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Abstract. In this paper residues and duality theory for curves are used to
construct error-correcting codes and to find estimates for their parameters.
Results of Goppa are extended to singular curves.

In an attempt to find long codes with good parameters, algebraic-geometric
codes have been introduced by Goppa [4]. The construction is based on the
(residual) evaluation of the space of sections of a line bundle on a non-singular
curve over a finite field at the points in the support of a given divisor. The
explicit construction and description of these codes faces two major difficulties:

i) To get long codes with good parameters it is necessary to construct non-
singular curves of high genus (due to the Hasse-Weil-Serre resp. the Drinfeld-
Vladut bound).

ii) To make this codes explicit and computable, it is necessary to determine
the global space of sections of line bundles on curves.

Both tasks are in general not easy to achieve and require deep insights into
the theory of function fields of transcendence degree 1 over finite fields and the
geometry of their nonsingular models (cf. [18], [19], [20], [3], [5], [6]).

In this note we propose an extension of Goppa’s techniques in two direc-
tions: The extension to the case of singular curves and to divisors that are not
necessarily the sum of simple rational points. Whereas the nonsingular model
of a function field might be very hard to determine, it is often quite easy to
find and describe explicitly a singular model, and if we remove the restriction
to divisors with support that is rational over the base field, it is possible to
construct long codes with the help of comparatively simple curves. Eventually
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we hope that this generalization will allow us to determine families of good
algebraic-geometric codes in a way more simple and explicit than it can be
done so far.

In the first part of this paper we will provide the necessary details about
duality theory for general curves over finite (or more generally perfect) fields,
and in particular we will recall the construction of residues using regular dif-
ferential forms and traces. This can be done very explicitly and constructively
and the theorems known for smooth curves hold in this context with only mi-
nor modifications. In the second part of this paper these results are applied to
construct codes and estimate their parameters.

1. Regular differential forms and residues. The theory of residues
for algebraic varieties over perfect fields has been described in various degrees
of generality and in various degrees of explicity, cf. [13], [16], [21], [9]. In
most cases this requires a lot of preparation, and often these approaches are
not constructive. In case of curves over finite fields we can give a very short
description. This approach is based on a corresponding description in the
smooth case, as it is carried out for instance in [10].

Let k be a finite field (or more generally a perfect field) of positive char-
acteristics p > 0. Furthermore let K/k be a field extension (not necessarily
finitely generated) such that dimg Q}{ e = 1.

REMARK 1.1. i) Let K/k be an algebraic function field of transcendence
degree 1. Then dimg Q}(/k =1.

ii) Let K/k be an algebraic function field of transcendence degree 1, let v
be a (discrete) valuation of K /k and let K be the completion of K with respect

to v. Then dimy Q}{ L= 1. In fact, as k is perfect, in this situation I?/I?p is

/
finite of degree p, K = KP[t] where we may choose ¢ to be a regular parameter
of v, and therefore

0L = Kat.

1
Q% K/Rv

K/k
In the above situation let L/K be a finite and separable field extension.
Then QlL e = L ®g Q}( Ik canonically, and therefore we can define a trace
oLk QF s —
L/K - *°L/k K/k

by op/k(l®w) = Trpg(l) -wforl € L and w € Q}(/k, where Try /g : L — K
denotes the canonical trace of the field extension L/K. More generally, if L/ K
is a finite étale extension, then L = Ly x --- x L, with finite separable field
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extensions L;/K, and QlL/k = Qil/k X oo X Qan/k, and we define

n
ok (Wi, wn)) = ZULi/K(wi)
i=1
and this definition now also extends in an obvious way to the case that K is a
direct product of such field extensions of k.
THEOREM 1.2. ¢) If M/L is another étale extension, then
OM/K =O0L/K°OM/K-

7,7,) JL/K OdL/k = dK/k ] TTL/K'
iit) For l € L™ we have

dr/e(W)\  drw(Npyx(y))
TLIK < ) - Npyk()

where Ny i : L — K 1is the canonical norm.
w) o,k induces an L-linear isomorphism

o: QIL/k — HomK(L,Q}(/k), wr— (I — ok (lw)).

PROOF. i) is clear by construction.

ii) and iii): We may assume that K and L are fields. Let N be the normal
closure of L/K (i.e. if we write L = K|[z] for some primitive element x with
minimal polynomial f(X) over K, then N is a splitting field of f(X) over
K). Then L ®k N/N is a finite étale extension, L ® x N = N x --- x N
is a direct product of n := [L : K] copies of N, and QIL®KN/I<: = Q}V/k X

- X QJIV Ik Furthermore the compatibility of the canonical trace of a finite

projective algebra with base change implies that the diagram

1 t=can 1
QL/k — QL®KN/I<:
O'L/Kl loL®KN/N
1 t=can 1
QK/k ’ QN/k

commutes. As N/K is separable, ¢ is injective, and as

TranN (@i, wn)) = wi
=1

ii) and iii) follow immediately.
iv) As both sides are L-vectorspaces of dimension 1, it suffices to show that
o # 0. This is however clear, as Tr,/k, hence also o7/, is surjective. O
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Suppose now that R/k is an affine domain of dimension 1, and let L = Q(R)
be its field of fractions. Furthermore let P := k[t] — R be a separating
noetherian normalization (i.e. t is a separating transcendence basis of L/k and
R is finite as a module over P; note that such a normalization always exists, cf.
[13]), and let K = k(t) = Q(k[t]). Then the above assumptions are satisfied in
this situation, and a trace oy is defined. Thus we get a canonical injection

0'_1
tr : Homp(R, Q}D/k) — Hompg (L, Q}(/k) — Qi/k

and we define, following [14], the module of regular differential forms of R/k
to be

w}l;i/k =1im(eR).
REMARK 1.3. i) w]l%/k ={we QlL/k Lok (rw) € Q}J/k for all » € R}.
ii) The definition of w]l% Ik does not depend on the special choice of a sepa-
rating noetherian normalization k[t] — R.
iii) If f € R then
(W}%/k)f = Wzl—'ef/k;-
In particular for any p € Spec(R) the module

o= (b,

is an invariant of the algebra R,/k only. If R denotes the completion of Ry,
and if ¢t € R is a separating parameter (i.e. a nonzerodivisor contained in the
maximal ideal of R such that Q(R) is étale over k((t))), then

(%) P:=k[[]] — R

is finite and TQR)/Q(P) induces an isomorphism
o w}%p/k — Homp(R, Q}D/k).

Thus we will write wk := wl ., and we note that this is an invariant of
R/k Ry /k

ﬁ/k, which can be defined directly as generalized complementary module,
using noetherian normalizations of type (x) (cf. [13], [9]).
iv) If R=k[Th,...,Ty]/I where I C P := k[T, ...,Ty] is locally generated
by a regular sequence, then
d—1

whyp = Homp( N\ I/1°, R) @ Q% /1O,
v) There exists a canonical map
CR/k . Q}%/k — w}z/k

which is an isomorphism if and only if R/k is smooth.
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PROOF. The proofs of these properties can be found in [14], [8] or [13]. O

DEFINITION. An algebraic curve over k is a projective reduced and irre-
ducible scheme X /k of dimension 1.

REMARK 1.4. Let X/k be an algebraic curve.

i) X has a unique generic point £ and L := Ox, is an algebraic field
extension of k of transcendence degree 1, called the field of rational functions
of X/k.

ii) X is covered by finitely many open affine subsets U; = Spec(R;) (i =
1,...,n), with affine reduced and irreducible algebras R;/k of dimension 1,
and the modules w}ﬁ Ik glue to define a sheaf w}( Ik

iii) There exists a graded domain S = @Sn, finitely generated over k,

neN
with Sp = k and S = Sp[S1] such that

X = Proj(9).

In this case w% n is a well-defined, graded submodule of Qé( 9)/k> and
w}(/k = "‘{%/k;

is the O x-module associated with it (cf. [7]).

Let X/k be a curve with field L of rational functions, let z € X be a
closed point and set R := Ox ;. Then R is a local domain of dimension 1 with
maximal ideal m = m, and R its m-adic completion, is a reduced local ring
whose full ring of fractions we denote by L. By p1, ..., p; we denote the minimal
primes of E, and by R; := ﬁ/pz the analytic branches of X at z (i =1,...,1).
If R; is the integral closure of R; in Q(R;) = L;, then by Cohen’s structure
theorem R; = r;[[t;]] for a uniquely determined coefficient subfield x; C R;
which is a finite and separable extension of k. In this situation we have (as
in 1.1)

Qi = Uyir = gy = Lidts

and therefore any w; € Qil Ik has a unique representation

w; = fidt;  for some f; = Z Dt e L.
nez
Whereas f; depends on the choice of ¢;, it is well known that
(4)

LEMMA 1.5. a7 is independent of the special choice of t;.

Proor. [12], (17.1), see also [20], (2.2.19). O
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DEFINITION. For w; € QlL,/k set

Resp, /i (wi) := Resg . (wi) := Tr,ii/k(a(_z)l)
and for w € Qli/k with image w; € Qle_/k set

!
Res;%/k( w) = ZReSRi/k(wi).

=1

Finally for w € Q]l: Ik with image & € Q% I e define

Resx/kq(w) = Resmk(@)
and call it the residue of w at z.

PROPOSITION 1.6 (trace formula). i) Let P C R be a finite generically étale
extension of complete semi-local rings such that dim(P) = dim(R) = 1 and
assume that P and R are reduced and residually finite over k. Let L = Q(R)
and K = Q(P). Then

Resg/p(w) = Resp/i(or/ i (w))-
ii) Let m : X — Y be a finite map of algebraic curves such that the corre-

sponding extension K — L of rational function fields is separable. Let y € Y
be a point and let w € Qi/k be a meromorphic differential form on X. Then

D" Resyjpe(w) = Resyypy(or/k(w)).
zem—1(y)

PROOF. It obviously suffices to prove i).

i) Let t € P be an element such that k[[¢t]] C P is finite and generically étale.
Such a t exists as Q}(/k hat K-dimension 1 by [12], (13.10). As oy k(1)) =
Ok /k((t)) © 0L /K it suffices to prove the trace formula for k[[t]] C P and k[[t]] C

R, i.e. we may assume that P = E[[t]]. Let Ry,..., R; be the analytic branches
of R. Then

Resp /i (w ZR@SR /k(wi) ZRGSR Jk (w;)
and
O’L/K ZUL /K (wi)

and we may replace R by R; and thus assume that R = k[[7]] for some finite
separable extension k/k. Then we have

k[[H]] < &[[1] < w([[7]]



31

and it suffices to consider the two cases k[[t]] C k][[t]] and &[[t]] C &[[r]] sepa-
rately.
1.) P = k[[t]] € k[t]] = R. Then we have

Q}//k:/f@k Q}(/k and O’L/K:Tl",{/k R idQ}(/k

and form this the claim is immediate.

2.) P = &[[t] C k[[r]] = R. We may assume that w = 4= for some m € N.
Let v be the valuation of R and let n = v(t) (i.e. t- R=7""-R).

«) p f n: In this case there exists a regular parameter 7/ of R such that
(7)™ = at for some a € k™. We may replace 7 by 7/ and ¢ by at and thus
assume that 7™ —t is the minimal polynomial of 7 over K. Writing —m = pn+A\
for some p € Z and some A € {0,...,n — 1}, we get

dr\ 0 ™ g =t ifa=n—1
OL/K ) OL/K nrn—1 o otherwise
and the claim follows.

B) p|n: Let again w = f_l—;. Assume first that p{ (m — 1). Then w = df for
some f € L, and therefore

Respi,(df) =0
and (using 1.2 ii)
Resp/i(or/x(df)) = Respi(dTrp r(f)) =0

(as can be seen easily by differentiating the Laurent series expansion of
Trr/k(f)). Thus we are left with the case that m = ep + 1 for some e € N. If

e = 0 then
. <dr> _ dNp/k(7)
L/ T NL/K(T)
and as Ny, g(7) is a regular parameter of P, the claim follows. If e > 0
we have to show that Resp/,(or/x (%)) =0 IfC': QlL/k — QlL/k/dL
denotes the Cartier operator (given by C~!(fdr) = fPrP~ldr + dL), then
clearly Resg/,(C~(w)) = Resg/(w)?, and o 0o C~' = C~ L oo . Hence
we may apply the inverse of the Cartier-Operator and it suffices to show that

dr
Resp/u(or/K <T€+1>) =0.

If p 4 e we are done again by the above case, and if ple we continue this
procedure successively till we reach the case p 1 e. O
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PROPOSITION 1.7. w}(/kz C ker(Resx kz)-

PROOF. By the trace formula for residues and the construction of wﬁ( Ik it

suffices to prove this for X = IP’}C, in which case it is obvious. O

THEOREM 1.8 (residue theorem). Ifw € QlL/k then

Z Resy/p,z(w) = 0.
zeX

PROOF. Again apply the trace formula to reduce to the case X = P,lg. In
this case it is well known and also easy to see by using expansion of rational
functions by partial fractions (cf. [15], I, thm. 8). O

REMARK 1.9. The above construction of resdiues via power series expan-
sion is very convenient from a mathematical point of view, however from a
constructive point of view it is very difficult to handle. There are however
other methods to calculate residues that are much better adapted to construc-
tive approaches (see for instance [1] or [11]). In particular in case of an alge-
braic curve given by homogeneous equations (i.e. in terms of its homogeneous
coordinate ring) the situation is fairly well understood.

2. Local and global duality. Duality theory for algebraic varieties and
more generally for morphisms of schemes has been studied to a great extend
over the last few decades. Duality theory for curves is contained in this as a
very special situation. However in this case (as in §1) the whole theory can
be developed very explicitly and very constructively. This is of interest in
particular with respect to applications such as the construction of algebraic
codes. Thus we include a short description of duality for curves (though it
again is a special case of general Grothendieck duality theory; see also [16],
[13], [21]). We also derive the version of the Riemann-Roch theorem needed
in §3. Our definition of degree is a special case of the one used in [17], where
the Riemann-Roch theorem is treated in terms of standard bases and with
techniques going back to F.K. Schmidt and P. Roquette.

So let again k be a perfect field of positive characteristic, let X/k be an
algebraic curve, let x € X be a closed point and let R = @ As in 1.3
iii) we write wy, i, for @(19X,1 /i the completion of w}QX’I J- Furthermore let M

be a torsion free and finite R-module (i.e. each non-zerodivisor of R is also a
non-zerodivisor of M), and set MV := Hompg(M, w}%/k)
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THEOREM 2.1 (local duality). In the above situation for any local parameter
m of R and any n € N the pairing

Pnm: M/T"M x MY /7" MY — k

T

gwen by pp(m+ 7" M\ +7"MY) = Resg/k <>‘(m)> is non-degenerate.

PRrROOF. First we assume R = k[[r]]. In this case M is already free as
an R-module, and we may assume that M = R. Then M/7"M = R/7m"R
has a k-basis 1,7,..., 7" ! and MV /a"M" = Q}%/k/W”Q}%/k has a k-basis
dr,mdm, ..., 7™ ldr. As

o riti g 1 ifitj=n—1
n,m Za 1d =R -
Pn, (m*, m’dm) CSR/k < ™ > {0 otherwise

the claim follows in this case.
In general, the map P = k[[n]] — R is finite and it induces by 1.3 iii) and
the Hom-Tensor-adjointness an isomorphism

o: MY =Hompg(M, w}%/k) — Homp (M, w}p/k) = M"
and via o the pairing p, . gets identified with
Pl M/T"M x M* /7" M* — k
by the trace formula, hence is non-degenerate. O

Now let again X/k by a curve with field of rational functions L. Viewing
Qi Ik 8BS @ constant sheaf on X we obtain an exact sequence

(*) 0— W%{/k - QlL/k - QlL/k/w}(/k —0

where Q}J/k/w}(/k = P,cx Q}:/k/w}(/m (the latter being viewed as a direct
sum of skyscraper sheaves, supported on {z}). In particular (x) is an injective
resolution Z* of w}( Ik and the maps Resx/y , induce by 1.7 a morphism

Tr: T(X,Qp . /wie) = B QU j/wk e — k
zeX

given by Tr((wz)) = > ,cx Resx/pz(wz). By the residue theorem, Tr gives a
morphism I'(X,Z°®) — k of complexes, hence induces a map

/ :HI(X,w}(/k) — k
X

in cohomology, which we call the global integral of X/k.
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THEOREM 2.2 (global duality). For each coherent Ox-module M the global
integral fX defines an isomorphism

oM : Hom@X(M,wﬁ(/k) — Homy, (HY(X, M), k)
oz»—>/ oH'(X, a).
X

PROOF. i) Let X = P} and let M = Ox(p) for some p € Z. Then
w}(/k = Ox(—2). Thus if p > —1 both sides vanish, and we are done. If
p < —2, then

Homo (M, wk ) = (X, Ox (—p — 2))
with k-basis 1,¢,...,t 7?72 and H'(X,Ox(p)) has a k-basis [%] e [t_‘it_IL
where we describe H'(X, M) as the cokernel of the map

o: UM T(U M) —TUNU M), (a,b)r—b—a
where U = Spec(k[t]) and where U’ = Spec(k[]). As [y [tjdt] = J;j+1 the

1t

claim follows in this case.
ii) Let X =Pi. If M = @]_, Ox(p;) the claim follows obviously from i).
If M is arbitrary, it has a presentation

Fr— Fy— M —0

with 7 = @;l: 1 Ox(p1j) and the claim follows from the five-lemma and the

right-exactness of H'(X, —).

iii) Let X be arbitrary. Then there exists a finite map 7 : X — IP’,{/, =
P, which is generically étale, and we have via the trace on the level of the
corresponding rational function fields

Homop (M,w}(/k) = Homop (M,HomOP(W*OX,w]%D/k)) = Homoﬂm(w*/\/l,w%)/k)
and

Homy,(H' (X, M), k) = Homy(H (P, 7, M), k).
Via these isomorphisms (5/)\(4 gets identified with (5;[:* am by the trace formula for

global integrals (which is immediate from the trace formula for residues), and
the theorem follows. O

Let again X/k be an arbitrary curve and let L be the field of rational
functions on the curve X.

DEFINITION. §(X) :={L C L: L is a finitely generated Ox-module and
L # (0)} is called the semi-group of fractional ideals of Ox.

Let £ € §(X). Then both Ox/LN Ox and (£ 4 Ox)/Ox are coherent
torsion sheaves on X.
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DEFINITION. deg(L) := dimy H*(X, (L+Ox)/Ox) —dimy H*(X,Ox /LN
Ox) is called the degree of L.

REMARK 2.3. i) This definition of the degree of a fractional ideal is also
used in [17], where also a variant of the Riemann-Roch theorem for coherent
torsion-free sheaves of higher rank can be found.

ii) As dimp, Q}:/k = 1, there exists an isomorphism ¢ : Q}:/k — L. Via ¢
we may view Kx = p(wy /k) as a fractional ideal (the canonical ideal of X).
Though Ky itself depends on ¢, its degree deg(Kx) does not.

REMARK 2.4 (Properties of deg(F)). Let F € F(X) be a fractional ideal.
i) We have

deg(F) = > [dimg((Fr + Ox.2)/Ox.2) — dimg(Ox o/ Fo N Ox )]

zeX

= Z [dimk(fx/]:m N OX@) — dimk(OX@/]:m N OX@)]
zeX

= Z [dlmk((fx + OX,z)/OX,z) — dlmk((]:m + OX@)/fm)] .
zeX

ii) If F is the fractional ideal of a principal Cartier divisor, i.e. F = Ox - f
for some f € L, then
deg(F) = 0.
iii) If F = L, then deg(F) = deg(L).
iv) If F C L, then deg(F) < deg(L). More precisely
deg(L) — deg(F) = ) _ dimy(Ls/Fa).
zeX
v) If £ is an invertible sheaf, then F ®o, £ € F(X) and

deg(F ®@ L) = deg(F) + deg(L).

L
L

PROOF. i) is clear by the very definition.

ii) By [2], (A.3.1) we reduce to the case that X is a regular curve, and in
this situation the assertion is well-known (and easy to prove).

iii) Any isomorphism F = £ is induced by some isomorphism f : L — L
(i.e. f € L*). Thus it is easy to see that it suffices to show: If G C L is a free
Ox-module (of rank 1), then

> [dimg((Le + Ox2)/Ox ) — dimp(Ox 2/L: N Oxz)] =
reX

3 [dimg((Le + Go) /Ga) — dimp(Ga/ Lo N Go)].

zeX
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For this note first that
(Ly+O0x4)/Ox e = Le/L: N Ox s
(Lo +Ge)/Ge = Lo/ L2 NGy
As
dimg(Ly/Le N Ox e NGe) — dimg(Ox o/ Oxe N Ly N Gy)
= dim(Ly/Ly N Ox z) — dimg(Ox 2 /Ox » N Ly)

the claim follows.
iv) In this situation we have

deg(£) = [dimp(Ls/Ox .2 N L) — dimp(Ox,2/Ox,2 N La)]
reX

= Z [dlmk(‘cz/OX,x N fx) - dimk(oX,m/OX,x N fx)]
zeX

= dimg(Ls/Fy) + deg(F).
zeX

v) It suffices to show that for each z € X:
dimy(F, ® Lo/Ox 0 N Fo @ L) — dimg(Ox 4/ Ox.0 N Fy @ L)
=dimy, .7:1/0)(@ NFy) — dimk(OX,x/OXJ NFy)
+dim(L, /L, N Ox ) — dimg(Ox 2/L: N Ox z).

In view of iii) (resp. the calculations in its proof) we may assume that Ox , C
Fr and Ox , C L;. Furthermore write £, = g - Ox ;. Then

dimg (Fp ® L4/Ox z) — dimg(F2/Ox z)
= dimg(F; - 9/Oxe) — dimp(Fs - 9/Oxz - 9) = dimp(Ox 2 - 9/Ox z)
and the claim follows. O
COROLLARY 2.5. If H'(X, F) # (0), then deg(F) > 0.

PROOF. Let f € HY(X,F) and let £L = Ox - f be the principal Cartier
divisor determined by f. Then we have a canonical inclusion £ C F, implying

deg(F) > deg(L) =0
by 2.4. O
DEFINITION. gx = dimy H(X, w}(/k) is called the genus of X.
hy := dimy H°(X, Ox) is called the dimension of regular functions on X.
For a fractional ideal £ € F(X) we set
LY == Homo, (La"‘}%(/k)
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THEOREM 2.6 (Riemann-Roch). Let L be a fractional ideal of X. Then
dimy, H°(X, £) = dimy H*(X, L") + deg(L) — gx + hx.
PROOF. i) By the duality theorem we have to show
X(£) = deg(£) — gx + hx

where x(£) = dimy H(X, £) — dimy, H*(X, £) denotes the Euler-characteris-
tics of L.

ii) We may assume that £ C Oy or that Ox C L: This follows form the
long exact cohomology sequence associated to

0—>Oxﬂ£—>£—>£/£ﬂ0)(g(ﬁ—l—O)()/OX—>0.

iii) If Ox C £ C £/ with £'/L£ = k(z) for some x € X, then 2.6 holds for £
if and only if it holds true for £’. This follows from the long exact cohomology
sequence associated to

0—L—L — k() —0

(where here k(z) denotes the skyscraper sheaf whose stalk at x is equal to
k(x)), and the fact, that deg(L') = deg(L) + [k(x) : k]. A similar statement
we have for £' C £ C Oy.
iv) The Riemann-Roch-theorem holds for Ox by the very definition.
From i) — iv) it follows by induction, that 2.6 holds in general. O

LEMMA 2.7 (cf. [14], (4.19)). For each F € §F(X) the canonical map
a:F — Homo, (Homo, (F, w}(/k),w}(/k) =F"
s an isomorphism

PROOF. The assertion is local in X, so we may assume that X = Spec(R),

that F = M for some fractional R-module M C L, and that there exists a
separating noetherian normalization

P :=k[t] — R.
Via Hom-Tensor adjointness, « corresponds to the canonical map
a: M — Homp(Homp (M, Q}D/k),Q}D/k).

As M is torsion-free as a P-module, it is P-projective, and therefore « is
obviously bijective. O

COROLLARY 2.8. deg(LY) = 2(gx — hx) — deg(L).
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PRrROOF. By the Riemann-Roch theorem (applied twice) and 2.7 we have
dimy, HO(X,£Y) = dimy H*(X, £YY) + deg(£") — (9x — hx)
=dimy, H°(X, £) + deg(L") — (gx — hx)
=dimy, H°(X, £Y) 4 deg(L) — (9x — hx) +deg(LY) — (9x — hx)
and from this the corollary follows. O
COROLLARY 2.9. If deg(L) > 2(gx — hx) then
dimy, H°(X, £) = deg(£L) — (9x — hx).

PROOF. In this situation we have that deg(L") < 0, hence by 2.5:
dimy H°(X, £V) = 0. Thus the corollary follows from the Riemann-Roch the-
orem. 0

3. Residual representation of codes. Let k = [F; be a finite field with
q = p° elements, let X/k be an algebraic curve and let L be its field of rational
functions. A Cartier divisor D on X is a family {(Uj, fi)} consisting of open
affine subsets U; C X and meromorphic functions f; € L\ {0} such that

ﬁ e Ox(U;n Uj) for all 4, j.

fi
By Div®(X) we denote the collection of Cartier divisors on X, where we iden-
tify two Cartier divisors D = {(Uj, fi)}ier and D' = {(V},g;)}jes if there
exists a common refinement {W;};cr, of {U;}ier and {Vj};jes (together with

fa@|W *
oz:L—>Iandﬂ:L—>J)suchthatWG(’)X(V{Q)fbraHZGL.

Associated with a Cartier-divisor {(U;, f;)} we have an invertible sheaf
L(D) C L defined by

1

LD)(V):={g9geL:ge 2

Ox g forall z € VNU; and all ¢}

for V C X open.

REMARK 3.1. The map
L£:DivY(X) — §(X), D+ L(D)
defines a bijection onto the subset of invertible fractional ideals.
The divisor D is called effective, if Ox, C L(D), for all x € X, and in
this case
deg, (D) := dimy(L(D)4/Ox »)
is called the local degree of D at z. In this situation we have that f; € Ox,

for all z € U;, and we call the image of f; in Ox , a local equation for D at z
and denote it by f.
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REMARK 3.2. The local equation f, € Ox, of D at x is — up to a unit of
Ox  — independent of the special choice of an i with x € U;.

For a fractional ideal F € (X) we define its support by
sup(F) :={r e X : Fp # Ox .}
and for a Cartier-divisor D we set
sup(D) := sup(L(D)).

REMARK 3.3. sup(F) C X is a proper, closed subset of X (hence in par-
ticular it is finite) for all fractional ideals F € F(X).

As in §2 we define F¥ := Homp (F, w}qk), and we note that this sheaf is
canonically contained in the constant sheaf Homp, (L, Q) /k) =07 Ik

Let D be an effective Cartier-divisor of degree n and let F be a fractional

ideal with sup(F) Nsup(D) = 0. For = € sup(D) let n(x) be the local degree
of D at x, and let f, € Ox, be a local equation for D at x. Then n(z)

= dimy(Ox 2/ f+Ox ), and we choose tgx), e ,tfﬁl) € Ox, in such a way,
that their residue classes in Ox ,/f,Ox form a k-basis of this space. Let
sup(D) = {x1,...,z,} and define
C:=Cpry: H'(X,F' ® L(D)) — Fr = F2o) g ... @ Filom)
by
Cp,ri(w) = (P21t (W), - s pry (W)
where ) )
pa;t(w) = (Resxypa, (8 7'w), - Resxu, (£, w))-

DEFINITION. Cq(D, F,t) := im(Cp ;) C Fy is called the algebraic-geo-

metric code defined by F and D (and t = (tgxl), ) ))-

> "n(zm)

REMARK 3.4. Assume that X is a smooth curve and £ = L(F) with a
divisor £ = " | x; and with x(z;) = F;. Then we have n(z) = 1 for any

x € sup(E), and we may take tgx) =1 for all € sup(F). Then Cq(E,F) :=
Cq(E, F,t) is the usual residual Goppa-Code (cf. [18], [20]).

REMARK 3.5. Let z € sup(D) and let f, be a local equation of D at x. As
FY @ L(D), = fit -w}(/,w
we obtain a well-defined map
Pe: HY(X, FY ® L(D)) — wx g0/ fr - WX/t

given by
pm(w) = fa:w + fx ’ w}(/k,x‘
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By local duality we furthermore get an isomorphism
w}(/k,x/fiﬂ : w}(/k,w — Homg(Ox 2/ fz - Ox 2, k)
given by
w+ fo 'w}(/k,x — (a — Resx/p <(;::>)
and thus the map

gzt : W}(/k’m/f:c : w}(/k,m - F(TIL(:E)
defined by

t"w tfj&)w

Goi(w + fo-Wxpa) = | ReSx/ka < 7 > R 7

is bijective with
Pzt = Gzt © P-
In particular w € ker(pg ) if and only if w € ker(py).
PROPOSITION 3.6. In the above situation
ker(Cp.rs) = HO(X, FY).

In particular Cp ry is injective, whenever deg(F) > 2gx — 2hx, and
Co(D,F,t) is an [deg(D),deg(D) + gx —hx — deg(F)|q-code whenever 2(gx —
hx) < deg(F) < n.

PROOF. Let w € HY(X,FY ® L(D)) with p,(w) = 0 for all z € sup(D).
Then by the very definition of p, we have:
we H'(X,F @ L(D))N m wif/,w
z€sup(D)
=H (X, F'oLD)n (| F
z€esup(D)
(as F) = w}(/,w for all x € sup(D))

= () F@Ld).n () F'LD).n (| F

z€X\sup(D) z€sup(D) zesup(D)

:ﬂ]:;/

zeX
= HO(X, 7)

and in view of 2.9 and 2.10 the claim follows. O
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THEOREM 3.7. Let D be an effective Cartier divisor on X, let F be a
fractional ideal with sup(F) Nsup(D) = 0 and let sup(D) = {x1,...,xm}. For
i=1,...,m set n(x) := deg,(L(D)) = dimg(L(D)5/Ox ) and define

p = max{l € N: there exist iy, ...,

with zl:n(xzu) <n—deg(F)+2(gx — hx)}.
p=1
Then
d(Cqo(D,F,t)) >m — p.
DEFINITION. d*(D,F) := m—pis called the designed distance of Cq(D, F).
PRrROOF. For = € sup(£(D)) denote by J(z) the skyscraper sheaf with
J(2)e = (FY @ L(D))y/F) J(z)y =0 for y # .
As sup(F) Nsup(D) = () we have
dimy, H°(X,3(x)) = n(z).
Furthermore the canonical map
FY @ L(D) — J(x)

is a surjection of sheaves, whose kernel is a fractional ideal which we denote by
K(z). By 2.4 iv) we get that deg(K(z)) = deg(F¥ ® L(D)) —n(x). Inductively
we define for any points x1,...,2s € sup(D) the sheaf K(z1,...,zs) as the
kernel of the canonical surjection

lC(xl, . ,585,1) — j(%;)

and we obtain deg(K(x1,...,x5)) = deg(F" @ L(D)) — Ele n(x;).
Now assume that w € HY(X, 7Y ® £(D))\ {0} and let z1,..., 25 € sup(D)
such that p,,(w) =0 for i =1,...,d. Then

we H(X,K(21,...,25)) \ {0}
hence by 2.5

0
deg(FY @ L(D)) = > _n(x;) = deg(K(z1,...,25)) > 0
i=1
and therefore and by 2.8 and 2.4 § < p. By the local duality theorem this
implies

d(Cq(D,F,t)) > m — p.



42

COROLLARY 3.8. Let X be a curve of genus gx (possible singular) and let

D be a Cartier divisor with sup(D) = {z1,...,2,} (n > 0) and n(z;) =1 for
i=1,...,n. Let F be a fractional ideal with sup(D) N sup(F) = ) and with
29x —2 < deg(F) <n, and let C = Cqo(D, F,t). Then C is an [n, k,d],-Code
with

- n = deg(D).

— k=n—deg(F)+gx — 1.

— d > deg(F) —2gx + 2.

PRroOOF. It remains to note that hx = 1 as X has an F,-rational point. [

EXAMPLE 3.9. Let D be a Cartier divisor on z with sup(D) = {z1,...,2m}
and assume that n(x;) =2 for : = 1,...,m. Then
deg(F
d(Co(D, F,t)) > m — [m+ gx — hx — g2() +1]

where for an a € R we set
[a] =min{n € Z:n > a}.

Crucial for any type of code is the availability of a decoding algorithm.
To find such an algorithm it is usually necessary to know the dual code. For

this let F, D and (for any x € sup(D)) tgx), e t(m)) be as at the beginning of

»"n(z
this section. Let f € H°(X,F) and let 2 € sup(D). Then F, = Ox z, and
therefore we get a well-defined canonical morphism

et HY(X, F) — Ox 2 — Ox2/d:Ox 5

where d, is a local equation of D at x. Thus we get a unique representation

ea(f) = aa(1, ) - 17 + -+ + au(n(), f) - 1))

and we define
Soy : HY(X, F) — F2@)

by 5ac,t(f) = (aw(lv f)v cee 7az(n(x)7 f)) and
Evpre: HY(X,F) — Fi =F/) g . g Frlem)
by EVD,}-,t(f) = (6I17t(f>a cee 5xm,t(f))'
DEFINITION. C(D, F,t) :=im(Evp ).

REMARK. In case X/F, is a smooth curve, D = Y"1 | z; is a divisor with

[F,-rational points z; and tgx) = 1 for all x € sup(D), the code C(D,F,t) is
the geometric Goppa-Code as constructed in [18], I1.2.1; see also [20], 3.1.1.
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On [y we have a canonical non-degenerate pairing (standard inner product)
(5 ):FyxFy — Fy
given by ((ai,...,an), (b1,...,by)) = > i ab;.

THEOREM 3.10. C(D,F,t) is the code dual to Cqo(D,F,t) with respect to
the standard inner product of Fy.

PROOF. Let f € H)(X,F) and let w € H)(X, FV ® L(—D)).
i) If 2 € X \ sup(D) then f-w € w}(/lmz This is clear as we have via the
canonical identification L ® Qi e = QlL E

frweHYX,FoF'®L(-D)) CH(X,wx), ®L(—D)).
ii) Let € sup(D) and write

P:c,t(w) = (ReSX/k,z(tgx)w)v e vReSX/k,z(t,(f(L)w))

and
5z,t(f) = (a$(]~7 f)) ety ax(n(a:), f))
Then
n(z) n(z)
as(j, ) Resx i (157w) = Resx e | - 657 a,(j, flw
=1 =1
=Resx/pq(fw)

Thus with sup(D) = {z1,...,2,} and with

CD,]-',t(CU) = (r1,...,"n), EVD,]—',t(f) = (a,...,an)

we have

> airi =) Resxpq, (fw)
i=1 =1
= Z Resx ko (fw)

zeX
=0

by the residue theorem. Thus
C(D,F,t) C Co(D, F,t)*.
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iv) As in 3.6 one shows that ker(Evp #:) = H*(X, F®L(—D)). Combining
this with the above we conclude (using the Riemann-Roch theorem and 2.4 v)):
dimy, Co(D, F,t) = dimy, H°(X, F' @ L(D)) — dimy H*(X, FV)

= dimy, H*(X, F @ L(-D)) + deg(F" ® L(D)) — (9x — hx)
— [dimy, H2(X, F) + deg(F") — (gx — hx)]
= deg(L(D)) + dimy H°(X,F ® L(—D)) — dimy H*(X, F)
=n —dimy C(D, F,t)
and from this we conclude by counting dimensions
Co(D, F,t)r = C(D, F,t).
O

REMARK 3.11. Using 3.10 one can try to generalize the basic decoding
algorithm for the geometric Goppa Codes (cf. [20], (3.3.1) resp. [18], VIL5)
to the more general situation of this section. In this situation the syndrome
has to be defined by

m n(z;

)
By 1= D bjayau, i, ).

j=1 ;=1

Suppose that hy,...,ht is an Fy-basis of HY(X,F). If a = ¢+ e is the
received word where ¢ € Cq(F, D) is the word originally sent and where
e=(€ji;)j=1,., miij=1,...n(z;) 1S an error-vector, then e is a solution of

m n(z;)

(%) D aw i he) Zsi; = la, he for all 7 € {1,...,t}.

j=1i;=1

If we assume that |e]| <t < $d*(D,F) (for some fixed t), then e is the unique
solution of (x) of weight at most ¢, and if we can find this unique solution of
minimal weight, we can correct a and recover the original word c.

The system () however has many other solutions. If n(z) =1 for all x €
sup(D) (and X possible singular), then one can use an auxiliary Cartier-divisor
F1 = L(F1) (just as in [18], VIL5 or [20], (3.3.1) and under the assumptions
stated there) to reduce (*) to a system of linear equations, having e as its
unique solution. In the general case we are (so far) not yet able to make this
reduction. If we set

n(D) := {n(x) : x € sup(D)}
then we need to find an auxiliary Cartier-divisor 1 = L(F}) satisfying
(1) sup(F1) Nsup(D) = 0.
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(2) deg(F1) < deg(F) — 2(gx — hx) —t-n(D).

(3) dimy, HY(X, F) > t-n(D).
In this situation we can find an error-locating function ¢ (similarly to [18],
[20]), and if n(z) = n(D) and Ox ,/d;Ox 4 is a field for all x € sup(D), then
we can modify the basic decoding algorithm to cover our present situation as
well. In general however we are not yet able to bound the total number of
zeroes of Evp r.(g).

EXAMPLE 3.12. Let X = IP’Iqu and let IP’Iqu(IFq) = {ai,...,aq,00}. In this
situation all fractional ideals of X are given by Weil divisors and conversely.
Let D = 23:1 2z; and let F = [ - oo for some | > 0. The field of rational
functions of X is L = Fy(t), and X has an open affine cover consisting of the
two rings R = F,t] and R’ = F,[1], where Spec(R) is the finite part of X,
and where we identify the finite F,-rational points a; € IP’Ilgq (Fq) with the prime
ideals (t—a;) C R. For each a € sup(D) we have n(a) = 2, and we may choose

=1 Y =t—a

The space H(X, FY ® £(D)) has an F-basis

dt . dt 2g—1-2 At
gt)’ g(t)’ 7’ g(t)
with g(t) = ;‘1:1(75 — a;)? and in this situation we have
— Resx/ka, (—t) = ﬁ
pac i) = Mata ey
- Resx/ia, () =) }Ei_m (if A > 0).

a?

Ndt) _ _ ap
- ReSX/k,ai ((t - az)g(t)) - Hj7gi(ai_aj)2.

Thus — up to equivalence — a generating matrix of Cq(D, F,t) if given by
the matrix G with

-2 -2
Zj#l aj—ai 1 Zﬁé? aj—az 1
2 2
1= a ajle ai 1=25z ajigaz az
2 2
G=| (2 =D i ajf;) ai ap (2 — D 40 ajffm) a3

-1 - 2a1 ! -1 o 2a9 l
ay (l Zj;élarm) ay  ag <l Zj;ﬁ?ajf(m) ay
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The minimum distance of this code satisfies the a—priori bound

A(Co) >~ [g— 5.

If we concatenate Cq(D, F,t) (in the obvious way) with a [3, 2, 2],-parity check
code, then the minimum distance of the resulting code C' satisfies

ExAMPLE 3.13. Let again X = IP’IIFq, let D be as in 3.12, and let F be
an arbitrary divisor of degree [ on X with sup(D) Nsup(F) = (). Then F =
- 00+ (f) where (f) denotes the principal divisor associated to f € F,(t)* for
a suitable f. Then H°(X,F" ® £(D)) has an F -basis

dt_ ., dt it
fgt) f)g@) 7 f(t)g(t)
with ¢(¢) as in 3.12, and the associated code Cq(D,F,t) can be described
similarly, using

A=Y 249 \
- Cthdt ) -1 it a—ay o
ReSX/k:,ai (f(t)g(t)) = q; Hj;ei(ai*aj)Q-fZai) H#i(aia]’)zf(ai)?)

a?

- — ) Bdt ) — i
Resx i, (= a0) it ) = a7
PROBLEM 3.14. Assume we are in the situation of 3.12/3.13.
i) What is the actual minimum distance of the codes of 3.12 resp. 3.137

ii) Is there a canonical choice of a divisor F (i.e. of a rational function
f € Fy(t)) in 3.13 which maximizes the minimum distance of Cq (D, F,t)?

iii) Is there a canonical choice of a basis tga), téa) of Ox,/m?2 in 3.12/3.13
which maximizes the minimum distance of Cq(D, F,t)?

EXAMPLE 3.15. Let S :=F2[X,Y, Z]/(XPT!1 4 YPH! — ZPT1) and set C :=

Proj(S). Then C is a maximal curve with genus g = @ and p>+1+p*(p—1)

points rational over IF» (Hermitian curve). Here we have

woe =0c(p—2)
and if we fix oo as a distinguished point and take F = O¢(a-00), then we have
I(C, Oc(m - (p+1) - 00)) =T(C,0c(m)) = S

is the homogeneous component of degree m of S. Thus in this situation
algebraic-geometric codes can be constructed and calculated rather explic-

itly. This however can also be achieved using calculations from F. K. Schmidt
(cf. [18]).
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ExAMPLE 3.16. More generally let
S =F,Xo,...,Xn|/(F1,..., Fn-1)

be a (reduced and irreducible) complete intersection with homogeneous poly-
nomials F,..., F,_1 and let C' = Proj(5). If d; = deg(F;), then

n—1
we = Oc(—n -1+ Zdz)
i=1
Furthermore if G € S is a homogeneous non-zerodivisor of degree [, if D :=
U, (G) and if £ =20, (X{) then

HO(C7 ‘C(E)V ® ‘C(D)) = Sz di+l—a—n—1-

In this situation also residues can be calculated very explicitly and algorith-
mically, cf. [I], and thus algebraic-geometric codes may be viewed as being
pretty well understood in this situation.

Garcia and Stichtenoth have provided explicit examples of towers of func-
tion fields {L,} over F . such that the corresponding nonsingular models C;,
satisfy

#Cp(Fp2)
9(Cn)

(cf. [3]). The nonsingular models C), however are very hard to determine. It is
fairly easy to find global complete intersections C/, C P™ with field of rational
functions L,,, however all the obvious choices for C/, do not satisfy (x). This
raises the following

(*)

—qg—1 asn—x

QUESTION 3.17. Is it possible to (explicitly) find families of global complete
intersections Cy, C Py  with the following properties:
q

(1) g(Cp) — as n — oo.
40 (F 2)

(Q)W%q—l as n — oo.

REMARK 3.18. For general algebraic varieties (or even curves) no good
general constructive approach to residues is known so far. In case X = ]P’I%q
we can describe residues rather explicitly in terms of derivatives and canonical
traces Try_,, /r,- Also in case of plane curves (or more generally globally com-
plete intersection curves) fairly explicit algorithms to calculate residues can
be developed (cf. [11]). Note in this context, that any function field L/F, of
transcendence degree 1 has a (possibly singular) model X/F, in IP’]ZFq.
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