs,2). The quiver Q(Bs,2) is given by

The set of indices of Q(Bs3,2) is
I={(1,1),(2,1),(3,1),(3,2),(3,3),(4,1),(5,1)}.

The mutation loop v = v(Bs,2) is given by

® O
nyp
_—

where the first quiver and the last quiver are identified by the left-right reflection v.
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The mutation network N, is given by

(3,3)

The set of indices of N, is

J= {(17 1)7 (27 1)7 (37 1)7 (37 2)7 (373)}

The adjacency matrices of N, are given by Ny = 21 and

00000 01 00O
00000 101 21

Ny=10 0 0 1 0, N_=1]10 0 0 0 0],
00101 01 000
00010 00 00O

so the Neumann—Zagier matrices of v are given by

20 0 0 O 2 -1 0 0 0
02 0 0 O -1 2 -1 -2 -1

A,=]10 0 2 -1 0], A_=10 0 2 0 O
00 -1 2 -1 0o -1 0 2 0
00 0 -1 2 o o o0 0 2

where we choose an order of J as in (5.7).
The matrix A_ is not symmetric, but

4 -2 0 0 0
-2 4 0 -2 0
AAT = A AT = 0 4 -2 0

0
0 -2 -2 4 =2
o 0 0 -2 4

is symmetric as promised by Lemma 5.6.
The positive definite matrix AjrlA_ is given by

2 -1 0 0 O
-1 2 -1 -2 -1
0o -1 3 2 1
0o -2 2 4 2
o -1 1 2 3

1
~1 _ 1
14_~_A_—2
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The partition g-series are parametrized by elements of the following set:
H, = {(a,b,¢,0,0)|0<a,b<1,0<c<3},

where (u,v) + Z, € H, is denoted by (ugl),u(f),ugg),ué?’),ug?’)). Let us write (a, b, ¢,0,0) more

simply as abc. Then we have
H., = {000, 100,010, 110,001, 101,011,111, 002, 102, 012, 112,003, 103,013, 113}.
We exhibit several low order terms of the partition g-series:
Z7(q) = 14 9¢° + 21¢> + 66¢" + 144¢° + 349¢° + 723¢" + O(¢)
if o = 000,
1 3 5 7 9 11 13 15 17
g2 +4q2 +13q2 + 38q2 + 97¢> +228¢2 4 504¢2 +1057¢2 + O(q2)
if o = 100,010,110,102,012,112,
3 T 11 15 19 23 27 31 35
g4 +5q% +17¢+ + 48+ +120¢% +279¢% + 608¢+ +1261gs + O(q+)
if o =001,011,111,003,013,113,
5 9 13 17 21 25 29 33 37
3q% +9q7 +30gF +75q4 +187¢% +411¢+ +885¢+ +1783¢% + O(q7)
if o = 101,103, and
3q + 6¢* + 25¢° + 57¢" + 156¢° + 334¢° + 744q" + 1491¢° + O(q¢°)

if o = 002.

6 Relationships with affine Lie algebras

6.1 Affine Lie algebras

In this section, we review basic concepts of affine Lie algebras and their integrable highest weight
modules. See [14] for more detail. Let X, (= Ay, By, Cy, Dy, Eg7s, Fy or G2) be a finite type
Dynkin diagram, and g be the finite dimensional simple Lie algebra of type X, over C. Let § be
a Cartan subalgebra of g, and A be the set of roots. We also use the notations on root systems
that we used in Section 3.1. We extend the inner product (- |-) to the nondegenerate symmetric
bilinear form on h*. We define the following two free abelian groups:

Q= ézaav M = éZtQO{a.
a=1 a=1

We also define the following sets:

P:{Aeh* MEZforallazl,...,r},
(aa | @a)
2A | g
P+:{A€P‘Ha)ZOforallazl,...,r}.
(| )
Let

§g=9®C[t,t7'|@CKaCd
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be the affine Lie algebra associated with g. The Lie bracket on § is defined as

(Xt Y et"] =[X,Y]@t"™™ + mépino - (X|Y)K
(K, g] = {0},
[d, X @t"] =nX ®t".

Fix a non-negative integer ¢. Let us define the following set:

P{ ={AePy|(A]0) <1},

where 6 is the highest root in A. For any A € Pfr, there is the unique level ¢ integrable highest
weight g-module such that the classical part of its highest weight is A, which is denoted by L(A).
We define the following rational numbers associated with L(A):

(0 ¢dimg (A|A+2p)
cl) = —— =—"

(+h’ AT R

Let ¢ = €2™7. For any diagonalizable linear map a: V — V with eigenvalues A, \o, ... with
finite multiplicities mq, mao, ..., we define the trace try¢® by try¢® = >, miq™. We define the

following two functions as in [16]:

c(0) _ c(z) r ENCY Y
Xa(T) = q 21 trpa ¢ () =q" tryan @2 Y (6.1)

where A € h* and
UAN) ={veLA)|(h®t")v=bnoA(h)v for all h € h,n > 0}.

These series converge to holomorphic functions on the upper half-plane H = {7 € C| Im7 > 0}.
The function x4 (7) is called the (specialized) normalized character? of L(A), and by (7) is called
the branching function for the pair (g,h). We will simply call bﬁ () as the branching function.
Note that dividing this branching function by the r-th power of the Dedekind eta function yields
the string function in [15].

The asymptotics of the normalized character and the branching function were studied in
detailed in [15, 16]. Let 7 | 0 denote the limit in the positive imaginary axis.

Theorem 6.1 ([15, 16]). Suppose that A € A+ Q. Then

lim xa (r)e ~ar = a(A), (6.2)
A wi(e(t)—r) 1 _1
lim b (r)e™ =55 = |P/QIEQ/EM[Fa(A). (6.3)

where a(A) is the real number defined by

(A +pla)
P/(f+ hv M 9sin o T P1A)
= |P/( N all Y
The real number a(A) is called the asymptotic dimension of L(A) for the following reason. The
module L(A) is infinite dimensional unless A is trivial, and x4 (0) = dim L(A) = oo. However,
(6.2) says that by multiplying by the appropriate exponential term and taking the limit, we
can get the finite number a(A). Therefore, we can think that the real number a(A) is the
“dimension” of L(A).

“More precisely, xa(7) is the normalized character in [16] at z =t = 0.
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6.2 Exponents and asymptotic dimension

The branching functions with A = 0 are expected to coincide with the partition g-series that
we studied in Section 5.4 via the conjectural formula of the branching functions in [22]. This
was first observed in [17] for the total partition g-series with X = ADE. Let by (q) denote the
formal g-series defined by the right-hand side of (6.1).

Conjecture 6.2 ([22]). Suppose that ¢ > 2. Let v = v(X,,¥) be the mutation loop defined in
Section 3.3. Suppose that o € H., and X € Q is a representative of F(c), where F' is defined
s (5.5). Then

_c@)—r - 0
g 2 Z5(q) = by(q). (6.4)

By summing (6.4) for all elements in Q/¢M, we obtain the following conjectural identity on
the total partition g-series:

2= Y K (6.5)

NEQ/EM

By comparing the asymptotics (5.4) and (6.3), we find that (6.5) yields the following identities:

6 T
fZ 2 (mt)) = c(0) = r, (6.6)
7r :

and

T~ P/QIRe0) (6.7)

where we use det Ay = |Q/¢M|, which follows from Proposition 5.15.
The identity (6.6) is called the dilogarithm identity in conformal field theories, and proved

in [12, 13, 29] by using cluster algebras. On the other hand, the identity (6.7) is exactly Con-
jecture 3.8 at x = 1 because

Dx, (1) % weh, (+hY
-2
=|Q/(t+n")M|[ ] 2sin v = |P/Q| 'a(0)
a€A+

Consequently, the conjectural identity (6.7) gives us a consistency between our conjecture on
exponents (Conjecture 3.8) and the known conjecture on g-series (Conjecture 6.2), and also gives
an interesting connection between the theory of cluster algebras and the representation theory
of affine Lie algebras.
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