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Abstract. In this paper we consider Reissner-Mindlin’s type linear theory
and I. Vekua’s refined linear theory for plates, as well as, Koiter-Naghdi’s and
I. Vekua’s refined nonlinear theories for non-shallow shells. We also consider
Kirsch’s well-known problem for plates [1].

Key words and phrases: Non-shallow shells, metric tensor and tensor of curva-
ture, midsurface of the shell.

AMS subject classification 2010: T4K25; 74B20.

1. A complete system of equilibrium equation and the stress-strain rela-
tions of the three-dimensional (3D) nonlinear theory of elasticity can be written
as:

Vol + &=0, (1)

O'i:Eiquepq(Rj + aj“) <i7j7p7 q=1,2, 3>7

where V; are covariant derivatives relative to the space curvilinear coordinates
2%, o' and @ are, respectively, the contravariant ”constituents” of the stress
vector and an external force, e;; are covariant components of the strain tensor,
u is the displacement vector,

E = AgTg" + pu(g®g" + 9"¢"") (g7 = R'RY), 2)

A and 1 are Lame’s constants, R; and R? are covariant and contravariant basis
vectors of the surface S (3 = const) of the 3D domain 2, which are connected
with the basis vectors r; and r’ of the midsurface S (z* = 0) by the following
relations:

R,L' :AZJI'], Rl:A’LJI"] (Z,j = 1,2,3), R3 = R3 =173 = 7‘3 =n,
Af. =al — 913355, Af = Al:s = d;3, Ofa = 1971[@3 + xs(bg - 2Ha§)], (3)

«

v = 1—2Hz3+ Ka3,

where a?(aqs,a?) and b2 (b,s, b*?) are mixed (covariant, contravariant) com-
ponents of the metric tensor and tensor of curvature of the midsurface S
(r3 = 0), x3 = 2? is the the thickness coordinate and h is the semi-thickness of
the shell 2, H and K are middle and Gaussian curvatures of the midsurface S
(x3 = 0), g and a are discriminants of metric tensor of the the surfaces S and

S.
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Shallow and Non-Shallow Shells. The main quadratic forms of the surface
S (z3 = 0) and the surface S (z3 = const) have the form:
[ =ds® = agpda®ds®, 11 = kyds® = bogda®da”®, S (v3 =0), (4)
[ = ds® = gapda®da®, 11 = ksds® = bogda®da®, S (w3 = const),

where £k, and l%s are the normal curvatures of the surfaces S and S:
o o dx°
aaﬁ = ’r‘a’l"g, baﬂ = —'ranﬂ, ]{?5 = bags s, § = d—, S (ZE3 = 0), (5)
S
Gap = RaRg = Qap — 2$3ba5 + x%bmbg,
l;ag = (1 —2Hxz3)bop + v3Kaas, S (x3 = const).

The unit vectors of the tangent § and tangential normal [ are expressed by
the following formulas:

ds
ds’

I = (1 — z3ks)l — ngss]%, (6)

§ = [(1 — x3ks)s — w37l

ds = \/1 — 2w3ks + 23(k2 + 72)ds,

where s and ! are the the tangent and tangential normal on the midsurface
S, ds and ds are the linear elements of the surfaces S and S, and 7, is the
geodesic torsion of the surface S.

Under shallow shells we mean 3D shell-type elastic bodies satisfying the
conditions

~

ag — x3b§ = ag, = R,=r,, R*"=7r% g.,3=aus bag = bags, (7)

i.e., in this case the interior geometry of the shell does not vary in thickness
and therefore such kind of shells are usually called the shells with non-varying
geometry.

For non-shallow shells in the case of Koiter-Mindlin’s theory we have

R, = (ag — .”Egb’g)’l"ﬁ, R = (ag + :Ugbg)rﬁ, R;=n, = (8)
Jap = Gap — 2x3ba,37 gaﬂ = q*f + 21‘3ba6)

i.e., in this case only the linear part with respect to x3 is retained.

In the sequel, by non-shallow shells we mean 3D shell-type elastic bodies
satisfying the relations (3), (4), (5), (6).

To reduce the 3D problems of the theory of elasticity to 2D ones, it is
necessary to rewrite the relations (3)-(6) in forms of the bases of the midsurface

The relation (1) can be written as [2]:

Vo (9a®) + 05(90?) + 9@ = 0, (9)
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|
o = SMUIMAL (AL, 0,U + Al ry, 0,U + A AL O,UU )y, (10)

where V,, are covariant derivatives on the midsurface .S,
MURINPLAL — \qHILgP1at 4 M(dlplahth + alltha]lpl) (al] — T‘ZT']). (11)

2. In the present paper we use I. Vekua’s reduction method for the nonlin-
ear theory of non-shallow shells (I. Vekua used the method for linear theory of
shallow shells) the essence of which consists, without going into detals, in the
following: since the system of Legendre polynomials P, (%) is complete in the
interval [—h, h], for equation (9) the equivalent infinite system of 2D equations
is obtained as

m 2 1 [(m—1 m—3 (m)

h

where

h
m) . (m) 2m + 1 ,
((a)l, @): i /(ﬁa’,ﬁ@)Pm (25 das,

(m) (m) 9 1/H) - (%)
F—d+ ”;; (19(;')3—(—) 29(0—)> (ﬁzlﬂ:QhH+Kh2).

Thus we have obtained the infinite system of 2D equations (12), for which

the boundary conditions of the face surfaces (x3 = 4h) are satisfied, i.e. (0')3
o3(z', 2%, £h) is the preassigned vector field and is contained in the equilibrium
equations.

The equations (10) may be written as:

h
(m) ; 2m +1 . T3
<25 oo (3)
o o /190' . dxs
—h

:lMi1j1p1q1|: i ((:Z) r D U+ A r D (ﬂ[}))r,
2 ( iip1! Q1 p1 g Jrr

'y ) (i (m2)
e 5 (A e a0
() )
+(mAm %lp;’ffh (D U D, U)rﬁ}
- (m) (m1)  (ma) (ms)
+m1 m;mg O(mlém%ffiglq1 (Dp u D, U )D U ]

where

(m) (m) (m) ~ (m) 2 1 [(mtl)  (m+3)
D; U :5f5[3U+5?U/; U'= mh+ ( u + U +)
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h
(m) 2m+1 ; T3 T3
= g / D5 A5, P, <E> Fon <%> s,
—h
h
(m) 2m+1 i ai T3 T3 T3
(i Szglpl - 2h /M“A;lAglel (f) Fme (ﬁ) Fm ( h ) ds,  (15)
(ZZ) ipg _ 2m+1
(m17m27m361j1p1Q1 - 2h

[0 (22) B (22) P (22) B (22)
“h

The boundary conditions on the lateral contour take the form:
a) for the stresses

h

(m) (m) (m) (m) 2m +1 ds x
on=0wlt o st o mn="7g /U(l)EPm (f) dzz, (16)
h
b) for the displacements
m  (m) (m) (m) 2m + 1 a:
U=Uuwl+U@s+ Usn= /UP ;)dﬂfg (17)

The passage to finite systems can be realized by various methods one of
which consists in considering of a finite series, i.e.

N
. (m) . (M) (m) T3
U Z7U719¢ - 17U7 Pm(_>a
008 = Y (4.0 r. (5
where N is a fixed nonnegative number. In other words, it is assumed that

(m) (m) .
U=0, o"'=0 i m>N.

This approximation will be called the Nth order approximation.
The integrals of type (15) can be calculated; for example,

(m) g 2m—|— 1

=250 [ o (3) . ()
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st g, () 5, ) ( (0B = )| By,
1 Y1

= for B0, K #0, (18)

IAINA

allaﬁ om  for E=H?-K,

where @Q,,(y) is the Legendre function of the second kind, F is the Euler
difference, Bf(r) = B = aj + zL§, Lj = b§ — 2Haj. Under the square
brackets we mean the following:

FW2 = fy2) — fn1), yi2=[HFVE)R™"

Note that for Koiter-Naghdi’s non-shallow shells the following expression

(m) m
af m B 5 a m
(nfill) a1y aa1a515 + h(aalbﬁl 51 bal) <ﬁ57m 1 _'_ 2m + 36m1+1> (19)

is obtained.
For the integrals containing the product of three Legendre polynomials
P = Pn(%) we have

(m) al1a2Q 2m+1 —2 pa @ @ 2m+1
(mme)B;B;B; - T/ﬁ BﬁllB/D’QBﬁstl PmQPmde - W

min(mi,ms)

x Z Z Pasasasyn_0° v Py)@uly),s <m\]"”
VYmimar B1B283 8y18y2 Y1 — Yo Qs(y)Pm(y), s>m . )

where s = my + my — 2r,

CALAA L 2ptg) —Ar 41 o 1-3---2p—1
Tpar = Aprgr 2(p+q —2r+1" "7 p! ’
and &g;gj&? is defined from the relation (see [5])
3
Bj, (x) By} () B (@ Coigzgia”,
n=0

For the integrals containing the product of four Legendre polynomials the
corresponding representations can be written similarly.

3. Now we consider various refined theories of plates and the Kirsch’s
problem for the concentration of stresses near the hole.

The system of Reissner-Mindlin’s equations for tension-pressure coincides
with the classical theory of generalized plane stress.
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For bending of plates the system of Reissner-Mindlin’s equations can be
written in the complex form [3]:

0.(Myy — Msy + 2iMy9) + 0z(Myy + Mag) — Q4 = M, (20)
0.Q1 +0:Q1 = Mz, (Qy = Q1 +iQ2), (20, =01 —i0,),
where
My — My + 2iMyo = %82‘4 (Vi = Vi +ils),
My, +%22 = wh% (p = 2Red.V,), (21)
Q4 i ﬁ(28§‘/g, + Vi) (Re.lssn.er),
Qy = K (20:V5+V,) (Mindlin),
pAV, +2(X* + 1)0zp — 25(20:V3 + Vi) = 525 M.,
(22)
1(AVs + p) = 2 M,
P 2
N2

The boundary conditions for Kirsch’s problem on the hole’s contour I' have
the form

Mll + iMlS = 07 an =0 (23)
and at infinity we have
Mff = My, (M12 = My = Q+)°° = 0. (24)

Now we consider this problem by I. Vekua’s methods.
I. Vekua’s first method (so-called “simplified scheme” )

m m m m m m (m)
ZL (( 0')11 —( 0')22 —+ 22( 0')12> + 85 (( 0')11 +(0';2> —(QL + F+ = 0,

(m) m) (m) (M) (m)  (m)  (m) (25)

830'++855'+—Q33+F3:0 (O’+:0-13+ZO'23 R
where
(m _m) o) 4u85(75)+ ((Zﬁ _ +z'(’3)2),
(m) (m)

o 10 = 200 + 1) 6 + 22D, Wy ( 6 = 2Reaz“{2)+>, )
@ _ (ga;z'zg i D;z>+),
(m) (m) (m)

033 = A0+ (>\+2M)D3 us,

N
m 2m—|—1 m—1 m—3 m2m—|—1 1— —1 S+ms
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h
m). 2 1 [ . (m) (m) 9 1 -
G o () e F = B2 (%’3_(—1)7”(0)3)_
~h
I. Vekua’s second method (so-called “normed moments method”). In this
case the expressions o;3(i = 1,2,3) are compatible with boundary condition
on surface x3 = +h (see [2]):

0. (U)ll —(0)22 + 2@(0)12) +0; <011 4-(0)22) —(Q)+ +Y, =0,

(27)
(m) (m)  (m) (m)
80'+ 820'+_g33+}/‘73:(),
where

S <5 + 2051 = 400, %‘L,
25Nm 2(1 + (_1)s+m) ()\+2 0 + /\Dg(u 3)
(m) (m) m (s) (s)
gL = W 26 U3+D3U+—8Nm2(]_+( ].) ) 282U3+D3U+) s (28)
(m)

0'33—)\0 +<)\+2M)D3 U3_5Nm
<2 (L4 (1) (X6 + 0+ 2D

S=

Yom 41 (—1)N+m
enm = (1),
™ N(N +2) N+1

The Kirsch’s problem for these cases can be written as:
a) boundary conditions at infinity:

0) 0) *® 0 0\~
(0)11 =P, (0)22 = D, (27)12:(0)30 =0 (tension — pressure), (29)

or
g)n = M, %)22 = My, ((6(7))122(3)31') =0 (bending), (30)

b) boundary conditions on the circular hole (|z| = R):

(gl,),r—i-z(agﬂ 0, (223:0 (m=0,1,---,N), (31)
Py, P>, My, My are constants.
For the approximation of order N the system of equilibrium equations with

respect to components displacement vector (Zl)i can be written in the matrix
forms:

AV + AV = X, (32)
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AQ+ BQ =Y, (33)
where V and 2 are column-matrices of the form

© 0 OO W, © 1) W) g
VI(%’%""?%?%?%?"'7‘/'3) Y Q: (‘/27‘/27"'7‘/2) Y

(m) (m) (m) (m) (m) (m) (m) (m)
Uy =ur+ius =0V, =0 Vi+iVs) ), us=Vy].

Using now Vekua-Bitsadze’s formulas for the homogenous matrix equations
(32) and (33) we obtain the complex representation of the general solutions

V= Re| f(2)+ [ B(=.2,0.0) f(t)dt] | (34)

20

Q= Relyp +f (2,2, t,0)p )dt} (35)

where R and r are the Riemann matrix functions of the equations (32) and (33),
f(2) and ¢(z) are holomorphic column-matrices. R and r can be represented
by Bessel’s functions of the first kind:

T

1) = (1) 112 favn(2)) s 0l2) = (0l n(2), - on(2)

The particular solutions of the matrix equations (32) and (33) have the
form

N K4 5/\ N z z
V(z,2) = / / R(z,%,t, D)X (t,D)dtdl, Q(z,7) = / / Mz, 2,6, DY (¢, T)dtde.

20 Z0 20 Z0

where I/-\? and 7 are matrix functions, which can be also expressed by the Bessel’s
functions of the second kind.

Conclusion. 1. a) 1. Vekua’s approximation of order N = 0 (first method)
gives the system of plane deformation equations. The coefficient of stress
concentration K, coincides with well-known meaning

(0)
max o0yy

K —
P

:3 (P1:P7 PQZO)

b) I. Vekua’s approximation of order N = 0 (second method) and Reissner’s
method describe the generalized plane stress, i.e. K = 3.

2. a) L. Vekua’s approximation of order N = 1 (first method) for the
tension-pressure gives for K the following formula

23 Ko(5) + [4 4+ 5(1 — 0%)3*| K (52)

K=1+ 22(1 — 02)3eKo(3¢) + 4+ 5(1 — 02)32| Ky (32)
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where 32 = 2 & jo K = K(h,R,0) depends on h, R, o (Poisson’s coeffi-

1—0 h2>
cient), and when % — 0 or % — 00 = K = 3 (since for each n when 2 — oo
we have K (z) ~ \/2e™™).
b) for the plate’s bending I. Vekua’s approximation N = 1 and Reissner’s
method give:
(I. Vekua’s N = 1)

2K(5) 520 (h 3R?
K=1 K= L 0=
TR 20— Ko7 3- 20 (R T
(E. Reissner)
2K, (52) 542 [ h 5R?
K=1 Ka= 0=
T30 + 20K T 3520 <R TR e

i.e. Reissner’s coefficient K coincides with the classical result, when % — 0.

3. a) I. Vekua’s approximation of order N = 2 (first and second methods)
for the tension-pressure solves the 3D problem, when P, = P, = const;

b) for bending of plate coincides with the Reissner result.

4. a) I. Vekua’s approximation of order N = 3 solves the problem for the
tension-pressure when P, = const, P, = 0 (II-method).

b)1. Vekua’s approximation of order N = 3 (II-method) for bending of plate
solves the problem when M; = const, My = 0.
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