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THE INITIAL-BOUNDARY VALUE PROBLEM FOR SOME
PSEUDOPARABOLIC SYSTEM IN UNBOUNDED DOMAIN

BY G. DOMANSKA AND S. LAVRENYUK

Abstract. In the present paper the initial-boundary value problem for the
system of pseudoparabolic equations in unbounded (in the respect to space
variables) domain is considered under the assumption that the right-hand
side and initial function of a given system have a rate of non-exponential
growth. We prove that correctness classes for this problem do not depend
on coefficients of the system.

Different problems for pseudoparabolic equations and their systems were
investigated in [1]-8]. For example, W. Rundell [5] showed that the unique-
ness of the solution of the Cauchy problem for such equations hold only for
functions with grow as e®?l and a constant o depends on the coefficients of the
equation. In this case it is assumed that the right-hand side of the equation and
initial functions have a rate of growth at most such as the specified exponent.
Hilkevych [6} [7] obtained the same results.

Let Q be an unbounded domain in R™ and I' — its boundary; Q7 = € x
(0,T), T < oo. Let there exists a sequence of bounded subdomains {7} of
the domain 2 which has the following properties:

D= U Q; 7<= cQ;

reN

2) 07 = I'T UTY, where I'T,I'} — are piece-wise smooth hypersurfaces;

mes{I'TNI5} =0, TT#0, I'TNI'#0,VTeN; I'= |J IT.
reN
Let us introduce functional spaces that we will use in the sequel. By

LIZOC(Q), we denote the space of functions belonging to L?(27) for every 7 € N;
12 (@Qr) = L2 ((0,T); L3 (9)).

Let h(z), d(x,t), ¥(x) be positive functions, h € C(2), d € C(Qr), ¥ €
C(2). By Vy(Qr) and Wy, (Qr) we denote the closure of C*™ ([0,T7; C§°(£2))



230

(the set of infinitely differentiable functions) in the norms

N

lullvy,@r) = / [h(w)lw\Q +d(@, ) |ul® + > (Jue, * + | | ¢(2)dzdt
Q1 =1

and

v, (o) = / () dadt

respectively and by Uy, (Q2) — the closure of C§°(£2) in the norm

el oy = /

NI

(h() + d(x, 0))[ul> + !%,-\2] Y(x)de

a i=1
The problem
n n
H(z)uy — Z (Alj(x)uxlt)xj - Z (Bij(xﬂ t)uxi)xj -
ij=1 ij=1
n
(1) — > Ci(@, thug, + D(z,t)u = F(x,1),
i=1
(2) u’Fx[O,T] =0,
(3) uli—o = uo()
is considered in Q7. Here A;;, B;j, C;, D, H are square m X m matrices;
u = (ug,..,um)t, F = (F1,...,En)% (+,¢) is a scalar product in R™; |- | is a

norm in R™.

DEFINITION. By a solution of the problem ({1]) — (|3) we mean such a function
u € Vi (Qr) which satisfies the integral equality

/ Uty + § uxltavaz] + § 1] 55 t UINUIJ) -

Qr b=l =1
(4) — Z (Ci(x, t)ug,,v) + (D(z, t)u, U)] dxdt = / (F(x,t),v)dxdt
=1 Qr

for every function v € C3°(Qr) and fulfil the condition almost everywhere
in Q.
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We say that the coefficients of the system (1)) fulfil the conditions (4), (B),
(D), (H) if:

(A): aZy§2\2<Z 2)€L ), a>0, Vo€

1,j=1
Aij(z) = Aji(x), Aij(z) = Ajj(x), Yo € Q, Vi, j € {1,..,n};
Aij S LOO(Q) Vi j S {1 n};

(B) : bZ|§Z|2< Z Bij(z, t)¢4,&), b>0, Y(z,t) € Qr;

i,j=1
Bij(xat) = Bji(xvt)) Bij(xvt) = ij(l‘,t), V(.ﬁlf,t) € QT7
Vi,je{l,..,n};

Bij € L>(Qr), Bije € L™(Qr), Vi,j€{l,...,n};
(D) d(x,t)[E]* < (D(x,1)¢,€) < bd(a,)|E]%, V(x,t) € Qr;
D e L5 .(Qr), Dy € L™(Qr);
(H):  h)e]? < (H@)&,€) < 0h(x)|e]?, VoeQ; He L, (9);

for all vectors &, €', &7 in R™, 1<4i,j<n;0>1.
For the sake of simplicity, let us set

i - supZ |45@)I% B =sup 37 1Byl 0]
i,j=1 O ij=1
¢ = X leol = Cop ().
T =1 Qr hx) — d(z,t)

THEOREM 1. Let the coefficients of the system satisfy conditions |(A)]

@ (H), C; € L>®(Qr),i=1,...,n and let there exists a positive function
Y € CH(Q) such that for every x € Q

—
ot
~—

Z%Z ) <’7min{h( ), inf d(z, t)}, ~ > 0.

(z) [0,7]

Let also A <
one solution.

ﬁ, we < 00. Then the problem - has no more than

PROOF. Let uq, us be solutions of the problem - . For each of them
we write the integral equality , deduct these equalities and put v = uq — uo,
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v = (ut +u)p(x)e ™, u > 0. Using the assumptions, we estimate

L = / (H(z)us + D(x, t)u, us + u) (z)e *dxdt >
Qr

[ [+ (ate.0) - T2+ Binie) + o)) o]

Qr

P(x )e*“tdwdt

Iy = / Z ZJ T) Uyt + BZ]('T g, , ((ur +w)p(x)) j) e Mdxdt >

QTZ] 1

/Ka—)ZIum! +<b—+’2‘( +b)—7ng)X

Qr
- ¥z, (2)
X ;’le‘g—ndlng( )

I = / Z (Ci(z, t)ug,, ug +u) P(z)e Hdrdt <

I8 (e ata) B v

T

AV

v

Y(x)e M dadt;

(Jel® -+ [ul?)

IN

Y(x)e Mdrdt

and obtain

[l

bt M nB C 1 1 - 9
.’L'

wa

_”i?d(x t)> [ul? + (h - 612 ; —nizh )> IWI

(6) Y(x)e HMdrdt <0,

+ (d(x,t)— dl(g’t) + g(h( 2) + d(z, 1)) néli
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where coefficients b and d'(z,t) depend on || B;j¢(z,t)|| and || D¢(z,t)]|, respec-
tively. Number §; is chosen so that

A 1
2n— < 6 < —.
a 2ny
Let p and 92 be such that
1—2nd1y—nds > 0,
d(z,t) — d'(w,t) + p (h(x) + d(x,1)) — d(z,t) (20817 +nd2) > 0,
mB W
b—b' b) — —— — =< 0.
+ u(a+0b) 5 2%,
Then (6] implies [ullv,(@r) <0, ie. u=0 almost everywhere. The theorem is
proved. ]

THEOREM 2 Let the coefficients of the system (|1 . fulfil all the assumptions
of Theoreml + D) F e Wy(Qr), up € Uyp(Q). Then the problem (I) — (3)
has at least one solutwn

PROOF. Let us consider the problem

n n

H@)u — Y (Aij(@)ua)a, — Y (Bij(w, )ug, e, —
i,j=1 i,j=1
(7) — > Ci(x,t)ug, + D(z, t)u = F*(x,1t),
=1
(8) ulp-xjor] = 0;
(9) uli—o = ug(),

in the domain Q. = Q* x (0,T) where Q* € {Q7}, T is a boundary of Q.
Here

F(x,t) 0. (r.t) € Qr\ Qb 0, ze€Q\ 0

By the solution of the problem - @ we mean a function
u* € H' ((0,T); Hy(€2*)) that satisfies the integral equality

{ F(:L“,t), (xvt) € Q?a US({L‘) _ { UO(I), x e 0,

/ (H(z)ug,v) + Z (Aij(m)uxit,vxj) + Z (Bij(x,t)uxi,vxj) —

Q% ,j=1 i,j=1

- Z (z,t)ug,,v) + (D(x, t)u, U)] dxdt = / (F*(x,t),v) dxdt,
Q1
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for every function v € C* ([0, T]; C§°(€2*)) and fulfils the condition (9 almost
everywhere in *. We shall approximate a solution of - @ using the
Galerkin method. Let {p**(z)} be a basis of H}(Q*). We orthogonalize this
system with respect to the scalar product

n

(u,v) :/ (H(z)u,v) + Z (Aij(@)ug,, va;) | do

e ij=1

N

and put vt = Y e (t)p**(z) where ¢ (¢), k = 1,..., N may be found from
k=1

the system of equations

[ (H@u o @) + 3 (A eik@) +

O ij=1
+ i (B (, t)uy; ,gpjcjk(a:)) — i (Cz(a: tyuz™, (p*k(x)> +
ij=1 i=1
(10) <D(x tyus N cp*k(x)ﬂ dx = / {(F*(m,t), 4,0*’“(37))] dx, kE=1,N,
O

or
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After  multiplying each equation of the system (10) by
<C{€V(t) + (C{CV)/ (t)) e M pu > 0, summing over k and integrating over the in-

terval [0, 7], we obtain

n

/ [(H@uw™ ™ 1)+ 3 (Al + ) +

* 3,j=1
T
n
+ Z (BZJ (.CL‘, t)u;;N7 u;;];[ + u::;N> -
ij=1
n
= 3 (Cutw N N )
i=1
+ (D(w, N up N uN)} e Mdxdt =
(11) = / (F*(x, t), u:’N + u*’N) e M drdt.
Qr
The estimates
n
I, = — Z (Ci(CU, t)u?;’iN,u;f’N + u*’N) e Mdxdt >
. i=1
T
n .
N2 nC (N aN2) | -
> —/ 522}1[;2, | +262<ut ‘ + |u ‘)]e M dadt,
Q,ﬁ% =1
Is = / (F*(:U,t), uI’N + u*’N> e Mdrdt <
Qr
F*(z,t)? 2
< / F (@, O +% ( uI’N) + \u*”f)] e Mdxdt
5

*

T
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and equality imply

n uT
(a+6) " [N P + (h(z) + d(x,T)) |u*’N\2] S -
=1

/

2
of3
1 LA .

5 [ {0 S 0 (hte) + o)) ™| do

98 =1

20, 2 et

T =

i () — LD LB ) dga) = € - ) e 4
’ 2 g VI ’ 2, 2

bl I . N |2 —ut
- p — *, <
+ <b 5 + 2 (a+b) 62> ;1 ]u% |“| e **dxdt

1

< /]F*(x,t)]Qe“tdmdt,
€
Q7

(coefficients a® and b° are finite and depend on [|A;;(z)|| and ||B;j(z,t)]|, re-
spectively). Last inequality may be read as

Hu*’NHHl((o,T);Hg(Q*)) = M.

It means that there are exist a subsequence {u*"*} and function u* such that
utNe — u* weakly in H' ((0,7); H*(2*)). It is easy to see that this function
u* is a solution of the problem (7)) — @

Let us consider the sequence QF. = Q7 x (0,7), 7 € N. In each of this
domains, there are exists a solution ", which we extend as zero on Q7. Then
for every function v € C§°(Qr) and for choosing function v (z) the following
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equality holds:

n

[ @@ on+ Y- (asiwo,,) +

QT l,]:l
n

£ (Bl nz (0),,) — 3 (Gl o) +
1

4,7=1 =

+ (D(z, t)u”,vip)] e M dadt = / (F™(x,t),v) e " dxdt.
Qr

We put v = u] +u” and estimating as above we get

: / at0) 32 [l (hle) + e, ) o | e T
Qr b=l
= / (a® +89) 3 [uf, > + 6(h(x) + d(az,o>>|us|2] b(a)dz +
Qo =1
e 2
+[](a )Z| i+

oo nB C 1 1 N

+<d(z’t)_d1(m,t) L) + dlo.0) n5sz %; n54d2(:13,t)_

ROV (h(:v) ~ by ; ) - jhm) W]

Y(x)e Mdrdt < 2i / |F™(z,1))? <h(1x) + d(;t)> Y(x)e M dxdt.

Given the assumptions of the theorem for F' and ug we find that sequence
{u"} is bounded in the norm of the space Vy(Qr). From this sequence we
select a subsequence {u™} that converges weakly to some function u in the
space Vi (Qr). The limit function u is a solution of the original problem. The
theorem is proved. ]
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Notation. If the function v satisfies the condition

no 9
lim Z Ya, (z) = v = const

ol =00 <= P2 (2)

then the solution will increase not faster than e”!*! when & — oco. However, this
fact is well known (see, e.g. [5]).
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