Bulletin of TICMI
Vol. 22, No. 2, 2018, 143-147

Necessary Conditions of Optimality for the Optimal Control
Problem with Several Delays and the Discontinuous Initial
Condition

Tea Shavadze*

1. Vekua Institute of Applied Mathematics & Department of Mathematics
1. Javakhishvili Tbilisi State University
2 University St., 0186, Tbilisi, Georgia

(Received September 11, 2018; Revised November 21, 2018; Accepted December 3, 2018)

The nonlinear optimal control problem with several constant delays in the phase coordinates
and controls is considered. The necessary conditions of optimality are obtained for the initial
and final moments, for delays having in the phase coordinates and the initial vector, for the
initial function and control.
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Let O C R™ be an open set and let U C R" be a convex compact set. Let
hio > hs1 > 0,i = 1,s and let 6, > --- > 6; > 0 be given numbers and
n-dimensional function f(t,x, 1, ..., Ts, Uy UL, ooy Uk ), (£, T, 1, ey Tgy Uy U, vy U) €
I x O3 x U** gatisfies the following conditions: for almost all fixed ¢t € I =
[a,b] the function f(t,-) : I x O'F* x UY* — R is continuous and contin-
uously differentiable in (z,x1, ..., T, u, ug, ...,ux) € O x UMF: for each fixed
(2,21, oy Ty Uy U, ..oy ug) € OVFS x UMTF the function f(t,z, 1, ..., T4, u, ug, ..., Ug)
and the matrices f.(t,), fz,(t,*),i = 1,5 and fu(t,-), fu,(t,-),3 = 1,k are measur-
able on I ; for any compact set K C O there exists a function mg (t) € L1(Z, [0, 00))
such that

’ f(t,.%',.’L'l,...,.’L'S,U,U1,...,Uk) | + ‘ ffB(th: ) | +Zf:1 ‘ fwi(taxv ) ‘
1 fultimy) |+ X | fuclt ) [ muc(t)

for all (z, 21, ..., T, u, Uy, ..., ux) € K% x U and for almost all t € 1.

Furthermore, let ® be the set of continuous functions ¢(t) € N,t € I} = [7,b],
where 7 = a — max{hja, ..., hs2}, N C O is a convex compact set; € is the set of
measurable functions u(t) € U,t € Iy = [a — 6k, b]; Xo C O is a convex compact
set.
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To each element v = (to,t1, 71, ..., Ts, X0, p,u) € A =1 X I X [h11,h12] X ... X
[hs1, hsa] X Xox ®xQ on the interval [tg, t1] we assign the delay controlled functional
differential equation

z(t) = f(t,x(t),x(t —71), .oy x(t — 7s),u(t), u(t — 61), ..., u(t — Og)), (1)

with the discontinuous initial condition
x(t) = ¢(t),t € [, t0), z(to) = wo. (2)

The condition (2) is called discontinuous because, in general, z(tg) # ¢(to).

Definition 1: Let v = (to,t1,71,...,7s, ZTo,p,u) € A. A function z(t) =
x(t;v) € O,t € [T,t1],t1 € (to,b] is called a solution of equation (1) with the
discontinuous initial condition (2), or the solution corresponding to v and defined
on the interval [7, #1] if it satisfies condition (2) and is absolutely continuous on the
interval [to, t1] and satisfies equation (1) almost everywhere on [to, t1].

Let the scalar-valued functions ¢*(to, t1, 71, ..., Ts, Zo, 1), i = 0,1, be continuously
differentiable on I? x [hi1, h12] X ... X [hs1, hsa] x O2.

Definition 2: An element v = (to, t1, 71, ..., Ts, o, P, u) € A is said to be admis-
sible if the corresponding solution x(t) = x(¢; ) satisfies the boundary conditions

qi(to,tl,n, ...,Ts,a}[),a}(tl)) = O, 1= l,l. (3)

Denote by Ag the set of admissible elements.

Definition 3: An element vy = (oo, t10, 710, -+ Ts05 00, L0, Uo) € Ap is said to
be locally optimal if there exist a number dg > 0 and a compact set Ky C O such
that for an arbitrary element v € A satisfying the condition

S
Itoo — tol + [t10 — tal + > 170 — 7l + oo — @ol+ || w0 — ¢ |1, + || wo — u ||, < do
i=1

the inequality

0" (00, t10, T105 -+ Ts0, 00, T0(t10)) < ¢°(to, t1, T1, -y Ts, T, (1)) (4)

holds. Here

| wo—¢ = max lpo(t) — @), | wo — u || ,= sup [uo(t) — u(t)|-
el tel,

The problem (1)-(4) is called an optimal control problem with the discontinuous
initial condition.

Theorem 4 : Let vg be an optimal element with top,t10 € (a,b) and the following
conditions hold:

1) Ts0 > ... > Tig and tog + Tso < t19, with 19 € (hﬂ, hi+10),i =1,s—1;

2) the function po(t) is absolutely continuous and ¢o(t) is bounded;

3) the function fo(w) = f(w,uo(t),uo(t — 61),...,uo(t — 0)), where w =
(t,z,21,....,z5) € I x O is bounded on I x O'+5;
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4) there exists the finite limit

lim fo(w) = f~,w € (a,tg] x O,

w—rWo

where wo = (too, 00, Po(too — 710), -+, Po(too — Ts0));
5) there exist the finite limits

lim [fo(wii) — folwai)] = fi,

(w1i,w2s) = (w9, w3, )

where wy;, wy; € (a,b) x O i =15,

w; = (too + Ti0, 2o(too + Tio), Zo(too + Tio — T10), ---» Zo(too + Tio — Ti—10),
200, Zo(too + Tio — Ti+10)s ---» To(too + Tio — TsO))a
wSZ- = (too + Tio, o(too + Ti0), o (too + Tio — T10), ---» To(too + Tio — Ti—10),

©o(t00), zo(too + Tio — Tit10)s ---, Zo(too + Tio — Tso));
6) there exists the finite limit

lim fo(’UJ) = f;;_lvw € (tO(JatlU] X 01+S7

W—Ws+1

Wst1 = (t10, 20(t10), zo(t10 — T10), .-, Zs(t10 — Ts0))-

Then there exist a vector m = (m,...,m) # 0, with 79 < 0, and a solution

P(t) = (1(t), ..., ¥n(t)) of the equation

h(t) = —(t) foalt] = > Ut + Ti0) fou, [t + Tiol, t € [too, tro), (1) = 0,¢ > t10, (5)

=1

where fog[t] = fox(t, zo(t), zo(t — T10), ..., xo(t — Ts0)), such that the following con-
ditions hold:

7)the conditions for the moments too and tig :

mQot, > P(too) S~ + Y ¥(too + 7o) fir TQor, = —(tr0) iy,
i=1

where

0
Q=(¢"..d")", Qo = Q(too, t10, T10, -+, Ts0> T00, T0(t10)), Qote = aTOQo;
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8) the conditions for the delays 1,1 = 1, s,

too+Tio
7Qor,, = ¥(too + Tio) fi + / Y(t) fox, [tlo(t — Tio)dt
too

tio
+/ w(t)f0x7 [t]x‘o(t — Tio)dt,i = 1, S35
t

00+ Tio

9) the conditions for the vector x,
(mQoz, + ¥(too))Too = max (TQoxz, + ¥ (too))Zo;
$0€Xo

10) the linearized integral mazimum principle for the initial function @o(t),

s too S too
S wttrna)ontrmaleo(®iit = max 3 [ wtrno)fon Hrale(tide
t t

i=1 00 —Ti0 w(t)eq> i=1 00 —Ti0

11) the linearized integral mazimum principle for the control function wug(t),

/ttlo P(t) [fOu )+ Z Jou, [t]uo(t — 9@0)} dt

tio
_ . o [Elult — 0:0) | dt
Jnax, /t ) b(t) [fo +Zfo )]
12) the condition for the function 1 (t)

Y(tio) = 7Qog, -

Theorem 5: Let vg be an optimal element with top,t10 € (a,b) and the condi-
tions 1),2),3),5) of Theorem 4 hold. Moreover, there exist the finite limits

lim fo(’u}) = f+,’w S [too,tlo) X OlJrS,

w—rWo

lim fo(w) = f;;l,w S [tl(),b) X Ol+s,

W—Ws41

Then there exists a vector m = (mp, ..., m) # 0, with mo < 0, and a solution P(t) =
(V1(t), ..., Yn(t)) of equation (5) such that conditions 8)-12) hold. Moreover,

TQor, < P(too) fT+ Y W(too + mio) fir 7Qor, < —¥(tr0) £y
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Theorem 6 : Let vg be an optimal element with top,t10 € (a,b) and the condi-
tions of Theorems 4 and 5 hold. Moreover,

f_:f+ = f, f;;.l:fiu ::fs+1~

Then there exist a vector m = (mg, ..., ) # 0, with mop < 0, and a solution Y(t) =
(Y1(t), ..., ¥n(t)) of equation (5) such that the conditions 8)-12) hold. Moreover,

TQot, = (o) f + D w(too + Tio) fir TQor, = —th(t10) for1.

=1

It is clear that, if the function f(t,z,x1, ..., s, u, u1, ..., ux) is continuous and the
functions ug(t), ug(t—01), ..., ug(t —0s) are continuous at the points tog, too — 70,7 =
1,s; too + Tio, 1, 8; t10,t10 — Tio, ¢ = 1, 5. Then we have

[ = f(too, oo, vo(too — 710), ---» o (too — Ts0), wo(too), o (too — 01), ..., uo(too — bs)),

fs+1 = f(ti0, z0(t10), zo(t10—710); ---, To(t10—Ts0), wo(t10), uo(t10—01), -.., uo(t10—0s)),

fi = fo(too + Tio, zo(too + Tio), zo(too + Tio — T10), ---» Zo(too + Tio — Ti—10) Too,

2o(too+Tio —Ti+10), ---, Zo(too+Tio —Ts0)) — fo(too+Tio, Zo(too+Tio), To(too+Tio —T10),

s Zo(too + Tio — Ti—10)s ©0(t00), To(too + Tio — Tit10)s ---» Zo(too + Tio — Ts0))-

On the basis of variation formulas [1] Theorems 4-6 are proved by the scheme
given in [2,3].
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