
Reprints in Theory and Applications of Categories, No. 7, 1971, pp. 1–195.

CATEGORIES AND GROUPOIDS

P. J. HIGGINS

Preface to the TAC Reprint

In 1968, when this book was written, categories had been around for 20 years
and groupoids for twice as long. Category theory had by then become widely
accepted as an essential tool in many parts of mathematics and a number
of books on the subject had appeared, or were about to appear (e.g. [13,
22, 37, 58, 65]1). By contrast, the use of groupoids was confined to a small
number of pioneering articles, notably by Ehresmann [12] and Mackey [57],
which were largely ignored by the mathematical community. Indeed groupoids
were generally considered at that time not to be a subject for serious study. It
was argued by several well-known mathematicians that group theory sufficed
for all situations where groupoids might be used, since a connected groupoid
could be reduced to a group and a set. Curiously, this argument, which makes
no appeal to elegance, was not applied to vector spaces: it was well known that
the analogous reduction in this case is not canonical, and so is not available,
when there is extra structure, even such simple structure as an endomorphism.
Recently, Corfield in [41] has discussed methodological issues in mathematics
with this topic, the resistance to the notion of groupoids, as a prime example.

My book was intended chiefly as an attempt to reverse this general as-
sessment of the time by presenting applications of groupoids to group theory
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and topology which would make clear the advantage and elegance of groupoid
methods. As it happened, between the writing of the book and its publication
(which was delayed by a takeover of Van Nostrand Reinhold) Serre’s notes
[24, 67] on groups acting on trees appeared. They included proofs of the sub-
group theorems of Schreier and Kurosh which in spirit were very similar to
the groupoid proofs in Chapter 14 of my book but were perhaps more easily
assimilated by group-theorists because they involved less preliminary work.
As a result, the acceptance of groupoids as a useful tool in group theory was
further delayed. (In 1976, I gave in [49] an account of the Bass-Serre theory
using the notion of the fundamental groupoid of a graph of groups, and this
work has been followed up recently in Emma Moore’s thesis [63]).

As a graduate student in Cambridge in the early 1950’s, I was much influ-
enced by Philip Hall’s lectures on Group Theory and on Universal Algebra;
these topics were combined in my thesis and in [47]. I knew a little about
groupoids at this time but did not pursue them until 1959 when, listening to
an exposition of the topological covering space proof of the Schreier subgroup
theorem, I realised that the loops at a point, when lifted to the covering space,
formed a category, and that the fundamental group lifted to a groupoid. It
was then clear that the topology was irrelevant to the proof, or at least it
could be reduced to combinatorics by using covering morphisms of groupoids
instead of covering maps of spaces. The proof worked because the theory of
presentations of groups generalised easily to presentations of groupoids, using
generating graphs instead of generating sets. Maria Hasse [15] had the same
idea at about the same time. A simple proof of Kurosh’s Theorem also came
from the same method but, in writing up these results, I was conscious of the
ad hoc nature of some of the arguments concerning free groupoids and presen-
tations of groupoids. The beautiful results of Hall’s universal algebra could
not be used in this context because the operations in categories and groupoids
were not everywhere defined.

To overcome this difficulty and to put the groupoid work on a sound foun-
dation, I set about generalising the Hall-Birkhoff theory so as to include a
class of “many-sorted” algebras. These algebras with a scheme of operators
were essentially partial algebras defined on a family of sets, in which the do-
mains of the operators were specified in advance by combinatorial data. They
included categories and groupoids as well as such classes as modules over vari-
able rings, graded algebras, directed systems of algebras etc. I lectured on
this theory (and its application to categories) at the 1961 British Mathemati-
cal Colloquium and published the results in [48]. This work was later applied
by Birkhoff and Lipton, under the name “heterogeneous algebras”, [30], to
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the theory of automata and state machines, and is still used in that area.
Lawvere’s ground-breaking work [52] on algebraic theories, introducing cate-
gorical methods to the study of general abstract algebra, (the reverse of what
I had done) appeared at about the same time as [48]. An amalgam of the
two approaches was contained in Benabou’s 1966 thesis [29], and this line of
development was continued by many authors using such terms as algebraic
categories, equationally defined categories, monads and triples (e.g. [28, 38,
42, 43, 53, 54, 55, 61]). Eventually the theory encompassed all reasonable
algebraic systems, and certainly all those I have worked on over the years
(Lie structures over modules, cubical complexes with connections, multiple
groupoids, crossed complexes etc.).

The origin of the present book lies, as mentioned in the original Preface, in
my visit to the University of Michigan for the year 1966/67. My papers [16] and
[17] giving the applications of groupoids to the Schreier and Kurosh theorems,
and to a generalisation of Grushko’s theorem, had recently appeared, and I
was asked to lecture on them. The result was a graduate course whose first
semester was on universal algebra and whose second was on categories and
groupoids. Perhaps mistakenly, I decided in conjunction with the Editors,
that the material of the second semester was more suitable than the universal
algebra for the VN Mathematical Studies. I felt that preliminaries should
be kept short, and in any case P.M. Cohn had just published a book [39] on
universal algebra. So, instead, I included specific theorems on the existence of
right limits and left adjoints as the basis for the work on groupoids and rounded
them off as best I could to give a short account of the category theory that
I needed to use. The book was not intended as a systematic exposition of
category theory; its title was chosen partly to make sure that the groupoids in
the title were not mistaken for groupoids in the sense of Bruck (a usage which
was more common at that time and led to many mis-classifications of papers
in Mathematical Reviews!).

In spite of the omission of the universal algebra section of my course,
there are two things the book does owe to Philip Hall’s lectures. The first is
the influence of his general philosophy of algebra, especially the importance
of universal properties and word problems. The second is more tangible: the
book is written using almost exclusively a right-handed notation for operators,
mappings and multiple operations. This was the notation used by Hall in his
lectures and many of his students adopted it in at least part of their work. I
used it in the first semester of my course and therefore also in the second. It
was at that time the most natural notation for me, and there were a number
of mathematicians, mostly algebraists, who were trying to get it adopted as
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standard. So I decided to stick with it for the book. (Regrettably, the right-
hand campaign was not successful, but the notation re-emerges from time to
time when individuals discover its great advantages for themselves.)

The proofs of the Schreier and Kurosh subgroup theorems in Chapter 14
are still, I think, as simple as any in the literature. This chapter also contains
a broad generalisation of Grushko’s theorem which seems to be not very well
known (see Theorem 12, p.123); its proof is along similar lines. In Chapter 15
the same method is applied to colimits of groups rather than free products, and
weaker results hold in this case. In particular, there is a conceptual form of the
theorem of Reidemeister and Schreier deriving a presentation of a subgroup
from a presentation of the containing group (see Theorem 14, p.136). The
case of subgroups of amalgamated free products of groups, first studied by
Hanna Neumann in [64], is discussed at the end of this chapter and a mistake
on this topic in my paper [16] is avoided, giving a correct form (I hope!) of
the corresponding subgroup theorem.

Chapter 16 on homology of groupoids can now be seen as related to
Grothendieck’s important notion of simplicial nerve of a category or groupoid.

The notion of free product with amalgamation of groupoids in [16] strongly
influenced Ronnie Brown to introduce in [5] the fundamental groupoid on a
set of base points, and so to give a van Kampen theorem for unions of non-
connected spaces which allowed the direct deduction of the fundamental group
of the circle, and more. This result appeared too late to be included in the
course, but I added a final Chapter 17 giving a version of it. It was indeed just
the sort of application I had been hoping for – an indication that groupoids
were useful outside algebra. (I was not so aware at the time of the extensive
work of C. Ehresmann on groupoids in differential topology and geometry.)
The reason that groupoids were successful in this case was that they modelled
the geometry of paths more closely than the standard groups: restriction to
groups required the introduction of a single base-point, the choice of which
often had no geometric justification. It is unwise to force the geometry into a
particular mode simply because that mode is more fashionable.

Following discussions with Brown on his van Kampen theorem and on the
result in [35] that double groupoids with connections and one vertex are equiva-
lent to crossed modules over groups, Brown and I embarked on a programme of
constructing higher homotopy groupoids in order to prove higher-dimensional
versions of the van Kampen theorem which would yield non-Abelian informa-
tion not available by standard group methods. The plan was to study the
maps of n-cubes into a space (which have natural operations of gluing, subdi-
viding and collapsing etc.), to determine the algebraic structures which best
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describe the properties of these cubes, and their homotopy classes, and then
to try to use these algebraic models to compute homotopical information in all
dimensions. This collaboration with Brown (involving in this area 11 papers,
1974–2003) and with various students and fellow workers broke new ground
in “higher-dimensional algebra” and its applications to topology. A compre-
hensive account of our main body of work is in preparation in [34]. Brown’s
correspondence on this area in 1982 with Grothendieck stimulated the lat-
ter to writing the increasingly influential ‘Pursuing Stacks’ [46], which makes
good use of groupoids, and is basically in search of non-Abelian homological
algebra.

In order to prove these higher dimensional van Kampen Theorems we
needed not only to develop a new range of appropriate algebra but also to
resort to a different style of proof, avoiding the global retraction argument
used earlier by both of us. Consequently, the higher dimensional van Kam-
pen theorem we proved in [33] specialises to a van Kampen theorem for the
fundamental groupoid π1(X, A) when X is any union of open sets, solving the
problem mentioned on p. 165 of this book. The most precise version for the
required connectivity conditions is in [36].

From the late 1980s I was involved in work with Kirill Mackenzie, whose
innovative and influential book [56] introduced me to the fascinating world
of Lie groupoids and Lie algebroids initiated by C. Ehresmann in the 1950s
and by J. Pradines in the 1960s. See in particular [50, 51] for our algebraic
contributions to this topic. (Lie groupoids and other species of groupoids with
structure are now, of course, studied under the general heading of internal
groupoids in categories with pull-backs).

The progress of groupoids in the last 30 years has been remarkable. I have
summarised above my own contribution to this progress, but cannot do justice
here to the many others who have taken part. A ‘brief survey’ on groupoids
up to 1987 is given in Brown [32], with 160 references as an entry to the
literature. A web search today for groupoids in geometry, analysis, computer
science, or physics, yields thousands of ‘hits’ in each area. Notable examples
are the far-reaching generalisations of Galois theory made possible by the use
of groupoids [31, 60], and the non-commutative geometry initiated by Connes
[40], with its use of the C*-algebra of a measured groupoid. Other examples
will be found in the sample references given below (see [44, 45, 59, 62, 66,]).

I would like to thank the Editors of Theory andApplication of Categories for
suggesting this reprint, and Ronnie Brown, Bill Lawvere and George Janelidze
for helpful comments on a draft of this Preface. I hope my observations and
reminiscences will be interesting to current readers. All the misprints and mis-
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takes in the book of which I am aware have been corrected by pasting before
the book was scanned. Any errors that remain are entirely my responsibility,
but I hope they are few.

Philip Higgins
Durham, England
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