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ON THE LARGE PROPER

SUBLATTICES OF FINITE LATTICES

Zhang Kunlun, Song Lixia and Sun Yikang

Abstract. In this present note, We study and prove some properties of the large
proper sublattices of finite lattices. It is shown that every finite lattice L with |L| > 4

contains a proper sublattice S with |S| ≥ [2(|L| − 2)]1/3 + 2 > (2|L|)1/3.
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1 Introduction

In [2], Tom Whaley proved the following classic result about sublattices of lat-
tices.

Theorem 1.1. If L is a lattice with k = |L| infinite and regular, then either
(1) there is a proper principal ideal of L of size k,or
(2) there is a proper principal filter of L of size k, or
(3) Mk, the modular lattice of height 2 and size k, is a 0, 1-sublattice of L.

Corollary 1.2. If L is infinite and regular, then L has a proper sublattice of car-
dinality |L|.

In [4], Ralph Freese, Jennifer Hyndman, and J. B. Nation proved the following
classic result about sublattices of finite ordered set and finite lattices.

Theorem 1.3. Let P be a finite ordered set with |P | = n. Let γ = dn1/3e. Then
either

(1) there is a principal ideal I of P with |I | ≥ γ , or
(2) there is a principal filter F of P with |F | ≥ γ , or
(3) P contains a super-antichain A with |A| ≥ γ.
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Theorem 1.4. Let L be a finite lattice with |L| = n+2. Then one of the following
must hold.

(1) There exists x < 1 with |(x]| ≥ n1/3;

(2) There exists y > 0 with |[y)| ≥ n1/3 ;

(3) Mβ is a 0, 1-sublattice of L, where β = dn1/3e.

The above result gives some lower bound of the large proper sublattices of finite
ordered set and finite lattices, but they are not so good. In this present note, We
give a new lower bound of the large proper sublattices of finite lattices. Our first
main result is that:

Theorem 1.5. Let L be a finite lattice with |L| = n > 4. Then there exists proper
sublattice S ⊂ L with |S| ≥ [2(n − 2)]1/3 + 2 > (2|L|)1/3.

2 Definitions and Lemmas

Let (P,≤) be a poset and H ⊂ P , a ∈ P . The a is an upper bound of H if and
only if h ≤ a for all h ∈ H . An upper bound a of H is the least upper bound of H if
and only if , for any upper bound b of H , we have a ≤ b. We shall write a = sup H .
The concepts of lower bound and greatest lower bound are similarly defined; the
latter is denoted by inf H . Set

M(P ) = {(a, b) ∈ P × P | sup{a, b}andinf{a, b}exist in P}

(x] = {a ∈ P |a ≤ x}; [x) = {a ∈ P |x ≤ a}; [x]P = (x] ∪ [x).

Nx =
⋃

a≥x

(a] ∪
⋃

b≤x

[b).

where x ∈ P .

Definition 2.1. A poset (L,≤) is a lattice if sup{a, b} and inf{a, b} exist for all
a, b ∈ L.

Theorem 2.2. . A poset (P,≤) is a lattice if and only if M(P ) = P

Definition 2.3. If (A,≤) is a poset, a, b ∈ A, then a and b are comparable if
a ≤ b or a ≥ b. Otherwise, a and b are incomparable, in notation a‖b. A chain is,
therefore, a poset in which there are no incomparable elements. An unorderedposet
is one in which a‖b for all a 6= b. (A,≤) is a convex poset if C(P ) = {a ∈ P |a 6=
inf P, a 6= sup P and a 6 ‖ x for all x ∈ P} = ∅.

Definition 2.4. Let (A,≤) be a poset and let B be a non-void subset of A. Then
there is a natural partial order ≤B on B induced by ≤: for a, b ∈ B.a ≤B b if and
only if a ≤ b, we call (B,≤B), (or simply, (B,≤)) a subposet of (A,≤)

Definition 2.5. Let (A,≤) be a poset and let B be a subposet of A. If M(B) =
M(A)∩(B×B) and supB{a, b} =supA{a, b}, infB{a, b} = infA{a, b} for all (a, b) ∈
M(B), then we call (B,≤) a semi− sublattice of (A,≤)

Definition 2.6. A chain C in a poset P is a nonvoid subset which, as a subposet,
is a chain. An antichain C in a poset P is a nonvoid subset which, as a subposet,
is unordered.
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Definition 2.7. The length, l(C) of a finite chain is |C| − 1. A poset P is said
to be of length n (in formula l(P ) = n) where n is a natural number, if and only if
there is a chain in P of length n and all chain in P are of length ≤ n. The width
of poset P is m, where m is a natural number, if and only if there is an antichain
in P of m elements and all antichain in P have ≤ m elements.

We say that A ⊂ P is a super-antichain if no pair of distinct elements of A has
a common upper bound or a common lower bound. Let S ⊂ P

Lemma 2.8. . If P is a convex poset , let x ∈ P , then (x], [x) and [x]P = (x]∪ [x)
are proper semi-sublattices of P .

Lemma 2.9. If P is a convex poset with |P | > 1, let η = maxx∈P |[x]P |, then
|Na| − 1 ≤ 1

2 (η − 1)2 for all a ∈ P .

Proof. Since η be the largest size of a proper semi-sublattice [x]P of P , so that
|[x]P | ≤ η for all x ∈ P . For a ∈ P , if s = |{y ∈ (a]|x ≤ y ⇒ x = y for all x ∈ P}|
and t = |{y ∈ [a)|y ≤ x ⇒ y = x for all x ∈ P}|, then

|Na| ≤ t(η − s − 1) + s(η − t − 1) + 1 = (η − 1)(s + t) − 2ts + 1

where 0 ≤ s+ t ≤ η− 1. A little calculus shows that this is at most 1
2 (η− 1)(η−

1) + 1. Then |Na| − 1 ≤ 1
2 (η − 1)2 �

Lemma 2.10. If P is a finite convex poset with k = (2|P |)1/3 , then either
(1) there is a proper semi-sublattice [a]P of P of size |[a]P | ≥ k, or
(2) P contains a super-antichain of size k.

Proof. . Suppose that (1) fail. We will construct a super-antichain by transfinite
induction. Let |P | = n. For every a ∈ P set

Na =
⋃

x≥a

(x] ∪
⋃

y≤a

[y).

We form a super-antichain A as follows. Choose a1 ∈ P arbitrarily. Given
a1, · · · , am, choose am+1 ∈ P − ⋃

1≤i≤m Nai
as long as this last set is nonempty.

Thus we obtain a sequence a1, · · · , ar where r ≥ dn/( 1
2 (η − 1)2 + 1)e ≥ n/( 1

2η2)

such that {a1, · · · , ar} is a super-antichain. Since r( 1
2η2) ≥ n, either η ≥ (2n)1/3

or r ≥ (2n)1/3, that is. either η ≥ (2|P |)1/3 or r ≥ (2|P |)1/3. �

Definition 2.11. Let (L,∨,∧) is a finite lattice, a ∈ L, it is join-irreducible if
a = b ∨ c implies that a = b or a = c; it is meet-irreducible if a = b ∧ c implies
that a = b or a = c. An element which is both join- and meet- irreducible is called
doubly irreducible, let Irr(L) denote the set of all doubly irreducible elements of L.

3 Main Theorems

Theorem 3.1. Let L be a finite lattice with |L| = n > 4 and P = L \ {0, 1},
C(P ) = ∅. Then one of the following must hold.

(1) There exists proper sublattice S = [a]P ∪ {0} (or S = [a]P ∪ {1}) ⊂ L with
|S| ≥ (2(n − 2))1/3 + 1;

(2) Mk is a 0, 1-sublattice of L, where k = d(2(n − 2))1/3 + 2e.
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Proof. Let P = L\{0, 1}. Note that this makes |L| = n and let η = maxx∈P |[x]P |.
Then by lemma 2.10 we have :

either there is a semi-sublattice [a]P of P of size |[a]P | ≥ (2(n − 2))1/3,
or P contains a super-antichain of size (2(n − 2))1/3.
Observe that [a]∪{0}and [a]∪{1} are proper sublattice of lattice L(for all a ∈ P ).

Thus either there is a proper sublattice S = [a]P ∪ {0}(or S = [a]P ∪ {1}) of L of

size |S| ≥
√

[3]2(n − 2) + 1, or L contains a Mk of size (2(n − 2))1/3 + 2. �

Corollary 3.2. Let L be a finite lattice with |L| = n > 4 and C(L \ {0, 1}) = ∅.
Then there exists proper sublattice S ⊂ L with |S| ≥ (2(n − 2))1/3 + 2;

Theorem 3.3. Let L be a finite lattice with |L| = n > 4 and C(L \ {0, 1}) 6= ∅.
Then there exists proper sublattice S ⊂ L with |S| ≥ 1

2 (n + 3).

Proof. Let a ∈ C(L \ {0, 1}) 6= ∅. Then either a ≤ x or a ≥ x for all x ∈ L. Thus
we have

L = [a]L = (a] ∪ [a).

Therefore
(1) If min{|(a]|, |[a)|} = 2, then we have: max{|(a]|, |[a)|} = n − 1 ≥ 1

2 (n + 3) ;

(2) If min{|(a]|, |[a)|} > 2, then we have: max{|(a]|, |[a)|} ≥ 1
2 (n − 3) + 3 =

1
2 (n + 3).

The proof is complete. �

Proof. [Proof of Theorem 1.5] This proof is obvious from Lemma 2.10 and Theorem
3.3. �

4 the large proper sublattices of finite modular lattices

In the construction of the super-antichain in Lemma 2.10 we started with an
arbitrary element a1. We record this stronger fact in the next theorem.

Theorem 4.1. Let L be a finite lattice with |L| = n > 4 and C(L \ {0, 1}) = ∅,
let P = L \ {0, 1} and η = maxx∈P |[x]P ∪ {0, 1}|. Then every element of L is
contained in a 0, 1-sublattice Mk of L with k( 1

2 (η − 2)2) ≥ n − 2. In particular, if

n − 2 > 1
2 (η − 2)2, then L is complemented.

Proof. This proof is obvious from Lemma 2.8 and Theorem 3.3. �

A simple application is:

Theorem 4.2. Let L be a finite modular lattice with |L| = n > 4. Then L has a

proper sublattice S with |S| ≥
√

2n.

Proof. Let P = L \ {0, 1}.
Case 1. When C(P ) = C(L \ {0, 1}) 6= ∅. the proof is trivial( by Theorem 3.3

).
Case 2. When C(P ) = C(L \ {0, 1}) = ∅. If n − 2 ≤ 1

2 (η − 2)2, then L has a

sublattice S = [a]P ∪ {0, 1} with |S| = η ≥
√

2(|L| − 2) + 2 ≥
√

2n (by Theorem
4.1). So we may assume that n − 2 > 1

2 (η − 2)2, whence by Theorem 4.1, L is
complemented. The result is true for L ∼= Mk, so we may assume that L has height
greater than 2. There is a element b ∈ L \ {0, 1} with |[b]L| = η > 3 (L has height
greater than 2), then there exists a element b′ ∈ [b]L\{0, b, 1}. And we have Nb 6= P
by n − 2 > 1

2 (η − 2)2. Hence there exists a element c ∈ P \ Na. Since c 6∈ Na,
sublattice {0, b, b′, c′1} of L is a pentagon, contrary to our assumption. �



ON THE LARGE PROPER SUBLATTICES OF FINITE LATTICES 89

Definition 4.3. For a finite lattice L , let

λ(L) = max
S∈Sub(L),S 6=L

|S|

Theorem 4.4. Let L be a finite lattice with |L| = n. Then λ(L) = n − 1 if and
only if Irr(L) \ {0, 1} 6= ∅.

Proof. . The proof is trivial. �
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