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ENTIRE CURVES IN COMPLEMENTS
OF CARTESIAN PRODUCTS IN CV

BY NIKOLAI NIKOLOV

Abstract. It is proved that if F' is the Cartesian product of n closed
subsets F1, Fa, ..., F, of C (n > 2) with F; # C and F> # C, then for any
two different points a,b € D := C" \ F there is a holomorphic mapping
f:C — D such that f(0) =a and f(1) =b.

The purpose of this note is to prove the following

PropoOSITION 1. Let F be the Cartesian product of n closed subsets
Fi,F,...,F, of C (n > 2) with F1 # C and Fy # C. Then for any two
different points a,b € D := C" \ F there is a holomorphic mapping f : C — D
such that f(0) =a and f(1) =b.

In the particular case when a € (C\ F;)xC"* ! and b € Cx (C\ Fy) x C"~2,

this proposition has been proved in [I] and the authors raised the question if
it still holds for any two different points a,b € D := C™\ F.

ProoOF. It suffices to prove the proposition for points a = (ai,as,...,a,)
and b = (b1, ba,...,b,) such that ag, by € Dy := C\ Fy. It is trivial if ag = bs.
Let ay # be. Since D; := C\ F} and Dy are nonempty open sets, after linear
changes in the first two complex planes, we may assume that D; contains the
unit disc A C C, a1,b1 € A, a3 = 1,bp = —1,and Do D G :={z: |z - 1| <
eor |z+1| < e} for some € > 0. Let
(1 — exp(=27))?
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A A
hj(z) := Z/o gi(zt)dt, j=1,2, fi(z):=exp(22* —1)

(we shall choose the number A > 0 later on). Note that the set A:={z € C:
|f1(z)| > 1} is the union of the sets A; := {z € C : Re(z) > 0,2Re(z?) > 1}
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and Ay := {z € C : Re(z) < 0,2Re(2?) > 1}. Then there exist numbers
a1 € Ap and ag € Ag such that fi(ag) = a1 and fi(ag) = b1. Let z € Aj.
Since g1(u) and go(u) are entire functions, we have

_ Az lz—1| [! dt
) =l = [ el <252 [

(1)
lz—1] 1 dt C2z—1] _2V2
<2 \ /0 (14+Re(z — 1)t)2  ARe(z) < A7
and Az 1
B |z — 1] dt
o |ha(2) — ha(1)] = IA g2(u)du| < 4= /0 TESEEEE

_ 1 _
§4]2 1]/ dt :2|z 1|Re(z+1)<i.
A2 Jo (14 Re(z—1)t)3 (ARe(z2))? A2
Analogously, if z € A, then

(3) B(2) — hi(—1)] < 2;/5 and [ha(2) — ha(—1)| < %
Note that e
h1(1) = —hl(—l) — d 2:/0 g1(t)dt >0

A—00

and ha(1) = ha(—1) — da = / ga(t)dt > 0.
—o0 0

Now, it follows from (1), (2), (3), and the triangle inequality that for any
A > 1, we may find constants ¢; and ¢y ((c1,c2) tends to the solution of the
system dizq + doxe = 1, —dyz1 + dexg = —1, when A — o0) such that if
fg = CAlhl + cohs, then fz(al) =1, fg(ag) = —1, ’fg(z) — 1| < ¢ for ZAE Aq,
and [fa(z) + 1| < e for z € Ay. Set I(2) = (2 — a1)z + o, fi(z) = f;(1(2))
for j = 1,2, and fj(z) = (b; — aj)z + a; for 3 < j < n. Then the mapping
f = (f1, fo,..., fn) has the required properties. O
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