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THE METHOD OF A SMALL PARAMETER FOR THE
SHALLOW SHELLS

T. Meunargia

1. Vekua Institute of Applied Mathematics
of I. Javakhishvili Tbilisi State University

Abstract. In the present paper the method of a small parameter is used
for the shallow shells of I.Vekua. The small parameter has the form ¢ = %,
where h is a semithickness of the shell and R is the characterictic radius of
curvature of the midsurface of the shell.
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1. Introduction

A complete system of three-dimentional equations of elastic bodies of shal-
low shell type can be written as [1]:
a) equilibrium equations
038
3
% W
Ox3 -

Voo™ — 0o 4

V0% + bagaa’g +

where 0 (i,j = 1,2,3) are contravariant components of the stress tensor,
bas(b*?,b7) are covariant (contravariant, mixed) components of the curvature
tensor of the midsurface S of the shell Q, ®* (i = 1,2, 3) are contravariant com-
ponents of the external force, V, (o = 1,2) are symbols of covariant deriva-
tives, o' and 22 are curvilinear coordinates of the midsurface, x5 is thickness
coordinate, —h < x3 < h, and h is a semi-thickness of the shell;

b) Hooke’s law

0% = X0 — 2HU; + 93U3)a™? + p(VeUP + VPU* — 2b°PU3) = 0P,
0% = p(O°U* + VU + b3U7) = o™,
0'33 = )\(9 — 2HU3) -+ ()\ -+ 2/1)63[]3, (2)

0=V, U, V*=a"V,, 0§ =05= i, a®® = ror?),
633'3

where A and p are Lamé constants, H is the mean curvature of the surfaces

2H = by + b5 = b3,
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U = u°r, + Un is the displacement vector, r,(r®)(a = 1,2) are covariant
(contravariant) base vectors and n is a normal of the midsurface S;

c) the stress vector o ;) acting on the lateral surface with normal 1 has the
form [1]

o = 0%, == (Ua’gr,a + O'agl'l)la = O'(U)l +ouss +toumn =
ouy = 0"luls, o =0"lasg, oany = 0%y, (3)
(lo =1ry, Sq =sr,, 1Xxs=n).

There exist several methods of reduction of the three-dimensional problems to
the two-dimensional problems (Kirchhoff-Love, E. Reissner, K. Friedrichs, A.
Green, A. Goldenveizer, I. Vorovich, I. Vekua, etc.)

2. I. Vekua’s Demension Reduction Method

Following I. Vekua we assume the validity of the expansions

ZjaUzacDZ = Zja Z’ ' pm < ) =
(o )= :(a U’ o ) 7

m=0

(m) . (m) 2m +1 / (4)
((Z}) ij’ U i’ o z) _ m /(aij’Ui’®i>pm <x_];’) dl’g,

2h

where P, are Legendre polynomials of order m.
Substituting the above expansions in relations (1), (2) and (3) having sat-
isfied beforehand the conditions on the face surface x3 = +h,
-
o’ (z', 2% +h) = & 3

Y

we obtain the following infinite complete system of two-dimensional equations,
which in the izometric coordinates

ds® = Adzdz (2 = 2! +iz?, A(x',2?) > 0)
written in a complex form looks as follows [2]:
a) equilibrium equations:
( (m)

h 0 m m m 0o @ m
—— (0)11 — (0)22 + Qi(0)12 +h - SHR(J)+
A0z

(m—1) (m—3)

0z
—eQRo . —2m+1)( o ++ o0 ++..)+hF;i=0

(m) (m) (5)
h (oo, 0do, (m)
_ H e
N O

+€R6@R((8ﬂ) - i
(m—1) (m—3) (m)
—2m+1)( 0 334+ 0 s3+..)0+hF,+=0 (m=0,1,...),

242 i ]




Volume 8, 200/ 3

where € = % is a small parameter and R is the characteristic radius of curvature

of S.
Then
0 1/ 0 0 0 1/ 0 w 0
0z 2 \ ozt ox2)’ 0z 2 \ox! ox2? )’
(m) (m) (m) m) (m) (m)
0O 4= 01+10 9, F+—F1+2F2,

o) 2m 41 (9 (=)
2Q =bl — b2 4+2ib?, Fi= d,;+ o [073i — (=1)"™ 0734

b) Hooke’s law

( (m) (m) (m) 01
h(011—022+22012)—4,u/\ ha—KU+—€QRU3
m)® (m) (m (m) ,
WG =200+ ) (h 0 —2H5RU3) LoD L,
(m) . (6)

= U‘°’+8R(HU++QU+> +U

(m) (m) (m) (m)
hoss=Ah6 —2HsRU 3)+ (A +2p) U 5,

where
(m) (m) (m) (m) (m)
U+:U1+ZU27 Ua:Ura7 (04:172)7
w 1[0, ol (m) (mt1)  (mt3)
m + + m) , m m
= — =(2 1 )
0 A 9 =+ BB , U (2m + )( U + U + ),

¢) the boundary conditions for stress tensor on the lateral contour I':

0w = f17 O (1s) = f27 0 (in) = f37:>
( (m) +Z,((r7n) 1 (m) 4 ((gz) _m +22(8n) ) dz 2
() (1s) 5 a 11 22 12 s
(m) (m)
= fi1+ifo (7)
(m) (m) dz (m)
-7 hied
L a(l”) m(a+dS) f37
(m=0,1,...).

Substituting (6) in (5) and using the formula

(m)
10,0 1m 0 [10U (m)
21 0 2 + KR
Ah INCERGERN ah 0z \ A 0z 2 -
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where K is the Gaussian curvature of the midsurface S, we obtain a system
of differential equations in terms of the displacement vector components:

- (m) (m)
o [10U 4+ 6 9 U 3
duh*— | — 2(\ h2=—— +2)\h
95\ 2 9s | THATm G 07
2 Dll2 3 / 2 + /
(m+)uhaZ+U++haz+U++
4h MO T ony
1 3 3
— - 4
FY X o A+ mh=52
(m) (m (81)
0U 3 ' oUus  (m,
H|2 2
m—1) (m—1)
_om+ (H AR ) | }
. , _(m) (m) ,(m)
+e" R |2K —H* = QQ)U + —2HQU 4| +h° F 4 =0,

9y (M) (m), (m—1) (m=1),
pl{ RV Us+h 0 | =C2m+1)[(M 0 +A+2n) U 5

(m—3) (m_?’) /
+(/\h 6 +AN+2p) U 3)+...]

(m) (m)
2uh  OHU ++QU +)
A Re az (82)

+eR

+H

i1 o (1m
(A+u)h9 +2AU3 + 4ph Re [Qaz (—U+)}

m—1) (m—3)
—|—2(2m—|—1))\H( Us+ U s3+. )}

m)
AR [(A+ W) HE + 1QQ) U o Fa = 0,

4 82
=0,1,... Vi=— .
(m 0.5, V Aazaz)

The passage to finite systems is performed by considering a finite expansion
(4), where m = 0,1, ..., N.
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3. Approximation of order N =0

By introducing the following notation

(0) 0),

(0) (0)
0y =Ty, Fi=X
we obtain:
a) equilibrium equations
h 0

0
o2(Ti = Top 4 20Tho) + h T — eR(HT, + QT) + hXy =0,

) + eR[HT? + Re(Q(T} — T2 + 2iT?))] + hX3 = 0;

AOz
h (an oT;

A\ Bz * 0z
b) Hooke’s law

0 (1
h(Th — Toy + 2iT2) = 4ul lh£ (KU+) — SQRU3:| ,
AT = h(T! +T2) = 2(\ + pu)(h® — 2He Rus),
0
WT: = p(2h =2 + eR(Huy + Qu)),

thg = )\(R@ — QHSRU;J,), 0= A ( e + 9z ) s

¢) equilibrium equations in terms of the displacement vector components

0 (10u 00 4ph OANQus
4 2 2t A == —eR |12
9: \aas ) P2AHmh o A 0
9 B
HAN + p) u3 Qﬂ }

+* R [(2K — H2 QQ)u+ — QHQM +h2X, =0,

10(Huy +Quy) =0 (1
22 - - 1
uh=V=us —i—aR{QuhR lA 5, QQ_&E (Au+)}

|+ 20\ + 2p)hHO} — 4R [(A 4+ p)H? + pQQ) us + h* X3 = 0.

(9)

(10)

To determine the components of the displacement vector and the stress

tensor we shall use expansions with respect to the small parameter e:

(0) (1) 2(2)
U= U;+eu; +2U; + ..

(0) (1) 5(2)
T sz + STU + £ sz
() (1) 52

Xi=X,+eX; +2X, +
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and then we equate to zero the factors of €. These equations may be written

in the form:
a)
(h 0 [(n) (n) () 0 ()
Aos (Tu — To+ 22T12) + h? T3
(n=1) (n—1) n)
=RH T ++Q T +)—hXy,

(12)

(n (n
h 8T+ 8T+ (”_1)
n — R|H T °
A ez T ez T a
_ (n-1) (n—l) (n 1) (n)
\

—

b) Hooke’s law

( (n) (n) (n) 0 (1 ) (n—1)
h (Tu - T22+22T12) = 4plA lha— (K +) QR u 3} ,
(n) (n) (n—1)

hT &=2AN+p) |h —2HR u 3|,

m_1 0%, L0y
“A\ oz T oz (13)

(n)
1) (n—1)

(n) ou s
hTy=p BE (H“++QU+) ;

(n) [ (n) (n—1)
thgZ)\ h@—QHRu?, ;
\

) equilibrium equations in terms of the displacement vector components:

(n)
o [10u 06
b oz \ A 0 + 200+ b 0z A+(22), (14)

where

(n—1) (n—1) (n—1)

(n) (n) 28]\@ U 3 0 u 3 0 u 3
=—-h’X,— R |2uh | < H
A X+ L I P

(n-1)
aH — (n—2 n— 2
+4(A+u)h# — R | (2K - 12 - Q) " L —om"y” |
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n +20—- (% v +

(n—1) (1)
(n) (n) LOH " +Quy) —d (1w
=—h’X3— R{2uhR
A3 X3 {“ “l 92 FEAU

(”_1) — (n—2
20\ + p)hH ¢ } + 4R [(A + p) H? + 2uQQ)| oy )3.

d) for the boundary conditions (7), we obtain

p

. 1 . dz\’ .
Ty + 1) = B TS — (Thy — Tog + 2iTh9) (E) ] = fi+ifa,
dz =
T(ln) :_Im( d ) f37
0
\ (f’L:fZ>7
([ A+pw 0 (1w fdz\}] h @
p n Z n
AL oy S W il hiad v
h 2u 0 8Z(Au+) (ds)] 2,uf+
\ 2
IR )\+MH_AQ (%) (nq;l)g’
I ds (15)
(n) -
ouwsdz h () (n—1) dz
2hIm ang :——f3 RImKH w4+ Q u +) (%)}
\ (f+:f1+2f2>

We may now write the general solution of the system of the equations (14)
in an explicit form [2]

m s 1 s \ m
u+——aes = +<WS//C»Z)¢(Z>¢(Z>
(n) _
.y /7Z : "
2
Wy = 1)+ 1) ;// (€, n|C — #/dS,
((=¢+ined, dS = AC ¢)dédn)
where
(n) _
Boen) =it // + e
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(n) 1 ) _ A+ 3
Bs(z,2) = e As(z,2), (ae: )\+:).

In this way the general solution of the system (14) is expressed by three
arbitrary analytic functions f(2), ¢(z) and ¥(z) of z. Accordingly, it ensures
the satisfication of three arbitrary given physical or kinematic conditions.

4. Approximation of Order N =1

Consider, now, the system of equations (5), (6) and (8) for constructing
approximation of order N = 1. In this case we have

0 3\ ) (0) 3\ (1)
Ui:Ui+p1<3)Uza Jlj_alj+p1<_3) 044,
h h
(0) - o, O @,
F"i:Fi‘i‘Pl(h)FhUi:Ui?Ui:O'
By introducing the following notation

(0) (1) (0) (1) (0) (1)
Ui=ui, Ui=v, 045=T; 045=25;5 Fi=Xi; Fi=Y,

we obtain:
a) equilibrium equations:
(h 0 0,4
Aa TM_T22+22T12)+h6 T —SR(HT++QT+)+I”LX+ —0
h (0T oT’
I ( =+ +) +eR[HTS + Re(Q(T} — T5 + 2iTy))] + hX5 = 0,
h ) (17)
Ka— Sll - 522 + 22512) + ha Sa — 5R(HS+ + QS+) - 3T+ + hY+ - 0
h [0S 08 —
K( L ;) +eR [HSS + Re(Q(S] — S5 +2iS3))] — 3133 + hYs = 0;
b) Hooke’s law
([ . 0 (1
h(Th — Toy + 2iT2) = 4pl lh£ (KU+) — 8RQU3:| ,
RTY = W(T} + T3) = 2(\ + w)(h0 — 2He Rug) + 2\wvs,

hT, = p lQh% +eR(Huy + Quy) + vy |,

| 133 = A(h0 — 2He Rug) + (A + 2p)vs,

h(S11 — S22 + 2iS12) = 4ul lh% (%m) — SRQ?)3:| ,
hSY = h(S} 4+ S3) = 2(A + p)(hp — 2He Rus),

)
hSy = h(Sis +iSss) = pu l%% + eR(Hus + QK)} ,
| thg = )\(h,O — QHSRU;),),

(18)
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where
_ 1 (Ouy  duy 1 (0vy | 0% - -
b= A ( 0z + 0z ) » P A ( Oz + 9z (uy = uptiug, vy = v1+ive).

¢) equilibrium equations in terms of the displacement vector components:

[ 0 (10u 00 ov 4ph OAQus
Aph?— === ) +2 222 LN —eR |-
e (A 3z)+ A+ mh™s + 205 =R "=,
aHu;), au;), au;), .
4 2 H— —
+4(A + p)h 55 Mh_ BE +@Q az) +M(HU++QU+)}
+e? R [(QK — H* - QQ)u, — QHQK} +h*X, =0,
(19)
1 0(H UL
w(h*V?us + hp) + eR { 2uhRe LO(Huy + Quy)
A 0z
—0 (1
| AR (A + p)H? 4 2uQQ)] us + h* X5 = 0,
[ 0 (10v dp Jvs
Aph? = (=) 42 228 _ Z3
wh -1 + 2N+ p)h 55 3 (Qh 5 +v+)
4ph OAQus O0Hwvs Ovs 0vs
—eR |2 4 ouh | HZ=2 4+ Q=2
aRlA 5, T (A+p)h 55 +uh(_ 6z+Q82)
3y + Qur)) + 2R [(2K — H2 — QQ)vy — 2HQT]
+h2Y+ - 0, (20)

ph*V?v3 — 3(ARE + (X + 2p)v3)

10(Hvs +Quy) =0 (1
) - (=
+eR < 2uhRe A 5, +4Q 75 | 10+ B
+2(A+ p)h*Hp + 6AHvs } — 4R%e* (A + p)H? + 2pQQ)] vs
+h%Y; = 0.

To determine the components of the displacement vector and the stress
tensor we shall use expansion with respect to the small parameter e:

0 0 1 1 2 2
(i, v;) = ((U)z‘, (U)z‘) + 5((U)z‘, (U)z‘) + 52((U)z‘, (U)z‘) t

0) (0) 1 (@ 2) @
(T3, Sij) = (Tij, Sij) +€(Tij, Sij) + € (Tijs Sij) + o
0) (0) (1 (@ 2) (2
(Xi,Ys) = (X5, Vi) +e(X4, Vi) +2(X4, Vi) + ...

and then we equate to zero the factors of €. These equations may be written
as:
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a) equilibrium equations:

(h O () (n) (n) 0 ()
Ka—(Tn— T22+22T12)+ha—Tg

(n—1)

1)
:—hX++R(H T ++Q T 4),

(n) (n)
A 0z 0z

(n—1) _ (n-1) (n—1) (n—1)

—R|H T ®+Re(@Q(T ‘= T 242 7 L),

o

(21)
29— 2 S1s) +h— § 3
ICE (511 S22+ 2512) 3 Sa T +
(n—1)
:—hY++R(H S ++Q S +)7
(n) (n)
h 3 + 3S+ (n)
N
(n) -1 —_ (n=1)  (n—1 (n=1) |
=—hY3s—R|H 5§ 2+Re(Q( S 1— S 3+2 5 ));
\
b) Hooke’s law
- 2T hs) = duA |h— ( —
h(T11— Toa+2iT12) 1 lhﬁi (A ) RQ u 3}7
(n) n— n
W = 200+ 1) (h 6 — 2HR"u"y) + 220,
(n)
ou 1) (n—1) (n)
hT+—M2 BE (H“++QU+)+U+ ;
(n)
thg—)\(h@ —2HR U 3)+()\+2u)03, (22)
(n) 0 (1w (n—1)
(511— S22+QZU12)—4/LA lha (KU+) — RQ u 3} ,
(n) (n—1)
'S — o+ wh'P —2m R0,
(n)
(n) 0v3 (n—1) (n—1)
hSy = (Hv +Q v 1),

0z

(n) (n) n—
| 1S = AP —2HR",);
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¢) equilibrium equations in terms of the displacement vector components:

0 [ 10u 00 ov (n)

2 + 2 3

— | = 9 _

Mgz \ A as | TEAT S z ko a

0 [ 10v op ous (n) (n)
quh?=— | == 20\ 2= —3u | 2h -
S i el I G Dl e U B = 2 o)
NN
(th(hV Vs + P) = Ls,
where
() ) dph ONQW or"a"
= B2 R| 1= S AN+ 3
Lt Xo BT — HAA W —
TR TR (n—1) (n—1)
+ouh | H—21Q S 4 pu(H v +Q vy
0z 0z
— (n (n—2)
1R’ [<2K -1 - Q)" —2mQ"™
() () auh orQ"s" oy
= K2 R S 4N+ ph——3
M L R R e s
a(nvl a(ngl) D)
+2ouh | H 2+ Q 3 3, Q")
0z 0z
—jR? [(2K—H2 Q)" +—2HQ(nv2+},
(n) 19(H 0" Q(nul ) 0 [1(n-1
L3 :—th—R 2uhRe +4Q—=— ([~ u 4
32 0z \ A

A
(n—1) (n— 9 o 9 2)
+2N+ p)hH 9 42X v AR’ (A + p)H? + QMQQ}

(n) (n)
= —h*Y3—R{2 — 40— | —
M3 Ys nhRRe A 5, + Qai AU

Lo, + Q")) ) (1(n_1) )

(n—1) n—1 — (n—2
2N+ )hH 4+ 6AH" )3} FAR? [0+ ) H? + 21Q0] "y
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d) for the boundary conditions (7), we have:

P

. 1 . az\* © o
Ty + 1T = 5 |1 — (T11 — Top + 2iT12) =)= fi+ifs,

d 0)
T(l”) =—Im (T+d8 - f37

' dz\? @ @
Sg — (S11 — Saz + 2iS12) (—) = fi+ifq

l\z

=

ds

n
=
—
~.
L
~
vl
| — |

\ ds
(N +p, ) X 0 (1 dz
AR A A [ = bl
o 0 g Ve g (Au+) ds)
B (0m) A p dz\*| (n-1)
= R|2Eg aQ (&
o0 T [ u Q(dé’) ’

Adpm 0 (1m dz\ >
ML oy SO W el hiad
TR E (A“) (ds) ]

Ly L AZ“H AQ (dj) ] b

IS8

8U3+(Z) z
z T ds

(0,n) n
:—ﬁ fs— RIml(H u Q(u1+) dz]

ds

The general solution of the homogeneous systems (23) and (24) can be written
in an explicit form [1],[2]:

\

Uy =

M Bw 5)\+6u1//M

6\ +2u) 0z 3A+2um C—z

e 5[ )FE-TE.

2M\h /

Vg = w_3)\+2u[90(2)+m]7
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4\ + 2u)h? e S S
3 ’
uy = qf(z)+x1/(z)—%//<q>/(g)+m) In|¢ — z|ds

(dS = A(¢, Qdén, ¢ =&+ in)

where ¢(2), ¥(z), ®(z) and ¥(z) are analytic functions of z = z! + iz?, and
w, x are general solutions of the following homogeneous equations

3N+ )

2 _—_ —
Vaw ()\—l—Q,u)h?w ,
3
VX = 5x =0,

4 0?2
2—_
(v _Aaza,?)'

References

[1] Vekua, IN., Some General Methods for Constructing different Versions of Shell
Theory. Boston-London-Melburne, 1986.

[2] Vekua, I.N., On Construction of Approximate Solutions of Equations of the Shallow
Spherical Shell. Int. J. Solids Structures, 5 (1969), 991-1003.

[3] Meunargia, T.V., The Method of a Small Parameter for Non-Linear Spherical Shells.
Reports of Enlarged Session of the Seminar of I. Vekua Institute of Applied Mathematics,
vol. 14, N2, 1999.

Received December, 12, 2003; revised May, 21, 2004; accepted June, 6, 2004.



