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BOUNDEDNESS OF LITTLEWOOD-PALEY
OPERATORS WITH VARIABLE KERNEL ON THE
WEIGHTED HERZ-MORREY SPACES WITH
VARIABLE EXPONENT

Afif Abdalmonem, Omer Abdalrhman and Shuangping Tao

Abstract. Let Q € L®(R") x L*(S™™') be a homogeneous function of degree zero. In this
article, we obtain some boundedness of the parameterized Littlewood—Paley operators with variable
kernels on weighted Herz-Morrey spaces with variable exponent. As a supplement, the boundedness

of fractional integral operators with variable kernel is also obtained on these spaces.

1 Introduction

It is well known that the boundedness of Littlewood—Paley operators on function
spaces are one of the very important tools not only in harmonic analysis but also
in potential theory and in partial differential equations (see [1],[2],[2],[23],[27],[33])
for details). In 2004, Ding, Lin and Shao [3] investigated the L2-boundedness for a
class of Marcinkiewicz integral operators with variable kernels puo and po s related
to the Littlewood—Paley function pug, , and the area integral g3. In 2006, the au-
thors [4] have proved the LP-boundedness of the Littlewood—Paley operators with
variable kernels. In 2009, Xue and Ding [5] established the weighted estimate for
Littlewood—Paley operators and their commutators.

In 1960, Hérmander [6] introduced the parameterized Littlewood—Paley opera-
tors for the first time. Now, let us recall the definitions of the parameterized Lusin
area integral and the Littlewood-Paley g} function.

Let S"~1(n > 2) be the unit sphere in R” with normalized Lebesgue measure
do(z'). Denote Q(x,2) € L®(R™) x L"(S™1)(r > 1) to be a homogeneous function
of degree zero and

/ Qz,2')do(2') =0, foral zeR" (1)

sn—1
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where € satisfies the following conditions:

(i) For any =,z € R™ and any A > 0, one has Q(z, A\z) = Q(z, 2);

1
(ii) 12 oo (mnyx Lr(sn-1) = sup (\/\3"71 |Q(rz" + y,z’)|7"dcr(z’)) T < 00.
r>0,ycR"

The parameterized Littlewood—Paley operators g, . and p5 with variable ker-
nels, which are related to the Lusin area integral and the Littlewood—Paley gy
function are defined by

= [ [
and
i@ = [ [ (=)

where T'(z) = {(y,t) € RT™ ¢ |z —y| < t and A > 1}.

In 2013, Wei and Tao [7] investigated the boundedness of parameterized Little-
wood —Paley operators on weighted weak Hardy spaces. Lin and Xuan [8] estab-
lished the boundedness for commutators of parameterized Littlewood—Paley oper-
ators and area integrals on weighted Lebesgue spaces LP(w).

On the other hand, the theory of the variable exponent function spaces has been
rapidly developed after the work [9] where Kovacik and Rékosnik have clarified
fundamental properties of Lebesgue spaces with variable exponent. After that, many
researchers have been interested in the theory of the variable exponent spaces (see
[10)-[14]).

The generalization of the Muckenhoupt weights with variable exponent A, has
been considered in ([15]-[18]). We note that the equivalence between the Mucken-
houpt condition and the boundedness of the Hardy-Littlewood maximal operator on
weighted Lebesgue spaces with variable exponent were discussed in ([15], [16]). After
that, Cruz-Uribe and Wang [19] proved the boundedness of some classical operators
on weighted Lebesgue spaces with variable exponent Lp(‘)(w).

Very recently, Mitsuo and Takahiro [20] introduced the weighted Herz spaces
with variable exponent, and also studied the boundedness of fractional integrals on
those spaces.

In this paper, by applying the theory of Banach function spaces and the variable
exponent Muckenhoupt weight theory, we establish the boundedness of parameter-
ized Littlewood— Paley operators with variable kernels on weighted Herz-Morrey
spaces with variable exponent M K1 (w). The similar results for the boundedness
of the fractional integral operators with variable kernel are also discussed. Let E be
a Lebesgue measurable set in R” with measure |E| > 0, xg means its characteristic
function. We shall recall some definitions.

2
dydt
tn+1

1 Qy,y — 2)
t/’/| —=——f(2)dz

y—z|<t |y - z‘n—p

N

2
dydt
n+1 ’

y —z[n=p

1 Qy,y — 2)
tr /IyZI<t | flz)dz
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Definition 1 ([2]). Let p(-) : E — [1,00) be a measurable function, the variable
exponent Lebesque space is defined by

(!f(ﬂﬁ)l

LPO(E) = {f is measurable : /
n

p(z)
) dz < oo for some constant n > 0}.
E

The space Lp(')(E) is defined by

loc

Lp(')(E) = {f is measurable : f € L’)(K) for all compact K C E}.

loc

The Lebesgue spaces Lp(')(E) is a Banach spaces with the norm defined by

p()
||f|er<A>(E):inf{n>o: /E <‘f§7>‘) dx<1}.

We denote p— = ess inf{p(z) : © € E}, py = ess sup{p(z) : © € E}, then P(E)
consists of all p(-) satisfying p— > 1 and p;y < oo.

Definition 2 ([32]). Let p(-) : R™ — [1,00). A measurable function p(-) is said to
be globally log-Hdéder continuous if it satisfies

1
1) [p(z) —pW)| £ —F——, z,y € R |z —y| < 1/2;
(1) [p(z) = p(y)] Tlog(z = 9)) | | <1/
1
2 S [ — e R",
(2) [p(z)—p ‘*log(eﬂx\) T

for some pso > 1. The set of p(+) satisfying (1) and (2) is denoted by LH(R™). We
know that, if p(-) € LH(R™)NP(R™), the Hardy— Littlewood maximal operator M is
bounded on LPC)(R™) (see[34]).

Definition 3 ([24]). Suppose that p(-) € P(R"™) and w is a weight function. The
weighted Lebesgque spaces with variable exponent Lp(')(w) 1s the set of all complez-
valued measurable function f such that fw'/P¢) € LPO(R™). The space LPO)(w) is
a Banach space equipped with the norm

HfHLP(‘)(w) = ”fwl/p(')”Lp(-)‘
P/ (+) is the conjugate of p(-) such that p%(,) —|—Wl_) = 1. Next, we introduce the classical

Muckenhoupt A, weight.

Definition 4 ([21]). Let 1 < p < oo, then w € A, for every cube Q,

(i ) G fo ) <0<

We say that w € Ay if it satisfies Mw(z) < w(z) for all z € R™. The set of Ay
consists of all Muckenhoupt Ay weights.

kst sk ok sk ok sk s ok sk sk ok ok sk sk ok sk sk sk s ok sk sk sk s sk sk sk ok sk sk sk sk ok sk sk sk s sk sk sk ok sk sk sk sk ok sk sk sk s sk sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk k

Surveys in Mathematics and its Applications 15 (2020), 295 — 313
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v15/v15.html
http://www.utgjiu.ro/math/sma

298 A. Abdalmonem, O. Abdalrhman and S. Tao

Definition 5 ([15],[19]). Given p(-) € P(R") and a weight w, then w € A,y if

sup [ B|7H[w POx Bl 1oy 1™ POX B Ly < 00
B:ball

Definition 6 ([19]). Given pi(-), p2(-) € P(R™) and 1/p1(z) — 1/p2(z) = p/n such
that 0 < p <mn. Then w € A, () po()

_ nop
lwxsl o llw™ xall po < 1B
holds for all balls B € R™.
Definition 7 ([19]). Let p(-) € P(R™) and w be a weight. We say that (p(-),w) is
an M-pair if the mazimal operator M is bounded on LPC)(w) and L' O) (w=1).

Now, we need give the definition of weighted Herz space with variable exponent.
For all k € Z, we denote By = {x € R" : |z| < 2F}, Oy = Bi\Bj_1, xx = XC,, -

Definition 8 ([20]). Suppose that p(-) € P(R"), 0 < ¢ < oo, a € R. The ho-
mogeneous weighted Herz space with variable exponent K;‘(’g(w) 18 the collection of

fe Llo'3 (R™\{0},w) such that

00 1/q
||f|rk;{g(w):=<z 20| k2 ) <o

k=—00

Definition 9. Suppose that p(-) € P(R"), a € R, 0 < A < 00, 0 < ¢ < oo. The
homogeneous weighted Herz-Morrey space with variable exponent MK;?(.)(w) 1s the

collection of f € LlOC (R™\{0},w) such that

1/q

—koA k

HfHMK:;’p)E‘)(w) = :{}161)22 0 < Z 2 aquXkHLp >(w> < 0.
’ k=—00

Obviously, when X = 0, then MK®° (w) = K% (w). Obuviously, when X\ = 0, then

o ap(-) ()
Q, a,q
MK (w) = Ky (w).

Definition 10. We say a kernel function Q(x,z) satisfies the L"-Dini condition
(r>1), i

Lo
/0 r§5) (1+|logd|?)dé < oo, (2)

where w,(6) denotes the integral modulus of continuity of order r of Q defined by

1

T

w(8) =  sup /|Q<:c,pz'>—Q<x,z'>|rda<z’> ,
TzER™ |p|<d

where p is the rotation in R™, ||p|| = sup ||pz’ — 72|
Zesn—1
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2 Preliminaries and notations

In order to prove our main theorems, we need the following Lemmas.

Lemma 11 ([23]). Suppose that X C M is a Banach function space
(1) (The generalized Hélder’s inequality) For all f € X and g € X', we have

[ 1s@g@lds < 11xlglx:

(2) For all f € X, we have

e

In particular, space (X') =

Nl < 1} — 1flx.

As an application of the generalized Hélder’s inequality above, we have the fol-
lowing Lemma.

Lemma 12. Let X be a Banach function space, we have

1< —llxsllxlxslx,
IBI

holds for all balls B.

Lemma 13 ([18]). Let X be a Banach function space. If the Hardy-Littlewood
mazximal operator M is weakly bounded on X, that is

Ixgarrsallx < A7 flx,

it holds for oll f € X and X\ > 0. Then we get

Sup ‘HXB”XHXBHX' < oo

1B
Remark 14. ([24]) The weighted Banach function space X (R", W) is a Banach
function space equipped the norm || f|| x®n wy := | fW/|lx. The associated space of
X (R™, W) is a Banach function space and equals X'(R", W ~1!).

Remark 15. If p;(-) € P(R™), by comparing the definition of the weighted Banach
function space with weighted variable Lebesgue space, we have
(1) If X = LO(R™) and W = w, then we obtain LP*()(R™, w) = LP10) (wPr ().
(2) If X = LPO)(R") and W = w—', by Remark 14, then we obtain

LAOR? w1 = A0 (P10 = (2P O (1 O
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Lemma 16 ([25]). Suppose that X is a Banach space. Let M be bounded on the
associated space X'. Then there exists a constant 0 < § < 1 such that

4
Ixsllx _ <1E\>
Isllx = \IB]

holds for all balls B and all measurable sets E C B.

Lemma 17 ([20]). Suppose that pi(-) € LH(R™) NP(R™) and w”\) € Ay. Let M
be a bounded on LP*C)(wPrO)) and LPAO) (w=P1()), then there exist constants 01,0y €
(0,1) such that

Pesllzro@no) C<|S|>51 Pxsller O@noy C(]S]>52
IXBll @y~ \IBI) TlIxBlpmo@noy —  \IB]

holds for all balls B and all measurable sets S C B.

Lemma 18 ([26]). Suppose that Q € L>®(R") x L?(S"~') satisfies (1) and (2),
A>2 20—n>0,1<p < oo. Then for all f € LY (w) there exists C > 0
independent of f such that

116y, s fll Law) < ClIfllLaw)

and
“MSi\f”Lq(w) < CHfHLq(w)

Lemma 19 ([19]). Assume that for py, 1 < po < 0o and every wy € Ay,

/ f(@)Pwo(z)dz < / g(@)wo(z)de, (f.9) € F.
Rn

R

Then for any M-pair (p(-),w),
[ err (wy < CllIl ey () (f,9) € F,

Lemma 19 holds for pg = 1 and the mazimal operator is bounded on Lp/(')(w_l). We
know the Hardy— Littlewood mazimal operator is bounded on LPC) (w) and L0 (w_p/('))

(see [25]).
Combining Lemma 18 with Lemma 19, we obtain the following conclusion.

Corollary 20. Let p(-) € LH(R") N P(R"), Q € L®(R") x L"(S" Y (r > 1) and
w € Ayy. Then the parameterized Littlewood— Paley type operators ,ugs and ,ug’p)\

with variable kernel are bounded on L) (w).
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3 Main Theorems and their proofs

In this section, we will prove the boundedness of the parameterized Littlewood—Paley
operators with variable kernels on variable weighted Herz-Morrey spaces.

Theorem 21. Let p(-) € LH(R")NP(R™),0< q1 < g2 <00, A>2,2p—n >0 and
Q € L®(R™) x L?(S™ 1) satisfies (1) and (2). If w”*") € A; and —nd; < a < ndy,
where 01,02 are the constants in Lemma 17, then the operator uq s is bounded from
QA ) QA )
MK(]%pl(')(wpl ) to Mth,m(')(wpl )-
Theorem 22. Let p(-) € LHR")NP(R™),0< q1 < g2 <00, A>2,2p—n >0 and
Q € L®(R") x L*(S™ 1) satisfies (1) and (2). If w”() € Ay and —né; < a < nda,
where 01,09 are the constants in Lemma 17, then the operator 'UJ;Z,A s bounded from
MK®% (wP ) to MEK>% (wPr (),
p1() p1()

Remark 23. As is well known that, i,  f(x) < 2" ugh f(x) (see [27], p.89). There-
fore, we give only the proof of Theorem 22.

Proof. Let f € MK

(- )(wpl(')). By the Jensen’s inequality, we have

ko a1/q
*0 q1 koAq1 aqak *,0 q2
. sup 2~ E 2
H'UQ,AfHMK;;’;l(_)( p1(- )) ~ epZ ||(MQ})\f)Xk”Lpl(-)(wm(-))

k=—o0
ko
— koA :
< sup 2700 Z 220 (g x| % (wPL )y’
ko€Z k=—oc0

Denote f; := fx; for each j € Z, then f := Z;’ifoo fj, so we have

ko

koA k
[T ) S Sup 2770 > 2 (g AIIXEN D10 (om0

a2,p1(*) ko€Z k=—o00

q1

< ICSUI%Q FoAn Z geak Z 1SS X o1 ) (urr )
0E

k=—00 j=—00
ko k+2 o
+ sup 27F0M N 209t [N (1R £ Xk oy g )
ko€Z k=—o0 Jj=k-2
ko 0 q1
+ sup 270 N 200k (N (UGB DX L1 (om0
ko€Z k=—o00 j=k+2
= Fi+Fy+F;s.
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First, we consider Fo. Using Corollary 20 and —2 < k — j < 2, it is easy to get

q1

ko k+2
Fy = sup 27 Fon Z g0ak Z H(Mgg\fj)XkHLm(-)(wm(‘))
ko€EZ k= —o00 j=k—2
ko ka2 ' ‘ q1
< C sup 2~ koA Z Z 20‘(’67])2&]||fj||Lp1<~)(wp1<<))
kocZ k=—o0 \j=k-2
<C|fI14

MEGT Oy

Now we need to consider ,ug”i\ fj- Applying the Minkowski inequality, we conclude
that

o0 an
t
*,0 i) = / / ()
gy () ()] A G
. :
/ fi(2) / / Qy,y — 2)|* dydt o
Rn ly—z|<t t+|x—y| ly — 22020 {20tn+1
|z—2| t An \Q(y y—z)|2 dydt 2
< . 7 |
< /Rn fi(2) </0 /y—z|<t (t + |z — y[) ly — 222 2001 z
1
/ / / Ay, y — 2))2 dydt 2 o
lz—z| J|y—2z|<t t+|a?—y| ly — Z|2" 20 p2ptntl .

For Q € L>®(R") x L?(S™!) and 2p — n > 0, the following inequality holds

dydt
tn+1

tP y— z[nP

2

1 Qy,y — 2)

- DI T E) e
/y z|<t ‘ B f](Z) :

=

[y =2 [0 2P gy
ly—z|<t y — 222 2” = Jen §2n—2p s sdoly
S HQHLOO(]RW)><L2(Sn71)t2p_n.

Since |z — z| < |z —y|+ |y — 2| < |z —y|+t. For A > 2, taking 0 < § < (A —2)n, so
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we have

/|z_z|/ t M0y, y — 2)) dydt

0 y—z<t \t + [z =yl ly — z|2n—2p t2ptntl

< /|IZ| / # An—2n—3§ 1 |Q(y, y— Z)|2 dydt

< ly—z|<t \t+ [T — y| |z — 220+ [y — 22020 {2p-n—6+1

/'”” Z'/ Qy,y—2)>  dydt
> x—2|2n+6 ly— z\<t |y_z|2n—2p t2p—n—0+1

| _
t5 14t

ST
— |:1: _ Z|2n+6

< Clz — 2|72

0

If we take 1 < Ay < 2, then \yn —n > 0 and \in — 2n < 0, we have

/°° / < t )A” Qy,y — )2 dydt
o] Jjy—z<e \t+ |2 = Y| |y — z|2n—2p t2p+ntl
< /Oo / oz — Z|f)\1n‘Q(y7y —2)]?  dydt
 a—z| Jly—z|<t ly — z|2n—2p {2p—Aintntl
< /Oo Iz — z‘—Am/ 1Qy,y — 2)|? dydt
e y—sl<t 19 — zP" Aun gn
o 2

—A 0, (y — 2))I° e dt

= /|zz| =~ Z‘ m/ / 52” Arn 5" 1d8da(y/) n+l

< C”QH%OO(RTL)XLQ(Sn_l)’x — Z| )‘1"/ pran—2n—1 44

|z—2|

< Clz — 2|72

Combining the above two estimates, we obtain

a0 < [ HCI (3)

R |2 — 2|"

Next, we consider 1. Noting that for x € Ay, 2 € Aj and j < k — 2, then
|z — z| ~ |z|. By the virtue of the generalized Holder’s inequality, we have

A ) (@) < C27F £l 119 (uopr ) X | (11 guppr 00y
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Applying Lemma 13 and Lemma 17, we take ||.||Lp1(A)(wp1(A)) for each side, we have

1265 (£ (@)X 11 0 om0

= Cz_k"HfjHLm(-)(wm-))HXjH(Lpl(-)(wm-))yHXkHLm(»)(wm(-))

< C27 £l Lor (o ) X85 | (1) ur 0y HXBkHme(wpl(‘))
< Ol £ill 11 o ) 1XB; | o 9y X BN (L0 wp1 )y

x|l (LP1C) (wP1 ()Y

< C||f; () (wP1()
150l o) s HIxall oo @m0y

< C2U7%2| f1] Low (3 a1 (-

On the other side, we have the following fact:

1/q1
1ill ooy = 279 (PR N80 oncry)

; /a1
<27 < > 2Nl wm()))

n=-—00
j 1/
o Y
e AN e ( > 2"“‘“”fn|Cfmm(wm(-)))
n=—o00
< P 1 larieeoas uma )

1()
Thus, by using condition o < A + nda, it follows that

q1
ko k—2
Fi = sup 9—koAq1 Z 9aqik Z ||(MS,’}fj)xk|!L,,1(.)(wp1(,))
ko€z e —oo j:_oo
ko k—2 q1
< C sup 2~ koA Z gaqik Z 2(J—k)n52||fjHLp1(A)(wp1(,))
ko€z e oo i
k—2 q1
< CHfH?\}KDc,ql( -y ) sup 2~ koAq1 Z gaqik Z 9(i—k)nd29i(A—0)
p1() ko€EZ oo Pt
ko k—2 q
< CHfHMKQ q1 pl(')) Sup 2 k0>\q1 Z 2)\(]11{2 Z 2(k—])(a—)\—n62)
10 Rt =
ko
< CfIE e 5y Sup 2 koA oAqik |
MKm((I'l) (wP1 () ko€Z k:z_:oo
<CIfIS;

M wn0)’
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Finally, we estimate F3. Noting that for x € A;, y € A; and j > k + 2, then
ly — x| ~ |y|. By (3) and the virtue of the generalized Hélder’s inequality, we show
that

A D(@) < C27| £l Lor 9 uoor ) 1G] 201 appr 2y

Applying Lemma 13 and Lemma 17, we can take |.|| LP1O) (wP1 () for each side, we
have

11265 () (@) Xkl o1 € aer 0
< CT]"HfjHmm(wm(-))HXjH(Lmo(wm(-))yHXkHLm-)(wm(-))
< C277 £l Lon 0 ) IXB; 1 uomr ) X B 1 o
< Ol s om0 IXB (2010 im0 168, | s 03 s 0,

IxB, ||(Lp1(-)(wp1(~)))

S CONfill gy upr )
|| ]HLm (wP1 )HXB]_H(Lpl(.)(wm(-)))

< CQ(k_j)n61 Hf] HLPl(')(wpl(')) :

Then, by using condition a > A — ndy, it follows that

ko o q1
Fa = sup 275021 3" 2008 | N[0 Fi) Xk Lo w0
ko€Z k=—oo j=k+2
a
[e.9]
<Cspzin 30 ek (30 I,
ko€Z ke=—o00 j=k+2
q1
[e.e]

< CHfHMKa " (1) § sup 2 FoAa Z gaqik Z 9(k—j)nd19j(A—a)

10 ko€Z k=—00 j=k+2

a
e .

< C”fHMKO‘ ql( 70) § sup 9—koAq1 Z 9Aqk Z 9(k—j)(a—A+nd1)

) k=—00 j=k+2

ko
< CIIFIT, o (o SUP 275N 2k
MK ‘él)( pl())koel k:ZOO
< C”f”?\}['(a’ql (wp1(~))'
p1(")
This completes the proof of Theorem 22. O
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4 Fractional integral operator with variable kernel on
MK;‘(’.%(wp(')) spaces
Let 0 < pp < mnand Q € L®(R") x L"(S" 1) satisfies (i)-(ii), the fractional integral
operator with variable kernel Tq, ,, is defined by

0 _
Touf ) = [ L) fega

In this section, we will prove some main results of this paper. We begin two
preliminary Lemmas.

Lemma 24 ([29],[30]). Let Q € L®(R™)xL"(S" 1) (r > 1) and w” (z) € A(p/r’,q/7").
Ifo<pu<n, 1§r’<p<%, —%:%, then we have

( / n[TQ,uf(x)w(x)]qu>‘17 < < / F@)w (x)\pdm>;

Lemma 25 ([19]). Assume that 1 < py < qo < 00 and every wo € Apy g0
1 1
a0 Po

/f(x)qowo(:c)qodx <C /g(m)powo(aj)podx , (f,g9) € F.

n

Given p(-),q(-) € P(R") and

Define o >1 by L = p% - q%' If w € Ap)q) and (q(-)/o,w?) is an M-pair then

11l a0 ) < CllgN Lo () (f,9) € F,

Lemma 25 holds for pg = 1 and the maximal operator is bounded on L(4()/a0)’ (w™).
Izuki and Noi [20] proved the Hardy—Littlewood maximal operator M is bounded
on LI/ (7a0)/oy and L@O/9) (p=o(a()/9)") then (q(-)/o,w’) is an M-pair when
w € Ap(-),q(-) and p(~),q(~) € LH(R”) N P(Rn)

From Lemma 24 and Lemma25, we have the following conclusion.

Corollary 26. Ifpi(-) € LHRM)NP(R"), Q € L¥R")x L"(S" )(r > 1),0 < p <
n/py and 1/p1(-) — 1/p2(-) = p/n. Then for w € Ay () p,(), the fractional integral
operator with variable kernel Tq,,, is bounded from LP1O)(wP1()) to LP20) (wp2()).
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Theorem 27. Let 0 < A < 00, 0 < 1 < ¢2 < o0, p2(-) € LH(R™) N P(R") and
Qe L®@R") x L"(S" Y (r > 1). If w0 € A and A —né < a < ndy — 2+ A,
where 01,92 are the constants in Lemma 17. Define pa(-) by 1/p1(-) —1/p2(-) = u/n,

then the operator Tq,,, is bounded from MK;);’%(.)(wp?(')) to MK;’;l(.)(wpl(')).

Proof. Let f € MK

" pl(.)(wpl(')). By the Jensen’s inequality, we have

ko /g2
“koA k
T f I oo (oacry S SUD 27707 ( > 2 H(wa)Xk”qum<->(wp2<'>)>
a2:p2(") ko€Z

k=—00
ko
—koA k
< sup 270N 7 2 (T X s
0 k=—00

Denote f; := fx; for each j € z, then f:= >2 fj, so we have

j=—00
ko
—koA k
HTQMfH(]I\i[Ka)\ ('wp2('>) < sup 27roAn Z 201 ||(TQ“LLf)Xk||%lp2<<>(wp2(-))
a2,p2(+) ko€Z ke —oo
ko k—2 «
< sup 27R0ME N T 900k (N (T L )Xk o (e
ko€Z k=—00 j=—00
ko k+2 o
< sup 27R0ME N 900k (N [(T L £5) Xk a0 fappa 0
ko€Z k=—00 j=k—2
ko 0o q1
< sup 27F0ME N 900k (N [(T L £5) Xk L2 fupr2 0
ko€Z k=—o00 j=k+2
=: H; + Hs + Hj.

First, we consider Hs. Using Corollary 26 and —2 < k — j < 2, it is easy to get

q1
ko k42
Hy = sup 277020 3" 2008 | N (T £5) X0kl 22 ) fappa 0
ko€Z k=—o00 j=k—2
ko k42 «

< C sup 2~ ko Z Z 2a(k_j)2aj||fj||Lp1(->(wp1<<))
ko€Z k=—o0 \j=k—2

q
S C”f’ J\ZKOMH (wpl('))'
P1()
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Now we turn to estimate of H;. Noting that j < k — 2 for every j, k € Z, then
we have the following inequality by applying the generalized Holder’s inequality

Taufil < C27F 1y, y — 2) | e @) 15 () 1o gny -
By virtue of the generalized Holder’s inequality, we have
15 e < 1B gl o llo™ x5l oo (4)
for any Q2 € L(R") x L"(S™ 1), we get by (4)
[ Taufil < C27FO=m2E000 ]| oo llw ™ X511t - (5)
By 5 and taking ”-Hmz(d(wm(d) for each side, we have

| (Tgvﬂfj)Xk||LP2(‘)(wP2('))
< 02 kn=p) k=) 2| . -1,
= 15wl por o) lw X]"Lpll(')||XkHLP2(')(wP2('))

< Czik(niu)Q(kij)% HfijLP1(') HXBj H(LP1(‘)(wP1(~)))/ ||XBk ”Lpz(')(wp2(~))'
Noting that xp, () < C27"Tq ,(xB,)(z), by the Corollary 26, we obtain

X Bi Nl L2 a2y < C27 1T (XB) | o2 (w20

< C2ik'uHXBk ||LP1(')(wp1<‘>)‘

From this and using Lemma 13 and Lemma 17, we have

(T i) Xkl o2 ) (up20)

< C2_k(n_“)2(k_j)% HfijLPI(‘) ||XB]'||(LP1(‘)(wpl(‘)))/2_ku”XBkHLPl(‘)(wpl('))
< C2% D7 5wl 1oy 1185 | (110 awmr 0y 2 X B 11 0 o 0

< CQ(k_j)%HfijLm(') HXBj H(Lpl(')(wpl(')))’HXBkH(_Llpl(-)(,wpl(»)))/

IXB; [l (21O (uor1 )y

< c2k=i)7 fiw 0
H J HLPI ||XBk||(Lp1()(wpl()))/

< 20 IET) fiawl| -
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On the other side, we have the following fact:
/¢
Hfj”Lpl()(wPl()) =277° (2]0“11Hf1‘ Lm()(wm()))

1/‘h
< 27 Ia ( Z 2nc¢q1||fn LP1C) (wp1 () )

n=—oo

a1
L B
— 2i(A—a) ( E 2| £ Lp1<>wp1<)>

n=—oo

< C2i0=) HfHMKO‘ 1

()(wm())

Thus, by using condition o < A +ndy — 7, it follows that

ko k—2 q1
H, = sup 2_k0)\q1 Z 20<q1k Z H(TQ,ij)X/C||LP1<‘>(wP1(‘))
ko€Z e —o0 oo
ko k—2 q
< ¢ sup 27 Z et Z 2U€_]x7_n52)HfjHLp1(‘>(wP1(-))
koEZ e —oo je—oo
ko k—2 q1
q —koX k Ee iV (™ — 160 )i (A—
< Ol oo iy SUP 27707 3 g0k [T o) (onda)giO-a)
r1() ko€Z ke —o0 je——o0
ko k—2 q
d —koA A1k E—j)(@—A—ndo+™
<C| f| J‘;[Ka,q} (w17 SUP 9—koAq1 Z 9Aa1 Z o(k=j)(a—A—ndz+2)
P1() koE€Z oo P
ko
<O o . sup 27 FoAq oAqik |
MK ‘gl)( wP1( )) koeZ k:ZOO
<C|fI%

M (wn )

Finally, we estimate Us. For every j,k € Z with j > k 4+ 2 and applying the
generalized Holder’s inequality assures that

T ufil < C2770 M0y, y — 2)l|r @) 115 (2) | o (-
For any 2 € L>®(R") x L"(S"!), we get by (4)

To,ufjl < CQ*J’(W“)HfijLm«)Hw71Xj||Lp’1<‘>-
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from this and applying Lemma 17 and taking ||.|| LP20) (wp20)) for each side, we have

170,05 (@) Xkl 120 w2
< C2770 0| fjw ) g 1w x5 o0 1k 20
< C2_j(n_“)||fjw||1;p1(<> IxB; ||(LP1(‘)(wP1(')))’HXBkHLp2(‘)(wP2('))

”XBICHLP2(‘)(wP2(‘))

< C2790 | fiw] o) 1XB; o1 (uoms 0y X B o2 uma 0 18, et gure)
1| Lp2 () (P2

< C27 =m0 || fraw| ) 1XB; (L1 0 (w1 Oy 1XB; | Lo2 ) (p2 0y

From the definition of A, () ,(.) (Definition 6), we get

1XB; (2210 (awrr Oy 1X B | 1203 (pp2 0y
< ||w_1XBj||LP/1(')||wXBj||LP2(‘)
n—p
< |[Bj| =
— 9i(n—p)

Then, we obtain that

”Tﬂ#fj ($)Xk||LP2(‘)(wP2(~)) < C2(k_j)n61 HfijLm(-)-

The rest of the proof is the same as the proof of Fg in Theorem 22, it is not difficult
to obtain

Hs < CHJCH(JJ\;[KQM (wp1())’
p1(+)

Thus, we omit the details there. Then the proof of Theorem 27 is finished. O
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