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ON TWO-DIMENSIONAL ANALOGUES FOR SHELL-LIKE BODIE
T. Meunargia
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1. Javakhishvili Tbilist State University

The paper deals with the question of reduction of the three-dimensional
problem of the geometrical and physical nonlinear theory of elasticity to the
two-dimensional one, for shell-like elastic bodies.

I. Let R and }*% denote the radius-vectors before and after deformation of
the bodies €2 and (*2 respectively, moreover

R<x17x27$3) = R<xlax27x3) + U<x17x27x3)7

8]}*%:]*%]:8]R+83U:R3+63U

0
(@'—a%-)’

where U is the displacement vector, (x1, 23, x3) are the curvilinear coordinates
in the space.
The equation of equilibrium has the form [1]

1&@5i*

— +® =0

where 5 is the discriminant of the metric tensor of the domain (), o

are
,,contravariant stress vectors®, &) is an external force.
Under repeating indices summation is meant unless otherwise stated. The
Latin letters take the values 1,2,3, while the Greek letters take the values 1,2.
The equilibrium equation can be written as

1 9,/go" ; o
ﬁ \8/3_31 —I—CDZ(), o :UJ(Rj+ajU),

where ¢ is the discriminant of the metric tensor of the domain €, ¢¥ are
contravariant components of the stress tensor,

ai:\l»c;'i, <I>:\I><i>.
) )

The stress-strain relation has the form

O_ij — (Enjmn + Elijwmpquq)gmn7
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where EY™" and E“™"4 are tensors of elasticity of the fourth and sixth rank,
respectively, €;; are covariant components of the strain tensor, moreover

BT = Mg g™ + (g™ g™ + g™,
BT = qy,g7 g g 109" (99" + g™ g™ )+
+n039™" (979 + 9"97") + mug" (g™ " + g™,

- ;(RmanU b RodnlU + 0nU0,),

A and p are Lame’s constants of elasticity, and 71, 192,13, 174 are modules of
elasticity of the second order for isotropic elastic bodies, ¢“ = R'R’ are con-
travariant components of the metric tensor, R; and R are co and contravariant
base vectors.

IT. 1. We consider the coordinate system of lines of curvature, which is
connected normally to the midsurface S of the shell €2, i.e.

R(I’l, X2, .T3) - 7"(371, x?) + .T3n(l'1, $2)7

where r and n are radius-vectors and a normal of the S, x3 is the thickness
coordinate —h < x3 < h, h = const is the semi-thickness.

The dependence between covariant and contravariant base vectors of the
shell €2 and the midsurface S, are expressed as follows

T.OZ

=——— Ry3=R'= =1,2
1—I€a$37 3 n?(a 7)

R, = (1 — kqx3)re, RY

(on o no summation!)
where k; and ko are main curvatures of the midsurface S, i.e.

R = (1 —kizz)r;, R'=-—7—, g”= )
( xg)r 1— kil’g g (1 - k?zl‘g)(l — k?j[)’]g,)
\/g = \/E(l — k?ll’g)(]_ — k2$3), a = a11a99 — CL%Q,

- a®, i=a, j=05;
a’? =r'r’'=¢0, i=3, =06, or i=a«a, j=3;
1, i=j=3,

Ao = Tal'g, Qa3 = A35 = 0, ag3=0, k3 =0

(on i, 7, &, f no summation!).
For the tensor €;; we obtain

oU o,U oU U )

1
Eij 2( 3)( j23) (Tﬂ 1— k;jxs g kjrs 1 —kixsl — kjxs
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(on 7,7 no summation!) i.e.

0aU OsU 0aU
+

05U

1
€ap = 5 (1= kaw3)(1 = kp3)(rp—

= (1 — kaz3)(1 — kgxs)eas,

1 9, U 0, U
Q —= — 1 — _— _— ) =
€03 2( kawg)(nl oty +1r,05U + 83U1 — kal'g)
= (1 — k $3>€a3,

€33 = 7183U+ (83 ) = €33.

2. Now, we assume the validity of the representations:
81U = (1 — ]{?1.733)81V(331,.T2),
82U = (1 — le’g)&QV(SEl,Z’Q),

83U = ‘7(1‘1, 132),

where V and V are the two-dimensional vectors of T1,To.
Taking into consideration the condition

8182U = (9281[] = 02(k181V) = 81“{282‘/),
83(91[] = 8183(] = 81‘7 = —l{:l@lV,
8382U = 8283U = 82‘7 = —k’zagv,
for V(z1,z5) we obtain the following equation

o’V Ok, OV Oky OV
(k1 = kz)@ajlaxg + 0xy 014 B Ory Oy 0

Now, from the system of Gauss equations

Ok, Oln\/ar;
ow, ~ TR T
Oky Oln \/az
T (k1 — k‘2)7ax1 :

we have

(k} —]{3) 82‘/ _8111\/@11 (9V_8lnw/a22(?v —0
! 2 6%181’2 81’2 81’1 8x1 8x2 -

The general solution of this equation has the form [2]

1

xlat 331,.’172)

V (1, 25) = u(1)+0(w)— / u(ty 2 x2’x1’x2 dt— /

0

Ty

k al3 1 — ]{51'3 1— kaajg 1— kﬁl’g -

dr.



4 Bulletin of TICMI

where R(t, 7,21, 25) is a Riemann function, u(z;) and v(xs) are arbitrary vec-
tors.
For the vector U(z1, x5, x3) we obtain

x2

oV (xq,
U(Il, 1’2,.1'3) = /[1 — xgkl(xl,xg)]g:@)dxl +
o 1
i oV (29, o)
1— 0 1
+ 1 ok (o )] = L

0
T

+ (23— 2V (29, 29) + U(29, 29, 29),
and

8V(:L"1), 1:2)

o, dxy + V(:B(l), xg)

Tl x2
- ov
V= —[/ﬁ(m,xz)axld%z —Zkz(iﬂ(l)’x?)
T2

1

Now for e,,, we have the following two-dimensional expressions:

1
€ap = i(raagv + maaV + 8QV85V),

1 ~ ~
Cas = i(nﬁav +r, VV +Vo,V),

~ 1~
€33 — nV + §V2
The ,,contravariant stress vector“ o has the form
= (L= k) (ry + O50) = —
o' =(1—kjxs)o"(r; ) = ——
i3 J J 1-— ]fil'g

(on i no summation!), where

T = (Mijm” + Mijm”pqepq)emn(rj +0;V),
0.V, j=q,
@V_{?,jza

Here
MmN — N\ g g + M(azmajn + amajm)

Mijmnpq — nlaijamnapq 4 n2aij (apmanq 4 amqanp)+
+n3a™" (a®a?? + a"a’?) + nyaP? (0@’ + o a™).
At last, we obtain the following two-dimensional equation of equilibrium:

L 8\/5(1 - k’gl‘g)Tl i 8\/5(1 - k?11'3>T2 i
\/a 8x1 axQ
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8(1 - kll’g)(l - k?g[[‘g)
+
8x3

T3 + (1 — kyas) (1 — ky3)® = 0,
where
T = (M*P™ 4 MPmmPie, Ve, (15 + 05V )+
(M3 4 Mo‘gm”pqepq)emn(n + V),
T3 = (M3Pm™ 4 MB3PmmPie, Ve, (s + 05V )+
+ (MM ppFEmRae e, (0 + ‘7)

3. Let us consider the boundary condition for the stresses.

*

The stress vector o acting onto area with the mormal (/) has the form

(1)
The normal 7 after deformation can be defined as

*
l = * * )

where 5 ; and 5 5 are unit tangent vectors of the boundary surface 852 ,with
the surface element
* *
dS:’S 1 XS deS 1S 2.

Then we have

| = déxdl*% = 1 @x@ dsy dsy _
|§1X§2| d;l dgg |§1X§2| d51 d82 d;ldgg

—_

_ ;{Z y }*%jdxi%dslci@ _ \/? " « o dx; %d51€{82 _
d51 dSQ dS d81 d52 dS
5 x pdx; dr; dsidsy 5 x o dx; dry dsidsy
=\|l- ii — =\|-(R; x R;)R — =
\l»g\/geij dsy dso dgv g< X ) B 1 dsy dso dgv

_ \J»g<81 % Sz)RkékdsldSQ _ \IE S1 X 89 Rk§k|81 X 82|d81d82 N
g ds gls1 x s ds
; g « . dS
:ZZJ»Q(ZR,C)R’“ - =
g dS

b s g dS
élileiIJ;li* (l; =R;),
9 dSs
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S1 X S9

where [ = is the normal of the boundary surface before deformation,

S1 X 52|
dS is the element of this surface,
dS = |81 X 82|d81d82,

€,k are the Levi-Civita symbols.
Now the strees vector can be written as

. an (g s, ds
O« =0]; = *0’[2‘ *:Glii*,

ie.,

where
lo =R, l3=In.

On the surfaces x3 = £h we have [ = n and so
o (n) (21, T2, £h) = 0 (21, 2, £h).

The stress vector 0'(7) acting on the lateral surface dS = dsdxs with the

normal [ has the form

oG = o®(IR,).

The normal I before deformation can be defined as:

=
as "
where
AR _ . dRds _dirtwm)ds (0 dn)ds
ds  °  dsds  ds ds Sds ) ds
d
= §=[(1—ksxs)s + Tsxg,l}d—;
Therefore,
I=[(1— ksky)l — @
= 3R X3TsS ds’

(Ix5=mn, Ixs=n).

where lA,§ and [, s are the unit vectors of the tangential normal and tangent
of the lateral curve of the surfaces x5 = const and z3 = 0 (midsurface),
respectively, ks, and 7, are the normal curvature and geodesic torsion of the
midsurface, ds and ds are linear elements of the surfaces x5 = const and x5 = 0,
respectively, moreover

ds = \/1 — 2x3ks + 23(k2 + 12)ds =
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R 9 d[L‘l 2 9 de‘Q 2
= ds = CL11(1 — /{31{E3) E + CL22(1 — k2$3) E ds.

On the other hand, we have [3]

~ dR dR ds dz, ds dz,, ds
l=—= = o I~ « i a Ji
dgxn dsxnd§ RxndeA VI €azs R F
g dx, ds \/ﬁ /dea ds
- @ R . aa - (0% R 77/\:
a\/ae 33 ds d3 a(?“ X?’I,)’I"ﬁ 15 42
S [7] ds
\/;(S xn)rgR’ = =\ [=(Irg) R’ =
d
Therefore,
0 g ds
N ala - \/7 alai
MO aa ds =
ds . )
= Jor (1 — kyx3)(1 — kows) (o'l + 0°l2) =
ds

gz = (1= kaza) T + (1 = kas) Tl

Thus, we obtain the following system of two-dimensional equations of the

geometrically and physically non-linear theory for shell-like elastic bodies:
a) Equilibrium equations

1 8\/5(1 — kgIg)Tl (9\/5(1 — klxg)Tl 3
— —2(H — Kz3)T° + F =
\/E ( 8951 + (9.1'2 ( 553) + 0

(0) (1)
<2H = kl + kg, K = kle, (]. - ICIJIg)(l — ]{321’3)(1) =F= F +Z‘3 F) X

b) Stress-strain relation

Ti(wr,22) = (M 4 M, )e, (15 + 05V )+

+(Mz3mn + MiSmnpqepq)emn<n + ‘7)’
where

1
€ap = i(Taa/gv + Tgaav + 8QV85V),

1 ~ ~
€3 = i(n&XV +nV +Vo,V),

1

€33 — nV + 5‘72

ITI. Special cases
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1
1. Spherical shell (k1 = ko = _E)

The vector of displacement U for the spherical shell has the form

U(ZEl,l‘Q,l’g) = <1 + 1;) V(ZEl,l'Q) =

0.1 — (1 + "2”) 0.V (a=1,2),

= 1
The equation of equilibrium can be written as:
1 OaT™ 2
— Y L T34 F=0
va 0z, * R - ’

where

. . . 1
T (o1,2) = (™ 4 M9 )7 + 03V) 05V = £ V),

1
emn(T1,x2) = i(rm(?nV + 17,00V + 0, VO, V),

T
F(l’l,l'Q) = <1 + f;) b,

The stress vector has the form

T ds
o = (1 + R3> Talazg =T%, = T(l),

(5= (1+22) ds).
2. Cylindrical shell (k; = —%, ky = 0)
The vector of displacement for the cylindrical shell has the form

U(xy, x9,x3) = (1 + a:;;) u(zy) + v(xg).

R
Then dulr,)
T3 uU\T1
— (1423
811} g (+ )Fi) dl’l
VI T2
v = ———
2v dl'g
O30 = Eu(xl)
The equilibrium equation looks like:
1 0yalt 1
ve + =T =0,

% 89&1 R
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1 9y/aT?
\/E 812

+® =0 (P =P(x1,29)),

where d
Tt — (Milmn + Milmnpq@pq)emn (7‘1 + U(x1)>
d!El
. N d
_'_(Mszn + Msznpqepq)emn (Tg + U(ZE2)>
dwg
. . 1
_I_(Mszn + Mlgmnpqepq)emn (n -+ Ru($1)> .
Here

Mijmn — Aaijémn 4 M((sim(sjn + 5in5jm)7
Mijmnpq _ nléijémnépq + n25ij (5mn5nq + 5mn5np)+
g (6P OI 4 §6IP) 4 6P (§ I 4 5T,

g 1, i=j
iy )
<5 _{ 0, i#j )
For the e;; we obtain

1 d d du d
(7“1 ul@,) +r vlez) “ U) = €21,

12 = 5 d.ﬁCl 2 d.CL’Q de@

1 ( du nru u du)

B=o\"im TR T Rany
1 dv+r2u+udv

en=-|n—+-—F+ 55—

B9 \Mdey ' R Rday )’

du+1 du dv+1 dv \? nu+u2
en=r1—+-|-—|, ex=ro—+-|—1| , e33=—+ —.
U ey 2 ey 27 ey, 2 \dey TR 2R
The stress vector 40 has the form (lA: ro):

ds _

=172
ds

oG =0m) = (1+ E)T 2
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