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ON THE BI UNIQUE RANGE SETS FOR
DERIVATIVES OF MEROMORPHIC FUNCTIONS

Abhijit Banerjee and Sanjay Mallick

Abstract. In the paper we introduce the notion of Bi Unique Range Sets for derivatives of
meromorphic functions and with the aid of the same we improve all previous results regarding

derivatives of set sharing.

1 Introduction, Definitions and Results

In this paper by meromorphic functions we will always mean meromorphic functions
in the complex plane. It will be convenient to let F denote any set of positive real
numbers of finite linear measure, not necessarily the same at each occurrence. For
any non-constant meromorphic function h(z) we denote by S(r,h) any quantity
satisfying

S(r,h) =o(T(r,h)) (r — oco,7 & E).

Let f and g be two non-constant meromorphic functions and let a be a finite
complex number. We say that f and g share a CM, provided that f —a and g — a
have the same zeros with the same multiplicities. Similarly, we say that f and g
share a IM, provided that f —a and g—a have the same zeros ignoring multiplicities.
In addition we say that f and g share oo CM, if 1/f and 1/g share 0 CM and we
say that f and g share co IM, if 1/f and 1/g share 0 IM.

Let S be a set of distinct elements of CU {oo} and Ef(S) = U,ecgiz: f(2) —a =
0}, where each zero is counted according to its multiplicity. If we do not count the
multiplicity the set J,cg{z : f(2) — a =0} is denoted by E(S). If Ef(S) = Ey(S)
we say that f and g share the set S CM. On the other hand if E¢(S) = E4(S), we
say that f and g share the set S IM. Evidently, if S contains only one element, then

it coincides with the usual definition of CM (respectively, IM) shared values.
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In connection with the famous “Gross Question” {see [8]} in the uniqueness
literature, in 2003, the following question was asked by Lin and Yi [17].
Question A. Can one find two finite sets S; (j = 1,2) such that any two non-
constant meromorphic functions f and g satisfying Ef(S;) = E4(S;) for j = 1,2
must be identical ¢

In course of time the research in this direction has somehow been shifted to
find explicitly a set S with minimum cardinalities such that any two meromorphic
functions f and g that share the set S together with the value co must be equal
{cf.[1]-[7], [11], [15])-[17], [23]-[24]}. In some of the papers sometimes the researchers
have resorted to the variations over different deficiency conditions. But probably
the actual answer of Question A for two finite sets in C has yet not been settled.

To the knowledge of the authors perhaps the following two results were first
studied the uniqueness of the derivatives of meromorphic functions in the direction
of Question A.

Theorem A. [7] Let S; = {z: 2" + az""' + b =0} and Sz = {00}, where a, b are
nonzero constants such that 2™ + az"~! + b =0 has no repeated root and n (> 7),
k be two positive integers. Let f and g be two non-constant meromorphic functions

such that E ;) (S1) = E,u (S1) and Ef(S) = Ey(Ss) then f®) = (k).

Theorem B. [23] Let S; i = 1,2 be given as in Theorem A and k be a positive
integer. Let f and g be two non-constant meromorphic functions such that
Ef(k)(Sj) = Eg(k)(Sj) for j =1,2 then f*) = ¢k,

In 2001, the advent of the new notion of gradation of sharing of values and sets
in [13, 14] further expedite the research in the direction of Question A. This notion
is a scaling between CM and IM and measures how close a shared value is to being
shared IM or to being shared CM. In the following we recall the definition.

Definition 1.1. [13, 1] Let k be a nonnegative integer or infinity. For a € CU{oo}
we denote by Ey(a; f) the set of all a-points of f, where an a-point of multiplicity
m is counted m times if m < k and k + 1 times if m > k. If Ex(a; f) = Ex(a;9),
we say that f, g share the value a with weight k.

We write f, g share (a,k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a,k) then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a,0) or (a, )
respectively.

Definition 1.2. [13] Let S be a set of distinct elements of C U {oo} and k be a
nonnegative integer or oo. We denote by E¢(S, k) the set UsesEy(a; f).
Clearly Ef(S) = E¢(S,00) and Ef(S) = E¢(S,0).

Recently some papers such as [19], [20] subtly use this or other sharing notions
such as pseudo value sharing to obtain new results. But in these papers mainly
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the uniqueness of a meromorphic function corresponding to non-linear differential
polynomials sharing some values are taken under considerations. In the current
paper we shall confine our attention solely on the set sharing problem and to this
end we proceed as follows.

Using weighted sharing of sets Banerjee and Bhattacharjee [4] improved Theorems
A and B as follows.

Theorem C. [}] Let S; i = 1,2 be given as in Theorem A and k be a positive integer.
If f and g are two non-constant meromorphic functions such that Ef(k)(51,2) =

Ey1)(S1,2), Ef(S2,1) = Eg(S2,1) then f*) = gk,

Theorem D. [/] Let S; i = 1,2 be given as in Theorem A and k be a positive integer.
If [ and g are two non-constant meromorphic functions such that Esu) (S1,3) =

Eg(k)(Sh 3), Ef(SQ,O) = Eg(SQ,O) then f(k) = g(k)

In the next year Banerjee and Bhattacharjee [5] further improved Theorems C
and D in the following manner.

Theorem E. [5] Let S; i = 1,2 be given as in Theorem A and k be a positive integer.
If f and g are two non-constant meromorphic functions such that Ef(k)(51,2) =

Eg)(51,2), Ef(S2,0) = Ey(S2,0) then f®) = g,

We observe that in the above mentioned results the cardinality of the main range
set namely S7 could not be diminished. Only the sharing conditions over the sets
have been relaxed. So it will be interesting to investigate under which supposition
the cardinality of the set S can be further reduced in the above mentioned results
so that it will also be commensurate with the possible answer of Question A. The
purpose of the paper is to investigate this fact.

Gross and Yang [9] made a vital contribution by introducing the new idea of
unique range set for meromorphic function (URSM in brief). In continuation of the
concept of unique range sets it will be quite natural to investigate the existence of
a pair of finite range sets in C shared by two meromorphic functions which leads
them to-wards their uniqueness. This thought in fact paves the way for the following
definition which is also pertinent with the possible answer of Question A.

Definition 1.3. A pair of finite sets S1 and So in C is called bi unique range
sets for the derivatives of meromorphic (entire) functions with weights m, k if
for any two non-constant meromorphic (entire) functions f and g, Epx)(S1,m) =
E, ) (S1,m), Ef®)(Sy,p) = Eg¥)(Sy,p) implies f*) = g*). We write S;’s i = 1,
2 as BURSDMm,p (BURSDEm,p) in short. As usual if both m = p = oo, we say
Si’si=1,2 as BURSDM (BURSDE).

In the paper we shall show that Bi-Unique Range Sets for the Derivatives renders
an useful tool in order to reduce the cardinality of the main range set in all the
aforesaid theorems. Following two theorems are the main result of the paper.
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Theorem 1.1. Let Sy = {z: 2" +az""' +b =0}, So = {0, —a™=1} where n(> 5)
be an integer and a and b be two nonzero constants such that 2™ +az" "' 4+b =0 has

no multiple root. Then S;’si =1, 2 are BURSDMS3, 0.

Theorem 1.2. Let S;, i = 1, 2 be given as in Theorem 1.1 where n(> 5) be an
integer. Then S;’s i =1, 2 are BURSDM2, 1.

Though for the standard definitions and notations of the value distribution theory
we refer to [10], we now explain some notations which are used in the paper.

Definition 1.4. [12] For a € CU {oco}we denote by N(r,a; f |= 1) the counting
function of simple a points of f. For a positive integer m we denote by N(r,a; f |<
m)(N(r,a; f |> m)) the counting function of those a points of f whose multiplicities
are not greater(less) than m where each a point is counted according to its multiplicity.

N(rya; f |< m) (N(r,a; f |> m)) are defined similarly, where in counting the
a-points of f we ignore the multiplicities.

Also N(r,a; f |< m), N(r,a; f |>m), N(r,a; f |<m) and N(r,a; f |> m) are
defined analogously.

Definition 1.5. [1/] We denote by Nao(r,a; f) = N(r,a; f) + N(r,a; f |> 2).

Definition 1.6. [13, 1] Let f, g share a value a IM. We denote by N.(r,a; f, g) the
reduced counting function of those a-points of f whose multiplicities differ from the
multiplicities of the corresponding a-points of g. Clearly N.(r,a; f,g9) = N.(r,a; g, f)
and in particular if f and g share (a,p) then Ni(r,a;f,9) < N(r,a;f |>p+1) =

N(r,a;g|>p+1).

Definition 1.7. Let a,bi,b2,...,by € C U {oo}. We denote by N(r,a;f | g #
bi,ba,...,by) the counting function of those a-points of f, counted according to
multiplicity, which are not the b;-points of g fori=1,2,...,q.

2 Lemmas

In this section we present some lemmas which will be needed in the sequel. Let F'
and G be two non-constant meromorphic functions defined in C as follows

(BN p(k) BN ()
P A (bf ta) W) (bg +a) 2.1)

where n(> 2) and k are two positive integers. Henceforth we shall denote by H and
® the following two functions

/! / 1" /
I F 2F G 2G (2.2)
= T T T 1 - ~ T~ 4 .
F F-1 G G-1
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and
!

F G
@ — ﬁ - ﬁ. (2.3)

/

Lemma 2.1. (/14], Lemma 1) Let F', G be two non-constant meromorphic functions
sharing (1,1) and H #0. Then

N(r,1;F|=1)=N(r,1;G |=1) < N(r,H) + S(r, F) + S(r, G).
Lemma 2.2. Let Sy and Sy be defined as in Theorem 1.1 and F', G be given by (2.1).

If for two non-constant meromorphic functions f and g Ef(k)(Sl,O) = Eg(k)(SI,O),
E ) (S2,p) = E ) (S2,p), where 0 < p < oo and H # 0 then

NerH) < N(0: /= p+1) +N<T,—an_1;f"“) 2p+1> +N.(r, 1 F,G)
n
+N(r,00; f) + N(r, 00, g) + No(r, 0; f*H1) + No(r, 0; g*+1),

where No(r,0; f(k“)) is the reduced counting function of those zeros of f* 1) which
are not the zeros of f¥) (f(k) — a”T_l) (F—1) and No(r,0; g*+t1) is similarly defined.

Proof. We note that

)20 f® + a(n - 1)) fHD
—b ’

o — )2 (ng™ + a(n — 1))+
b

and P — U020 B +a(n=1) fE+D 1 (£8)" 3 (n(n=1) f®) +a(n=1) (n=2)) (f*+1)*

b )

G’ = (") 2(ng®) t-a(n—1))g "+ +(g*)" 3 (n(n—1)g*) ta(n—1)(n—2)) (¢*+1)*
So -

b DO b am =) (0= 1)(ng® + a(n - 2)g*Y
- FOfP +aln—1)  g®ng®D +a(n— 1)

FO2) ger2) (gp’ 2G'>

+

D) g(RHD) F-1 G-1

Since Ef(k)(SQ,O) = Eg(k)(SQ,O) it follows that if zg is a 0-point of f*) (¢(¥)) then
cither g% (20) = 0 (f®)(29) = 0) or g®¥)(29) = —aq2=1 (f®)(2) = —a=1). Clearly
F and G share (1,0). Since H has only simple poles, the lemma can easily be proved
by simple calculation. O
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Lemma 2.3. [5] Let f and g be two meromorphic functions sharing (1, m), where
1 <m < oo. Then

Nr 1)+ N 3ig) = N 351 (=) + (= 3 ) (35 .0)

1
< 5 [N(Tvl;f> +N(T71;g)]
Lemma 2.4. [18] Let f be a non-constant meromorphic function and let
> arf*
R(f) = 5——
> bjf?
3=0

be an irreducible rational function in f with constant coefficients {ay} and {b;}where
an # 0 and by, #0 Then

T(r, R(f)) = dT(r, ) + S(r, f),
where d = max{n, m}.

Lemma 2.5. Let S1 and So be defined as in Theorem 1.1 with n > 3 and F,
G be given by (2.1). If for two non-constant meromorphic functions f and g
B (S1,m) = By (S1,m), Epw(S2,p) = Ey(S2,p), 0 < p < o0 and © # 0
then

— — -1
(2p+1) {N (T,O;f(k) |>p+ 1) +N <r,—ann R > p+ 1)}
< N(r,00; f) + N(r,00:9) + No(r, 1 F,G) + S(r, f®) + S(r, g*)).
Proof. By the given condition clearly F' and G share (1,m). Also we see that

o (f(k))an (nf(k) + CL(TL _ 1)) f(k+1) B (g(k))nf2 (ng(k) + a(n . 1)) g(k+1)
B —b(F —1) —b(G —1) '

Let zy be a zero or a —a%— point of f*) with multiplicity . Since Ef<k)(S1,p) =
B (S1,p) then that would be a zero of ® of multiplicity min {(n—2)r+r—1, r4+r—
1} i.e., of multiplicity min {(n—1)r—1, 2r—1} if » < p and a zero of multiplicity at
least min{(n—2)(p+1)+p, p+1+p} i.e., a zero of multiplicity at least min{(n—1)p+
(n—2), 2p+ 1} if r > p. So using Lemma 2.4 by a simple calculation we can write
min{(n—1)p+(n—2), 2p+ )} {N(r,0: f*) |2 p+ 1) + N(r, —a 1 f® 2 p+1)}
N(r,0;®)

T(r,®)

N(r,00;®) + S(r, F)+ S(r,G)

N*(Ta 17F>G) +N(T,Oo,f) +N(T,OO,Q) + S(T)f) + S(TLQ)

VAN VAN VAR VAN
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O]

Lemma 2.6. Let Sy, Sy be defined as in Theorem 1.1 and F', G be given by (2.1).
If for two mon-constant meromorphic functions f and g E k) (S1,m) = Eg(k)(Sl, m),
E ) (S2,p) = Ey) (52, p), where 0 <p < o0, 2<m < oo and H #0, then

(n+ 1) {T(r, f*)) + T(r, g™}
< 2{ (r,0; f(’“)+N<r —ann 17f('“)>}+N(r,0;f(k) !2p+1)

+N <7’ =

k) |>p+ 1) + 2{N(r,00; f) + N(r,00;9)}

+% [N(r,1; F) + N(r,1;G)] — <m - ;) N.(r,1; F,G)

+S(r, f*)) + S(r, g™).
Proof. By the second fundamental theorem we get
(n+ D{T(r, ) + T(r, g)} (2.4)
< N(r1;F)+N(r0; fO)y+ N (r, o= 1;f(k)> + N(r,00; f)

V16 + N 0g®) 4 W (a3 4 N ocig)
—No(r, 0; f&HD) — No(r,0; g% D) + S(r, f9) 4 S(r, g¥)).

Using Lemmas 2.1, 2.2, 2.3 and 2.4 we note that

N(r,1;F)+ N(r, 1;G) (2.5)
< %[N(r,l;F)%—N(T,l;G)} +N(r,L;F|=1)— <m—>N (r,1; F, Q)
< SINGLF) + N LG+ (0,79 12 p+ 1)

—|—N<r,—an F®) |>p+1>+N(roo ) + N(r,00; )
- (m - ;’) N.(r, 1, F,G) + No(r, 05 f&1) + No(r,0; £+
+S(r, fR) + S(r, g™,

Using (2.5) in (2.4) and noting that

L ) N(r,0;gW) + N (r,—an; 1;g<k>)

the lemma follows. O

N(r,0; f(k)) +N (r, —aZ

kst sk ok sk ok ok s ok sk sk ok ok sk sk ok sk sk sk ok sk sk sk s sk sk sk ok sk sk sk sk ok sk sk sk s sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 10 (2015), 95 — 111
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v10/v10.html
http://www.utgjiu.ro/math/sma

102 A. Banerjee and S. Mallick

Lemma 2.7. Let f%), ¢(8) be two non-constant meromorphic functions such that
E ({0, —a™1},0) = E 09 ({0, —a™2},0). Then,

(f(k))n_1 (f(k) +a) = (g("’))n_1 (g(k') + a) implies f®) = g®) where n (> 2) is an
integer, k is a positive integer and a is a nonzero finite constant.

Proof. Let zy be a zero of f*) (g(k)). Then zp must be either a 0-point or a —a"Tfl

point of g®) (f*)). But from the given condition if zy is not a zero of g¥), then it
must be a zero of g¥) +-a, which is impossible. So we conclude that here f*) and ¢(*)
share (0,00) and f, g share (0o, 00). We also note that © (oo; f(k)) + 06 (oo;g(k)) >

2 - 1%1 = f—fl > 0. Now the lemma can be proved in the line of proof of Lemma 3

[16]. O

Lemma 2.8. Let f, g be two non-constant meromorphic functions such that
E; ({0, 7aanl}’0) = E,({0, fa%},O) and suppose n (> 3) be an integer. Then

(S FE +a) (9 W +a) £
where a, b are finite nonzero constants.

Proof. If possible, let us suppose

P +a) (6% gD +a) = 0% (2.6)

Let zp be a zero of f(®) (g(®). Then 2y must be either a O-point or a —a=t

n
point of g¥) (f*)), which is impossible from (2.6). It follows that f*) (¢(*)) has no
ZEero.

Next let zg be a zero of f*) + @ with multiplicity p. Then zj is a pole of g(*)
with multiplicity ¢ such that p = (n — 1)qg + ¢ = ng > n.
Since the poles of f can be the zeros of ¢®) + a only, we get

N(r, 001 f) < N(r, —a; g™ < 2T(r, g).
n

By the second fundamental theorem we get

T(r, f®) < N(r,o0;f) + N(r,0; f*) + N(r,—a; f®) + S(r, ™)
S NG e /0 + TG o) + S, £)
< Lr(, 1) 1+ 270 g0) 4 50, 1),
n n
i.e.,
(1= )T 19 < - T(r,g®) + S(r, 1), (2.7
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Similarly
(1= ) T(rg®) <+ T(r, £9) + 579 (28)
n n
Adding (2.7) and (2.8) we get

2
(1 - E) {T(T‘, f(k)) + T(rvg(k))} < S(T7 f(k)) + S(Tag(k))a
a contradiction for n > 3. This proves the lemma. O

Lemma 2.9. Let F', G be given by (2.1) and they share (1,m). Also let wi,wa...wy
are the members of the set S; = {z : 2" + az""' + b = 0}, where a, b are nonzero

constants such that 2" +az""'+b = 0 has no repeated root and n (> 3) is an integer.
Then

n—

1 )| 4 s, £8),

N.(r,1;F,G) < — ! N(r, 0; f*) + N(r, —a
m

n

1

Proof. First we note that since S has distinct elements, —a™ = can not be a member

of S. So
N.(r,1; F,G)
< N(rLF[>m+1)
< % (N(r,1; F) - N(r,1; F))
< - ]il( (1,053 /®) = W05 14
B A )
. % (mo, f““kjl)a ))]
S% ( f<:+1) )) + 507
< % rOf(k)—i—N(r _m L s )]JrS(r,f(k)).

Lemma 2.10. /21] If H =0, then F, G share (1,00).
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3 Proofs of the theorems

Proof of Theorem 1.1. Let F', G be given by (2.1). Then F and G share (1,3). We
consider the following cases.

Case 1. Suppose that ® Z 0.

Subcase 1.1. Let H # 0. Then using Lemma 2.6 for m = 3 and p = 0, Lemma 2.5
for p =0, Lemma 2.4 and Lemma 2.9 for m = 3 we obtain

(n+1) {T(r, f) + T(r, g™} (3.1)

3 {N(T, 0; f¥) + N <7“, —anT_l; f(’“)) }

+2{W(r 00; f) + N(r,00;9)} + % [N(r,1; F) 4+ N(r,1;G)]

IN

N
{T k)—l-Trg())}-i—

1
< — . .
< o SN 1 F) + N 156)
1 [ -1
+3 {N(T,O,f(’“)) +N (r, —a J“‘”)}
#3009 4 (e i ) L4 (0,10 + 5009
n 1 5
< (2= (k) (k)
< (5+5+pog) {TOSP) T} + 5010 + 5000
(3.1) gives a contradiction for n > 5.
Subcase 1.2 Let H = 0. Then
_AG+B
F=cavp (3:2)

where A, B, C, D are constants such that AD — BC # 0. Also,
T(r,F)=T(r,G)+ O(1).

ie.,

nT(r, f*) = nT(r,¢"®) + O(1). (3.3)

In view of lemma 2.10 it follows that F' and G share (1,00). We now consider
the following cases.
Subcase 1.2.1. Let AC # 0. From (3.7) we get

— —( A
N(r,o0;G) =N (r, 5;F . (3.4)
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Since F' and G share (1,00), it follows that % # 1. Suppose F — % have no
repeated zeros. So in view of Lemma 2.5, (3.3) and (3.4), by the second fundamental
theorem we get

(n+1)T(r, f*))
n—1

< 010 + N "L f9) 4 W00 ) 4 W (1 ) 4 502

2
< T+ 1™ )+ S s®)
4 (k) (k)
< TS + S s,

which gives a contradiction for n > 5.

Next suppose F' — % has one repeated zero at —a”T_l. In view of Lemma 2.5,

(3.3) and (3.4), by the second fundamental theorem we get

(n = 1)T(r, fV)

IA
Ql

N(r,0; f(k)) + N(r,o0; f) + N <r, ;F> + S(r, f)

2
< (1+—=_\T (k) (k)
< (142 T 5 50
which is a contradiction for n > 5.

Subcase 1.2.2. Let A # 0 and C'=0. Then F = a,G + 3,, where o, = % and
ﬂo = %

We note that 1 can not be an exceptional value Picard (e.v.P.) of F' (G). For, if
it happens, then f*) (¢(¥)) omits n > 5 values which is a contradiction.

So F' and G have some 1-points. Then «,, + 5, = 1 and so

F=a,G+1-q,. (3.5)

Suppose «, # 1. If F — (1 — «,) have no repeated zero, then using Lemma 2.5,
(3.3) and the second fundamental theorem we get

(n+ 1)T(r, f)

_ _ -1 _ _
< N0 W) + N(r—a™——=: /) + N(r.o01 f) + N(r,1 = 0y F) + S(r, /0
1
< (k) (k) (k) (k)
< 7 {270 ) 4 T g ™)+ 27 (g ) 4 S 1)

< (242 T 570,
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which implies a contradiction in view of Lemma 2.4 and n > 5. If F — (1 — ) have
a repeated zero, in view of Lemma 2.5, (3.3) and (3.4), by the second fundamental
theorem we get

(n=1)T(r, fV)
N(r,0; ) + N(r,00; f) + N(r,1 = a3 F) + S(r, f¥)
1
- (k) (k)

(34 17 ) 70 1) + 56,79
which implies a contradiction in view of Lemma 2.4 and n > 5. So i, = 1 and hence
F = @, which contradicts ® # 0.
Subcase 1.2.3. Let A = 0 and C # 0. Then F = m, where 7, = % and
5,= .

Clearly 1 can not be an e.v.P. of F' and so of G.

Since F' and G have some 1-points we have v, +J, = 1 and so

IN

IN

1
F=———. (3.6)
%G+ 1 =17,
Suppose v, # 1. Now noting that N(r,0;G) = N(r, ﬁ;F)7 proceeding in the
0
same way as done in Subcase 1.2.2. we can deal the two cases where F' — —— has

1=,
distinct zeros or one repeated zero and in both the cases we get contradictions. Here

we omit the detail. So we must have v, = 1 then FG = 1, which is impossible by
Lemma 2.8. This completes the proof of the theorem.

Case 2. Suppose that & = 0. On integration we get (F —1) = A(G — 1) for
some non zero constant A. So in view of Lemma 2./ we have

T(r, f*)) = T(r,g™) + O(1). (3.7)

Since by the given condition of the theorem Ef(S2,0) = E4(S2,0) we consider the
following cases.

Subcase 2.1. Let us first assume f*) and ¢(®) share (0,0) and (—a™1,0). If one
of 0 or —a”T_l is an e.v.P. of both f*) and ¢(), then we get A = 1 and we have
F = @G, which in view of Lemma 2.7 implies f*) = ¢®)_ If both 0 and —a"T_l are
e.v.P. of f®) as well as of g*) then noting that here F = AG + (1 — A), suppose
A # 1. Using Lemma 2.4, (3.7) and the second fundamental theorem we get

nT(r, f®)

< N(T,O;F) —l—N(r,l — A F) —i—N(r,oo;F) + S(r, F)

< N0 f*) + N(r,—a; f*#) + N(r,0;G) + N(r, 005 f) + S(r, f*))
< (1 )T 19 + TG, g ) + 50, £

< @ T S®) + 500,
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which implies a contradiction since n > 5.

Subcase 2.2. Here we take A # 1, since otherwise by Lemma 2.7 we get f*) =
g™®). Next suppose that there is at least one point zg such that f*)(z) = 0 and
") () = —a=1. At the point 29, we have F(29) = 0 and G(z0) = S (say). So
A= ﬁ Clearly 8 # 0. Putting this values we obtain from above

Since 3 # 0, noting that N (r, 5%; F) = N(r,0; @), we can again get a contradiction
as above when n > 5.

!

If 0 is an e.v.P. of f(*) and so —a"T_l is an e.v.P. of g*), then noting that here
AG=F+A-1, (3.8)

we consider the following subcases.
Subcase 2.2.1. Suppose F'+ A — 1 has n distinct zeros, (;, i = 1,2,...,n. Then
we get from (3.8)

A(gE (g™ +a) = (fP — ) (P - @) ... (FP = Ga).

Since none of the (;’s, i = 1,2,...,n coincides with —a%, we get a contradiction

from (3.8) for those points z;, where f(*)(z) = —a™1 and g®(z) =0.
Subcase 2.2.2. Suppose F + A — 1 has n — 2 distinct zeros, &, i =1,2,...,n— 2
and a double zero at —a”=1. Then (3.8) takes the form

a(n—1)

Ag®) (g™ +a) = (f(’“) + =

2
) B~ €)(F — &) () — ).

So using Lemma 2.4 in (3.8), from the second fundamental theorem we get

= 2)T(r, fV)
2

£

3
|

a(n —1)

N(r &5 f™) + N, 05 f0) + N(r, - )+ S, 1)

(]

)

=

1
(r,0;9™) + N(r, —a; ™) + S(r, f®)
20 (r, fM) + S(r, fV),

VANVAN

a contradiction for n > 5.

If 0 and —a"Tfl both are e.v.P. of f(*) and of ¢*), then we consider the following
subcases.
Subcase 2.2.3. Suppose as in Subcase 2.2.1., F + A — 1 has n distinct zeros,
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Ci, i = 1,2,...,n. Then using Lemma 2.4 in (3.8), from the second fundamental
theorem we get

nT(r, f*))

=1 1wy 4 g, 7

IN

Y NG )+ N(r, 0 f ) + N (r, -
=1

N(r,—a; g™ + S(r, f®)
T(r, f%) + S(r, ),

IN A

a contradiction for n > 5.

Subcase 2.2.4. Next suppose as in Subcase 2.2.2., F + A — 1 has n — 2 distinct
zeros, &,1=1,2,...,n— 2 and a double zero at —a"T_l. This subcase can be dealt
with the same method as resorted in Subcase 2.2.2. so we omit the detail. 0

Proof of Theorem 1.2. Let F, G be given by (2.1). Then F and G share (1,2). We
consider the following cases.

Case 1. Suppose that & # 0.

Subcase 1.1. Let H # 0. Then using Lemma 2.6 for m =2 and p = 1, Lemma 2.5
for p=0and p=1, Lemma 2./ and Lemma 2.9 for m = 2 we obtain

(n+ D) AT(r, fO) + T(r, ™)} (3.9)
2 {N(T,O; fOYy+ N (r, o= 1;f(k)>} + N (r,0; fO |> 2)

IN

n

+N (T, —at— 1;f(k) 1> 2> + 2{N(r,00; f) + N(r,00; 9)}

1 1—
+5 IN(L LF) + N(r L, G)] = 5 Nu(r, L F,G) + S(r, f) + 5(r, ™)

13 1
< 13 (k) (k) 1 . .
< SrT {T(r,f FT(r g )}+2[N(r,1,F)+N(r,1,G)]
11 (— _ n—1
1 (k) _ . p(k)
Wl oy L (k) (k)
51 N(r,0;g")+ N (r,—a 9 +S(r, )+ S(r,g")
n + 711 + 713 {T(r f(k)) +T(r g(k))} + S(r f(k)) +S(r g(k)).
= 271273k +1) : : ’ :

(3.9) gives a contradiction for n > 5.
We now omit the rest of the proof since the same is similar to that of Theorem
1.1. ]
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