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The present work is devoted to the formulation and investigation of a non-local contact
problem for a parabolic-type linear differential equation with partial derivatives.

In the first part of the work, the linear parabolic equation with constant coefficients is
considered. To solve a non-local contact problem, the variable separation method (Fourier
method) is used. Analytical solutions are built for this problem.

One then elaborates on the non-local contact problem for parabolic equations with variable
coefficients. Using the iterative method, the existence and uniqueness of the classical solution to
the problem is proved. The proof of the existence and uniqueness of the solution is based on the
use of the generalized Harnack theorem, which is also valid for linear differential equations with
partial derivatives of parabolic type. The effectiveness of the method is confirmed by numerical
calculations.

Keywords: Parabolic equation, Nonlocal problem, Contact problem, Fourier method,
Iterative method.

AMS Subject Classification: 35K20, 65.

1. Introduction

The formulation and study of non-local problems of mathematical physics is an
actual, theoretically and practically interesting direction of computational and ap-
plied mathematics [1]-[4]. The study of these problems has been carried out since
the beginning of the last century [5]-[8].

After the appearance of remarkable works by J.R. Canon [9], A.V. Bitsadze and
A A. Samarskii [10], intensive studies of non-local problems and their various gener-
alizations began (see [11]-[26] and the references autocited there). The present work
is devoted to the formulation and investigation of a non-local contact problem for a
parabolic-type linear differential equation with partial derivatives.

In the first part of the work, the linear parabolic equation with constant coefficients
is considered. To solve a non-local contact problem, the variable separation method
(Fourier method) is used. Analytical solutions are built for this problem.
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One then elaborates on the non-local contact problem for parabolic equations with
variable coefficients. Using the iterative method, the existence and uniqueness of the
classical solution to the problem is proved. The proof of the existence and uniqueness
of the solution is based on the use of the generalized Harnack theorem, which is also
valid for linear differential equations with partial derivatives of parabolic type. The
effectiveness of the method is confirmed by numerical calculations.

2. Method of separation of variables

2.1.

We will consider the nonlocal contact problem for one dimensional parabolic equa-
tion with constant coefficients.
Find the function

(2.1) u (x,t), 0<z<e¢ t>0,
u(z,t) =
ut(z,t), c<ax <l t

0 < ¢ < I, which satisfies the following equations

ou~ 502U~

W:alw+f_(x,t)0<m<c,t>0, (1)

out 0%t

= 25,2 + fH(a,t) e<a <, t>0, (2)
the initial conditions
u (z,0)=0, 0<z<eg, (3)
ut(2,00=0, c<z <l (4)
the boundary conditions
u (0,t) =0, t>0, (5)
ut(l,t) =0, t>0, (6)

and the nonlocal contact condition
u (e, t) = ut(e,t) = ulc,t) = aqu™ (¢ ,t) + agu™(cT,t) + p(t), (7)

where a1 >0, as >0, 0<c” <c<c' <l
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At first, we will consider the following problem: the equation (1), initial condition

(3) and the boundary conditions:

u (0,t)=0,t>0, u (c,t) =ule,t), t >0,

(8)

where u(c, t) is so far an unknown function. We introduce the new unknown function

[27]:

Then for the function 2~ (z,t) we get the following problem

0z~ ,0%27 o i . z
W_CHW‘F]C (CL‘,t),f ('I’t)_f (I,t)*EU(C,t),O<{L‘<C,t>O,

27 (2,0)=0,0<z<¢ 27(0,t)=0, 2z (c,t) =0, t >0.

The solution of problem (10) is the following function [27]:

(e}

- — ' —(Z2)%ai(t—7) f— in
z (aj,t)—z ; e ‘e fo (T)dT sin —z,

n=1

where
~ 2 (¢ )
fa @) == [ [7(§t)sin—&d&.
cJo C
If we transform the last expression, we can receive
s 2 [° . TN 2 [z, . TN
fa@) == [7(&)sin—&dE — — | —u/(c,t)sin —E&d€
C Jo C cJg C C

2 [, . ™ 2u/(e,t) (€. . 7n
_C/O f (f,t)smcfdf—CQ/O & sin ——&dg.

Let us consider the integral fOC &sin T2 EdE and use the integration by parts

C

2

™

¢ mn c c\2 . ™ 2
/ £sin —&d§ = ——— cosn + (—) sin — [6= (—1)"T1 —.
0 c ™m ™ c

Then the function f; (t) can be written in the following form:

~ 2 f¢ T 2
fry=2 / F(& 1) sin ez — (<1 2l (e, 1),

(9)

(10)
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Considering the last equality for the solution of problem (10), we obtain the following
expression

o0

(z,t) = Z{i/ot (= )a () Uocf(&r) sin chgdg} dt}sin %x

n=1

o

2 1 ey
- Z(—l)”“ [/ e (%) al(t_T)u,(C,T)dT] sin g
™ Jo Cc

n=1
/ / ~(2,6,t — 1) (6, T)dgdr

2 t Tn\2,2
- Z 1)t sin mm/ e~ CEV @t/ (¢, 7)dr,
0

C

where the function
2 & ™ ™
G~ == —(7)?ai(t—7) gin 2 gin 11
(x,&,t—1) cZe s —— 2 sin C{ (11)
n=1
is called as function of an instant point-source [27].

Thus, for the solution of the problem (1), (3), (8) we received the following ex-
pression

u(z,t) = “u(e,t) //G (z,&,t —7)f (€7, 7)dEdr

S 2 t 2,2
_ Z(—l)n—&-lmsin(ﬂcnx)/o 6—(7) al(t_T)u/(c, T)dT.
n=1

ﬂn)z

Using the integration by parts regarding the integral fo Ht=7)y (¢, 7)dr from

the last expression we get

C

t ﬂn22t 7Tn22 t 7rn22t
/ e~ CEV AUy (¢, ) dr = u(c, t) — (—) al/ e~ CEV A=)y (¢, 7)dr.
0 0
Considering this equality in the expression of u™(z,t), we get

u (z,t) = —u(c, t) //G (x, &t —7)f (& 7)dEdT

n 2 . ™ v

n=1
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where

The following sum is equal

- 2
Z(—l)nﬂfsin (Lnx) = Ea
ot n c c
(Wolfram Mathematica 10.4, the function Sum] |).

Note, that the sum k™ (x,t — 7) converges, as the sum » °, ne~(7&)*ai(t=7)

converges.

Finally, we get

u (x,t) —/0 /0 G(m,f,t—T)f(ﬁ,T)dde—i—/O E™(z,t — T)u(c,7)dr.  (14)

2.3.

Analogously we can consider the problem: the equation (2), the initial condition (4)
and the boundary conditions:

ut(c,t) = ule,t), ut(l,t)=0, t>0, (15)
where u(e, t) is so far an unknown function.
Let us introduce the new unknown function

ut(z,t) =Ut(z,t) + 27 (2,t), c<x<lI
U 1) = -

— X
t).
—u(e, )

Then for the function 2T (z,t) we get the following problem

82“‘_ 2822+ P it s )
W_CLQ Ox2 +f (.CC,t), f (Il',t)—f (xat)_l_cu(xvt) (17)

2T (2,0) =0, c<x <, 27(c,t)=0, zt(,t) =0, t >0.

The solution of problem (17) is the following function [27]:

o

t
+ — *(11”0)2‘1%(15*7') r+ : mmn _ < <
2" (z,t) E {/0 e In (T)dT}Sml—c(l x), c<z<l,

n=1
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where

!
HO = [ Fretsm ™

Let us convert the last expression for f(¢):

2 ! . ™
—l_c/cf+(fat)51nl_

At first we consider the integral fcl (I = &) sin {7 (I — £)d¢ and use the integration by
n+1(I—=c)*
™

(1 - €)de.

1 - gag - 2 )/a—g)sm ™

parts regarding it. Then this integral is equal to (—1) and therefore,

(- €)dE — (~1)" (e, 1),

(6, )sin -

Given the last equality, for the function u™(z,t) we get the following expression:

l
ut(z,t) = ll iu(c,t) +/t/ Gt (z, &t — 1) fH (&, 7)dédr

2 t ™ \2,2
- E n+1 Sln lﬂ-nc(l — Qj)/ ef(lfu) az(t*T)ul(C’T)dT’
B 0

where

G (x, &t

(I —x). (18)

Ze o )?ai(t=7) sml (l — &) sin /m

l—c

Let us consider the integral fg 67(%)2“3(’577)2/(0, 7)dT and use the integration by
parts. Then we get

t mn 2,2 ™ 2 t ™
/ e~ Gy (¢, 7)dr = ule, t) + <l > a%/ e~ GBIt/ (¢, 7)dr.
0 - 0

Considering this equality, for the solution of problem (2), (4), (15) we get the fol-
lowing expression:

t pl
wHot) = et + [ [ GHage-nftendar
- 0 Je

- (Z(_D"H:sml”” (z—g;)> u(c,t)—i—/o k*(2,t — T)ule,T)dr, (19)

—C
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where

Et(z,t— 1) = 2may Z(—l)"“ne*(%)zag(tw) sin l7m (I —x). (20)

_ )2 _
(l—c¢) —
Consider that
> 2 ™ l—z
n+1 l o —
nz_l( ) T ( ) l—¢’

(Wolfram Mathematica 10.4, the function Sum| ]).
Finally we get

t l t
'LL+$ = +117 — T + T T +.’E — T)Uu\C, T T.
(2.t) /O/CG(’“ \FHE, T)ded +/Ok<,t Ju(e, r)dr.  (21)

2.4.

Let’s define function u(c,t), using a nonlocal contact condition (7):
u(e,t) = aqu™ (¢, t) + agu™ (et t) + p(t).
Considering expressions (14) and (21), we can get

t
u@¢y=A(nyfo-qq+aﬂﬁ@tt—ﬂm@¢m7+¢uy

where

(t) = on /O /0 G (e 6t — P f (€ T)dedr
t l
o (et — ) frE T T .
+ 2/0/60 (¢*, 6t — 1) fF (6, m)dedr + (D). (22)

Thus, for the definition of the function u(c,t) we receive an integral equation of
Volterra of the second order

u@TyiAk@—Tm@JmT:@u; (23)
where
k(t—7)=aik (¢ ,t —7) +agk™ (cT,t — 7).

As the core of the integral equation k(¢ — 7) and the right-side function ®(¢) are
continuous functions, then equation (23) has a unique solution [28].
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Thus, we proved the existence and uniqueness of a regular solution of problem
(1)-(7), if the functions f~(x,t), f™(x,t) and u(t) are sufficiently smooth functions.
The solution of problem (1)-(7) can be written in the following form:

Iy G (@, &t — ) f (€, )dédT + [ k™ (2.t — T)u(e, 7)dr,
0<z<g,
u(x,t) = (24)
Iy [5G (@, &t — ) fH(E, )dedT + [) kT (2.t — T)u(e, 7)drT,
c<zx<l,

\

where the function wu(c,t) is a solution of equation (23), and the functions
G (2,6t —7), G (2, &t —7), k™ (2,t —7), k*(x,t — 7) are defined using equalities
(11), (18), (13), (20).

Note that the applied technique can be successfully extended in case of more

general problems, but in this case the use of the spectral theory of linear operators
will be necessary.

3. The problem with variable coefficients

The use of expression (24) for the numerical solution of problem (1)-(7) is related
with rather bulky calculations: at first, you need to solve numerically the second-
order Volterra integral equation (23) and then calculate the approximate sum of the
Fourier series. Therefore, for the numerical solution of problem (1)-(7), the more
rational way is to use the iterative method [25].

Let us set the following problem: Find the functions

uw(z,t) e CP(-l<2<0,0<t<T)NCY (-1 <2<0,0<t<T), (25)

ut(2,t) €eCP0<ax<,0<t<T)NCO <z <,0<t<T), (26)

which satisfy the equations

3;; = ;x (k(a:,t)%f) —q¢ (@t (z,t) = f(,1),

—l<z<0,0<t<T, (27)

out 0 out

o0 o <k+(x,7f)am> — gt Ot (1) = fH ),

O<z<l,0<t<T, (28)

where k™ (z,t), kT (z,t), ¢ (x,t), ¢ (x,t), f~(x,t), fT(x,t) are given sufficiently
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smooth real functions of z,t.
The coefficients k™~ (z,t), k™ (z,t) are bounded above and below

0<o] <k (z,t)<o,, —I<2x<0, 0<t<T,
0<of <kT(z,t)<oy, 0<z<I, 0<t<T,
q (2,t) >0, ¢*(z,t) >0.

The functions ™ (z,t), u™(z,t) satisfy the initial conditions
u (2,0) = ug (z), -1 <2 <0, ut(z,0)=uf(z), 0< <], (29)
and boundary conditions
u (—=1,t) = (1), ut(l,t)=p"(t), 0<t<T, (30)

where ug( ), ug (z,t), = (t), T (t) are given real functions, ¢~ (=) =
u

“5(—5)7 ( )

The functions v~ (x,t), u™ (z,t) satisfy the following nonlocal contact condition as
well:

(z,t
o (D).

m

u(0,8) = u(0,8) = uo(t) = Y v w (&7, 6) + > ut (&) + @o(1),
j=1

=1

0<t<T, (31)

where

1< <& < <& <0<E <g <<,

m n
% >0 >0, Y A+ <1 (32)
i=1 j=1

and ®(t) is a given real function.
When the conditions (8) and the corresponding requirements, imposed on the
initial data of problem (27)-(31) are met, we prove theorems on the existence and

uniqueness of a regular solution, as well as we formulate an algorithm for the nu-
merical solution of this problem.

4. Uniqueness of a solution of Problem (27)-(31)

Theorem 4.1: Let the conditions, under which a regular solution to problem (27)-
(81) exists and inequality (32) be met, then this solution is unique.
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Proof: Suppose the opposite, that is, suppose there are two solutions to the prob-
lem u™(x,t), ut(x,t) and v~ (z,t), v (x,t). Let us consider the functions

2 (z,t) =u (z,t) — v (2,t), 27 (2,t) =ut(z,t) — v (a,t).

Then these functions are solutions to the following problem

0z 0 0z
PR — — — <
el (k (z,t) > q (x,t)z (z,t) =0, =l<z<0,0<t<T, (33)

ozt 9 (. 9z " n i
-~ - ) = = <
5 5 (k (x,t) 8:5) ¢ (z, )z (z,t) =0, O0<z<l,0<t<T, (34)
2 (2,0) =0, -l<x <0, 27 (2,0)=0, 0< 2 <1, (35)
2 (=1,0)=0, z¥(,0)=0, 0<t<T, (36)
2(0,8) =2 (0,) =20(t) =D v 2 (&, 1)+ > 2T (¢ ,1), 0<t<T. (37)
i=1 =1

Using equality (37), the following estimate can be obtained:

m n

< (& Z - (et Z +

max | z0(t) |< max [27(78) [ ) v + max [27(5 1) [ )7
0<t<T =1 0<t<T J=1

m n
< 0 | e S S
< max o max | 27(&0) 5 max [ 275 [ ) % )7
0<t<T 0<t<T =1 J=1

Given the condition (32), one can write

< (3 < Ty .
qmax | 20(t) [< max |27 1) | or max | zo(t) [< max | 27(£71) |
0<t<T 0<t<T

And this means that either the function 2z~ (z, ) does not reach its maximum at the
border of region (=1 <z <0, 0 <t < T), or the function 27 (x,t) does not reach
its maximum at the border of region (0 < z <[, 0 <t < T), which contradicts the
principle of maximum [29]. Then, given the conditions (35), 36), we can conclude
that 27 (2,t) =0(=1 <2 <0,0<t<T)and z"(2,¢t) =00<2<[,0<t<T)0O
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5. The iterative process for solving Problem (27)-(31)

First, assume that there exists a regular solution to problem (27)-(31), and to solve
the problem, consider the following iterative process

[aa” "~ [; <’“_<x>t>85;ﬂ Y @) )Y 4 ),

—l<2<0,0<t<T, (38)

out

[ e —stenter®

O<z<l,0<t<T, (39)

[u_(ac,O)](k) =y (z), -1 <z <0, [u+(x,0)](k) =ud (z), 0<z <1, (40)

= (=1,0]% =), [uwr@,n]™ =¢t@), 0<t<T, (41)
[ (0,6) = [ (0,]® = [uo®]® = 3 [ (e )] 4~
=1

+ i’y;“ [qu(gJF t)] = + ®o(t), 0<t<T, (42)

~1
where k=0,1,2, and [u‘(f;,t)](fl) =0,i=1,m, [u+(§;?,t)]( : =0, j=1,n.

Theorem 5.1: If there exists a reqular solution of problem (27)-(31) and condi-
tions (32) are met, then the iterative process (38)-(42) converges to this solution at
the rate of infinitely decreasing geometric progression.

Proof: For the error

(@, )] = [u (@, 0)] Y —u(@,8), —1<2<0,0<t<T,

[t (@, )] = [ut (@, 0)]W —ut(@,t), 0<2<1,0<t<T,

where u™ (z,t), ut(x,t) are the solutions of (27)-(31), we receive the following prob-
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lem:

[8&] Y- [5 (’ﬁ‘w,w%i)] Y e,

—l<x<0,0<t<T, (43)

o A (e | e S

O<z<l,0<t<T, (44)

[z_(a;,O)](k) 0, -l <z<0, [z+(x,0)](k) =0,0<z<]I,

- (=1,0]% =0, [t0,H)]% =0, 0<t<T, (45)

[27(0,)]® = [7(0,8]® = [20(6))®) = fjv; Ex(E0) A
=1

(k1)
} LO<t<T, (46)

+) A [Z*(«Sjﬂ t)
j=1

If we use the Schwartz lemma, we can write

— (¢ (k=1) |« ,— (k)
e | (601 1< 0~ s | L],
0<t<T

et k-1 (ot (k)
gjagxn\[z (&) I<q 021?5%’ [20(0)]" |,
0<t<T

where 0 < ¢~ <1, 0 <q¢" < 1.

We will use the non-local contact condition

0<t<T 1<i<m
0<t<T

max | [20(6)]® |< max | [z*(fi_,t)](kfl) | Z’yi_
i=1

(et k-1 + (k—1)
+ max | [27(§] 1) | Z;V] < Q max | [z0(t)] , (47)
j:

0<t<T



Vol. 22, 2021 85
where Q@ = ¢~ > v +q* Z?:l V;F'

Given the condition (32), we can conclude that 0 < @ < 1. Then we get

lim [20(t)]% = 0.

k—o00

Thus, if there exists a solution to problem (27)-(31), then based on the principle of
maximum we get

- (k) _,— — k
max [ fu ()% — (@) = 0(QF).
0<t<T

+ (k) _ .+ — k
max | [u* (2.0]%) — u*(@,0) |= 0 (@)
0<t<T

g
Remark 5.2: The iterative process (38)-(42) gives us the opportunity to reduce the
solution of the problem (27)-(31) to a sequence of solutions to the Cauchy-Dirichlet
problems for equations of the parabolic type with variable coefficients. Thus, one
can obtain an algorithm for the numerical solution of the problem (27)-(31).
6. Existence of a regular solution

Now we prove the existence of a regular solution to problem (27)-(31).

We will use the iterative process (38)-(42). Introduce the notations

e (2, )" = [u(2,)]* = [u (2, 5]V,

" (2, 1)] ) — [u™(z,1)] (k) _ [t (z,1)] (k—1) 7

It is evident that the functions [af(x,t)](k) and [€+(m,t)](k) are the solutions to
problem (43)-(46). Then, similar to the estimate (47), we get the following inequality

(k) (k=1)
max | 20(0,)) |< Q max | o(0,0)* V], 0< @<L

And this means that
uék)(t) - uékil) — 0, if k— oo.
Thus, we get that the sequence {uék) (t)} uniformly converges. Then based on

Harnack’s theorem [29] function [u~(x,t)]*®) and [u*(z,)]*), respectively in areas
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(=1<x<0,0<t<T), (0<z<I, 0<t<T), converges to functions v~ (z,t)
and u™(z,t), which are the solution to problem (27)-(31).

Thus, we proved the following theorem:

Theorem 6.1: I f~(x,0), [*(x1), k(2 1), k(2 1), q~(5,0), ¢ (2,8)  suffi-
ciently smooth functions, then there exists a regular solution to problem (27)-(31).

7. Numerical example

We consider the following problem as an example: find the function u(z,t) in the
area {(z,t) |[0<2z<1,0<t<T}, T =6:

u(a,t) = 44 @1, 1052205016
" ut(a,t), if 0.5 <2 <1,0<t<6,

which satisfies the equations

ou~ 0 ou~

;T .. - B . <
5 8x<(1+2x)8x>+f(m’t)70<$<0570<t_T’
ou™ 0 ou™ .

“a, ~ a. —_ . <
T 8x((1+$)61’>+f(x’t)’05<x<1’0<t_T’

the conditions

uw (2,0)=0,0<2<0.5 u(r,00=0,05<2z<1,

u (0,t) =0, uT(1,t) =0, 0<t < T,

and the nonlocal contact condition

169
u(0.5,t) = 0.25u™(0.25,) + 0.25u™*(0.75,t) + %(1 —eH, 0<t<T,

where

f(x,t) = e 1 (=120 + 4172+ 161122 — 30402 — 10021) +8(15 — 512 — 21022 +40023),

16 32
(e, t) = ge*t@ + 4z — 1122 — 162° — ) + S(-1-22+ 6x% + 8z°).

The exact solution of this problem is

(2.1) (100z(1 — 2)(0.3 —2)} (1 —e7%), 0< 2 <05 0<t<T,
u\x, =
Pa?2(1-a2?)(1-e"),05<2<1,0<t<T.
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—— u(l1, x)
I Y u(1.5, x)
\ u(s, x)

Figure 1. Exact solution for different values of t.

To solve this problem, we consider the following iteration process:

)@ -1k

8[uat] - 8(1 ((1+2x)a[“aj> +f(z,t), 0<z <05 0<t<T,
1w (k)

8[uat] - aaa: <(1 +‘”)a[uagj ) + [ (2,t), 05 <z <1,0<t<T,

[ (z,0]% =0, 0< 2 <05, [wh(z,0]®=0,05<z<1,

W= (0,8)]% =0, [ut(,t)]*® =0, 0<t<3,

and the nonlocal contact condition

[u(0.5,)]®) = 0.25[u~(0.25, )] =D+

169
+0.25[ut(0.75, )] + g1 - e ), 0<t<T,
where k = 1,2, ... and the initial values for u(*) (x,t) are equal to 0.

Below one can see the figures of approximate solution and respective absolute
error for k=1and k =7.

The absolute error decreases as O(Q¥), where Q = ¢t Y 8" +¢= ) By <1/4
i=1 j=1

for this example, and 0 < ¢—, ¢™ < 1.
The figure below compares the absolute error (C-norm) with its theoretical value

(1/4)*

m n
We considered the case when v, >0, v;" >0, Y.~ + Y 5T < 1.
i=1 j=1
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m n

Let us consider the example with nonlocal condition, where 7, + > yf =
i=1 j=1
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1, T = 3 and the nonlocal condition has the form:

[u(0.5,)]®) = 0.5[u™(0.25,1)]* D+

41
+0.5[u(0.75,¢)] k1 + et e, 0<t<T,

where k =1,2,... and the initial values for u(¥)(z, t) are equal to 0. In this case the
convergence is achieved as well:

Table 1. Relative error
Iteration k | Relative error | Relative error,%

2 0.39321 39.32

4 0.10602 10.6

6 0.02982 2.98

8 0.00805 0.81

10 0.002460 0.25

12 0.00093 0.09
04 T ¥ ¥ . T T T T T T T T T n " T ¥ T J T T |_
0.3
s 02 :
0.1F ]
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Figure 5. The relative error,

8. Conclusion

The present article investigates a new type of the nonlocal contact problem for
parabolic equations. In section 2, the method of separation of variables is used
for one dimensional parabolic equation with constant coefficients to construct the
analytic solution of a given nonlocal contact problem and provide the existence and
uniqueness of a regular solution.

In section 3, for an equation with variable coefficients the existence and unique-
ness of the solution of a nonlocal contact problem is proved. A convergent iterative
procedure is constructed to find the numerical solution of the considered problem.

In sections 3-6, for an equation with variable coefficients the existence and unique-
ness of the solution of a nonlocal contact problem is proved and the convergent
iterative procedure is constructed to find the numerical solution of the considered
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problem. For the equation with variable coefficients convergence is achieved under

m n
the more general conditions ) v; + > ’y;-r < 1. The technique used in the present
j=1

=1

article can also be applied for the problems with elliptic type equations.
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