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PRODUCT INTEGRAL IN A FRECHET ALGEBRA

BY MARGARETA WICIAK

Abstract. Product integral of locally summable function in a Fréchet al-
gebra is defined and some of its properties are proved. The main tool is the
Arens-Michael representation of Fréchet algebra which allows us to extend
the notion of the product integral from a Banach to Fréchet algebra.

1. Introduction. Let X be a Fréchet algebra, i.e. X is a complex algebra
which is a Fréchet space with topology induced by an increasing sequence of
seminorms (p,)nen such that

pr(zy) < pn(z)pn(y) YneNVz,ye X.

and X contains a unit I such that p,(I) =1 Vn € N.

A linear mapping h : X — ), where X, ) are Fréchet algebras, is homo-
morphism of algebras iff h(xy) = h(x)h(y) Vz,y € X. Obviously, h(Ly) = Ly,
where Iy, Iy are units in X', ), respectively.

For example, if () € top C", B is a complex Banach space, End B denotes
the algebra of linear continuous mappings B — B, then Hol({2, End B), the
space of all End B-valued holomorphic functions on €2, is a Fréchet algebra. In
fact, there is a sequence K1, Ko, ... of compact subsets of €2 such that for each
s € N: Ky Cint Kgyq and (o2, K5 = Q. For any h € Hol(2, End B), set

ps(h) == sup{||h(2)|lpraB : 2z € Ks}.

Then (ps)sen is an increasing sequence of seminorms that defines local uniform
convergence topology in Hol (2, End B).
Setting, for any h, f € Hol(Q2, End B):

hef:Q529% h2)o f(z) € End B,

from the continuity of multiplication in the Banach algebra End B, we get that
the seminorms p, are submultiplicative.
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Obviously, if End B is not commutative then Hol(€2, End B) is a noncom-
mutative Fréchet algebra.

The aim of this paper is to extend the notion of the product integral to
Fréchet algebras. This kind of integrals have naturally arisen in the algebra
Hol(C™, End B) while solving distributional Cauchy problem

(0 = Borierr o
u(ty) = wo

(given Ay € EndB, [ : J — Dy, (R™ B), ug € Dy, (R™; B) — the space
of tempered distributions). Details of this application will be included in a

forthcoming publication.

The basic tool in the study of Fréchet algebras is a representation of X’ as an
inverse limit of Banach algebras. In order to establish notation, we shall recall
fundamental theorem on Arens-Michael representation of a Fréchet algebra, see
21, [5], 1 .

Let X be a Fréchet algebra with the increasing sequence (py)nen of sub-
multiplicative seminorms. Let m, : X — X, := X/ {pn=0} De the quotient map
for each n € N. (X,,)nen is a family of normed algebras. Let us consider the
family of its completions (By,)nen (Banach algebras) and the family of isomet-
ric homomorphisms J,, : X;,, — By, (n € N) with dense images. For any n € N,
there is the unique mapping 7, : X,, — X,,—1 that commutes the diagram

Tn
X Xn
Tin
Tn—1
(1) Xn-1;

7n 18 a continuous homomorphism of algebras and |n,| < 1. Since J,(X,) is
dense in B, for any n € N, there is the unique mapping 5, : B, — B,_1 that
commutes the diagram

JIn
X, B,
Mn { { Nn
Jnfl
(2) Xpo1— By

and such that 7, is a homomorphism of algebras and |7,| < 1.
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THEOREM 3. The set
B :={(bp)nen € X By : 7n(by) =by—1 VYn e N}
neN

1s a Fréchet algebra with topology induced by the increasing sequence of semi-
norms

@ ((bn)nen) := |bk|B, for k € N.

Moreover, the mapping

Li XD ((Jn o) (2))nen € B

is a topological isomorphism of Fréchet algebras.

REMARK 4. If X is a Fréchet algebra, then there is a countable family of
continuous homomorphisms of algebras ‘H C U'Hom (X,)), Y being Banach

y
algebras, that separates points on X.

PROOF. Obviously, (m,)nen separates points on X'. The family of contin-
uous homomorphisms (J,, o 7, )nen separates points on X. O

In the case that a Fréchet space X does not have the structure of algebra,
theorem [3| is still true, but (By),en denotes a family of Banach spaces and
Jn : Xp — By (n € N) a family of linear isometries with dense images. In
such a case mappings 7, 7, are linear continuous, B is a Fréchet space, ¢ is a
topological isomorphism.

Obviously, when X is a Fréchet space, there is a countable family £ C
U,C(X ,Y), Y being Banach spaces, that separates points on X, for example

Y
(Jpn © T )nen separates points on X.

In the sequel, we will use the notions of the absolutely continuous function
with values in a Fréchet space and of its integral. For the reader’s convenience,
we enclose definitions of those notions and some of their properties. The inte-
gral is understood in the generalized Bochner sense. Thanks to K. Holly [4],
differently from [6], we use Arens-Michael representation in our definitions.

2. Absolute continuity and integration in a Fréchet space. If X be
a Fréchet space, let us consider an increasing sequence of seminorms (py)nen
that induces the topology top X. Let 7, : X — X, := X/, _o} be the quotient
maps and (Bp)nen the family of Banach spaces with corresponding family of
linear isometries J, : X,, — B, having dense images in B,,.

Let J be an interval in R and let sn X denote the cone of all continuous
seminorms on X.
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DEFINITION 5. A function f : J — X is absolutely continuous iff for any
p € sn X the function p o f is absolutely continuous.

THEOREM 6. The following conditions are equivalent:

(i): f:J — X is absolutely continuous;

(ii): Vn € N p, o f is absolutely continuous;

(iii): Vn € N Jy,om, o f: J — By, is absolutely continuous;

(iv): for any Banach space Y and any map L € L(X,Y), the function
Lo f:J—Y is absolutely continuous.

PROOF. It is sufficient to prove (iii) = (iv). Let Y be a Banach space and
L € L(X,Y). Thereis n € Nsuch that L is p,-continuous. Since J; !is densely
defined in B, there is the unique L,, € L(B,,Y) such that the diagram:

Tn JIn
X . Xn . Bn
L
(7) Y
commutes and Lo f = L, o (J, om, o f) is absolutely continuous. O

LEMMA 8. Let X, Y be Fréchet spaces, L € L(X,Y), and f : J — X
absolutely continuous. Then the function Lof : J — Y is absolutely continuous.

PROOF. Let L € £(X,Y) and ¢ € snY. There are p € snX and C > 0
such that ¢(Lx) < Cp(x) for all z € X. Hence

a(L(f(t)) < C-p(f(t))  forallte .

Since p o f is absolutely continuous, so is g o L o f. This means that L o f is
absolutely continuous as ¢ € sn'Y was arbitrary. ]

LEMMA 9. Let X, Y be Fréchet spaces. Consider L € L(X,Y) and a
function f: J — X differentiable almost everywhere. Then the function Lo f :
J — Y is differentiable almost everywhere and (L o f)(t) = L(f'(t)) for a.e.
tel.

PROOF. Let t € dom f’ and ¢ € sn'Y. There are p € sn X and C' > 0 such
that

=q (L <‘f(t+h})l_f(t) —f’(t))) < Cm(f(tm_f(t) —f’(t))-

h

Letting h — 0 we conclude that L o f is differentiable in the set domf’ and
(Lo f)(t)=L(f'(t)) for all t € domf". O



285

LEMMA 10. Let X, Y be Fréchet spaces. If f : J — X is absolutely con-
tinuous and g : X — Y satisfies the Lipschitz condition, then go f : J — Y s
absolutely continuous.

PROOF. Let ¢ € snY, t,s € J. There are a seminorm p € snX and a
constant L > 0 such that for all z,5 € X

q(9(Z) — g(9)) < L-p(& — 7).
In particular, ¢((go f)(t) — (g0 f)(s)) < L-p(f(t)— f(s)) and from the absolute

continuity of f it follows that g o f is absolutely continuous. O

Let X be a Fréchet space. Let us denote by M a measurable space with a
nonnegative measure .

DEFINITION 11. A function f : M — X is measurable in the sense of
Bochner iff f(M) is separable in X and f is measurable.

LEMMA 12. Let us consider a function f: M — X. The following condi-
tions are equivalent:

(i): f: M — X is measurable in the sense of Bochner;

(ii): Vp € snX f(M) is p-separable and f is p-measurable;

(iii): Yn € N f(M) is pp-separable and f is p,-measurable;

(iv): if Y is a Banach space and L € L(X,Y), then Lo f is measurable in
the sense of Bochner.

PROOF. Implications (i) = (ii) = (iii) and (i) = (iv) are obvious, so it
suffices to show that (iii) = (i) and (iv) = (ii). To deal with the former,
observe that for n € N there exists an at most countable set @, C f(M) which
is pp-dense in f(M), so the set Q := |J,,cy @n is dense in f(M).

Let O € topX. We prove that f~1(0O) is measurable. Let x € O N f(M).
O — x is a neighbourhood of zero, hence there are n € N and r» > 0 such
that K, (0,7) C O — x. Therefore (x + K, (0,7)) N f(M) € top (O N{(M)).
Consequently, there is a sequence of sets (Ej)ken, of type (z + K, (0,7)) N
f(M), such that U E, = OnN f(M). The function f is p,-measurable, thus

keN
f~Yx + K,,(0,7)) is measurable for all n € N and r > 0. Finally,

F71O) = FHO N (M) = £ (U Ek> — Ui
keN keN
is a measurable set. Therefore f: M — X is measurable.
We now turn to (iv) = (ii). Let p € snX. Let 7 : X — X/,_gy denote
the quotient map. Let us consider a Banach space Y and an isometry J : X/
{p=0y — Y. Obviously, L := Jorm € L(X,Y), so by (iv) (Lo f)(M) is separable
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inY and Lo f: M — Y is measurable. Thus Lo f : M — im J is measurable,
thence mo f =J toLo f: M — X/, o is measurable.
Let O € top (X,p). Then 7(0) € topX/(p—oy and the set (7o f)~(w(0))

is measurable. But
(mo )M (=(0)) = f1(0),

hence f: M — X is p-measurable.

Similarly, (m o f)(M) is separable in X/,_gy. Therefore there exists an
at most countable set @ := {q1,¢q2,...} which is dense in (7 o f)(M). For
each i € N there is x; € f(M) such that ¢; = w(z;). We see at once that
{x1,x9,x3,...} is p-dense in f(M). O

DEFINITION 13. A function f: M — X is summable iff f is measurable in

the sense of Bochner and Vp € sn X / (po fldu < co.
M

LEMMA 14. If X, Y are Fréchet spaces, L € L(X,Y) and f : M — X s
summable, then Lo f is summable.

PROOF. It is clear that L o f is measurable in the sense of Bochner. Let
g€snY. Then p:=qgoL € snX and

o> [ o ndu= [ @o (Lo )i

Therefore L o f is summable. O
LEMMA 15. Assume that f : M — X is measurable in the sense of Bochner.
Then the following conditions are equivalent:
(1): f is summable;
(if): Vn € N / (pn o f)dpt < oo;
(iii): if Y s aMB(mach space and L € L(X,Y), then Lo f is summable.

PROOF. From the definition it follows that (i) = (ii). Conversely, for every

p € snX, there are n € N and C' > 0 such that p < Cp,. Therefore / (po
M

fdu<C / (pn o f)dp < oo.

M
By virtue of Lemma (i) = (iii). We will prove that (iii) = (7). Let
p € snX. As in the proof of Lemmal[12]((iv) = (ii)), let us consider the quotient
map 7, a Banach space Y, an isometry J, and L := Jow € L(X,Y). The
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function L o f is summable. Thus

o> / (Lo f)(#)lydp(t) = / T (w0 £)E)ydu(t) =

- / [ (F ) x/, O}du(t)Z/Mp(f(t))dﬂ(t)_
O

THEOREM 16. Let f : M — X be summable. Then there is the unique
vector in X, denoted by / fdu € X, such that if Y is a Banach space and
M

LeL(X,Y), then
() - 0

PROOF. We shall use the symbols 1, 7,, B, ¢ from Theorem[3] Lemma
implies that J, o m, o f is summable for all n € N. We claim that

</ (Jpomy 0 f)du) € B. Indeed, for any n € N
M neN

i ([ nomo D) = [ (o duomio pin

Since the diagram commutes, there is 7, o J, = J,_1 o n,. Moreover, the
diagram commutes, S0 7, o m, = T,—1. Consequently,

/(nnOJnoﬂnof)dN:/(Jn—lonnoﬂnof)dﬂz/(Jn—loﬂ'n—lof)d/"
M M M

which proves our claim.
According to Theorem [3] ¢ is an isomorphism and for this reason there is

a € X such that (J, om,)(a) = / (Jp o T 0 f)du for every n € N. Applying

M
now the fact that the diagram commutes, we obtain

L(a) = (Ly o Jy omyp)(a) = Ly, (/M(Jn 0Ty 0 f)d,u,> = /M(L o f)du,

which means that a € X is the desired vector.
To prove the uniqueness, it is sufficient to note that the family (J,- £(X,Y),

Y being a Banach space, seperates points on X.
O

LEMMA 17. Let X, Y be Fréchet spaces and L € L(X,Y). Assume that a
function f: M — X is summable. Then L (/ fd,u) :/ (Lo f)du .
M M
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PRrROOF. If B is a Banach space and T' € L(Y, B), then T o L € L(X, B).
Setting y := L </ fdu), we have
M

T(y) = (To L) ( /| fdﬂ> = [ @oro i

As B and T are arbitrary, Theorem [16|leads to y = / (Lo fdp. O
M

LEMMA 18. If p € sn X and a function f: M — X is summable, then

p (/M fdu> < /M(pof)d,u.

PROOF. As in the proof of Lemmal[12] ((iv)=>(ii)), let L := Jom € L(X,Y);

from Theorem [16]
() o

Obviously, |L(x )\ = p(z) for every x € X. In this way

fo) - [e(f ) | o,

/|L Dly du(t) = /Mp(f(t))du(t)-

<

IN

In consequence, we have

REMARK 19. If f,g : M — X are summable and equal a.e, then

/M i = /Mgdu.

3. Product integral. Let X be a Fréchet algebra and let J be an interval
in R.

THEOREM 20. Given tg € J and xg € X, suppose that A : J — X is locally
summable. Then the problem
z = A(t)x
21
( ) { :E(to) = X

has the unique (absolutely continuous) solution.

PROOF. Let (pp)nen be an increasing sequence of seminorms that induces
the topology in X. Let us consider the family X, := X/, oy (n € N) of
normed algebras and the family B, of their respective completions. Consider
the family of quotient maps 7, : X — X,, (n € N) and the family of isometric
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homomorphisms J,, : X,, — B, (n € N) with dense images. Let n,, 7, ¢ be
homomorphisms of algebras and let B be the Fréchet algebra introduced in
Theorem [3]

Our proof starts with showing the existence of solution. By virtue of The-
orem the function J, om, 0 A :J — B, is locally summable for any n € N.
Thus the problem

(21)n { ¥ = (nommod)dy
y(t

0) = (Jnom)(xo),

in Banach algebra B, has the unique solution ¥, : J — B,, for each n € N. Set
Y := (Yn)nen. We first check whether the function y has values in B.
Obviously, 7, o Y, : J — B,_1 is absolutely continuous and differentiable
oo

a.e. Set Z = U Zpn, with Z, the subset of J on which g, does not exist.
n=1
d
Clearly, u(Z) =0. Fixn € N, t € J\ Z. We have %(ﬁn 0 Yn)(t) = Mn(yn(t))
since 7, € L(Bp, Br—1). On the other hand, y,, satisfies equation n, SO

d, _ _ _
(22) a(nn 0 Yn)(t) = (Mn © Jn 0y 0 A)(t) - (7 © Yn ) ().
Since diagrams , commute, shows that

d

23 0 Yn)(t) = (Jn—1 0 M1 0 A)(t) - (7 © Yn)(2).

Similarly,

(7 © yn)(to) = (7n © Jn © 7 ) (x0) = (Jn—-1 © Tn—1)(x0).
Therefore, both #, oy, : J — B,_1 and y,—1 are solutions of n,l. But
n,l (a problem in Banach algebra B,,) has the unique solution, hence 7, o
UYn = Yn—1, and finally y : J — B.
It is easy to check that y : J — B is absolutely continuous, differentiable
a.e. and fort € J\ Z, 9y(t) = (In(t)),en-
Set  := ¢t~ oy. Lemmas |8 and |§| easily imply that x is absolutely contin-

uous, differentiable a.e. and & = ! o g almost everywhere.
Fixte J\ Z.

#(t) = ¢ (Gn()nen) = ¢ ((Jn 0 T 0 A(L)) - Y () )nen) =
= 7 ((Jn o 0 A(t)nen -+ (Un(t)nen) = A(t) - 171 (y(t)) = A(t)z(t).
In the same manner, z(tg) = xo. Therefore z : J — X is a solution of (21).

To prove the uniqueness, assume that x,2 : J — X are two solutions of
. Let us consider a Banach algebra ) and a homomorphism h : X — ).
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Then h o x, h o X are easily seen to be solutions of the problem

{ y = (hoA(t))-y
y(

to) = h(xo)
in Banach algebra ). But this problem has the unique solution, thus h oz =
h o Z, and finally, by Remark [@ we conclude that z = 7. O

THEOREM 23. Fiztg € J and consider sequences l, — 1 in X and A, — A
in L (J,X) as v — oo. Let x, : J — X denote a solution of the problem

loc

r = A(t)x
(24) {x(to) =1, )

forveN, and let x : J — X be a solution of

z = A(t)x
(25) {x(to) ~

Then z, — = almost uniformly in X as v — oo.

PROOF. J, o, € L(X,B,) so, according to Theorem the functions
JpomuoA, : J - B, and J,om, 0 A : J — B, are locally summable
(Vv,n € N).

Let us denote by y,., : J — By, yn : J — B, the solutions of the Cauchy
problems

{ g = (JnompoAy(t))y { g = (JnomuoA(t))y
y(to) = (Jnomn)(l), y(to) = (Jnom)(l),

in the Banach algebras B,,. By assumption [, — [ in X as v — oo, thus
(Jnomp)(ly) — (Jpomy)(l) in By, as v — oo (Vn € N).
Let x € X. Then

(26) [(Jnomn)(X)|B, = Imn(X)|x, = pulx)  VneN.

Since 4, =% A in Llloc(J, X), shows that J, om, 0 A, =5 J,om, 0 A
in L}OC(J, By,). In consequence, Y, , — yp almost uniformly in B, as v — oo
(Vn € N).

As in the proof of Theorem z, := 1" oy, is the solution of (24)), while
x:= "1 o y is the solution of (25)), where ¥, := (Yyn)neN, ¥ := (Yn)nen. Now
we prove that x,, — = almost uniformly as v — oo.

Let I be a compact subset of J. Let t € I, n € N. There are C' > 0 and

k € N such that

27)  palzu(t) —2(t) < Ca(yy(t) — y(t) = Clyui(t) — yi(t)| 5,

Since, in particular, y,  — yx uniformly in I as v — oo, (27)) shows, (as n € N
is arbitrary) that also z, — z uniformly in I as v — oo.
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We are now in a position to define the product integral in a Fréchet algebra.
Let X be a Fréchet algebra with unit I. Consider a locally summable
function A: J — X.

DEFINITION 28. Let a,b € J. Assume that z : J — X is a solution of the
Cauchy problem

(29) {x(aj)? - f(t)x

The element x(b) € X is called the product integral of A and is denoted by
b
H eA(s)ds-

The following properties are straightforward

REMARK 30. i): [[et®* =1

t t
ii): %HeA(S)dS = A(t) HeA(S)ds for a.e. t € J;

a

b b
iii): if A= A a.e. then H eAls)ds — H eA(s)ds

t
REMARK 31. Fixtg € J,xg € X. The functionz : J 3t — HeA(S)dS Xg €

to
X is the unique solution of the Cauchy problem

z = A(t)x
x(to) = Xp.
REMARK 32. For all a,b,c € J

c b

c -1 a
H eA(s)ds — H eA(s)ds . f[ 6A(s)ds and (H eA(s)ds) _ H eA(s)ds‘
a a b

b a
REMARK 33. For all n € N

- A(s)

5)ds ex s))ds an
|a| e > < exp (/[a’b] Pn(A(s))d ) d
b
||eA(S)dS—]I < ex n(A(s))ds | — 1.

y
y
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¢
PROOF. Denoting by o(t) := [ e4)9, we have ¢(t) =1+ f; A(T)p(T)dT.
Thus ’

mw@hﬂ+m</MWWMOS1+[#MMWmWWMT

and from the Gronwall inequality

P((b)) < exp ( /[ ) pn(A(s))ds> .

The proof of the second inequality is similar. O

Let X be a Fréchet algebra with unit I. Setting 20 = I for 2 € X', we define

o0 n

x
ape =3 2.
n!

n=0
Obviously, exp0 = I and ps(expz) < exp(ps(x)) Vr e X Vs e N.
Moreover, if X', ) are Fréchet algebras and L : X — ) is a continuous
homomorphism of algebras, then

(34) expoL = Loexp.
LEMMA 35. If for a.e. t,s € J  A(t)A(s) = A(s)A(t) then

b b
HeA(S)dS = exp (/ A(s)ds) .

¢ t
PROOF. Let ¢(t) := HeA(T)dT e X, yp(t) = He(J"OW"OA)(T)dT € B, for

a a
n € N. According to the assumption,

(Jn om0 A)(t) - (Jn om0 A)(s) = (Jn om0 A)(s) - (Jn om0 A)()

for almost all ¢, s € J and for all n € N. But in the case of product integral in
Banach algebra B, (see [3], Cor. 3.5.1.3) we have

b
Yn(b) = exp </ (Jp om0 A)(T)dT)
and by virtue of Theorem [18 and we obtain
Yn(b) = (Jp, 0 ) <efab A(T)dT> .
As in the proof of Theorem we finally get
_ 1 _ -1 ff A(r)dr _ fﬂb A(r)dr
o) = 17 (@a()ner) = (((Jnomy) (e AT} ) = el
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O]

LEMMA 36. Suppose that A, — A in L} (J,X), a, — a, b, — b in J as
v — 00. Then

by, b
H eAv(s)ds HeA(s)ds i X as v — oo.

¢ t
PROOF. Let z,(t) = HeA”(S)dS, x(t) = HeA(S)dS. By virtue of Theorem

a a
z, — x almost uniformly in X'. The set K := {b, b1, bs,...} is compact in
J. Hence x,, — x uniformly in K. Let n € N.

Pu(@y(by) — (b)) < pa(@y(by) — 2(by)) + pal2(by) — (b)) — 0

a
as v — 00. According to Remark (33| also p, (H e (s) ) converges to 0,
ay

as v — 00. As n € N is arbitrary,

by b a

(37) H eAu(s)ds N H eA(s)ds7 H 6Au(s)ds T
a a ay

in X as v — oo. Finally, note that

by

ﬁ eAl,(s)ds _ H eA,,(s)ds . ﬁ eAl,(s)ds

a

which by and the continuity of multiplication in X completes the proof. [

LEMMA 38. Given are aq,...,a, € X, real numbers tg < t1 < ... <t, and
n
the function A : [tg,t,] — X such that A := Z X[ti_1,t:] - @i- Then
i=1
H A(s tn—tn 1)an e(tnfl_tn72)an71 . e(tl—to)al‘

ProOOF. Obv1ously,
tn 11
H eA(s) s H EA(S s H e o H eA(s)ds
to to
Since for all s,t € [tj_l,tj[ A(s) = A(t) = aj, Remark [35|leads to

H eA(s)ds eft] 1 — eaj(tj*tjfl)‘
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b
. d A(s)ds A(s)ds
LEMMA 39. For a.e. t € J: dtl;[e :—1:[6 - A(t).

b b
PROOF. Set ¢(t,b) := HeA(S)dS> yn(t,b) = He(‘]”w"OA)(S)dS for each

t t
n € N. As in the proof of Theorem

(Yn (2, 0))nen = 1(p(t,0)).
It is well known (see for example [3], Cor. 3.5.3.1 ) that

b b
%HeA(s)ds — _ H eA(S)dS . A(t)
t t

for almost all t € J, when A : J — A is locally summable as a function with
values in a Banach algebra A. In particular,

%yn(t, b) = —yn(t,b) - (Jy o m, 0 A)(t)

for all n € N and a.e. t € J. Therefore,

) () ) = (D G e A B

Again, as in the proof of Theorem [20] we have

& (1, D)ners) = (i%“’ “)neN'

But ¢! is a continuous homomorphism of algebras, so

S ((Gmen) ) = F0 Gl e = Gth)
On the other hand
(@ (8B) - (o om0 A)(D)nen) = 2(1.8) - A(D),
and finally (I0) gives our claim. O

Let us consider a Fréchet space M being a module over a Fréchet algebra
X and a continuous external multiplication X x M — M.
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THEOREM 41. Fix xg € M, to € J andlet A :J —- X, B:J — M
t

be locally summable. Set p(t) := HeA(S)dS. Then the function J > t +—
to

t
o(t) <x0 +/ () 'B(7) dT) is the unique solution of the problem

to

(42) { ﬂ?(t0:§
PROOF. Let g(t) := o(t) "' f(t), f being a solution of (42). By Lemma
g'(t) = —p®) A F(t) + (&) (1) =
= —p(t) LA (1) + ()T AR () + B(t) = () B(1).

But g : J — M is absolutely continuous, thus

= A(t)z + B(t)

= Xq.

t

a(t) = glto) + / J()dr = glto) + / (1)L B(r)dr.

to to

Consequently,

(13) 70 = o) (xa+ [ (1) B(r) ).

to

We have thus proved that every solution of is of the form . Conversely,
the function f:J — M given by is a solution of . Indeed,

t
f1t) = ¢ (t)xo + w'(t)/ o(1) ' B(7) dT + (t)p(t) ' B(t) =

to

= A()p(t)xo + At)p(t) / p(r) ' B(r)dr + B(t) = A(t)f(t) + B(t)

and .
Ft0) = olto) (0 + /tt o7 B dr) =,
O

LEMMA 44. Let X,Y be Fréchet algebras and h : X — Y a continuous
homomorphism. Assume that A : J — X is locally summable. Then for all
ti,to € J:

to to
h <H eA(s)ds) _ H e(hoA)(s)ds.
t1 t1



296

PROOF. Let t1,t3 € J, z(t) := ﬁeA(S)dS and h € L(X,)). By Lemmas
and [9] the function hox : J — Y istzlibsolutely continuous and
(hox)'(t) = h(i(t) = h(A(t)x(t)) = (ho A)(t) - (hox)(t)
a.e. in J. Due to Lemma [14 ho A : J — ) is locally summable. Furthermore,
(hox)(t) = h(x(t1)) = h(lx) = Ly,

where Ly, Iy are units in X', ), respectively. Thus h o x is a solution of

{ gy = (hoA)(t)y
y(t) = Iy

¢

in ). But the only solution of the above problem is H e(hoA)(s)ds Ty particular,
t1

for t = tz

to t2
h <H eA(s)ds) _ He(hoA)(s)ds‘
t1 t1
]

Here follow two theorems on the differentation of the product integral with
respect to a parameter. The obtained formulas are similar to that of Duhamel
type (see |3]) and, in the case of a Banach algebra, were proved by K. Holly
4.

THEOREM 45. Let G C Y be an open subset of a normed space Y and X
a Fréchet algebra. Fiz a,b € R. Consider A : [a,b] X G — X such that for all
x € G the function A(-,z) is summable and for all t € [a,b] the mapping A(t, )
is differentiable in direction uw € Y. Assume that for every p € sn X there is
a function ¢ : [a,b] — [0,00] summable and such that p(O“A(t,z)) < p(t),

b
V(t,x) € [a,b] x G. Then the function G > x — HeA(S’x)dS is differentiable in

direction v and

b b b T
(46) v H eA(s,x)ds _ / H 6A(s,:):)ds . auA(T’ 1,‘) . H €A(s,z)d5 dr.
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PrOOF. The right-hand side of makes sense since functions 7 +—
b

J
HeA(S’”T)dS, T HeA(S’$)dS are continuous and 7 — O“A(7,z) is summa-
a
t

T

ble. Set f(t,z) := H eA52)ds A easy computation shows that the function

a

1
t— —(f(t,z +ru) — f(t,x)) is a solution of the problem
T

A(t,z +ru) — A(t,x)

{ i) = Aoyl + - Flt,+ru)
yla) = 0.
According to Theorem [41] we obtain
f(b,13+TU)—f(b,1}) _
(47) o .
b T
A —A
_ / H cAls,w)ds (1,2 +ru) (r,2) H cAlswtru)ds g
a "7 r o
The function k(r) := A(r,z + ru) is differentiable for small r and &(r) =

A(T, x + ru).

Fix p € sn X. There is a summable ¢ : [a,b] — [0, 00| such that p(f(r)) <
(7). Following the notations of the proof of Lemma , by the mean value
theorem we have
(48)

P(A(T, 2 +1u) — A(7, @) = p(r(r) — £(0)) = [(L o r)(r) = (Lo r)(0)ly <

<|r|- sup |L(A(s))ly = |r|- sup p(i(s)) < [r[p(T).
5€]0,7[ s€]0,r|

In particular for |r| <1
P(A(T, &+ ru)) < p(A(T,2)) + o(7)

and by Remark [33] we have

» <];[ eA(S,a:—H"u)dS) < exp (/[%b} (p(A(s,z)) + go(s))ds) < 0.

In this way each seminorm p € sn X of the integrand of the right-hand side of
(47) is dominated by a summable function. On the other hand,

A - A
T+ ru) (7,2) — O"A(r,x) as r — 0. Simultaneously, by ('
r
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A(,x +ru) — A(-,z) in L'(a,b; X) as r — 0 and by Lemma

T T
H eA(s,x—i—ru)ds H eA(s,x)ds
a a

as r — 0. Letting »r — 0 in by virtue of the dominated convergence
theorem we obtain our assertion. O

THEOREM 49. Let G € topR". Let X be a Fréchet algebra. Fix a,b € R.
Consider A : [a,b] x G — X such that for all x € G the function A(-,x) is
summable and for all t € [a,b] the mapping A(t,-) is of class C* (k > 1).
Assume that for every p € sn X and a € N (1 < |a| < k) there is a function
©Yq : [a,b] — [0,00] summable and such that p(DSA(t,x)) < va(t), Y(t,z) €

b

[a,b] x G. Then the function G 3 z HeA(S’w)ds is of class C*, for every

a
t
|B| < k the mapping (t,z) — DP HeA(s’m)ds is continuous and Y1 < |a| < k
a

b b T
D[t = 3 <g> / b [T DyPA(r,z) - DI [ % dr

a#pBLla

PRrOOF. To prove the theorem, one may use induction with respect to k. [
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