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MAGNETIC AND SLANT CURVES IN KENMOTSU
MANIFOLDS

P. K. Pandey and S. Mohammad

Abstract. Motivated by the recent studies of the magnetic curves in quasi-Sasakian, Sasakian,
and Cosymplectic manifolds, in this article we investigate the magnetic trajectories with respect to
contact magnetic fields in Kenmotsu manifolds. Moreover, we study the slant curves, torsion and

curvature in Kenmotsu manifolds.

1 Introduction

The notion of magnetic curves in arbitrary Riemannian manifolds were introduced
and studied by several authors [1, 3, 4, 6, 21]. Suppose (M, g) be a Riemannian
manifold, a closed 2-form F' on M is called the magnetic field. The endomorphism
field ¢ corresponding to F' metrically stated as the Lorentz force of F'. The Newton’s
equation also known the Lorentz equation and is defined as V 5/,6’, = qpf’, where ¢
is a real constant and V is the Levi-Civita connection. A curve which satisfies the
Lorentz equation is said to be a magnetic trajectory [10].

In [1], Adachi investigated the trajectories of charged particles and magnetic
field corresponding to the Kahler form on a complex projective space. Adachi also
studied the similarities between trajectories and geodesics on Kahler manifolds of
negative curvature in [2]. Barros et al. studied the magnetic flow associated with
a Killing magnetic field in 3-dimensional space [3, 4]. In [6], Cabrerizo studied the
Landau—Hall problem in the two dimensional and three dimensional unit spheres and
shown that the magnetic flowlines are helices with the Killing vector fields in S. In
[7], contact magnetic field on 3-dimensional Riemannian manifolds has been studied
and it was established that metric g is adapted to the almost contact structure, with
an application to magnetic fields.

Calin et al. [8] studied slant curves with proper mean curvature vector field
in three-dimensional f-Kenmotsu manifolds and hyperbolic space H? related with
natural homogeneous normal almost contact metric structure. Furthermore, in [17],
Inoguchi and Lee studied the slant curves in a 3-dimensional almost f-Kenmotsu
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manifold and proved that an almost f-Kenmotsu manifold is f-Kenmotsu manifold if
and only if it is normal. Inoguchi also obtained the necessary and sufficient condition
for a non-geodesic slant curve in 3-dimensional almost f-Kenmotsu manifold to have
proper mean curvature vector field.

In [9], Cho et al. studied Lancret type problems for slant curves in Sasakian
3-manifolds and shown that a non geodesic curve is a slant curve iff its ratio of
curvature (k) and torsion (7) is constant. In [10], Druta-Romaniuc et al. studied
magnetic curves corresponding to the Killing magnetic fields in E3.

In [11, 12], Druta-Romaniuc et al. studied the magnetic curves corresponding
to the contact magnetic field on Sasakian and Cosymplectic manifolds. In [18§],
Inoguchi et al. studied the magnetic trajectories of the contact magnetic fields in 3-
dimensional quasi-Sasakian manifolds and defined a family of linear connections with
respect to the Okumura type connections. Moreover, in [13], Guvenc investigated
the slant magnetic curves in S-manifolds and constructed the slant normal magnetic
curves in R?"+5(—3s).

Tkawa [14], studied the motion of charged particles in Sasakian manifolds and
defined a Sasaki-Kahler submersion. Moreover, in [15, 16], Ikawa investigated the
motion of charged particles from the geometric view point as well as in two-step
nilpotent Lie groups. By using dynamical systems, Kalinin [20] investigated the
trajectories of the charge particles of magnetic fields on Kahler manifolds of constant
holomorphic sectional curvature.

In [21], Munteanu and Nistor studied the magnetic trajectories of charge particles
under the action of Killing magnetic fields in S2xR. In [22], Ozdemir et al. introduced
a new kind of magnetic curve namely T-magnetic curves, N-magnetic curves and
B-magnetic curves in a three dimensional semi-Riemannian manifolds. Moreover,
Ozdemir et al. also obtained some examples of these curves.

2 Preliminaries

In order to fix our notations as well as to make this paper self contained, in this
section, we recall some fundamentals of Kenmotsu manifolds and properties of the
Frenet curves and magnetic curves.

2.1 Kenmotsu manifolds

A (2m + 1)-dimensional manifold M is said to admit an almost contact structure if
there exist a (1, 1)-tensor field ¢, a vector field £, a 1-form 7 satisfying

{so&zo, PX = X +n(X)¢ 1)

n(€)=1n(eX)=0
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An almost contact structure together with (2m + 1)-dimensional manifold is
called an almost contact manifold. If Riemannian metric g satisfies

9 (X, oY) =g (X.Y) —n(X)n(Y) (2.2)
for all X and Y in X (M2, then (M, ¢,£,1,9) is called an almost contact
metric manifold. With respect to g, n is the dual form of &,
ie. g(X,€) =n(X) for any X € x(M?m+1),
Moreover, if
(Vxp)Y = —g(X,0Y)E—n(Y)pX (2.3)
and
Vx{=X-n(X)¢ (2.4)

where V is a Levi-Civita Connection on M, then the structure (M, p,&,n,g) is
said to be a Kenmotsu manifold [5, 19].
The fundamental 2-form, (2 of the almost contact metric manifold is given by

QX,Y) =g(pX,Y) (2.5)

for all X and Y in X'(M?m+1).
An almost contact metric manifold M is called a contact metric manifold if
2 = dn. The exterior derivative dn is defined by

dn(X,Y) = % (Xn(Y) = Yn(X) —n([X,Y])) (2.6)

for all X and Y in X(M?™1) [11].
On a contact metric manifold, 7 is contact form that is 7 A (dn)™ # 0 on M.

2.2 Frenet curves

Let (M3, g) be a Riemannian 3-manifold and V be a Levi-Civita connection defined
on it. Suppose B : I — M?3 be a Frenet curve parametrized by the arc length
with Frenet frame field (T, N, B), where T', N, B respectively denote the tangent,
principal normal, and binormal vector fields . These three vector fields T, N, B are
mutually orthogonal at each point on 5. We have Frenet-Serret equations:

V1T = kN
VrN =—-kT+71B (2.7)
VrB=-17N

where k and 7T respectively denote the curvature and torsion of 3.

A unit speed curve f is said to be a Frenet curve of osculating order r (where
r > 1), if there exist an orthonormal set of vector fields {5' =T,FE1,Es,...,E._1}
along 3 such that
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VTT = /€1E1
VrEy = —k1T + k2Es (2.8)
VTEj = —IijEj,1 + IQjJrlEjJrl forj=2,3,...,r—2 '
Vb1 =—Kr—1Er_2

where K1, K2, ..., kr—1 are positive C*° functions of the arc length parameter (s).

Furthermore, r; is called the j-th curvature of g [5].

A Frenet curve is said to be geodesic in (M, g) if its osculating order is 1. A
circle is a Frenet curve if its osculating order is two and the curvature k1 is constant.
A helix of order r if all the curvatures k1, ko, ..., k,_1 are constants.

Suppose 3 be a Frenet curve of osculating order r on M2t where
(M?m+Y € 1, g) denotes the almost contact metric manifold. A Frenet curve of
osculating order two is said to be ¢-curve if {T, E1,{} spans a p-invariant space.
A curve of osculating order r > 3 is said to be g-curve if {T,Ey1, Ea,...,Er_1} is
p-invariant. Moreover, a (p-helix of order r is said to be a p-curve of osculating order
rif k1, Ka,...,Kr—1 are constants [11, 12].

The angle between the tangent to 8 and the reeb vector field £ is known as the
contact angle 6 of (3.

ie. cos0(s) = g(B (s), &)
where s denotes the arc-length (parameter) of 5. We call 3(s) a slant curve if the
contact angle 6 is constant. Legendre curves are the curves of contact angle 5 and
a curve of contact angle 0 is called a Reeb flow.

2.3 Magnetic Curves

The trajectories of charged particles moving on a Riemannian manifold (M, g) under
the action of a magnetic field F' is known as Magnetic curves. In 3-dimensional
oriented Riemannian manifold (M3, g), a divergence free vector field defined as a
magnetic field. A closed 2-form F' on M is called the magnetic field. The Lorentz
force of a magnetic field F on (M, g) is an (1, 1)-tensor field ¢ is defined by

g(@X,Y)=F(X)Y) (2.9)

for each X and Y in X (M).
A regular curve § will be a magnetic curve with F, if it satisfies the Lorentz
equation (also known as Newton’s equation)

VB =o(8) (2.10)
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where V is the Levi-Civita connection of g. When Lorentz force vanishes, we have
VB/ 8 =0

If VF = 0, then a magnetic field is known as uniform. The magnetic trajectories
are of constant speed. The magnetic curve is known as normal magnetic curve, if it
is parametrized by the arc length (s) [11].

3 Magnetic curves in Kenmotsu manifolds

Let M?™+t! bhe a contact metric manifold and © be the fundamental 2-form defined
by (2.5). Since © = dn, then magnetic field on M?™*! can be define by

aQU(X,)Y) = F(X,)Y), (3.1)

where ¢ is a real constant and X, Y € X(M?™+H1), F, is known as the contact
magnetic field with the strength q. The contact magnetic field vanishes and magnetic
curves are the geodesics on M?™+1 if ¢ = 0. Now, we assume g # 0.

By combining equations (2.5) and (2.9), the equation of Lorentz force ¢, related
to the contact magnetic field Fy is given by

bq = qp (3.2)

Now, the Lorentz equation (2.10) is given by
VB =qef (3.3)

where (3 is a Frenet curve parametrized by arc length (s) and the solution of the
above equation is known as the normal magnetic curve.

A classification of the normal magnetic curves related with contact magnetic
field Fj; on Kenmotsu manifold is specified in the following result.

Theorem 1. Let (M*™ L € n,9) be a Kenmotsu manifold and F, be the contact
magnetic field for ¢ # 0. Then (3 is a normal magnetic curve corresponding to Fy,
if B belongs to the following cases:

1. geodesics obtained as integral curve of &.

2. For non-geodesic p-circle of curvature k1 = +/q? — sin®6 for |q| > 1 and

having the constant angle 8 = arc cotﬁ.

3. Legendre p-curves in M?™ 1 with curvatures k1 = |q| and ko = 1, for 6 = 3

4. p-helices of order 3 with axis £ having curvatures k1 = |q| and
kg = |sgn(q) sin@+ q cosb|, for 0 # 7%
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Proof. When the magnetic curve 3 is a geodesic, by the Lorentz equation we have
@ﬁ/ = 0, then 8 is parallel to £ As B and & are both unit vector fields, then
B = +¢, which implies that 8 is an integral curve of £.

As a consequence, let § is a non-geodesic magnetic curve of osculating order
r > 1. We have

9(qeT,§) = g(V;T,8) =0

d
= 9(T,€) — g(T, V1¢)

By using (2.4), we get that d%g (T, &) vanishes.
As a result, 0 < 0 < 7 is a constant angle between T and &, we have

n(T) = cosf (3.4)
By clubbing the Lorentz equation and first Frenet formula, we have
w1 Er = qpT (3.5)

and the first curvature is given by

k1 =|q| V1 —cos?0 (3.6)

from (3.5) and (3.6), we have

T = sgn(q) V1 —cos?6 E; (3.7)

where sgn (q) denotes the real number.

If second curvature vanishes i.e. ko = 0, then g is a Frenet curve of osculating
order two and since k1 is a constant, 8 becomes a circle.

From equation (3.7), we get

n(¢T) =0=sgn(q) V1—cos®0 n(Er)

that is,

n(E1) =0

Taking covariant derivative of the above equation with respect to T', we obtain

sinf(—|q|cosf + /1 —cos?6) =0

Since (8 is non-geodesic, we get
1
cotf = —
[
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For |q| > 1, equation (3.6) gives

k1 =1/q? — sin® 0
For k2 # 0, from (2.1) and (3.4), we get

©*T = —T + cosf & (3.8)

Now,
VT = (V)T + ¢(VrT)

VreT = sgn(q) sinf & —sgn(q) sinf cosd T — qT 4 qcos O & (3.9)

Now, taking covariant derivative of the (3.7) with respect to 7' and making use
of second Frenet formula, yields

VreT = sgn(q) sinf (—|q| sin€ T + koFEs) (3.10)
From (3.9) and (3.10), we obtain

sgn (q) sin® {—sgn (q) sinb cos§ T—qT+qcos & = sin(—qsin T+sgn (q) ko Eo)
A straightforward computation yields,

(sgn(q) sin® + q cos®)(§ —cosf T') = sgn(q)sinb ko Es (3.11)

Then, we have
ko = |sgn (q) sin6 + qcos 0|

Now, the ¢ in terms of Frenet frame of 8 can be expressed by the following
expression

& = (esgn(q) sin@ Ea + cosOT) (3.12)

Where € = sgn(sgn (q) sin 6 + gcos 0)
Now, applying ¢ on (3.12), we get

pEy = —cFjcos
From the equations (3.4), (3.7), (3.12), we have
pE1 =€ FEycos0 — sgn(q) sin T (3.13)
By applying n to above equation, we get
nEy = esgn (q) sin 0
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When 0 = 7, the equation (3.12) yields

Ey = —sgn(q)¢
and the curvatures are k1 = |q|, k2 = 1 and k3 = 0.
When 0 # 7, taking covariant derivative of (3.13) with respect to T', we get
VrE; = (qcos —e sgn(q)sinf cos@ & — sgn (q)sinf )E;

and hence k3 = 0.

Hence, on the Kenmotsu manifold, the non-geodesic magnetic curves with the
Lorentz force are Frenet curves of osculating order three with constant curvatures
k1 and Ko. O

Remark 2. Since & € span{T, Es}, thus £ can expressed as

§ = pEy +cosOT (3.14)
By taking norm on both sides, we obtain p> = sin? 4.
For 0 = 5, we have

& =pky and P’ =1

Proposition 3. If 3 is a non-geodesic Legendre p-curve of order three in a Kenmotsu
manifold, then ko =1 and Fy = +£.

4 Slant curves in Kenmotsu manifolds

In this section, we discuss the slant curves in a Kenmotsu manifold. Let 8 be a
smooth curve in an almost contact metric 3-manifold parametrized by arc length.
The contact angle of 3 is given by

/

cos (s) = g (8(5).¢)

where 0 (s) = [0, 7].
Differentiating the above formula along 8 by operating Levi-Civita connection
V, we get

~6'sin6 = g (xN,€) + g (T, Vr¢)
=kn(N)+1—cos?f
By the above equation, we have following result as given below:
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Proposition 4. If Frenet curve B is a slant curve in a Kenmotsu manifold, then 5
satisfies the following expression

n(N) = (_sm29 ) (4.1)

K

By using the Frenet Frame field {T', N, B}, £ can be written as

sin? @

§:(COSG)T+< >N+n(B)B

Since £ is unitary vector field, the above equation gives

ind
n(B) = MY k2~ sin20 (4.2)

KR

Remark 5. The expression of & for a slant curve B in the Frenet Frame field is
given by

K

¢ = (cosB) T + <—Sir’f0> N+ (Sina V2 — sin? 9) B (4.3)

5 The curvature and torsion

Let 5 be a non geodesic curve, then 8 cannot be an integral curve of £. In an almost
contact metric 3-manifold M, we consider the orthonormal frame field along 5 as

2\ B goﬂ/ B £ —cosf
a=(0)=" 62—<5me>’ 63_<sme> (5:1)

Also, the characteristic vector field & can be written as

& = (cosf)e; + (sinh)es (5.2)

Then, for a slant curve 8 in a Kenmotsu manifold, we have

Vﬁlel =dsinf e
VﬁfegzdsiHG e —cosl eg —dcosl es (5.3)
Vﬁleg =sinf e; —dcosf es —cosb e3
V8,08
where § = %
From the equation (2.4), we have

Vﬁxf = sin®fe; — sinf cos b e
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On an arbitrary oriented Riemannian 3-manifold, the cross product of two vector
fields X and Y in X (M 3) is given by

d’Ug(X,KZ) :g(X X sz)

for any Z in X (M 3), where dv, is the volume given by the metric g. On the almost
contact metric 3-manifold, the cross product of two vector fields is defined by the
following formula

XxY =g(eX,Y)§=n(Y)pX +n(X)p(Y)

Since vector field X is orthogonal to &, the basis vectors X, ¢ X and £ are supposed
to be counterclockwise oriented, thus

of =Exp
Since, 8 = T, then magnetic equation can be written as
Vo =a(6x8) =rN (5.4)
As a result, we get
w2 = g% (€% B,€ x B') = gPsin® 0

Therefore, k = |g|sin@ i.e. § has constant curvature. From (5.1) and (5.4), we
have

q /
N=—-¢B
K

Now, the Binormal vector field B is given by

B=8 xN=§ x [Q (gxﬁ’)} :%[g—coseﬁ’}

K

Taking covariant derivative and using the equation (2.4) and (5.2), yields

VyB = % [va — cosf vﬂ,ﬁ’]

VB/B _ 4 [E — 08?0 eq — gcosOsinb ey — cosBsinbes
K
and using the relation Vg B = —7N with (5.1), we obtain
T =gqcosl
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6 Conclusion

In this paper, magnetic curves and slant curves in Kenmotsu manifolds have been
investigated. We have obtained a classification theorem of the normal magnetic
curves on Kenmotsu manifolds, and a characterization result for the Frenet curve
to be a slant curve in a Kenmotsu manifold. Moreover, we gave a few results on
the curvature and torsion in Kenmotsu manifolds. We hope that this work will be
useful in the study of magnetic and slant curves in some other manifolds e.g. in the
almost Kenmotsu manifolds.
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