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A SURVEY ON PROJECTIVELY EQUIVALENT
REPRESENTATIONS OF FINITE GROUPS

Tania Luminita Costache

Abstract. The paper is a survey type article in which we present some results on projectively

equivalent representations of finite groups.

1 Introduction

The theory of projective representations of finite groups was founded by I. Schur [25]
and the notion of projective representation was suggested by the study of relations
between linear representations of a group and its factor group over a central group.
Schur has associated to every finite group G a finite abelian group M, called the
multiplier of G, consisting of all equivalence classes of factor sets of projective repre-
sentations of G. In the terminology of cohomology theory of groups, the multiplier
M of G is in fact the second cohomology group H?(G,C*) for the multiplicative
group of the complex number field C under the trivial action of G on C*.

Curtis and Reiner [7] examined the structure of the multiplier group under the
hypothesis that K is algebraically closed (Theorem 18).

The theory of projective representations of a finite group G suffers from the fact
that the projective character is not in general a class function on G. However, this
difficulty may be overcome by considering characters with respect to simple factor
sets and in Theorem 16, Read [21] showed that given a factor set w of G there is a
simple factor set v of G equivalent to it.

Linear representation of a finite group G over a field K can be interpreted as
K G-modules. This interpretation permits the use of module theoretic language, in
which many statements become more natural and their proofs simpler. The same
situation prevails for projective representations in which the role of the group algebra
KG plays the twisted group algebra K“G defined in [13] and Karpilovsky proved
that the study of projective representations with the factor set w is equivalent to
the study of K“G-modules (Theorem 33). In [13], Karpilovsky observed that the
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theory of projective representations for a fixed factor set w and with respect to linear
equivalency is analogous to the theory of linear representations. However, when
it comes to the study of projective representations with respect to the projective
equivalency, some of the parallelism with linear representations disappears (Theorem
34). Karpilovsky [13] found a fruitful way of linking H?(G, K*) and twisted group
algebras of G over K. A convenient way of doing this is to involve the notion of
equivalence of twisted group algebras (Lemma 20).

Schur’s theory of projective representations is founded on the fact that when
K = C representation groups of G over K always exist. This fact allows to reduce
the problem to determine all projective C-representations of G to the determination
of all linear C-representations of a representation group G* of G. For arbitrary fields,
representation groups need not exist. For example, let K be an algebraic number
field. Then the group H?(G, K*) is infinite (Proposition 2.3.20, [13]) and hence a
representation group of G over K cannot exist. In [13], Karpilovsky obtained Schur’s
results as a consequence of more general considerations (Lemma 38, Theorem 39,
Corollary 40).

In [3] Brauer proved that every representation of a finite group G in the field € of
complex numbers is equivalent in € to a representation of G in the field of the |G|-th
roots of unity and in [4] he improved this by replacing |G| by the exponent of G. In
[23], Reynolds considered the corresponding question for projective representations
(Theorem 28, Theorem 29).

Schur [25] proved that for finite abelian groups a factor set is equivalent to the
trivial one if and only if it is symmetric (Theorem 31) and Backhouse [2], cite Ba2
proved the same result for a large class of abelian groups. Backhouse [1] established
a triviality criterion for the factor sets of finite groups (Theorem 41).

Tappe [27] proved a result on the number of irreducible projective represen-
tations of a finite group with respect to a given factor set and a group of linear
characters acting on them (Theorem 56) and determined the number of classes of
projectively equivalent representations and Osima’s result ([18]) on the classes of
linearly equivalent representations (Corollary 48, Corollary 49).

Morris [15] determined the number of inequivalent irreducible projective repre-
sentations with factor set w of G = Z,, x ... Z, (m copies) over C in two special
cases (Theorem 50, Theorem 51) :

1) when B(i,j) = &,1 <i < j < m, where 8(i,5) = w(gi, g;)w (g5,9:), 1 <i <
Jj<m, gi,g9; € G and ¢ is a primitive n-th root of unity;

2) when n is even and £(i,j) = —1,1 <i < j < m.

Read [22] developed Clifford’s theory [6] of inducing from normal subgroups of
finite groups for projective representations (Theorem 56, Lemma 57).

In Section 4 we present some of Karpilovsky’s results on irreducible projective
representations of some classes of finite groups which are important in physics: direct
products of cyclic groups of the same order, dihedral groups and symmetric groups
(Theorem 58, Theorem 59, Theorem 60, Theorem 61).
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2 Equivalent factor sets of finite groups

In what follows, GG is a finite group and K™ is the multiplicative group of a field K.
Definition 1. (/25], [7],[23]) A map w: GXG — K* is a factor set (or multiplier
or 2-cocycle) of G (in K ) if

i) w(z,y)w(zy, z) = w(x,yz)w(y, 2) for adl x,y,z € G;

ii) w(z,e) =w(e,x) =1 for all x € G, where e is the identity of G.

Remark 2. ([23]) The factor sets of G in K form an abelian multiplicative group,
where

(wwr)(z, y) = w(z, y)wi(2,y).
Definition 3. ([7], [23]) A 1-cochain of G in K is a map pu: G — K* such that
ple) =1.
Remark 4. ([23]) The 1-cochains of G in K form an abelian multiplicative group.

Definition 5. (/23]) The coboundary of a 1-cochain  is the factor set dp defined
by

(0p)(z,y) = (@) pu(y)u(zy) .

Definition 6. (/25], [7], [253]) Two factor sets w and w1 of G in K are called
equivalent (or cohomologous) if there is a 1-cochain p such that
w(z,y) = pla)u(y)u(ry)~ wi(e,y)

for all x,y € G. We also can say that two factor sets are equivalent in K if their
quotient is a coboundary.

This is an equivalence relation and the equivalence class containing the factor
set w will be denoted by {w} The set of equivalence classes {w} of factor sets form
the second cohomology group H?*(G,K*) (or the multiplier group M (G, K)),
which is a finite abelian multiplicative group.

Lemma 7. ([10]) Let w and w; be two equivalent factor sets of G. Then

w(w, y)w(yv m)_l = w1 (I, y)wl(y’ x)_l

for any x,y € G such that vy = yx.

Proof. Since w and wy are equivalent, there is a map pu: G — C* such that

w )y p(zy) " wi (z,y)

Y, pu(y) (@) p(yz) " wi (y, =)

(y
So, w(z,y)w(y, z)~" = p(x)u(y) pey) " wi(z, y) (u(y) p(@) pley) w(y, )" =
= p(@) p(y) p(wy) " wr (@, y)uly) () u(ey)wr (v, 2) ™ = wi(z, ywi(y, )™t O

(z,y) =
(y,x) =

8

w
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Definition 8. (/21]) Let w be a factor set of G. An element a € G is said to be
w-regular if w(z,a) = w(a,z) for all z € Cg(a), where Cg(a) = {z € G| za = az}
18 the centralizer of a in G.

Remark 9. ([21]) If a is w-regular, then a is wi- regular for all factor sets w;
equivalent to w.

Proof. Since a is w-regular, we have w(z,a) = w(a,x) for all z € Cg(a).
Since w and wy are equivalent, there is a map u: G — C* such that

1

w(z,a) = p(@)u(a)u(za) " wi (2, a)

1

w(a,a) = pla)u(e)ulaz) " wi(a,2)

for a € G and x € Cg(a).

Hence pu(z)p(a)p(zra) twi(z,a) = pla)p(x)u(az) twi(a,x) for a € G and x €
Cg(a). Then wi(z,a) = wi(a,z) for a € G and © € Cg(a). Therefore, a is wi-
regular. O

Definition 10. (/21]) Given a factor set w of G, we define

1 -1

fo(z,a) =w(z,a)w(zax™ ", x)

for all a € G w- regular and for all x € G.

Lemma 11. (/22]) Let w be a factor set of G. Then

fo(zy, 2) = fuly, 2) fu(z, yzyil)
forall x,y,z € G.

Proof. Using Definition 10, the equality is equivalent with

w(y, 2)w(yzy~,y)~! Lp=l z)~! gt

= w(zy, z2)w(xyzy x” -1

w(z,yzy Hw(zyzy o~ ,TY)

We have to verify the following equation :

(2.1) w(y, z)w(z, yzy wlzyzy a2 2y) = wlzy, 2)w(yzy™ " y)w(eyzy o z)

By Definition 1 i), we have : w(y, 2)w(z, yzy~ Dw(zyzy e~ zy) =

= w(y, 2)w(z, y2)w(zyz,y wlyz,y= ) lwlzyzy 'z~ ay) =
= w(a,y2)w(y, 2)w(zyz,y w(yz,y ™) w(zyzy e~ ay)

The relation (2.1) becomes

w(z,yz)w(y, 2)w(zyz,y w(yz,y ) wlzyzy e zy) =
= w(zy, 2)w(yzy~ ', y)w(zyzy o™ x)

So,

-1
-1

(2.2) w(z,yz)w(y, 2)w(zyz,y Dw(zyzy 'z~ zy)
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= w(zy, Hw(yzy " yw(yzy e 2)w(yz,y ™)
Applying Definition 1 i) in the left part of relation (2.1), we obtain:
w(z, y)w(zy, 2)w(zyz,y w(zyzy e~ ay) =
= w(ay, w(yzy™ yw(zyzy e~ 2)w(yz,y™")
So,

1 1

(2.3) w(z, y)w(zyz,y Hw(zyzy 'z~ gt

c2y) = w(yzy L y)w(zyzy T 2)w(yz, y )

Applying again Definition 1 i) in the left part of relation (2.1), we obtain:

w(z, yw(zyzy o w(ey,y™") = wlyzy L ywlzyzy e nwlyz,y )
Hence,
(2.4) w(z, y)w(zy,y ') = wlyzy L y)wlyzy ")
By Definition 1 i), the relation (2.1) becomes
w(z,yy w(y,y™") = wlyzy L yy Dwly,y ™) <=
<= w(r,e) = w(yzy !, e), which is true by Definition 1 ii). O

Lemma 12. (/21]) Let w be a factor set of G and a an w-regular element. Let
z,y € G be such that xaz™ = yay~'. Then

fw(xa a) = fw(yva)'

Lemma 13. ([21]) Let w be a factor set of G and let a be w-regular. If f,(x,a) =1
for all x € G, then f,(z,yay=') =1 for all z,y € G.

Lemma 14. ([21]) Let w be a factor set of G and let f,(x,a) = 1 for all a € G

w-reqular and for all x € G. Then w(a,a™ ') = w(zaz™',za " z™1) for all w-regular
a€GandallzxedG.

Definition 15. (/21]) The factor set w is called simple if :
i) fu(z,a) =1 for all w-regular a € G and all x € G;
i) w(z,z=1) =1 for all v € G.

Theorem 16. (/21]) Let w be a factor set of G. Then there is a simple factor set
v of G equivalent to w.

Proof. We define p: G — K* as follows :
t

Let {al, ey at} be an w-regular class of G and let G = Uxng(al) such that
i=1
a; = xialxi_l fori=1,...,t. We call a; the representative element of the w-regular
class containing it.

sk sk sk ok sk ok ok s ok sk sk ok s ok sk sk ok sk sk sk ok sk sk sk s ok sk sk ok sk sk sk s ok sk sk sk sk ok sk sk ok sk sk sk sk ok sk sk sk sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk sk ok ok sk ok

Surveys in Mathematics and its Applications 15 (2020), 425 — 458
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v15/v15.html
http://www.utgjiu.ro/math/sma

430 Tania Luminita Costache

Define p(a;) = fu(xi,a1) fori =1,...,t. Lemma 12 shows that p is well defined
for any choice of {a:l, e ,fL’t}. Similarly, we define p on the other w-regular classes.
Further, put u(x) = 1 if x is not w-regular. Define

-1

B(x,y) = p(x)u(y)u(zy)” w(z,y)

for all z,y € G. Then for all z € G, we have fg(z,a1) = 1 and hence by Lemma 13,
fs(z,a) =1 for all f-regular a € G and all z € G.

Now we define n(z) = (=, z_l)_% for all z € G and put

Y(x,y) = n(@)n(y)n(zy) " Bz, y)

for all z,y € G.
We show that v(z,27!) =1 for all z € G.
(2271 = n(2)n(z"n(z2=) 71 B(z, 27

2Bz (227 )7

“26(z27 L, zz_l)%,é’(z, 271 =

|~

= w(z,z_l)iw(z_l,z)fé, by Definition 1 i).
By Definition 1 i), w(z, 27 Dw(zz7 %, 2) = w(z, 271 2)w(z 7, 2) =
= w(z, 27 Hw(e, 2) = w(z,e)w(z7 L, 2) = w(z, 27! =w(z7, 2)
Hence, y(z,271) = 1.
If a is w-regular, by Lemma 14, follows that f,(z,a) =1 for all z € G, because

f(z,0) = (z,0)v(zaz7t, 2) 7! =
= n(z)n(a)n(za) "' B(z,a)[n(zaz" " )n(2)n(zaz=12) " B(zaz7t, 2)]| 7 =
e g e
= B(aa ) ? ( ) (Zaz_la (zaz_l)_ll)§ﬁ(zaz_1, Z)_l =
= B(a,a "2 ( a)f (zaz_l,za_lz_l)iﬁ(zaz_l,z) =

B(z, ) (zaz71,2)71 = fs(2,a) = 1, because, since 3 is a factor set of G and
(z, ) =1, we have B(a,a ') = B(zaz"!, za~'271) by Lemma 14.

By definition of v results that v is equivalent to w.

Thus « is a simple factor set equivalent to w. O

T

Lemma 17. ([13]) (i) An element x € G is w-regular if and only if it is S-regular
for any factor set B equivalent with w.
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(ii) If x € G is w-reqular, then so is any power x4, where q is a positive integer
coprime with the order of x. In particular, if x is w-reqular, then so is x~ 1.
(iii) If x € G is w-regular, then so is any conjugate of x.

() If charK =p > 0 and = is a p-element, then x is w-regular.

Proof. (i) Let = be a w-regular element and let § be an equivalent factor set with
w, i.e.
By, 2) = w(y, 2)u(y)u(2)p(yz)~" for some p: G — K*.

Then for y € Cg(z), By, z) = w(y, 2)p(y)p(z)uyz) " =
= w(z,y)u(y)u(x)u(zy)~! = B(x,y), proving that x is w-regular.

The converse is obvious.

(ii) Let y € Cg(x9). Then, since Cg(z9) = Cg(x) and since z is w-regular, we
havey - T =7 - 7.

Let A = A(x) € K* be such that 9 = Az9. Then gz = \yzd = A\z9y = 29y, so
x4 is w-regular.

(iii) Let 2 € G and let y € Cg(zx271). Then 27lyz € Cg(z) and therefore
2 lyz T =7 27 lyz.

Since z~1yz = tz71.7-Z for some t = t(y, z) € K*, it follows that 7! -3-2-T =

x-zil-y‘é.

Hence i commutes with Z -7 - Z~!. Again, since zzz—! = Xz - % -z ! for some
A = \(z,2) € K*, we see that 7 commutes with zzz—!. Thus zzz~! is also w-regular.
(iv) We may assume that K is algebraically closed. Assume that y € Cg(x)and
let S =< y,z >. Then all Sylow l-subgroups of S with [ # p are cyclic. Applying
Theorem 2.3.1 and 2.3.2 (iii), [13] together with Corollary 2.3.24, [13], we deduce
that w|S is a coboundary. Hence K“S = K S is commutative, so §-T = T -y, proving

the result. O

Theorem 18. (/7]) The second cohomology group H?(G,K*) has finite order not
divisible by the characteristic of K. The order of every element in H*(G,K*) is a
factor set of the order of G.

Proof. First let {w} € H*(G,K*) and n =[G : 1].
For any x € G, define u(z) = Hw(m,y).
yeG
Then from Definition 1 i), we have w(z,y)" = 2lo)iw) and it follows that {w}" =

w(zy)
1. This proves the second statement of the theorem.

Let h be the order of {w} in H%(G,K*) and if charK = p > 0, write h = pq,
where @ > 0 and p 1 ¢. Then there is a map 3: G — K* such that for all z,y € G,
we have

B(x)B(y)
B(ry)
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Since K is algebraically closed, K is a perfect field and we may extract p-th roots in

a

1\ P
K. We obtain (w(z,y)?)?" = <B(m)pﬂ(y)p> and because p®-th roots are unique

Blay) P
in K, we have w(z,y)? =
1
= M which contradicts our assumption that h is the order of {w} unless
Blay) P

p® = 1. Therefore p f h. Returning to (2.1), for each x € G we can find p(z) € K*
such that p(z)" = B(x)~!. Upon setting w'(z,y) = Mw(w,y), we see that

N 1(zy)
(! ()" = 2w ) = 1.
We have proved that every class {w} € H?(G, K*) of order h contains a repre-
sentative w’ whose values w’(z,y) are h-th roots of 1 in K. Since h|n, it follows that
there is at most a finite number of classes of factor sets and the order of H?(G, K*)
is finite. Furthermore, since the order of every element of H?(G, K*) is not divisible
by the characteristic of K, it follows that charK { [H?(G, K*) : 1] and the theorem

is proved.
O

Let w be a factor set. We denote by K“G the vector space over K with basis
{§| reG } which is in one-to-one correspondence with G. We define multiplication
in K“G distributively using for all z,y € G, T -7 = w(x, y)Ty.

The finite dimensional K-algebra K“G is called the twisted group algebra of
G over K. Note that if w(z,y) =1 for all x,y € G, then K¥G = KG.

Definition 19. ([/13]) Let K¥G and K*G be twisted group algebras with bases
{I| x € G} and {55| T € G} respectively. We say that KYG and K*G are equiv-
alent if there is a K-algebra isomorphism ¢: K*G — K*G and a map t: G — K*
such that for all x € G, (T) = t(z)T.

Lemma 20. ([13]) The twisted group algebras K“G and K*G are equivalent if and
only if w and X\ are equivalent. Thus

i) if w is a coboundary, then K¥G = KG.

ii) the map w — K“G induces a bijective correspondence between the elements
of H*(G, K*) and the equivalence classes of twisted group algebras of G over
K.

Proof. Let an isomorphism v¢: K¥G — K*G and a map t: G — K* such that
¢() = t(x)Z, where {Z| z € G} and {Z| = € G} are bases of K*G and K*G
respectively. Then

t(zy)zy = ¥(@7) = Y(w(@,y)"'T Y) = w(z,y) Y(@)PF) =
= w(z,y) " (@) u(y) Ty = wiz,y) " @)t y) M@, y) 7y, so

w(z,y) = M, y)t(x)t(y)p(zy)
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proving that w and A are equivalent.
Conversely, suppose that w and A are equivalent, say

w(z,y) = Na,y)p(@)uly)uley) ™
for some 1-cochain p: G — K*. Then the map ¢: K¥G — K G, which is the
extension of T — p(z)x by K-linearity, is certainly a vector space isomorphism. To
prove that ¢ preserves multiplication, it is sufficient to check that ¥(Z-y) = ¥ (Z)¥(7)
for all z,y € G. Because
W(T-7) = Y(w(z, y)TY) = w(z, y)u(ey)zy = wz, y)p(ry) Az, y) "7y =
= p(x)u(y)xy = ¥(T)1(y), the result follows. O

3 Projectively equivalent representations

Definition 21. (/25], [7], [25], [13], [27]) Let G be a finite group with the identity
e, K a field, V a finite dimensional vector space over K and GL(V') the group of
all automorphisms of V. A projective representation of G with the factor set w
is a map p: G — GL(V) such that

i) p(x)p(y) = w(z,y)p(zy) for all x,y € G;
it) p(e) = 1y.
If we identify GL(V') with GL(n, K), where n = (V : K), the resulting map is
called a projective matrix representation of G over K. We’ 1l treat the terms " pro-
jective representation” and ”projective matrix representation” as interchangeable.

A linear representation is a projective representation with w(z,y) = 1 for all
x,y € G.

Definition 22. ([23], [9], [15], [27]) Let p1 and pa be two projective representations
of G, pi: G — GL(V;),i = 1,2. p1 and pa are called projectively equivalent if
there are a I1-cochain p: G — K* and a vector space isomorphism f: Vi — Vo such
that

p2(z) = p(@) [ pr () f
forall x € G.
If w(z) =1 for all x € G, then p1 and py are called linearly equivalent.

In terms of matrix representations, two representations p;: G — GL(n, K),i =
1,2 are projectively equivalent if there are a l-cochain p: G — K* with u(e) = 1
and a matrix P € GL(n, K) such that ps(z) = pu(x)P~1p1(2)P for all x € G.

Remark 23. ([13]) If w; is the factor set for p; and ws is the factor set for pa, then
the projective equivalence of p; and ps yields

p(y)wa(z,y) = p(@)p(y)wi (z,y)
for all z,y € G.
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Proof. Since p; and ps are projectively equivalent, there are a 1-cochain p: G — K*
and a vector space isomorphism f: Vi — V5 such that

pa(z) = p(x) f ' p1(2) f
p2(y) = W) pr(y) f
p2(zy) = p(zy) f pi(zy) f

for all z,y € G.
Since p; and po are projective representations projectively equivalent, we have

wa(z,y)p2(zy) = pa(x)p2(y) = () for(2) fu(y) f T o(y)f =
= p(@)pu(y) f o) pr(y) f = p(@)puly) f - wor(z, y)pr (zy) f-
Then ws(x, y)u(xy) f~ p1(xy) f = plx)p(y) f wi(z, y)p1(zy) f =
= wa(z, y)u(zy) = p(@)w(y)wi(z,y) O

Remark 24. ([23]) It is obvious that linearly equivalent projective representations
have the same factor set.

Remark 25. ([13]) If p; and pg are projectively equivalent and have the same factor
set, then the 1-cochain p is a homeomorphism from G into K*.

Proof. By Definition 22, there are a 1-cochain map pu: G — K* and a vector space
isomorphism f such that pu(e) =1 and

pa(z) = p(z) f ' p1(2) f
p2(y) = () f p1(y) f
p2(zy) = p(zy) f~ pi(zy) f

()
()

for all z,y € G.

Since ps is a projective representation with the factor set w and p; and ps have the
same factor set w, we get that pa(x)p2(y) = wa(z,y)p2(ry) = walz, y)u(xy) f o1 (zy) f =
= p(zy) f wa (@, y)p1(zy) f = p(xy) f~ wi@,y)p1(zy) f = wxy) f~ pi(@)pi(y) f

On the other hand,
pa(x)p2(y) = () f~ pr (@) fuly) o1 () f = p(a)w(y) f~ pr(2)pr () f

Therefore, u(zy) f " p1(x)p1(y) f = w(@)u(y) f~ pi(x)p1(y) f = w(zy) = ple)p(y)
for all z,y € G. O

Lemma 26. ([13]) (a) Let p;,i = 1,2 be two projective representations Vi, i = 1,2
with the factor sets w;,i = 1,2. If p1 is projectively (respectively, linearly) equivalent
to pa, then wy is equivalent (respectively, equal) to we. Furthermore, if wy = wa, then
any map p: G — K* satisfying the relation in Definition 22 is a homomorphism.
(b) Let p1 be a projective representation V with the factor set wi. Then for any
factor set wo that is equivalent to wy there is a projective representation py V with
the factor set wo which is projectively equivalent to p1. In particular, if w1 is a
coboundary, then p1 is projectively equivalent to a linear representation.
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Proof. (a) This assertion is proved in Remark 23 and Remark 25.
(b) Since wy is equivalent to wy, by Definition 6, there is a 1-cochain p: G — K*
such that u(e) =1 and wo(z,y) = p(x)u(y)p(zy) twi(z,y) for all 2,y € G.
For all x € G, define pa: G — GL(V) by p2(x) = p(x)p1(z).
Since p; is a projective representation with the factor set wy, we have p;(x)p1(y) =
wi(z,y)p1(zy) for all z,y € G, that is wy(z,y) = p1(x)p1(y)p1(zy)~! for all z,y € G.
So, wa(x,y) = (@) u(y)u(zy) " pr()pr(y)pr(zy) " =
= p(@)p1(@)p(y)pr (y)uzy) " pi(zy)~ =
= pa(2)p2(y)p2(zy)~L. This means that ps is a projective representation with the
factor set ws. ]

Definition 27. (/23]) The restriction w|S of a factor set w of G to a subgroup S
1s defined by restricting its arguments to S. If n is a factor set of a quotient group
G/H in K, the inflation of n to G is the factor set infn of G in K defined by

(inf n)(x,y) = n(zH,yH).

Theorem 28. ([23]) Let H be a normal subgroup of a finite group G and let w be
a factor set of G/H in C. Then there is a factor set n of G/H such that

i) w is equivalent to n in C;
ii) the values of n are |G|-th roots of unity;

iit) if S is a subgroup of G, then every projective representation of S in C with
the factor set (inf n)|S or (infn)~1|S is linearly equivalent in C to a projective
representation of S in the field K of the |G|-th roots of unity.

Proof. Let r be the order of the equivalence class {infw} of infw in H*(G,C*).
Then this class also contains at least one factor set € of G such that ¢ itself has
order r in the multiplicative group of factor sets of G in € (by Theorem 53.3, [7]).
Here

(3.1) ¢ = (0p)(inf w)

for some 1-cochain p of G in C.

Using an adaptation of an argument of Schur, [25], let A be the character group
of the multiplicative cyclic group generated by €; A is cyclic of order r.

For any =,y € G, let a;, € A be the character such that a,,(e") = e(z,y)"
Then the ordered pairs (a,z),a € A,z € G form a group G* under the multiplication
(a,2)(b,y) = (abayy,zy). If A* consists of the pairs of form (a,1) and S* consists
of all pairs (a,s) with s € S, then clearly A* C Z(G*),A* = A,G*/A* = G and
S*JA* = S.

For any linear character A of G*, A(a,1) = a’(¢) for some j and for all a € A.
In particular, A(azy,1) = e(z,y)?. Since A(1,2)A(1,y) = e(z,y)? \(1, zy), we have
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{infw}J = {5}] = 1, so that r divides j and A|A* = 1; since A is arbitrary,

To each projective representation p of S in € with the multiplier w|S, there
corresponds an ordinary representation m of S* defined by 7(a,z) = a(w)p(z). By
Theorem 3, [23] applied to G* we see that 7 is equivalent to a representation of S* in
K, since |G* : A*| = |G|. Then p is linearly equivalent to a projective representation
of S in K. The same holds true for projective representations with the factor set
w™lS.

The order r of {5} = {inf w} divides the order h of the class {w} of w in
H?(G/H,C*). But h divides |G : H| by [7]. Hence

(3.2) elHl = 1.

This proves the theorem in the case H = 1, by taking n = €. But in general we must
argue further, since € may not be the inflation of a factor set of G/H.

Since w(1,1) =1, (3.1) implies that (6u)|H = ¢|H.

By (3.1), ((6p)|H)IGH! = 1. In other words, (u|H)!%#| is a linear character of
H. Therefore,

(3.3) (ulH)IS! = ((u|HD)FHHHI = 1.

For each z € G/H, choose a representative g, € g such that g,H = z with
g1 =1

A 1-cochain v of G/H is defined by setting v(z) = u(g.). We show that the
factor set n = (6y)w of G/H satisfies conditions i), ii) and iii).

Condition i) holds by definition.

For the 1-cochain v = (infy)u~! of G, whenever h € H and z € G/H we have
v(hg:) = v(2)pu(hg:) " = p(g:)u(hg:) "

But by (3.1), £(h, g:) = (6p0) (h, g:)w(1, 2) = u(h)p(g:)pu(hg=)~", so that v(hg.) =
pu(h)~e(h, ).

By (3.1) and (3.1) both factors on the right are |G|-th roots of unity. Hence

(3.4) V% =1,
By (3.1) and the definitions of n and v,
(3.5) infn = (inf(6v))(inf w) = (§(inf 7)) (6p) ‘e = (dv)e

Then by (3.1) and (3.1), 5/¢l = 1, which proves ii).

Corresponding to each projective representation 7 of S with factor set (inf 7)[S,
we can define a projective representation p with factor set ¢S by writing p(z) =
v(z)~tr(z),z € S by (3.1). We have shown that p is linearly equivalent to a projec-
tive representation over K. But for any matrix U over € such that U~ 1p(z)Up lies
in K for all x € S, U~!7(x)U also lies in K, by (3.1).

This proves the part of iii) concerning (inf7)]S; the rest of iii) follows from
similar arguments. O
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This theorem implies that every projective representation of S in C with factor
set (infw)|S is projectively equivalent in C to a projective representation of S in K
with factor set (inf7)|S, which gives us the following theorem:

Theorem 29. (/23]) Every projective representation p of G in € is projectively
equivalent in C to a projective representation m of G in the field of the |G|-th roots
of unity. ™ can be chosen so that its factor set takes on only |G|-th roots of unity as
values and so that it is inflated from any quotient group G/H from which the factor
set of p is inflated.

Definition 30. ([13]) The projective representation p on the space V is called ir-
reducible if 0 and V' are only subspaces of V' which are sent into themselves by all
the transformations p(x),z € G.

Theorem 31. (/25], [1]) Let w be a symmetric factor set of the abelian finite group
G and suppose that there is at least one irreducible unitary projective representation
of G with the factor set w. Then w is equivalent with the trivial factor set.

Proof. Let p be an irreducible unitary projective representation of G with the factor
set w. Then

(3.6) p(z)p(y) = w(z,y)p(zy)

for all z,y € G.

Equation (3.1) holds if x and y interchanges and by hypothesis w(z,y) = w(y, x)
and xy = yz, it follows that p(z)p(y) = p(y)p(x) for all z,y € G. But p is irreducible
and unitary, so from Schur’s lemma p(z) is equal to a scalar multiple A(z) of the
identity. Then A(z)\(y) = w(z, y)A(xy), which means that w is equivalent with the
trivial factor set. O

Let A be an associative K-algebra with basis {ug,;| T € G’} such that u,u, =
w(Z,Y)Uzy, ©,y € G and w(z,y) € K*. The associativity of A implies that for all
x,y,z € G,w(z,y)w(zry, 2) = w(y, z)w(x,yz). By making a diagonal change of basis,
if necessary, we may assume that for all x € G,w(z,1) = w(1l,z) = 1, so that w is a
factor set. Thus A is identifiable with K“G.

Lemma 32. ([13]) Let A be a K -algebra and let f be a map of G into the unit group
of A which satisfies f(z) f(y) = w(z,y) f(x,y) (x,y € G). Then the map f*: K¥G —
A defined by f*(O ] a,T) = > a,f(x) is a homomorphism of K -algebras.

Proof. Since f* is the extension of T — f(z) by K-linearity, f* is a vector space
homomorphism. To prove that f* preserves multiplication it is sufficient to check it
on the basis elements Z, x € G. Since f*(T-7y) = f*(w(z,y)TY) = w(z,y)f(zy) =
f(@)f(y) = () f*(y), the result follows. O
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Theorem 33. ([13]) There is a bijective correspondence between projective repre-
sentations of G with factor set w and K“G-modules. This correspondence preserves
sums and maps bijectively linearly equivalent (irreducible) representations into iso-
morphic (irreducible) modules.

Proof. Let p be a projective representation of G with the factor set w on the space
V. Due to Lemma 32, we can define a homomorphism f: K“G — Endg (V) by
setting f(Z) = p(x) and extending by linearity. Hence V becomes a K“G-module
by setting (> a,T)v =Y azp(x)v (ay € K,z € G, € V).

Conversely, given a K“G-module V' and hence a homomorphism f: K¥G —
Endg(V), define p(x) = f(Z). Then p(zr) € GL(V) since T is a unit of K“G.
Furthermore, p(z)p(y) = f(2)f(y) = f(Z-9) = f(w(z,y)7Y) = w(z,y)p(zy), so that
p is a projective representation with the factor w on V. This sets up a bijective
correspondence between projective representations with the factor set w and K“G-
modules.

A subspace W of V is invariant under all p(z) if and only if W is a K“G-
submodule of V. Hence the correspondence preserves sums and maps bijectively
irreducible representations into irreducible modules.

We observe that a K-isomorphism f: V43 — V5 of KG-modules is a K“G-
isomorphism if and only if Tf(v) = f(zv) for all z € G,v € V;.

Suppose that p;: G — GL(V;), i = 1,2 are two projective representations with
the factor set w. Then p; is linearly equivalent to po if and only if there is a K-
isomorphism f: Vi — Vi such that pa(x)f = fpi(z) for all x € G. The latter is
equivalent to pa(z)f(v) = fpi(z)v or to Tf(v) = f(zv) for all g € G,v € V;. Thus
two projective representations with the factor set w are linearly equivalent if and
only if the corresponding modules are isomorphic. O

Theorem 34. ([13]) Let m be the exponent of G/G'. Then the number n(G, K) of
projectively nonequivalent irreducible projective representations of G over K is finite
if and only if the group K*/(K*)"u(K*) is finite. In particular,

i) the numbers n(G,C*) and n(G,R*) are finite;

ii) the number n(G, K*) is infinite whenever K is an algebraic number field and

G+G.

Proof. Due to Theorem 33, for any factor set w there is an irreducible representation
of G over K with this factor set. The same theorem also implies that the number
of projectively nonequivalent irreducible projective representations with the factor
set w cannot exceed the number of nonisomorphic K“G-modules. Since the latter
is finite, Lemma 26 implies that n(G, K) is finite if and only if H?(G, K*) is also.
The assertion (i) and (ii) can be deduced by Theorem 2.3.2, Proposition 2.3.20
(i) and the remark preceding Proposition 2.3.20, [13]. O
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Definition 35. [13] Let w be the factor set of G and « be the factor set of G/N,
where N is a normal subgroup of G such that there is a K-algebra homomorphism
f: KYG — K*(G/N). Then f is called the natural homomorphism if for all
r € G, Suppf(T) = xN.

Of course, at the expense of replacing w by an equivalent factor set, the latter
equality can be strengthened by f(Z) = xN. Indeed, write f(Z) = A(z)xN for some
A(z) € K*. Then setting # = \(x)~'Z, we have f(Z) = xN. The latter, however,
does not imply that the same can be achieved leaving w unchanged and replacing «
by an equivalent factor set. This is so since the values of \(x) need not be constant

on the cosets of V.

Lemma 36. ([13]) Let N be a normal subgroup of G, let w be a factor set of G and
a a factor set of G/N. Then KYG admits the natural homomorphism f: K“G —
K*(G/N) if and only if w is equivalent to inf c.

Proof. Suppose that f is the natural homomorphism. By the foregoing, replacing w
by an equivalent factor set yields f(Z) = #N. Thus w is equivalent with inf o, by
Theorem 2.7 (i), [13].

Conversely, assume that w is equivalent with inf o, say w = (d\) inf « for some
A: G — K*. Setting T = A(z)Z, it follows that zy = inf a(z,y)zy, =,y € G.
Applying Theorem 2.7 (i), [13], we deduce that the map z —— zN extends to a
K-algebra homomorphism f: K¥G — K%(G/N). Since f(Z) = A\(z)"'2N, we have
Suppf(z) = N for all x € G as required. dJ

Definition 37. ([13/) Let 1 — A — G* — G — 1 be a central group extension
and let T' be a linear representation of G* on the vector space V. Assume that for
all a € A, I'(a) is a scalar multiple of the identity transformation. If p is a section
of f, then the map p: G — GL)V) defined by p(x) = T'(u(x)) is easily seen to be a
projective representation. We shall refer to p as a projective representation lifted
to I'. We shall also say that a projective representation p can be lifted to G* if p
is lifted to T for some linear representation I' of G*.

We denote the torsion subgroup of K* by t(K*). We fix ¢ € H*(G, A) together
with a finite central extension £ : 1 — A — G* — G — 1 associated with it. If
1 is a section of f, then the map 3: GxG — A defined by B(x,y) = pu(x)u(y)u(zy) "
is a factor set whose cohomology class 3 coincides with c¢. Given x € Hom(A4, K*),
the map A\: G x G — K* defined by A\(z,y) = x(8(z,y)) is a factor set such that
A is the image of y under the transgression map Tra: Hom(A, K*) — H?(G, K*)
associated with c.

Expressed otherwise, Tra(x) = X(c), where X is the natural homomorphism
H?*(G, A) — H?*(G, K*) induced by Y.

skesk sk ok sk ok ok s ok sk sk ok ok sk sk ok sk sk sk s ok sk sk sk s sk sk sk ok sk sk sk s ok sk sk sk s ok sk sk ok sk sk sk sk ok sk sk sk ok sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 15 (2020), 425 — 458
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v15/v15.html
http://www.utgjiu.ro/math/sma

440 Tania Luminita Costache

Because A is finite, so is Hom(A4, K*) and therefore Tra(x) € H?(G,t(K*)).
Consequently, we may regard the transgression map as a homomorphism

7: Hom(A, K*) — H*(G,t(K*)).

Lemma 38. (/13]) A projective representation p: G — GL(V) with the factor set
w 1s projectively equivalent to one that can be lifted to G* if and only if w € Imr.

Proof. We may assume by Lemma 26 i) that p is lifted to a linear representation T'
of G*. Then I'(a) = x(a) - 14, a € A for some x: A — K* and there is a section
of f such that p(x) = T'(u(z)) for all z € G.

Because I is a linear representation, it follows that x € Hom(A4, K™).

Setting B(x,y) = u(x)u(y)pu(zy) ™, 2,y € G, we deduce that

w(z,y) = p(x)p(y)p(ry) " = T(p(@))C(uy)T (p(zy) " =
= D(u(@)p(y))C(u(zy)) ™" = DBz, y)p(ey)T(ulzy) ") = xB(z,y) whence & €
Imr.

Conversely, assume that w € I'mr.

Owing to Lemma 26 i), we may assume that there is a section p of f such that
for B(z,y) = plx)uy)u(zy)~", wlz,y) = x(B(z,y)) for some x € Hom(4, K*),
x,y € G.

Now each element y of G* can be uniquely written in the form y = apu(z) with
a€AzxeQG.

Define a map I': G — GL(V) by I'(y) = x(a)p(z). Then p(z) = I'(u(x)), each
I'(a),a € A is a scalar multiple of the identity transformation and y; = a;u(x;),i =
1,2,a; € A, x; € G, we have I'(y1y2) = ['(a1a28(z1, z2) pu(1, 22)) =
= x(a1)x(a2)w(z1, 22)p(21, 22) = X(a1)x(az)p(x1)p(w2) = T'(y1)(y2).

O

Theorem 39. ([13]) There is a finite central extensionl — A — G* — G — 1
such that any projective representation of G with the factor set w, @ € H?(G,t(K*))
1§ projectively equivalent to one that can be lifted to G*. Furthermore, if each ¢ €
H?(G,t(K*)) contains a factor set whose order is equal to the order of c, then
A= H?(G,t(KY)).

Proof. Because H?(G,t(K*)) is a finite abelian group (Theorem 2.3.22, [13]), it can
be written in the form H?(G,t(K*)) = (c1) X {c2) X ... x (cm).

Let w; be a factor set in ¢;. Since G is finite and since the values of w; are roots
of 1, w; is of finite order d;, 1 < ¢ < m. Let A; be the group of all d;-th roots of 1 in
K* let A= Ay x...x Ap,. We may always choose w; such that A; = (¢;) in which
case A= H?(G,t(K*)).

Let xi: H*(G, A;) — H?(G,t(K*)) be the homomorphism induced by the nat-
ural injection x;: A; — t(K™*). Since w; is an A;-valued factor set, there is 3; €
H?(G, A;) such that x;(3;) = ¢;,1 < i < m. Let 3 € H*G,A) be the image
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m
of B1 X B2 X ...[By under the natural isomorphism HH2(G, A;)) — H*(G,A)
and let ¥ :' 1 — A — G* — G — 1 be a Z:ellatral extension associated
with 8. Due to Lemma 38, the result will follow once we verify that the trans-
gression map 7: Hom(A, K*) — H?(G,t(K*) associated with 3 is surjective. Let
Xi € Hom(A, K*) be defined by (a1, as, ..., a,) — xi(a;),a; € A;. Then we see that
7(Xi) = ¢i,i < i < m. Because the ¢; generate H%(G,t(K*)), the result follows. [

Corollary 40. ([13]) The following conditions are equivalent:

(i) there is a finite central extension 1 — A — G* — G — 1 such that any

projective representation of G is projectively equivalent to one that can be lifted
to G*;

(ii) H*(G,K*) = H*(G,1(K*));
(i) K* = (K*)™t(K*), where m is the exponent of G/G'.

Proof. That (i) implies (ii) is a consequence of Lemma 38 and the converse is true
by Theorem 39.

To prove that (ii) is equivalent to (iii), set A = K*/t(K*). By Theorem 2.3.21,
[13], (ii)holds if and only if H?(G, A) = 1. The latter, in view of Lemma 2.3.19, [13]
is equivalent to A = A™ for all n such that Z, is a direct factor of G/G’. Since Z,, is
a direct factor of G/G’ and since A™ C A™ for all n|m, we conclude that (ii) holds if
and only if A™ = A. Because the latter is equivalent to (iii), the result follows. [

Let T denote the multiplicative group of all complex numbers of unit modulus.
Let w: G x G — T be a factor set of G. We define a group structure G“ on the
set G x T by requiring that

(l‘, Zl)(ya 22) = (l‘y, w(a:, y)ZIZQ)

for all x,y € G and for all z1, 25 € T.

G is a group having a central subgroup T° = {(e, 2)| z € 'IF} isomorphic to T
such that G¥/T? isomorphic to G, where e is the identity of G. G¥ is called the
central extension of G by w. It is straightforward to show that there is a natural
isomorphism between G and a subgroup of G* if and only if w belongs to the trivial
cohomology class.

Theorem 41. ([1]) Let G be a finite group and w a factor set of G. Then w is
equivalent to the trivial factor set if and only if (G*) N'T° = {(e,1)}, where (G¥)
is the commutator subgroup of G¥.
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Proof. Suppose that w is equivalent to the trivial factor set. That is, for all z,y € G,

w(z,y) = #é;()mi()y), for some T-valued function p. We find that the commutator of

(x,21) and (y, z2) is given by

1

(z,21)(y, 22) (@, 21) " (y, 22) 7" = (wya ™y~ pwlaya ™'y ™).

Furthermore, if ¢; and ¢y are two commutators in G’, we have

(c1, u(e1))(e2, plez)) = (erea, p(crcz)).

Thus G’ and (G¥)’ are isomorphic under the map (¢, u(c)) «— c.

Hence (G*)' N'T° = {(e,1)}.

Conversely, suppose (G*)'NT? = {(e, 1)} Let 7 denote the natural epimorphism
of G¥ onto the abelian factor group G¥/(G*)’ and let mo denote the restriction of
7 to T. By the first isomorphism theorem the image of TV under 7po is isomorphic
to T°/Kermpo. Thus Imzpe & TO/Kermpo = T/ (Kerr) N TY = T°/(G¥) N T® =
T°/{(e, 1)} = T°.

This shows that the abelian group G¥/(G*“)" contains a subgroup isomorphic to
T, the circle group. Identifying this subgroup with T, let us write 7(e, z) = z € T.

We now claim that G¥/(G*“)’ has a linear character x(z) = z for all z € T.

Finally x defined by x(z, z) = X[{r(z,z)}] is a linear character of G*, whereupon
w(x,y) = /\(/\m()m/\y()y), where A\(z) = x(x,1) and w is therefore equivalent to the trivial
factor set. O

Let G be a finite group, w a factor set of G and K a field. In order to determine
the number of orbits of the subgroup of the character group G=H (G, K*) on the
classes of linearly equivalent irreducible representations with the factor set w, we
consider some definitions.

Definition 42. ([27]) Let p be either zero or a prime number. A class of G is called
p-regular if the order of the elements in this class is not divisible by p. A class is
called (o, p)-regular if it is a-regular and p-regular.

Let D be a finite group, A a group contained in the centre and in the commutator
of D and G = D/A. For each x € G we choose an element T € D such that AT = z.
This yields a map r: G x G — A, where r(z,y)Ty = Ty. Let F be an algebraically
closed field of characteristic p > 0 and A= Hom(A, F*) be the character group of
A. For all A € A we define \": G x G — F by X\ (z,y) = A(r(z,y)) and it is easy to
see that A" is a factor set of G.

Let R be an irreducible linear F-representation of D. From Schur’s Lemma we
obtain R(a) = A(a)I for all a € A, where \ € A and I is the identity matrix.

For all z € G we define

(3.7) P(z) = R(@)
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and it is easy to see that P is an irreducible projective representation of G with
factor set \". For all aT € D, where a € A, we have R(aZ) = A(a)P(z).

On the other hand, if P is an arbitrary irreducible representation of G with
factor set A", then R is an irreducible linear representation of D.

Two irreducible linear representations R = AP, and Ry = Ao P of D are equiv-
alent if and only if A\; = X9 and P; and P, are linearly equivalent. The projective
representations of G which are obtained by (3.1) are called linearizable in D (with
respect to the map 7). So we have a one-to-one correspondence between the equiv-
alency classes of irreducible linear representations of D and the classes of linearly
equivalent irreducible projective representations of G which can be linearized in D.

Let C be a subgroup of é, the character group of G. We denote by n(G,C, D)
the number of orbits of C' on the set of classes of linearly equivalent irreducible
projective F-representations of G which can be linearized in D (with respect to r).
The group C can be regarded as a group of characters of G and D and we denote
by K(C,G) and K(C, D) the intersections of the kernels of all ¢ € C. Hence, we
have K(C,D)/A = K(C,G).

By p(C, D) we denote number of all p-regular classes (of conjugate elements) of
D which are contained in K(C, D).

For all A € A we denote by 7(C, A”) the number of orbits of C' on the set of
all classes of linearly equivalent irreducible projective F-representations of G with
factor set A" and ¢(C, \") denotes the number of (A", p)-regular classes of G which
are contained in K(C,G).

Lemma 43. (/27]) Let G, D and C as above. Then we have (G, C, D) = p(C, D).

Let # € G and ¥ € D such that = AZ and let Z” denote the class of 7. We
define the following subgroup of A: U(z) = {a| a € A,a% € T”}. It is obvious that
U(z) does not depend on the choice of z.

Lemma 44. ([27]) Let A € A. Then x is A" -regular if and only if U(x)is contained
i the kernel of .

Lemma 45. ([27]) We have p(C, D) = 3_q(C, A"), where the sum is taken over all
Ae A

Lemma 46. ([27]) If A1 and X2 are faithful characters of A, we have w(C,\]) =
m(C, AL).

Theorem 47. ([27]) Let G be a finite group and F an algebraically closed field
of characteristic p > 0. Let a be a factor set of G over F' and C a subgroup of
the character group G. Then the number of orbits of C' on the set of all classes of
linearly equivalent irreducible projective representations with factor set a coincides
with the number of (a, p)-reqular classes of G which are contained in the kernels of
all characters in C.
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Proof. We can assume without loss of generality that « = A" for a A € A.

We prove the theorem by induction on the order of D. It is obvious that the
irreducible projective representations of G with factor set A" can also be linearized
in D /kernel(A). Thus, the induction hypothesis yields that A ia a faithful character
of A, which implies that A is cyclic.

Let A = A, Ao, A3, ..., A\s be the faithful characters of A and let o1,...,0¢ be
the non-faithful ones. By Lemma 44 we obtain for all i = 1, s, 7(C, \}) = n(C, \").

t

Thus we have 7(G, C, D) Zﬂ' or) + ZT((C, Ap) = Z?T(C, o%) +s-m(C,A").
— =
From Lemma 44 we obtaln q(C, X'”) = q(C,\") for all i. By Lemma 45 we have

D) =Y q(C,o7)+> a(C, X)) Zq )+ 5 q(C,\7).
L —

For the non-faithful characters o; we obtam by the induction hypothesis that
m(C,07) = q(C,07}) holds. Hence we obtain by Lemma 43 that 7(C,\") = ¢(C, A")
is valid. O

Corollary 48. (/27]) Let G be a finite group, F an algebraically closed field of
characteristic p > 0 and a a factor set of G over F. Then the number of classes of
linearly equivalent irreducible projective representations of G with factor set o equals
the number of («, p)-reqular classes of G.

Corollary 49. (/27]) Let G and « be as in Corollary 48. Then the number of classes
of projectively equivalent irreducible projective representations of G with factor set
a coincides with the number of (o, p)-reqular classes of G which are contained in the
commutator subgroup of G.

Let G be a finite abelian group of order n”* generated by m elements g1, g2, - .., gm
of order n, i.e. G =7, x ... x Z, (m copies), where 7, is a cyclic group of order
n. Let m be a projective representation of G with factor set w over C.

Let pu(i Hw (97,9:), i = T,m and B(i, ) = w(gi, g;)w ™ (g5, 9:), 1 < i< j <

It can be shown that the factor set w can be chosen such that u(i) = 1,i =1,m
and ((i,7),1 <i < j <m is an n-th root of unity.

Theorem 50. ([15]) Let G be a finite abelian group of order n™ generated by
91,92, -, 9m and let w be a factor set of G over € such that p(i) = 1,5 = 1,m
and [(i,j) = €,1 < i < j < m, where € is a primitive n-th root of unity. Then,
if m =2u is even, G has only one inequivalent irreducible projective representation
of degree n* and if m = 2u + 1 is odd, G has n inequivalent irreducible projective
representations of degree n*.
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Proof. Let 7 be a projective representation of G with the factor set w and let 7(g;) =

e;,i = 1, m. Then we must determine the number of elements a = egl...egr, where

1<s51<8<...<5<m0< o <n—1,i=1,r such that e;laei:a,izl,m.
In particular, we must have e;il

aes; = a,i=1,r.

It is easy to verify that e 'aes, = glartotaii—aini—.—ar)g 4 — T 7 and so we
1 1 1 0
1 1 ... 0 -1
have AX =0 (mod n), where A is the r X r matrix o ) ) ) and
o -1 ... -1 -1
Xt = (a1,...,qp).
An easy calculation shows that
0 if r is odd
A= ’
det { (=1)*, if r =2\ is even
Thus, if r is even, the only solution is the trivial solution a; = as = ... = a, = 0.

On the other hand, if »r = 2A + 1 is odd, the above system of linear congruences
reduces to o] = —ae = ag3 = ... = —ag)\ = agys1 (mod n),

Thus, if ggt ... gor is an w-regular element, it can only take the form
995795 gt ,i=0,n— 1. But we must also have that when s # s;, e, 'ae; = a.

If s # s, = 1,7 and we put sgp = 1, 5,41 = m, then s > s; and s < 541 for some
0<j<r+1ande; laes = glonttaj—ajp—.—ar)g — g for some 0 < i < n— 1.
That is, if r < m,i = 0. Thus, it follows that if m = 2k is even, 1 is the only
w-regular element and if m = 2k + 1 is odd, the w-regular elements are given by
9192 " -+ Y2 opr1rt = 0, — L.

When m = 2u is even, G has only one inequivalent irreducible projective repre-
sentation, whose degree must be n*.

When m = 2u 4+ 1 is odd, the n inequivalent projective representations have the
same degree which is n¥. O

Theorem 51. ([15]) Le G be as in Theorem 50, n = 2v and the factor set w satisfies
(i) =1,5=1,m and B(i,j) = —1,1 <i < j <m. Then, if m = 2u is even, G has
V"™ inequivalent irreducible projective representations of degree 2 and if m = 2u+1
is odd, G has 2v™ inequivalent irreducible projective representations of degree 2.

Proof. The proof is similar to the proof of Theorem 50, replacing € by -1. Again, in
this case, let 7(g;) = e;,1 = 1,m.

It is easily verified that if 7 is even gg! ... g¢" is w-regular if and only if a; =0
(mod 2), that is a; =0,2,4...,n— 2.

If ris odd and a = €5} ... €57, e;_laesi =a,t=1,r impliesthat oy = as = ... =
a, (mod 2).

If s # s;, for any ¢ = 1,7, then e
2) or ra,, =0 (mod 2).

laes, = a implies that a1 + ...+ a, = 0 (mod
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Since r is odd, this means that «, = 0 (mod 2). Thus, if r is odd and r < m,

gel...ger is w-regular if and only if a; = 0,2,3,...,n — 2.

Hence, if m is even, the w-regular are ¢ ... g%, where a; = 0,2,...,n — 2,
i = 1,m, that is, there are (%)m w-regular classes. If m is odd, the w-regular
elements are g7 ... g5, where ; = 0,2,...,n—2,i=1,mand a; =1,3,...,n—1,

i = 1,m, that is, there are 2 (%)m w-regular classes.

Since all irreducible projective representations of an abelian group (with a fixed
factor set) have the same degree, it is easily verified that these representations have
the degrees given in the statement of the theorem. O

Definition 52. (/22]) Let w be a factor set of G and p an irreducible projective
representation of a normal subgroup H of G with the factor set w. Define

P9 (h) = fulg,h)p(ghg™")
forallge G,h € H.

Lemma 53. (/22]) p'9 is an irreducible projective representation of H with the
factor set w.

Proof. Applying Definition 52, Definition 1 i), Definition 10 and the fact that p is a
projective representation, we obtain
P9 (h)p\9) (h1) = fu(g, h)p(ghg ™) fu(g, h1)p(ghig™") =
fu(g,h) fu(g, h)w(ghg™, gh1ig™")p(ghg gh1g™") =
fuolg,h) fulg, h1)w(ghg ™", ghig™t)p(ghhig™") =
= w(g, h)w (ghg™", 9) " w(g, hi)w(ghig™, 9) tw(ghg™", ghig~")p(ghhig™") =
= w(g, h)w (ghg‘l,g) Lw(g, h)w(ghig™, g)"w(ghg™ ,gh1g‘lg) (gh1g™", 9)-
w(ghg™ 1ghlg L 9)p(ghhig™) = w(g, h)w(ghg™, g ) w(g, h)w(ghig™", 9)~
w(ghg™, gh1)w(ghig™", g)w(ghhig™, )~ p(ghhig™") =
= w(g, h)w(ghg™, 9) " w(g, h1)w(ghg™", gh1)w(ghhig™", g) " p(ghhig™") =
w(g, h)w(ghg™, 9) 'w(ghg™", g)w(gh, hi)w(ghhig™", g) " p(ghhig™") =
w(g, h)w(gh, h1)w(ghhig™", g) " p(ghhig™") =
w(g, hhy)w(h, hi)w(ghhig™, )~ (ghhlg =
w(h, h1) fur(g, hh) p(ghhng™") = w(h, hn)p\ (hhy)
p(g( i) = fulg: 1m)p(9lag™) = fulg, 1a)p(99™") = fulg, 1a)p(la) =
= fu(9,10)] = w(g,1g)w(glyg™t g) ' = w(gg’l,g)’lf =1
Thus p(g) is a projective representation of H with the factor set w, which is
irreducible since p is irreducible. O

Definition 54. ([22]) Two irreducible projective representations p1 and p2 of H are

conjugate if ps ~ p(g)
representations.

7

for some g € G, where "~7 denotes linear equivalence of
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Lemma 55. (/22]) Let p be an irreducible projective representation of H with the
factor set w and let I, = {g € G|p(9) ~ p}. I, is a group called the inertia group
of p and F, = 1,/H ‘is called the inertia factor of p.

Theorem 56. (/22]) Let p,w, 1, be as in Lemma 55 Then there is an irreducible
projective representation p of I, with some factor set o such that

(i) p(g)p(R)p(g)~" = p9(h);
(ir) p(h) = p(h);
(1i1) p(h)p(g) = w(h,g)p(hg), for allge I, h € H.

Proof. By definition of I,, there is some matrix p'(g) such that p'(g)p(h)p'(g)~! =
p9(h) for all g € I,,h € H.

Let g1,92 € G. We have p/(g1g2)p(h)p' (9192) ™" = p'9192) (h) =
= 0'(91)0 (92)p(R) (0 (91)0(92)) " = p'(91)0' (92)p(h)p' (92) "' p'(91) " for all h € H.

So p'(9192) "0 (91)0' (92)p(R) = p(h)p (g192) " P’ (91)0' (g2)-

By Schur lemma, since p is irreducible, there is an element o/(g, g1) # 0 in € such
that p'(g192) ' 0'(91)0'(92) = 0" (9, 91)I = p'(91)p'(92) = 0" (9, 91) (9192), Where o’
is some factor set of I,.

Since e € H, we may take p/(e) = I, and we have proved that p’ is a projective
representation of G.

Now choose a set {xl, To,... ,:cn} of right coset representatives of H in I, and
define

(3.8) p(hai) = w(h, )~ p(h)p'(x:) (p(h) = p(h)

forallhe Hyi=1,...,n

It is easy to check that p is a projective representation of I, with some factor set
o satisfying (i) and (i¢). The fact that p is irreducible follows as in the linear case
([6])

Further, by (3.1), p(h(h1z;)) = p(hhix;) =
= w(hhi, x;) " w(h, ha) " p(h)p(ha)p' (x:) = p(R)w (R, b))~ w(hha, @)~ p(ha)p' (2:) =
= p(h)w(h, hia1) " wlhe, )~ p(ha)p (2:) = w(h, hazn) = p(h)p(ha;).

We obtain p(h)p(g) = w(h, g)p(hg) for all g € I,,h € H. O

(hhhxz) p(hh)p (z;) =

Lemma 57. (/22]) If w and o are the factor sets defined in Theorem 56, the factor
set wo™t of I, satisfies wo ™t (hg, hig1) = wo 1 (gg1) for all g,g1 € I,,h,hy € H.

Proof. By Theorem 56, (iii), ~(hg)N(hlgl) = o(hg, h1g1)p(hghig1) =
= o(hg, higi)w(hghig™", gg1) " p(hgh1g~")p(gg1)

But p(hg)p(hig1) = w(h, g) " p(h)p(g)w (b1, g1) " p(h1)p(g1) =
= w(h, g)" w(h, g1) " p(R)p(9)p(h1)p(g1) =
= w(h,g) " w(hy, g1) " p(h)p\9 (h1)p(9)p(g1) =
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= w(h, g) " w(h, g1) " p(h) fu(g, h1)p(ghig™ ) p(g)p(g1) =
= w(h,g)" w(h, g1)” lfw(gvhl) (h)p(ghig~")p(g)p(91) =
= w(h,g) " w(h, g1) " fo, (g,hl) (h, gh1g~)p(hghig=")o (g, 91)p(g991) =

= o(g,g1)w(h, g) " w(h1, g1)~ fw(g,hl) (h, gh1g™)p(hgh1g™")p(gg1)
Thus o(g, g1)w(h, ) w(hi,91) " fu(g, hi)w(h, gh1g™") =

= o(hg, h191)w(h9h19 Lgg) =

= a(g,91)w(h, g) " 'w(hi, g1) w(g, h1)w(ghig™", g) 'w(h, ghig™") =

= o(hg, hig1)w(hghig™t, g91) =

(3.9) w(hghig™t, gg1)o(hg, hig1) ‘w(g, h1)w(h, ghig™") =

w(h, g)w(hi, g1)w(ghig™t, g)o(g, g1) "

By Definition 1, w(h, gh1g~ )w(hgh1g™t, gg1) = w(h, gh19g~ gg1)w(gh1g™t, gg1) =
= w(h, ghig1)w(ghig™", gg1)
So, by Definition 1, (3.1) becomes w(g, h1)w(h, gh1g1)w(gh1g~ ", gg1)o(hg, h1g1) ™! =
= w(h, g)w(h1, g1)w(ghig™", g)o(g,91) " =
= w(g, h1)w(h, g)w(hg, hig1)w(g, h1g1) *w(ghig™", gg1)o(hg, higr) ™t =
= w(h, g)w(h1, g1)w(ghig™", g)o (g, 91) " =
= w(g, h1)w(g, hig1) 'w(ghig™", gg1)lw(hg, higr)o(hg, higi)] ™ =
= w(h1, g1)w(ghig™", g)o(g,91) " =

(3.10) w(g, h1)w(g, hig1) 'w(ghig™", gg1)w(g, g1)w(hg, higi)o(hg, hig) ' =

= w(h1, g1)w(ghig™, 9)w(g, g1)o (g, 91)

To verify the relation in Lemma 57, it is sufficient to show that

(3.11) w(g, h)w(g, higr) 'wlghig™", gg1)w(g, g1) = w(h1, g1)w(gh1g™ ", ),

since (3.1) holds.

Relation (3.1) is equ1valent with w(g, h1)w(ghi ,ggl)w(g,gl) =
= w(h1, g1)w(g, higr)w(ghig™, g) <= w(g, hl)w(ghlg L gw(ghig™tg, g1) =
= w(h1, g1)w(g, higi)w(ghig™t, 9) <= w(g, h)w(ghig™, g)w(ghi, g1) =
= w(h1, g1)w(g, higi)w(ghig™', 9) <= w(g, h)w(ghi, 91) = w(h1, g1)w(g, h1g1), which
is true by Definition 1 i). O

4 Projectively equivalent representations of particular
groups

4.1 Direct products of cyclic groups of the same order

Let G be a cyclic group of order n. It is a consequence of Theorem 2.3.1, [13] that
H?(G,C*) = 1. Hence by Lemma 26 (ii) every projective representation of G is
projectively equivalent to a linear representation. The following is a direct proof of
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this fact. Let w be a factor set of G in C and let p be a projective representation
of G with the factor set w. If x is a generator for G, then p(z)" = p(z)l, where
I is the identity matrix and p(z) = w(z, r)w(z?, 2) ... w(z" !, z). For each x € G,
fix A(x) € C* such that A\(z)" = u(z)~! and define p/(x) = A(z)p(x) for all z € G.
Then (p'(z))" = AMx)"p(x)" = u(z) *u(x)I = I, so p is a linear representation of
G which is projectively equivalent to p. In what follows, G will denote the direct
product < z; > X ...x <, > of m cyclic groups of order n.
We fix a factor set w of G in C and put

ﬁ(%]) = w(‘rivxj)w_l(xjvxi)v 1<i< .] <m

Replacing w by an equivalent factor set, if necessary, we may assume that p(i) = 1
for all i« = 1, m and that (4, ) is an n-th root of 1.

We introduce the following notations:

If n is odd, let P and @ be the n x n matrices defined by

o 1 0 0 ... O 0O € 0 0 ... 0
o o 1 0 ... 0 0 0 & 0 0
P=1 ... ... ... ... ... ... 1],Q=
0 0 0 0 1 0O 0 0 O g1
1 0 0 O 0 1 0 0 0 0
0 6 0 0 ... 0
0o 0 & 0 ... 0
If n is even, let P be defined as above and (Q = .
0 0 0 0 §2n=3
=0 0 0 0

where § is a primitive 2n-th root of 1 such that 62 = . Put

n— P*1Q, if nis odd
T\ 6P"1Q, if nis even

If m is even, say m = 2k, set
Ei=R®R®..QRP®RI®...®1

Fii=ROR®..QRQ®I®...0I, i=1k

where P and () appear in the i-th position and each tensor product has k factors
(here I denotes the identity matrix).
If m is odd, say m = 2k + 1, let

Esi1 =R®R®...® R (k factors)
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Theorem 58. ([13]) Let w be a factor set.

(i) If m = 2k is even, then the map p: G — GL(n*,C) defined by p(x;) = E;,i =
1,m s the only up to linear equivalency irreducible projective representation
of G with the factor set w.

(ii) If m = 2k + 1 is odd, then G has precisely n irreducible linearly nonequivalent
projective representations with the multiplier w, namely

G — GL(n*,C)
T; —> EjEi

(j=0n—1,i=12k+1)

Proof. A straightforward calculation shows that p and pj, where p;j(z;) = e E;,
j = 0,n — 1 are projective representations of G with factor set w for the cases (i)
and (ii).

Furthermore, the representations p; are inequivalent. Indeed, for all j = 0,n — 1,

(c?jEl)n_l(6jEk+1)(€jE2)n_1(€jEk+2) . (€jEk)n_1(€jE2k)(€jE2k+1)n_l =

0 §

k=€ I k.

Thus the element f?_lfk+1fg_1§k+2 .. .fz_lfgkfggjl of C¥G if n is odd
(respectively, 5kf?_1fk+1 Ty J:I if n is even) is represented by a distinct scalar
matrix for each j = 0,n — 1, which shows that the p; are linearly inequivalent.

We now claim that in the case (i), 1 is the only w-regular element of G, while in
case (ii) there are exactly n such elements. Once this is established the result will
follow in view of these considerations:

Suppose that in case (i), 1 is the only w-regular element of G. By Theorem 3.6.7,
[13] we conclude that C*G = M,4(C) for some d > 1. Comparing the C-dimensions
of both sides yields C*G = M, (C) which establishes the case m = 2k.

Suppose that in case (ii) there are exactly n w-regular elements of G. By Theorem
7.9.5 (i), [13], all irreducible projective representations of G with the factor set w
are projectively equivalent and hence have the same dimension. By Theorem 3.6.7,
[13], C¥G = M,x(C) x ... x M, x(C) (n factors) and therefore we are left to sustain
our claim.

Let p be a projective representation of G with the factor set w and let p(z;) =
€;,7 = 1,m. Then we must determine the number of elements a = ezll .. .6;::, where
1<k <ky<...<k <m,0<w; <n-—1,i=1rsuch that e; 'ae; = a,i = I, m.

In particular, we must have e,;,laeki =a,i=1,r.

A straightforward calculation shows that e,;_l aey, = 5(“’1*'“*”Fl*“’”ﬁ'“*w)a, 1=
1,7 and thus we must have AX = 0(mod n), where A is the r X r matrix
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1 1 1 0
1 1 0 -1

and X! = (wq,...,w,). An easy calculation shows that
o -1 ... -1 -1

0, if r is odd

detA = { (_1)>\, if r =2\ is even

If therefore follows that if r is even, then the only solution is the trivial solution
w); =wy = ... =w, = 0. On the other hand, if r = 2\ + 1 is odd, the system of
linear congruences above reduces to w; = —wy = w3 = ... — wo) = wort1(mod n).

The conclusion is that if l’:ll ... xp" is a w-regular element, it must be of the form

1‘};156];; .. m,;’;lx}'cr, 1=0,n—1.

But for k # k; we must also have e,;laek =a.

If k # k; for i = 1,r and we put ko = 1,k.1 = m, then k > k; and k < kjq1
for some j = 0,7+ 1 and e ‘aey = @it Hwimi—wini——wr)g = Fig for suitable
1 =0,n — 1. In other words, if » < m, then ¢ = 0. Consequently, if m = 2k is even,
1 is the only w-regular element and if m = 2k + 1 is odd, the w-regular elements of
G are given by xiz," . ..x;,fa:ék+l,i =0,n—-1

Thus we have sustained our claim and the result follows. O

In what follows G will denote the group in Theorem 58 and n = 2k is even.

10 0 1 0 —i 1 0
LetA-(O 1>,B—<1 0>’C_<—i 0 >,D—<0 _1>andf0r

i=T1,¢let My 1=DOD®..QDRBRA®...® A
Myy=DD®..DRCRAR...®A
Myt =DD®.. D D®D®...®D be tensor products, where B and C
are in the ¢-th position and each product has t factors. If m = 2¢ and ¢ is a primitive
n = 2k-th root of 1, for i = 1,m and 0 < \; < k, define PO, ) (9i) = e M;.

Theorem 59. ([13]) The following properties hold:

(i) If m = 2t is even, then G has precisely k™ linearly nonequivalent irreducible
projective representations with factor set w, namely G — GL(2¢, C),
9i = POusre) (90),0 S N < ki =T, m.

(ii) If m = 2t + 1 is odd, then G has precisely 2k™ linearly nonequivalent irre-
ducible projective representations with the factor set w, namely G — GL(2¢, C),
gi > P00, ) (91),0 SN < ki =1,m.

Proof. An easy calculation shows that the formulas of (i) and (ii) define projective
representations with the factor set w of G and that these representations are linearly
inequivalent. Applying the argument employed in the proof of Theorem 58, it is
sufficient to show that if m is even, then there are exactly (%)™ w-regular elements
in G, while in the case where m is odd the number of such elements is 2(5)".
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Let p be a projective representation of G with the factor set w and let p(g;) =
ei,i = 1,m. A straightforward calculation shows that if r is even, then g,‘;‘ll e gg‘:
is w-regular if and only if a; = 0 (mod 2), that is a; = 0,n — 2. If r is odd and
a= egll ...eg:, then el;_laeki = a,i = 1,7 implies that a; = ay = ... = a, (mod 2).

If s # k; for any i = 1,7, then e laes = a implies that a; + ... + o, = 0 (mod
2) or ra,, =0 (mod 2).

Because r is odd, the latter implies that a, = 0 (mod 2). Consequently, if r is

odd and r < m, then gg‘ll -+ gpr is w-regular if and only if aq = 0,2,3,...,n — 2.
Hence, if m is even, the w-regular elements are g7 ... g%, where a; = 0,2,...,n—2,
i = 1, m, proving that there are exactly (5)™ w-regular elements in G.

Finally, if m is odd, the w-regular elements are g{"* ... g%, where a; = 0,2,...,n—
2,i=1,mand o; = 1,3,...,n — 1, proving that there are exactly 2(5)™ w-regular
elements in G. [

4.2 Dihedral groups

Let D,, be the dihedral group of order 2n defined by D, = (a,b| a™ = 1,b* =
1,bab~!' = a~'). Let ¢ be a primitive n-th root of 1 and let w: D,, x D,, — C* be
defined by w(a’,a’t*) = 1 and w(a’b,a’V*) = &7 for all i,j =0,n — 1 and k =0, 1.

. n e 0 01
If n is even, for each r € {0,...,5} put A, = ( 0 et ),Br = < 10 >
and let p,: D,, — GL(2,C) be defined by p,(a’t/) = ALB},i,j =0,n — 1.
Theorem 60. ([13])

(i) If n is odd, then every projective representation of D, in C is projectively
equivalent to a linear representation.

(ii) Suppose that n is even. Then for a factor set w of Dy, the following properties
hold:

(a) p1,p2,--- s pnare all linearly nonequivalent irreducible projective repre-
sentations of D, with the factor set w.

(b) There are exactly § w-regular classes of Dy, namely {1}, {a, a_l}, {ag, a_Q}, ...

{a%_l,a_%“‘l}.

(c) The elements zp = 1 and z; = a' + 'a=i,1 < i < 5 — 1 constitute a
C-basis for the center of C¥D,,.
(d) Every irreducible projective representation of D, is either projectively

equivalent to a linear representation or projectively equivalent to a projec-
tive representation p; with the factor set w for a suitable i € {1, ey %}

(iii) For any factor set B of D, in C either C®D,, = CD,, orn is even and C?D,, =
C“D,,
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Proof. (i) This is a consequence of Proposition 4.6.4, [13].

Let 8 be a factor set of D,, and let be a projective representation of D,, with
the factor set 3. Then there are \,u,v € C* such that (p(a))® = M, (p(b))? =
ul, p(b)p(a)p(b)~" = vp(a)~.

Replacing p(a) by /\_%p(a) and p(b) by u_%p(b) if necessary, we may assume
that

(4.1) (p(@))" = L. (p(8))* = I, p(b)pla)p() " = vp(a)~*

Raising the third equality to the n-th power and taking into account the first and the
second equalities, we deduce that v™ = 1. Hence v = ™ for some positive integer
m. If k is a positive integer, then replacement of p(a) by e ¥p(a) does not change
the first two equalities of (4.1) and the third becomes

(4.2) p(b)p(a)p(b)" =™ *p(a)™

Since n is odd, (¢2) = (¢) and hence €™ = £2* for some k > 1. Choosing the k above,
we finally obtain from (4.1) and (4.1), (p(a))® = I, (p(b))? = I, p(b)p(a)p(b)~! =
p(a)~! and the desired assertion follows.

(ii) Observe that if m of (4.1) is even, then p is projectively equivalent to a
linear representation. In case m is odd, v is a primitive n-th root of 1 and hence
we may replace v by € in (4.1). Thus if p is not projectively equivalent to a linear
representation, then up to projective equivalency, the matrices p(a) and p(b) satisfy
the following equalities:

(4.3) (p(@))" = L, (p(b))? = I, p(b) p(a)p(b) " = ep(a)~*

In particular, if we put p(a) = A, and p(b) = B,, then a straightforward calculation
shows that A, and B, satisfy (4.1); hence for each r € {1, e %}, pr 18 & projective
representation and in fact an easy calculation shows that each p, is a projective
representation with the factor set w.

Observe that a2 € Z(D,) and that w(a?,b) =1 and w(b,a2) = e2 # 1. Hence
a? is not w-regular, so w is not a coboundary. It follows that all irreducible projective
representations with the factor set w of D, have degree > 2 and therefore each p,
is irreducible. By looking at the restriction p, to (a), it follows that pq,... ,pn are

n

2
linearly nonequivalent. Since z:(degpi)2 = 2n = |D,|, we conclude that p1,..., pz
i=1
are all linearly nonequivalent irreducible projective representations of D,, with the
factor set w, proving (a).
By Theorem 6.7, [13], D, has exactly § w-regular classes. Note that for each
1€ {1, N 1}, ba'b~! = a~? # a' for otherwise a? = 1, so (a*)? = 1, contrary

to the fact that a? is the only element of order 2 in (a). It follows that for each

sk sk sk ok sk ok sk s ok sk sk ok s ok sk sk ok sk sk sk s ok sk sk ok s sk sk sk ok sk sk sk sk ok sk sk sk sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 15 (2020), 425 — 458
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v15/v15.html
http://www.utgjiu.ro/math/sma

454 Tania Luminita Costache

i € {1,...,% =1}, C(a’) = (a). Since for all z € (a),w(a’,z) = w(z,a’) = 1 each

a', i€ {1, ce %} is w-regular, proving (b).
It follows from (a) that dimg Z(C*D,) = 5 and therefore we need only verify

that for all 7 € {1, ce G — 1}, b(ﬁ + siﬁ)g_l = @ + e'a=". The latter being a
b-at

consequence of the equalities (@)’ = af and b = el (0<i<n-1), (¢
follows.

Finally, (d) is a consequence of the isomorphism H?(D,,, C*) & Zs (which may
be deduced from (4.1) or from Proposition 4.6.4, [13]), Lemma 26, (ii) and (a).

(iii) Suppose that f is a factor set of D,, in C such that CPD,, 2 C€D,,. Then
f3 is not a coboundary and by (i), n is even. Since H?(D,,C*) = Zs and w is not
a coboundary, we conclude that w is cohomologous to 8. The desired conclusion
follows by appealing to Lemma 20, (ii).

O]

4.3 Symmetric groups

Let S, be the symmetric group of degree n. Then S, is generated by the transpo-
sitions

t1 = (12),t2 = (23),...,tn—1 = (n — 1 n) with the defining relations #? =
(titj41)® = (tts)? =1,1<i<n—1,1<j <n—2,7r < s—2. The last equality can
be rewritten as t,.ts = tst,.

Theorem 61. [15/

(i) If n < 4, then every projective representation of Sy is projectively equivalent
to a linear representation.
(ii) Suppose that n > 4. Then the following properties hold:

(a) Every projective representation of Sy, is projectively equivalent to a repre-
sentation p satisfying

(4.4) p(ti)® = ML, (p(t)p(ti11))* = AL, p(t:)p(ts) = Ap(ts)p(t,)

where A = 1. In the case A =1, p is a linear representation of Sy,.

(b) For each partitionn = ni+mna+...+ng of n withny >ng > ... >ng >0
there is a projective representation p such that

n—k n! n; — n;
degp = 2[7} B E— 2’
niing:...Ng! 1§i<j§kn’ + n;
where [%_k] 1s the largest integer < ”7_'“ Furthermore, p satisfies (4.1) for
A= —1 and p is not projectively equivalent to a linear representation.
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Proof. (i) If n < 4, then all Sylow p-groups of S,, are cyclic and hence by Corollary
2.3.25, [13], H?(S,,C*) = 1. The desired conclusion follows by Lemma 26, (ii).

(ii) Let I" be a projective representation of S,, and let I'(¢;) = A;. Then there
are a;,b; and ¢, in C* such that

(4.5) A2 =q ], 1<i<n-—1
(4.6) (AjAj41)° =b; 1,1 <j<n—2

(4.7) Ay As = crsAgAp,m < 5—2
From (4.1) A, A;A-! = ¢,5A, and squaring both sides gives
(4.8) 2, = 1.

Let t, = (r r+1)and ts = (s s+1), where s > r+1. Then r,7+1,s,s+1 are four
distinct elements. Let ¢, = (r' ' + 1), ¢, = (s’ s+ 1) and let t € S,, be defined by
[ el s sl o o
t= { S R AV B Then tt,t7" =1, and ttst7 =t and
so setting I'(t) = A, we obtain

(4.9) AA AT = cA,, AA AT = dA,

for some ¢,d € C*. From (4.1) it follows that AA,A™1AA,A™ = ¢, ,AA,ATTAA AL,
Invoking (4.1), we therefore deduce that cdA, Ay = cde,s Ag Ay or A Ay = s Ag Ay,
which in view of (4.1) implies that ¢, = ¢pg.

Thus by (4.1), all the ¢,5 are equal to A = £1. From (4.1) it follows that
AjAj 1 Aj =Dy AJ_HA 1Aj_&1 and squaring both sides gives

(4.10) AjA; 1 ATA 1Ay = AL ATTAT AT AT adag i = bi(agad,) T b) = adaly,
Since we may replace each A; by its scalar multiple, the elements a; of C* can

be chosen arbitrarily. Setting a; = as = ... = a,—1 = A it follows from (4.1)

that b; = &1. Replacing I' by a projectively equivalent representation p such that

p(tl) = Al,p(tg) = A\b1As, ( ) = blbgAg,p(t4) = Ab1bobgAy, ... it follows that

p(ti)? = AL (p(ty)p(tj41))* = AL, p(tr)p(ts) = Ap(ts)p(ty) proving (ii) (a). For the

proof of (ii) (b) we refer to the original paper of Schur [26]. O
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