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Abstract. We give an effective formula for the improper intersection cycle
of analytic curves in terms of local parametrizations of the curves.

1. Introduction. A new geometric improper intersection theory in the
complex analytic geometry was initiated by Achilles, Tworzewski and Winiarski
in |2] (for isolated improper intersections). In general case the theory was
introduced by Tworzewski in [18]. For arbitrary analytic sets X,Y (or more
generally for analytic cycles X,Y) in a complex manifold M we obtain an
analytic cycle X oY in M which reflects the geometric structure of intersection
of X and Y in M. It has also been generalized to arbitrary analytic spaces M
by Rams [15]. The theory has found applications in the separation of analytic
sets [4], [5], [6], [10], [I7]. The main idea of construction of X e Y in M
is as follows (see [18]): for any z € M we define the index of intersection
i(X,Y;z) € Zof X and Y at z. Since i(X,Y;:) : M — Z is an analytically
constructible function, it generates an analytic cycle in M, just X ¢ Y. If X
and Y intersect properly in M then X e Y is the ordinary cycle of intersection
of X and Y in M in the sense of Draper [7]. Much more complicated case is
when X and Y intersect improperly. We will consider this case when X and Y
are analytic curves in M i.e. analytic sets of pure dimension one in M. If X
and Y are irreducible analytic curves in M then two cases may occur:
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1. X NY is an isolated set in M. Then

XeY = ) i(XeY;P)P
PeXnY

where i(X o Y; P) € N (in this case i(X,Y;P) = i(X ¢ Y; P)). An effective
formula for i(X e Y'; P) was given in [3],
2. X =Y. In this case

XeX=X+ Y i(XeX;P)P
PeSing(X)

where Sing(X) is the set of singular points of X. The main result of the
paper is an effective formula for the coefficients i(X e X; P) in terms of local
parametrizations of X near P (Th. .

I would like to thank R. Achilles and P. Tworzewski for their remarks con-
cerning the first version of this paper and S. Spodzieja for his comments and
advices during writing of this paper.

2. Intersection algorithm. Since in the proof of the main theorem we
will use notions from the Tworzewski intersection algorithm, we first recall it
(see [18]).

Let M be a complex manifold of dimension n. An analytic cycle on M is

a formal sum
A= Z ajC’j,
jeJ
where Z 3 aj # 0 for j € J and {C}};c; is a locally finite family of distinct

irreducible analytic subsets of M. By Supp A we mean |J C;. If U C M is an
JjeJ

open set then by A|U we mean the restriction of A to U (defined in an obvious

way). The degree u(A;x) of A at x € M is defined to be the sum

> au(Cyix),
Jje€J
where ;1(Cj;x) stands for the degree of the component C; at x. Then the
function
M>zw— p(A;x) €Z
is analytically constructible, and inversely, for each analytically constructible

function f : M — Z there exists a unique analytic cycle A on M such that its
degree equals the value of f at every point of M i.e.

f(x) = p(A;2), e M.
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Each analytic cycle A has the unique decomposition into the sum of analytic
cycles T, of pure dimension d

A= Z 1.
d=0
The extended degree of A at x is defined by

pe (A5 2) o= (u(Tns @), ..., p(Tos ) € (No)™H,

where Ny := NU{0}. If A C M is an analytic submanifold then the part of A
supported by A is defined by

AL (.
A= = Z a;C;.
jed, C;CA

Now we may recall the Tworzewski algorithm. Since the intersection cycle
is a biholomorphic invariant we will lead considerations in open sets of C™.

Let X and Y be pure dimensional analytic sets in an open set 2 C C™. Let
r:=dimX and s := dimY. Denote by A C C" x C" the diagonal, i.e.

Ai={(z,y) €C"xC" 121 =y1,...,Tn = Yn}-.

For any open set U C C™ x C™ such that UNA # (), we denote by H(U, X xY)
the family of all systems H = (Hj, ..., Hy,) of analytic hypersurfaces in U (i.e.
analytic sets of codimension 1 in U) such that:

(a) Hj is a nonsingular hypersurface and contains A,

(b) ﬂ;}:1 T(:c,a:)H] = T(x,cc)A forx e UNA,

(c) (U\NA)N(X xY)NHiN...NHj is an analytic subset of (U\A) of pure
dimension r + s — j (or empty) for j =1,...,n.

For any H = (Hi,....,H,) € H(U,X xY) we define an analytic cycle
(X xY)-Hin U by the following procedure:

Step 0. Let Zp := (X x Y) NU, treated as an analytic cycle. Then
Zo = Z8 4+ (Zo— Z§), where Z& is the part of Zy supported by UNA (usually
Z§ = 0 unless X =Y = {one point}).

Step 1. Let Z; := (Zp — ZOA) - Hy — it is the intersection cycle in the
sense of Draper of (Zp — Z§) and H; (note that the intersection of these sets
is proper). Then Z; = Z{ + (Zy — Z{), where Z{ is the part of Z; supported
by U NA.

Step n. Let Z,,:= (Z,_1—Z5 |)-H,,. Then Z, = Z>(Z,~Z%), where Z5
is the part of Z, supported by UNA. In this last case Supp(Z, — Z>)NA = (.

Then we define
(X XY)-H:=2Z8+ ...+ 25
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Now we may define the basic notions of the intersection theory. For any x €
we define the extended index of intersection of X and Y at x by
(1) i“HX, Y x) =

min{p (X xY) - H; (z,2)) € (No)"™ : He H(U, X xY), U3 (z,2)}

lex

where minimum in (NO)"+1 is taken with respect to the lexicographic order.
Next, we define the index of intersection of X and Y at x by

i(X,Y;x) Zze”XYx

where 3" v is the sum of coordinates of v € Z"!. The function
Qoz—i(X,Y;2)€Z

in analytically constructible in €. So, it generates an analytic cycle in 2. We
denote it by X e Y and call the intersection cycle of X and Y in Q. If

XOY:ZOéjCj, Qa; S/
jeJ

then «; is called the intersection multiplicity of X and Y along C; and is
denoted by i(X e Y;C}).

We extend this definition to the case of arbitrary analytic cycles in the
usual way, i.e. by Z-linearity.

In the sequel we will need results concerning the above algorithm and the
intersection cycle. First we quote two formal properties of the intersection
cycle.

THEOREM 1. 1. Let X1, Xo and Y be pure dimensional analytic sets in
an open set 0 C C". If X1, Xo are irreducible in Q, X1 # Xo, and dim X =
dim Xo then

(X1UXo)eY =X;eY + XoeY.

2. Let X andY be pure dimensional analytzc sets in an open set  C C".
IfQ C Q is an open set and X := X NQ, =Y NQ then

XeY =(XeY)|Q

PRrROOF. Ad 1. See Corollary 5 in [1] or Prop. 3, Ch. III in [13].
Ad 2. It follows from the fact that the definition of the extended index of
intersection and, a fortiori, the index of intersection is local, i.e.

i(X,Y;z)=i(X,Y;x), e
This gives X oY = (X o V) | O
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The next results concern the algorithm. The first is that in the above
algorithm it suffices to take for H; linear hyperplanes, and the second one that
there are many such hyperplanes. To formulate precisely these results we have
to fix some notions. Since an arbitrary hyperplane H in C" x C" containing A
has the equation

Ai(xy —y1) + . + Ap(zn —yn) =0, Ay, ..., A, € C and not all vanish,

the set of such hyperplanes will be identified with P"~!. For A € P! we
denote by H# the hyperplane generated by A and for A € (P"~ 1) by HA an
appropriate system of hyperplanes. If x € X N'Y then we define

J(z) ={A e (P" 1" : HA realizes minimum in the intersection algorithm}
—{A € (PN X, Vi) = pE((X X V) - HAS (2, )
THEOREM 2. Forx € X NY
J(x) # 0.
PROOF. See Nowak [12], Cor. 6, or Achilles and Rams [I], Cor. 3. O
THEOREM 3. Firx € XNY, i€ {1,...,n} and A = (A, ..., A") € J ().
Then there exists an neighbourhood W C P~ of A* such that for any A € W

we have

(A, AL A AT LAY € T(a).

PROOF. See Rams [15], Th. 3.3, Achilles and Rams [I], Cor. 3, Nowak [13],
Prop. 5, Ch. III, or Spodzieja [16], Th. 3. O

3. Improper intersections of analytic curves. Let X, Y be irreducible
analytic curves in an open set {2 C C". Then either X NY is an isolated set in
Q or X =Y. In the first case from the intersection algorithm we easily obtain
that

Supp(XeY)=XNY

(see [18], Th. 6.6). So,
XeY= > i(XeY;P)P.
PeXnYy

The effective formulas for i(X e Y; P) were given in [3], Th. 1, in terms of
local parametrizations of X and Y near P. Namely, without loss of generality
(by the biholomorphic invariance of intersection cycle and Theorem 1) we may
assume that P = 0 € X NY is an isolated point of intersection of X and Y,
the germs of X and Y at 0 are irreducible and that

COKi>tw (tP,6(t)) € X, orde = p,
Co Kyt (t99(1)) €Y, ordy > ¢
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are local parametrizations of X and Y in a neighbourhood of 0 (K7, Ky are
neighbourhoods of 0 in C). Then

(X eY;P)=(1/q) Zord — (n'tP))
(2)
= (1/p) Zord — (7))

where 7, ¢ are primitive roots of unity of degree ¢ and p, respectively (in the
above formulas by ord A of a holomorphic mapping A = (A1, ..., \,) defined in
a neighbourhood of 0 € C* we mean min?_; (ord \;)).

Consider now the other case, X =Y.

THEOREM 4. Let X be an irreducible analytic curve in an open set 2 C C".
Then the intersection cycle X o X s equal to

(3) XeX=X+ ) i(XeX;P)P
PeSing(X)
where i(X o X; P) is given by the following formulas (for simplicity we assume

that P =10 ):
1. If the germ of X at 0 is irreducible and

CoOK 3t (tP,0(t) € X, orded>p>1,

is a local parametrization of X in a neighbourhood of 0 (K is a neighbourhood

of 0 in C), then

(4) i(X ¢ X;P) Zord e't))

where € is a primitive root of unity of degree p,
2. If the germ of X at 0 is reducible and

(X)o = (Xl)O U...U (Xk)O
is the decomposition of the germ (X)o of X at 0 into irreducible components,
then
k

(5) i(XeX;P)= Y i(X;eX;;P)+ Z ;e X;; P)

ij=1

i#]
and i(X; @ X;; P) can be calculated by formula and i(X; ® X;; P) by for-
mula ,
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ProOOF. Take an arbitrary point P € X. We may assume that P = 0.

1. Assume that the germ of X at 0 is irreducible. We will calculate the
index (X, X; P). Let

CDOK >t ®(t) := (tP,d(t)) = (t*, ¢2(t), ..., on(t)) € X, ordo >p > 1,
be a local parametrization of X in a neighbourhood of 0. We may also assume
(shrinking €2) that

X ={®(t):t e K}.
Then we have
X x X ={(t" ¢(t),7",¢(7)) : t,7 € K}.

Now we apply the intersection algorithm. Take an open set U = U x U C
Qx€Q, (0,0) € U and a system of hyperplanes H = (Hq, ..., H,) € H(U, X xY),
Hi={(z,y): A{(z1—w1)+ ...+ Al (zp, —yn) =0, Aj,..., A} € C and not all
vanish}. By Theorem [3| we may assume that A} # 0. Consider two cases:

(i) P is a nonsingular point of X. Then p = 1. Consider the step 0 of the
algorithm. Since X x X is an irreducible analytic set of pure dimension 2 and
X x X ¢ A then ZOA =0 and ZO—ZOA = (X x X)NU. Let us pass to the step
1 of the algorithm. We have to find Z; = (Zy— Z&)-Hy = (X x X)NU) - Hy.
Notice first that
(X xX)NnUnNH,;

={(t,6(t), 7, 6(7)) : t,7 € DU, ALt = 7) + oo + AQ(d(t) — du(7)) = 0}
={(t,0(t).t,¢(t)) : t € 271(U)}
(92(t) — ¢2(7))

U{(t, ¢(t),7,¢(7)) : t,7 € d1U), Al + A%T + ..
+A7lz ((ﬁn(ti : fn(T)) — 0}.

The first set is equal to X2 NU C A, where X2 := {(z,z) : # € X}. So, it is
biholomorphic to X near 0. Since the vector [1,0, ..., 0] belongs to the tangent
space T(g,0)(X x X) and not to H; (because A} # 0), the proper intersection
of (X x X)NU with Hj is transversal along X N U. Hence

ZP =X2nU
and
A, _
/‘L(Zl ,(0,0)) =1

Since A} # 0 and ord ¢ > 1, the second set is empty for sufficiently small U.
Then for such U we have Z; — ZlA = (. Hence

i“'(X,Y30) = (0,...,0,1,0)
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and consequently
i(X,Y;0) =1.

(ii) P is a singular point of X. Then p > 1. The step 0 of the algorithm is
the same as in the first case. We have Z§ = 0 and Zy — Z5* = (X x X)NU.
Let us pass to the step 1 of the algorithm. We have to find

Zy = (Zo—Z5)-Hy = (X x X)NU)- H.
Notice first that
(X xX)NUnNH,;
={(",¢(1), 77, $(7)) : t, 7 € ©7HU), A{(#—7P) +...4 Ay (60 (t) —Pn(7)) = 0}
= {(t", ¢(1), ", (1)) : t € 21 (U)}
U{(tP, p(t), 7, (7)) - t,7 € D HT), ALt~ + ..+ 77D
+ AL (92(t) — d2(7)) boal (Pn(t) — &n(7)) — 0}

t—1T1 t—1T1

The first set is equal to X2 NU C A, where X2 := {(2,z) : # € X}. So, it is
biholomorphic to X near 0. Moreover, the proper intersection of (X x X)NU
with H; is transversal along X2 NU. In fact, for sufficiently small t € K, t # 0,
the vector [ptP~1, ¢'(¢),0, ...,0] belongs to the tangent space

Tpto—1 .6 (1) ptr—1,¢/ (1)) (X X X)

to X x X at a nonsingular point (ptP~1, ¢'(t), ptP~1, ¢/(t)) and does not belong
to Hy (because Al # 0). Hence

ZP =X2nNU
and
1(Z£(0,0)) = w(X2 NU;(0,0)) = u(X;0) = p.

Now, we will analyse the second set. Since A} # 0, we may for simplicity
put A} = 1. First we consider the analytic set

U(t,7) =0

in a neighbourhood of 0 € (C%t ) where we put

(¢2(t) — P2(7))
t—1T1

o @) = ()

U(t,71):= (tp_l—}—...—i—Tp_l)—i—A% o

Since ord ¢ > p, this analytic set generates (p—1) irreducible nonsingular germs
at 0 € (C%t - So, shrinking U, we may assume that this analytic set is a sum
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of (p — 1) irreducible analytic sets V;, i = 1,...,p — 1 and each of them has a
parametrization

d,:K,—V;, 0€K,;CC,
Di(s) = (s,10i(s)) = (s,€'s + ...)
where ¢ is a primitive root of unity of degree p. Since U (®;(s)) = 0, easy
calculations give a more precise form of the ®;(s)
D;(s) = (s,e's + (abAL + ... +al AL)si 4 ),

for some k; > 1 and db, ..., a%, € C which do not all vanish.
The above considerations show that

(X xX)NUNH, =(X*NU)UVU...UV,_y,
where .
Vi=A{(t" ¢(t),7",¢(7)) : (t,7) € Vi}, i=1,....p— 1L
Similarly as above we prove that the proper intersection of (X x X)NU with
H, is transversal along each V;, ¢ =1,...,p — 1. Summing up, we obtain

Zi=(X2NU)+Vi+ ..+ Vp,
Z8 =X2nU,
Zy—ZR =i+ .. +V, .
Let us pass to the step 2 of the algorithm. We have to find
Zo=(Zy—Z{) -Hy= (Vi + ...+ V, 1) - Hy.

Since dim(Z; — Zf) = 1 and dim(Z; — Z£) N Hy = 0, then shrinking U we
have

(%1 — Z*) N Ha = {(0,0)}.
Hence

Zy = af(0,0)},

where « is the sum of multiplicities of the proper isolated intersection of the
hyperplane Hs with the analytic curves V; at (0,0) for ¢ = 1,...,p — 1. Since
each V; has a parametrization

i(s) = (s7,0(s), ¥(s)7, $(1(5))),

there is
p—1
a =" ord(AF(s” — 1hi(s)") + A3(da(s) — da(ti(s)) + ...).
i=1

Since

(X x X)-H=(X2nU)+af{(0,0)},



162

there is
i“Y(X,X;0):= min {(0,...,0,u(X;0),a)}.
(1,43,...A3)
(A2,42,...,42)

So, we have to calculate

L Z ord(AF(s — i(s)?) + A3(dals) — daluhi(s)) + ...
(A%,A227,..7.,A2)

Notice that it is equal to

(1, AmlnA1 Zord ¢2( ) ¢2('¢z(8)),>

So, to conclude the proof it suffices to prove that for each i € {1,...,p — 1} the
equality

rnin ord(s? — 1;(s)P, p2(s) — d2(Vi(s)), ..o, Pn(8) — Pn(¥i(s)))
(6) ( 27 A )

= ord(¢a(s) — ¢2(e's), ., dn(s) — du(e's))
holds. Then fix i € {1,...,p — 1}. Put

u = ord(da(s) — ¢a(£'s), ..., du(s) — bnle’s)).

It means that
n
U 1= min u;
j=2
uj :=min{r € N :r € Supp ¢;, e £ 1},
where Supp ¢ for a series 0 # ¢(s) = cp, ™ + Cpys™ + ..., ¢, # 0, denotes the
set {ni,no,...}. We have

min  ord(s? — ©;(s)P, Pa(s) — P2(1i(8)), -y P (S) — Pn(1i(s)))

(1,A3,...,AL)

< " AIQI}II}AH)OI‘d((ﬁQ(S) — $2(1i(8))s s Dn(s) — dn(Wi(s)))

= “ A?1?A1)ord(¢j(s) — pi(e's + (abAL + ..+ ab AL)sFi ).
2<j<n

Notice that for a fixed j € {2,...,n}:
(a) if €704 #£ 1 then

ord(¢;(s) — ¢;(e's + (ahAy + ... + al A))s* + ) = uy,
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(b) if £2°74% =1 then

(LAI%I}-i-?A}L) ord(pj(s) — pj(e's + (ahAL + ...+ al AL)sP + )

= ’ ArlninAl)ord('yj(aéA% o al AD)serd @i R 51— M) L)
141y ddn

for some constants 7;,d; # 0, which do not depend on Al ..., AL. Since a} A} +
oo+ al, Al #£0in C[AL, ..., AL], this last expression is equal to
min(ord ¢; — 1 + k;, u;) < u;.
So, from these cases we obtain the inequality ” < 7 in formula @ To
prove the opposite inequality we assume to the contrary that there is a strict

inequality ”<” in formula @ Then two cases may happen:
A.

min ord(da(s) — ¢2(¥i(8)); ..s Pn(s) — dn(Wi(s))) < u

(17A%""7A'}74)
Then from the last considerations there exists j € {2,...,n} such that

min ord(¢2(s) — @2(¢i(8)); .., dn(s) — Pn(1hi(s)))

(1,A5,...,AL)
:Ordqu*lek‘i 201‘d¢*1+l€i.

But we have

U(s,1i(s)) =0
Since 1;(s) is not equal to s, the last identity is equivalent to the following one
(7) (5P — i(5)P) + (A3(9a(s) — P2 (¥i(s)) +...) = 0.

1(s) 11(s)

We have

ordI(s)=p—1+k; <orde¢ — 1+ k;,
min  ordII(s) > ord¢ — 1+ k;,

(I,A%,...,A}L)
which gives a contradiction in this case.
B.
: d(sP — 1y (s)P
AT gy O
< i d - % 3 o0y Pn — Pn Yy .
L in 0rd(9a(s) = 92001 (5)). - dns) = 60 (3(5)

But this is impossible by .
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Summing up, we obtain

p—1
(X, X50) = {(0, .., 0, u(X;0), Y ord(¢(s) — ¢(e's))}-
=1

Hence
p—1

i(X, X:0) = p(X;0) + Y ord(9(s) - o(e's)).
=1
2. Assume that the germ of X at 0 is reducible. Then formula follows
from Theorem [l
This concludes the proof. O

4. Plane curves. Let X be an analytic curve in a neighbourhood U C C?
of the origin P = (0,0) € X, and let f = 0 be its (reduced) equation, where
f € C{z,y}. We denote by pp(X) the Milnor number of X at P. Then we

have
of of

or’ (9y )7
where pup(g,h) stands for the multiplicity of a holomorphic mapping (g, h) at
P. Now, we recall two well known formulas (see e.g. [14]):

1. the Teissier formula: if f(0,y) # 0 then

pp (. 50 = e (X) + ord £(0,9) ~ 1,

2. the relation between the Milnor number and the virtual number of double
points dp(X) of X at P: if P € X and rp(X) is the number of irreducible germs
of X at P, then

pp(X) = pp(

26p(X) = pp(X) +rp(X) — 1.

PROPOSITION 5. If P = (0,0) is a singular point of X and the azis x =0
1s not tangent to the curve X at P then

®) (X 0 X3P) = p(f, 50

PROOF. First assume that the germ of X at P is irreducible and that the
tangent line to the curve X at P is the axis y = 0. Then in a neighbourhood
U’ C U of P the curve X has a parametrization

COK >t (tP,¢(t)) € X, ordeo > p.

(K is a neighbourhood of 0 in C). Then, from the main theorem and the
Puiseux Theorem, there follows

p—1
i(X 0 X;P) = 3 ord(6(t) — 6(c')) = pp(f, g;p
=1
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where ¢ is a primitive root of unity of degree p. If the germ of X at P is still
irreducible and the tangent line to the curve X at P is not the axis y = 0 (and
also not the axis = 0 by assumption) then by a linear change of variables L
in C2? we obtain from the above case that for f(Z,§) := f o L(,§) we have

of
) aig)
But from the Teissier formula we obtain that for such a linear change of vari-
ables we have

of of

(fa a~) _,U'P(fv y)

Assume now that the germ of X at P is reducible. Let (X)p = (X1)p U

U (Xx)p be the decomposition of the germ (X)p into irreducible germs.
Then we also have f = fi...fx in a neighbourhood U’ C U of P, where each
fi is holomorphic and describes X; in U’. Then from the additivity of the
intersection cycle (Theorem , cases considered above and properties of the
multiplicity of mappings we have

i(X « X; P) = pp(f

Z'(XOX'P)
k
:Zz 19 X P)+ ) i(X;eX;;P)
i=1 ij=1
i?'éj
k o,
:Z fz’iz Z,U/P fl)fj
=1 4,j=1
i#£]

of . of

Il
,Mw

s
Il
—

wp(fi,

COROLLARY 6. Under the assumptions of Proposition[5 we have
©) i(X o X;P) = pup(X)+p(X;P) -1
=20p(X) — rp(X) + u(X; P).
ProoF. It follows from the fact that from the assumption on the tangent
line we have
(X5 P) = ord f(0,y).
O

REMARK 7. Notice that in the case that X is an algebraic plane curve in
the projective plane P? over C the coefficients i(X e X; P) in the intersection
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cycle X e X are the same as coefficients of singular points in the Stiickrad—Vogel
intersection cycle v(X, X). Namely, formula is given in [9], Ch. 3, S. 2(2)
and formulas (9) in [8], Example 2.5.16).
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