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APPROXIMATION OF FIXED POINTS OF ASYMPTOTICALLY
PSEUDOCONTRACTIVE MAPPINGS IN BANACH SPACES

YEeoL JE CHO, DAYA RAM SAHU, JONG SO0 JUNG

ABSTRACT. Let T be an asymptotically pseudocontractive self-mapping of a non-
empty closed convex subset D of a reflexive Banach space X with a Gateaux differ-
entiable norm. We deal with the problem of strong convergence of almost fixed points
Tn = pnT"Tn + (1 — pn)u to fixed point of T. Next, this result is applied to deal
with the strong convergence of explicit iteration process zp41 = vp41(anT"zn+(1—
an)zn) + (1 — vpt1)u to fixed point of T’
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1. Introduction

Let D be a nonempty closed convex subset of a real Banach space X and let T :
D — D be a mapping. Given an xg € D and a t € (0, 1), then, for a nonexpansive
mapping T', we can define contraction Gy : D — D by Gix = tTax+ (1 —t)xg,z € D.
By Banach contraction principle, Gy has a unique fixed point z; in D, i.e., we have

Ty = tTJ?t + (1 — t)l‘o

The strong convergence of path {z:} as t — 1 for a nonexpansive mapping 7" on a
bounded D was proved in Hilbert space independently by Browder [2] and Halpern
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[7] in 1967 and in a uniformly smooth Banach space by Reich [10]. Later, it has
been studied in various papers (see [12], [14], [15], [23], [28]).

The asymptotically nonexpansive mappings were introduced by Goebel and Kirk
[4] and further studied by various authors (see [1], [6], [7], [12], [17], [19], [21], [22],

[24], [25], [27]).
Recently, Schu [20] has considered the strong convergence of almost fixed points
Ty = A"z, of an asymptotically nonexpansive mapping 7 in a smooth and

reflexive Banach space having a weakly sequentially continuous duality mapping.
Unfortunately, Schu’s results do not apply to L? spaces if p # 2, since none of these
spaces possess weakly sequentially duality mapping.

The object of this paper is to deal with the problem of strong convergence of the
sequence of almost fixed points defined by the equation

(1) T = pnT @y + (1 — pn)u

for an asymptotically pseudocontractive mapping 7" in a reflexive Banach space with
the Gateaux differentiable norm. In particular, Corollary 1 improves and extends
the results of [12], [14], [16], [20] and [23] to the larger class of asymptotically pseu-
docontractive mappings. Further, we deal with the problem of strong convergence
of the explicit iteration process

Znt1 = Unt1(@nT" 2 + (1 — an)xn) + (1 — vpg1)u

by applying Corollary 1.

It is well known that the Mann iteration process ([13]) is not guaranteed to con-
verge to a fixed point of a Lipschitz pseudocontractive defined even on a compact
convex subset of a Hilbert space (see [10]). In [11], Ishikawa introduced a new
iteration process, which converges to a fixed point of a Lipschitz pseudocontractive
mapping defined on a compact convex subset of a Hilbert space. Schu [22] first
studied the convergence of the modified Ishikawa iterative sequence for completely
continuous asymptotically pseudocontractive mappings in Hilbert spaces. Schu’s
result has been extended to asymptotically pseudocontractive type mappings de-
fined on compact convex subsets of a Hilbert space (see [4], [15]). In application
point of view, compactness is a very strong condition. One of important features
of our approach is that it allows relaxation of compactness.

2. Preliminaries

Let X be a real Banach space and D a subset of X. An operator T': D — D is
said to be asymptotically pseudocontractive ([24]) if and only if, for each n € N and
u,v € D, there exist j € J(u —v) and a constant k,, > 1 with lim, . k, = 1 such
that

(T — T 0, ) < knllu—vl|?

where J : X — 2% is the normalized duality mapping defined by
J(u) = {j € X" : (u,j) = Jul® |51 = [lull}-

The class of asymptotically pseudocontractive mappings is essentially wider than
the class of asymptotically nonexpansive mappings (T : D — D for which there
exists a sequence {kyn} C [1,00) with lim,,_, kn = 1 such that

IT"u =T < knflu = wv]|
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for all u,v € D and n € N). In fact, if T is an asymptotically nonexpansive
mapping with a sequence {k,}, then for each u,v € D, j € J(u —v) and n € N,
we have

(T"u—T"v,5) < |T"u =T |||u—vl| < knflu— o]

The normal structure coefficient N(X) of X is defined ([2]) by
diamD
TDD

NX)= : D is a nonempty bounded convex subset of X

with diam D > O},

where rp(D) = inf,ep{sup,cp ||z — y|} is the Chebyshev radius of D relative to
itself and diamD = sup, ,cp ||z — y|| is the diameter of D. The space X is said to
have the uniformly normal structure if N(X) > 1.

Recall that a nonempty subset D of a Banach space X is said to satisfy the
property (P) ([12]) if the following holds:

(P) x €D = w,(z)CD,
where w,, (x) is weak w-limit set of T at z, i.e.,

{y € C: y = weak —lim T™ x for some n; — co}.
J

The following result can be found in [12].

Lemma 1. Let D be a nonempty bounded subset of a Banach space X with uni-
formly normal structure and T : D — D be a uniformly L-Lipschitzian mapping
with L < N(X)I/Q. Suppose that there exists a nonempty bounded closed convex
subset C of D with property (P). Then T has a fized point in C.

A Banach limit LIM is a bounded linear functional on ¢°° such that

liminft¢, < LIMt, <limsupt,
and
LIMt, = LIMt, 1

for all bounded sequence {t,} in ¢*°. Let {x,} be a bounded sequence of X.
Then we can define the real-valued continuous convex function f on X by f(z) =
LIM]||z, — z||? for all z € X.

The following Lemma was give in [8].

Lemma 2 [8]. Let X be a Banach space with the uniformly Gdteauz differentiable
norm and u € X. Then

flu) = inf £(2)

zeX
if and only if
LIM(z,J(xn —u)) =0
for all z €X, where J : X — X* is the normalized duality mapping and (-, ) denotes
the generalized duality pairing.
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3. The Main Results

In this section, we establish strong convergence of sequence {x,} defined by
the equation (1) in a reflexive Banach space with uniformly Gateaux differentiable
norm.

Suppose now that D is a nonempty closed and convex subset of a Banach space
X and T : D — D is an asymptotically pseudocontractive mapping (we may always
assume ky, > 1 for all n > 1). Suppose also that {\,} is a sequence of real number
in (0,1) such that lim, . A, = 1.

Now, for v € D and a positive integer n € N, consider a mapping 7, on D
defined by

An An
Thx = (1 - E)qu ET":L’, xeD.
In the sequel, we use the notations F(T') for the set of fixed points of T" and p,,
for 2=
kﬂ,

Lemma 3. For each n > 1, T, has exactly one fized point x,, in D such that

T = T @y + (1 — pp)u.

Proof. Since T, is a strictly pseudocontractive mapping on D, it follows from Corol-
lary 1 of [5] that T,, possesses exactly one fixed point x,, in D.

Lemma 4. If the set
Gu,Tu)={z €D : (T™u—wu,j) >0 for all j € j(x —u), n> 1}

is bounded, then the sequence {x,} is bounded.

Proof. Since T is asymptotically pseudocontractive, for j € J(x,, — u), we have
(pn(T"xy —u) + pn(u — T"u), 7) < Apl|2n — u||2,

which implies

1—A
(T"u = u, j) > —"on — ull®
fn,
since pn (T™x, —u) = x, —u. If z # 0, we have
(T"u—u,j)>0
and it follows that z,, € G(u,Tu) for all n > 1 and hence {z,} is bounded.

Before presenting our main result, we need the following:

Definition 1. Let D be a nonempty closed subset of a Banach spaces X, T : D —
D be a nonlinear mapping and M = {z € D : f(z) = min.ep f(2)}. Then T is said
to satisty the property (S) if the following holds:

For any bounded sequence {z,} in D,
(8) lim ||z, — Tay,|| = 0 implies M N F(T) # 0.
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Theorem 1. Let D be a nonempty closed and convex subset of a reflexive Banach
space X with a uniformly Gateaux differentiable norm, T : D — D be a continuous
asymptotically pseudocontractive mapping with a sequence {k,} and {\,} be a se-

quence of real numbers in (0,1) such that lim, oo A\, = 1 and lim,,_, kk%)\l =0.

Suppose that for uw € D, the set G(u,Tu) is bounded and the mapping T satisfies
the property (S). Then we have the following:

(a) For each n > 1, there is exactly one x, € D such that
Tn = T Tn + (1 — pin)u.

(b) Iflimp,—co ||zn — Txyn|| = 0, then it follows that there exists the sunny non-
expansive retraction P from D onto F(T) such that {x,} converges strongly
to Px.

Proof. The part (a) follows from Lemma 3. So, it remains to prove part (b). From
Lemma 4, {x,} is bounded and so we can define a function f: D — R* by

f(z) = LIM |z, - 2|

for all z € D. Since f is continuous and convex, f(z) — oo as ||z|| — oo and X is
reflexive, f attains it infimum over D. Let zg € D such that f(z9) = min.cp f(2)
andlet M = {z € D : f(x) = min,ep f(z)}. Then M is nonempty because zg € M.
Since {z,,} is bounded by Lemma 4 and T satisfied the property (S), it follows that
M N F(T) # 0. Suppose that v € M N F(T). Then, by Lemma 2, we have

LiM{x —v,J(z, —v)) <0
for all x € D. In particular, we have
(2) LIM {u —v,J(z, —v)) < 0.
On the other hand, from the equation (1), we have

1_/~Ln(

(3) Ty — T 2y = (1 — Nn)(u —T"z,) = [in

U— Tp).

Now, for any v € F(T'), we have

(X — T @, J(xn —v)) = {xp — v+ Thv — T 2y, J(z, —v))
~(kn = Djn —vf|?
—(kp —1)K?

V

v

for some K > 0 and it follows from (3) that

(Xn —u, J(xy, —0)) < wKQ.

k=
Hence we have

4) LIM(zy, —u,J(x, —v)) <0.
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Combining (2) and (4), then we have

LIM (z,, — v, J(x, —v)) = LIM||z, —v||* <0.
Therefore, there is a subsequence {x,,, } which converges strongly to v. To complete
the proof, suppose there is another subsequence {z,, } of {z,} which converges

strongly to y (say). Since lim, o ||2n — TZn|| = 0 and T is continuous, then y is
a fixed point of T'. It then follows from (4) that

(v —u,J(v=y)) <0

and
<y—u,J(y7v)> SO

Adding these two inequalities yields
(v =y, J(v—y))=lv-y[*<0

and thus v = y. This prove the strong convergence of {z,} to v € F(T). Now we
can define a mapping P from D onto F(T') by lim,,_,oc 2, = Pu. From (4), we have

(u— Pu,J(v—Pu)) <0

for all w € D and v € F(T). Therefore, P is the sunny nonexpansive retraction.
This completes the proof.

Remark 1. The assumption of A\, such that A\, € (%, 1) with k,, < 22, implies

pp—
limy, o0 % =0 (see Lemma 1.4 of [16]).

Next, we substitute the property (S) mentioned in Theorem 1 by assuming that
T is uniformly L-Lipschitzian in Banach space with the uniformly normal structure
and D does have the property (P) (see [12]).

Corollary 1. Let X be a Banach space with the uniformly Gateauz differentiable
norm, N(X) be the normal structure coefficient of X such that N(X) > 1, D be
nonempty closed conver subset of X. T : D — D be a uniformly L-Lipschitzian
asymptotically pseudocontractive mapping with a sequence {k,} and L < N(X)l/2
and {An,} be a sequence of real numbers in (0,1) such that lim,_.c Ay, = 1 and
limy, 00 k’i"_i\lw = 0. Suppose that every closed convexr bounded subset of D satisfies
the property (P). Then we have

(a) For each n > 1, there is exactly one x,, € D such that
Tn = T Tn + (1 — pin)u.

(b) Iflimp—oo ||zn — Txyn|| = 0, then it follows that there exists the sunny non-
expansive retraction P from D onto F(T) such that the sequence {x,} con-
verges strongly to Px.
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Remark 2. (1) Theorem 1 and Corollary 1 can be applied to all uniformly convex
and uniformly smooth Banach spaces and, in particular, all LY spaces, 1 < p < cc.

(2) As was mentioned in the introduction, Theorem 1 extends and improves
the corresponding results of [12], [14], [16], [20] and [23] to much larger class of
asymptotically pseudocontractive mappings and to more general Banach spaces X
considered here.

If we choose {An} C (0,1) such that limp oo Ay = 1 and limg, o0 2 Hn=l —

(such a sequence {\,, } always exists. For example, taking A, = min{1—+v/k,, — 1,1—
%}), then the following result is a direct consequence of Corollary 1:

Corollary 2. Let D be nonempty closed convexr and bounded subset of a uniformly
smooth Banach space X, T : D —D be an asymptotically nonerpansive mapping
with Lipschitzian constant k,, and {)\ } be a sequence of real numbers in (0,1) such
that im, oo A\, = 1 and lim,,_.oc 22= = 0. Then we have the following:

(a) Forue D eachn >1, there is e:mctly one x, € D such that
Tn = nT"Tn + (1 — pin)u.

(b) Iflimp oo ||2n — Txy|| = 0, there exists the sunny nonexpansive retraction
P from D onto F(T) such that {x,} converges strongly to Px.

We immediately obtain from Corollary 2 the following result (Theorem 1 of Lim
and Xu [8]) with additional information that almost fixed points converges to y,
where y is fixed point of T" nearest point to u.

Corollary 3. Let D be a nonempty closed conver and bounded subset of a uniformly
smooth Banach space and T : D —D be an asymptotically nonexpansive mapping.
Let {\,} be a sequence in (0,1) such that lim, oo A\, = 1 and lim,,—, o kk"j\l =0.
Suppose that, for any x € D, {x,} is a sequence in the defined by (1). Suppose in

addition that the following condition:

lim ||z, —Tz,|| =0
n—oo

holds. Then there exists the sunny nonexpansive retraction P from D onto F(T)
such that {x,} converges strongly to Px.

4. Applications

Halpern [9] has introduced the explicit iteration process {zp+1} defined by zp+1 =
An+171 zy, for approximation of a fixed point for a nonexpansive self-mapping 71" de-
fined on the unit ball of a Hilbert space. Later, this iteration process has been
studied extensively by various authors and has been successfully employed to ap-
proximate fixed points of various class of nonlinear mappings (see [15], [20], [23]).

In this section, we establish some strong convergence theorems for the results of
the explicit iteration process {z,41} defined by

Zntl = vn+1(anTnzn + (1 - an)zn) + (1 - /u'nJrl)u
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by applying the results concerning the implicit iteration process {z, } defined by
T = T @y + (1 — pp)u

of the last section.
First, we shall introduce a definition, which is partly due to Halpern [7].

Let {a,} and {v,} be sequence of real numbers in (0, c0) and (0,1), respectively.
Then ({an}, {vs}) is said to have property (A) ([17]):

(a) {an} is decreasing,
b) {v,} is strictly increasing,
c) there is a sequence {8,} of natural number such that

) {Bn} is strictly increasing,

C
C hmnﬁooﬂn(]- - Un) = 00,

1—Vnisn _
1—v, ~—

-1
-2
c-3
-4 InGntbn — (),

¢ 1-vy

(
(
(
(c-2)

(c-3) limy,— oo
(c-4) limy,— oo

The following lemma was proved in [23]:

Lemma 5 [23]. Let D be a nonempty bounded and convexr subset of a normed
space X, 0 € D, {S,} be a sequence self-mappings on D, {L,} be a sequence of
real numbers in [1,00] such that ||Spx — Spy|l < Ly|lz — y|| for all z,y € D and
n > 1,{\,} C (0,1), {an} C (0,00) be such that ({an},{vn}) has property (A)
and {%:X} is bounded, where v, = A\,/Ly,, and {x,} be a sequence in D such
that T, = vp.Sn(Ty) for alln > 1 and lim, o T, = v. Suppose that there exists a
constant d > 0 such that

[Sm () = Sn (@)l < dlam — an|

for allm,n > 1 and x € D. Suppose also that, for an arbitrary points zo € D, {zn}
is a sequence in D such that z, 11 = vp4150(2n) for alln > 1. Then lim,, o0 2, = v.

Xu [26] has proved that, if X is gq-uniformly smooth (¢ > 1), then there exists a
constant ¢ > 0 such that

(5) [ +ylI” < ll2[|* + q(y, Jo(2)) + e[y

for all z,y € X, where the mapping J; : X — 2X" is a generalized duality mapping
defined by
Jo(z) = {j € X*: (z,5) = l2]|% I7]| = ="}

Typical examples of such space are the Lesbesgue L, the sequence £, and the
Sobolev W) spaces for 1 < p < oo. In fact, these spaces are p-uniformly smooth if
1 < p £ 2 and 2-uniformly smooth for p > 2.

Before, presenting our results, we need the following:

Lemma 6. Let ¢ > 1 be a real number, D be a nonempty closed subset of a g-
uniformly smooth Banach space X, T : D — D be a uniformly L-Lipschitzian and
asymptotically pseudocontractive mapping with a sequence {k,} and {\,} and {c,}
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be two sequences of real numbers in (0,1). Suppose that {G,} is a self-mapping on
D defined by Gpx = ap,T"x 4+ (1 — an)x for all © € D. Then we have the following:

(a) |Gnx — Gpy|| < Lpllz — yl| for all x,y € D and n > 1, where
Ly =[1+4 qan(kn — 1) + cad (1 + L)9)a.
(b) Foruw € D and each n > 1, there is exactly one x,, € D such that
Tn, = VnGp(zn) + (1 — vy)u,

where vy, = Ay /Ly,
(¢) If u =0, then it follows that x,, = —=222—T"x,, for alln > 1.

1—v,(1—ay)

Proof. To prove part (a), set F,, = I —T™, where I denotes the identity operator.
Then, for each n > 1, G, = I — a,F, and ||Fpx — Fry| < (1 + L)||z — y|| for all
x,y € D. Since

(Fo — Fpy, Jy(x —y)) > —(kn — 1)z — y||®
for all z,y € D and n > 1, using (5), we obtain
[Gna = Gryll?
=z —y — an(Frz — Fay)||*
<z =yl — qan(Faz — Fay, Jo(z — y)) + cal, (1 + L)z — yl|?
< 14 gan(kn — 1) + cag (1 + L)z — yl|?.
To prove part (b), for w € D and n > 1, define a mapping T, : D — D by
T,z =v,Gpx + (1 —v,)u, x= € D.

Since v, € (0,1), T, is a contraction mapping on D. Thus, by the Banach contrac-
tion principle, T;, has exactly one z,, € D such that z,, = v, G2z, + (1 — v,)u. This
completes the proof.

The following lemma can be shown by simple calculation:

Lemma 7. Let D be a nonempty closed convex subset of a Banach space X, T :
D — D be an asymptotically nonexpansive mapping with a sequence {ky,} and
{Mn} and {an} be two sequences of real numbers in (0,1). Suppose that {Gy} is
a sequence of self-mappings on D defined by Gpx = ap,T"x + (1 — a)x for any
x € D. Then we have the following:

(a) |Gnz — Gpy|l < knllz —y|| for all z,y € D and n > 1.

(b) Forw € D and each n > 1, there is exactly one x,, € D such that

Tn = /Jnann + (1 - /Jn)ua

where i, = A\p/kn.

We now prove the main result of this section.
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Theorem 2. Let ¢ > 1 be a real number, D be a nonempty closed conver and
bounded subset of a g-uniformly smooth Banach space X, T : D — D be a uniformly
L-Lipschitzian asymptotically pseudocontractive mapping with a sequence {k,} and
L < N(X)2 and {\,} and {an} be two sequences of real numbers in (0,1) such
that lim, oo Ay = 1, limy,_oo 22= = 0 and lim, oo 1;—: = 0, where L, =

Ln—n
1+ qan(kn — 1) 4+ cal(l + L)q]% and v, = Ap/Ly. Suppose that ({an}, {vn})
has property (A), i:i } is bounded and lim,,_, ||yn — T'yn|| = 0 for any bounded
sequence {yn} in D with imy, oo |yn, — T™yn| = 0. Suppose also that, for any

u, 20 € D, {zn} is a sequence in D defined by

Znt1 = Unt1(@nT"zn + (1 — apn)zn) + (1 — vpg1)u.

Then there exists the sunny nonexpansive retraction P from D onto F(T) such that
{zn} converges strongly to Pu.

Proof. Without loss of generality, we may assume that « = 0. For n > 1, set
gm&a—  Then {n,} C (0,1) and 5, = (1 + = (=2=))~! for all n > 1.

= (1—vp)+vna

Since lim,, oo v, = 1 and lim,_. 1;:" = 0, it follows that lim,, .., 7, = 1 and
hence, by Lemma 6 and Corollary 1, the sequence {x,} defined by x,, = n,T"x,
converges strongly to Pu. Let {G,} be a sequence of self mappings on D defined
by

Gn(z) =a,T"x+ (1 —ay)z, z€D.

By Lemma 6, for each n > 1, there is exactly one x,, € D such that x,, = v, G (x,)
and hence z,, = n,T"x,. By Corollary 1, we have that {z,,} converges strongly to
some fixed point of T. Since z, = 17, Gn(2y,) for all n > 1 and |Gy, (z) — Gy ()| <
|am, — an| diam D for all m,n > 1 and x € D. Tt follows from Lemma 5 that {z,}
converges strongly to Pu. This completes the proof.

Remark 3. (1) Theorem 2 extends Theorem 2.4 of Schu [23] to the wider class of
asymptotically pseudocontractive mappings and from a Hilbert spaces to the more
general Banach space X considered here.

(2) Another iteration procedure for uniformly L-Lipschitzian asymptotically
pseudocontractive mapping 7T in a Hilbert space may be found in the work of
Schu [22] with the condition that the given mapping T is completely continuous.

Corollary 3. Let D be a nonempty closed convex and bounded subset of a uniformly
smooth Banach space X, T : D — D be a uniformly asymptotically regular and
asymptotically nonexpansive mapping with a sequence {k,} and {an} be sequence

of real numbers in (0, 1) with lim, oo A\, = 1, limy, 00 ap, = 0, limy, 00 T — 5 =

and lim,, 1—;M = 0. Suppose also that, for any u,zo € D, {z,} is a sequence in
D defined by

Znt1 = tnt1(anT"2zn + (1 — an)zn) + (1 — pn)u, n>1.

Then {zn} converges strongly to some fized point of T.

Remark 4. Schu [19], [21] and Tan and Xu [24] have studied the weak convergence
for the sequence {z,} defined by (the modified Mann iteration process) z,11 =
anT"zp + (1 — ap )z, to fixed point of asymptotically nonexpansive mapping T in
a uniformly convex Banach space with the Fréchet differentiable norm or with a
weakly sequentially duality mapping.
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