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ON THE EXISTENCE OF SOLUTIONS OF NONLINEAR
INFINITE SYSTEMS OF PARABOLIC
DIFFERENTIAL-FUNCTIONAL EQUATIONS

BY STANISLAW BRZYCHCZY

Abstract. We consider the Fourier first initial-boundary value problem
for an infinite system of nonlinear differential-functional equations. The
right-hand sides of the system are functionals of unknown functions of
the Volterra type and this system being thus essentially coupled by this
functional argument. The existence of the solutions to this problem is
proved by the well-known Schauder fixed point theorem.

1. Introduction. We consider an infinite system of weakly coupled non-
linear differential-functional equations of parabolic type of the form

(1) Fl () = fi(t,x,2), i€,
where
f = a - ./4 9 ./4 = ];1 a]k(t,x)iazpjaxk,

x = (x1,...,2m), (t,x) € (0,T] xG:=D, T < 400, G C R™, G is an open
and bounded domain with the boundary 0G € C*™*NC? 00 < a < 1). Sis
an arbitrary set of indices (finite or infinite) and z stands for the mapping
2z SxD>(i,t,x) — 2'(t,z) € R,
composed of unknown functions z°.
Let B(S) be the Banach space of mappings
v:83i— v €R,

2000 Mathematics Subject Classification. 35R10, 35K55, 35K57, 47H10.
Key words and phrases. Infinite systems, parabolic differential-functional equations,
Schauder fixed point theorem.



32

with the finite norm

[l B(s) = sup{[v"] : i € S}.

Denote by Cg(D) the Banach space of mappings
w:D > (t,z) — (w(t,x) LS50 wit,z) € R) e B(S),

where the functions w’ are continuous in D, with the finite norm
|wllo := sup{|w'(t,z)| : (t,z) € D,i € S}.

A mapping z € Cs(D) will be called regular in D if the functions 2* (i € S)

. .. i g2 . .
have continuous derivatives %, 83‘?]_ gwk in D for j,k=1,...,m.

The case of finite systems (B(S) = R") was treated in [2]. The case of
infinite countable systems have been discussed in [3]-[6]and for an infinite
countable S there is B(S) = [*°. In this paper S is an arbitrary infinite set of
indices.

For system , we consider the following Fourier first initial-boundary
value problem:

Find the regular solution (or briefly: solution) z of system (1) in D fulfilling
the initial-boundary condition

(2) 2(t,x) = g(t,z) for (t,x) € T,

where Dy = {(t,z) : t =0, 2 € G}, 0 = (0,T]x9G, ' = DyUo and D = DUT.

For7, 0 <7 <T,wedenote D™ = (0,7]xG, 0™ = (0, 7] x0G, I'" = DyUo ™,
D" = D7 UT7. Obviously DT = D.

In papers [3]-[5],have been used to solve the above problem monotone iter-
ative methods. However, applying the monotone methods takes assuming the
monotonicity of the right-hand side functions f* with respect to the functional
argument and the existence of a pair of a lower and an upper function for the
considered problem , in D (cp.[2]). These are not typical assumptions
in existence and uniqueness theorems. In [6], the Banach fixed point theorem
(contraction principle) has been used to prove the existence and uniqueness of
the solutions to this problem. Now to prove the existence of the solution to
this problem, we shall apply the Schauder fixed point theorem [8],[10]. Con-
sidering mainly Banach spaces of continuous and bounded functions, we give
some natural sufficient conditions for the existence. We remark that the a pri-
ori estimates which appear while applying the Banach and the Schauder fixed
point theorems are parallel to the above-mentioned assumptions in the theory
of monotone iterative techniques. We notice that the case of the finite systems
was studied by H. Ugowski [9].
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2. Notations, assumptions and auxiliary lemmas. The Holder space
CHe(D) = cHe)/2lHa(D) (1 =0,1,2,...;0 < a < 1) is the space of con-
tinuous functions h in D whose all derivatives % = D{D3h(t,x) (0 <
2r + s < 1) exist and are Holder continuous with exponent o (0 < o < 1) in
D, with the finite norm

| DY D3h(P) — Di Dih(F))|
h = su DID3h(P)| + su z z ,
| |l+a Peg | t~x ( )| P,P’Ie)D [d(P, P/)]a
0<2r+s<l 0<2r+s<lI
P£P/
where d(P, P') is the parabolic distance of points P = (t,z), P’ = (t',2') €
Rm+1

d(P,P') = ([t =t|+ |z — ')z,
m 1
and |z| = ()] x?)ﬁ
j=1
By C’éﬂ'a(ﬁ) we denote the Banach space of mappings z such that 2* €

CH(D) for all i € S with the finite norm
2[lia = sup {|2"|i4a i € S},

The boundary norm || - Hll;_ ., of a function ¢ € Cl;ra(l“) is defined as
10l14q = inf @l

where the greatest lower bound is taken over the set of all extensions ® of ¢
onto D.

Finally, by | - |£:a and || - HﬂTa we denote the suitable norms in the spaces
C*(D") and CL™(D"), respectively.

We denote by C¥=%(D) (k = 1,2) the space of functions h for which the
following norms are finite (see [7], p.190])

o oo
|h’170 — |h|0—|— sup ‘h(tﬂﬂ) h(t,l')|

prep |[t—t|+z—a!|’
P#p/

m
|hl2—0 := |hli-0 + Y |Da;hl10-
j=1

We assume that the operators F* (i € S) are uniformly parabolic in D (the
operators A" are uniformly elliptic in D), i.e., there exists a constant p > 0
such that

m ) m
D dl(ta)gée > p)y &
Jik=1 j=1

for all £ = (¢1,...,&m) € R™, (t,z) € D, i€ S.
We assume that the functions

f':DxCs(D) > (t,x,s) — fi(t,x,s) €ER, i €8S,



34

are continuous and satisfy the following assumptions:

(Hy) they are uniformly Hélder continuous (with exponent a) with respect

tot and x in D, i.e., f(-,-,s) € C’ngO‘(E);

(V) they satisfy the Volterra condition: for arbitrary (t,z) € D and for

arbitrary s,5 € Cis(D) such that s/(t,x) = §(,z) for 0 <t <t,j €5,
there is f'(t,x,s) = f'(t,z,8) (i € S).

(Hq) The coefficients ayy, = a3 (¢, z), afy = a; (j,k =1,....m, i € S) in

equations (1) are uniformly Holder continuous (with exponent «) in D ,

ie., aék = aj.k(', ) € C%"%(D) and aé-k belong to C*~%(o).

From this there follows the existence of constants K7, Ko > 0 such that

m m
S lallora <K1Y el < Ky i€
Ji.k=1 gk=1

(H,y) We assume that g € C2™(T') N C;rﬁ(F), where 0 < a < g < 1.

REMARK 1. We remark that if g € C2"*(T') and the boundary 0G € C**
then, without loss of generality, we can consider the homogeneous initial-
boundary condition

(3) z(t,x) =0 for (t,z)el.

Accordingly, in what follows we confine ourselves to considering the homoge-
neous problem , in D only. ]

From the theorems on the existence and uniqueness of solutions of the
Fourier first initial-boundary value problem for linear parabolic equations (see
A Friedman [7], Theorems 6 and 7, p.65 and Theorem 4, pp.191-201) we di-
rectly get the following lemmas.

LEMMA 1. Let us consider the linear initial-boundary value problem

{ﬁwmmzyww in D, i€,
y(t,x) = g(t,x) on L.

(4)

If § € CoT(D), the assumptions (H,), (Hy) hold and F'[g](t, x) = §'(t, z)
on OG (i € S) then problem has the unique solution v and v € Cz"*(D).
Moreover, the following Schauder type (2 + «) — estimate holds

() ll2+a < e (I8llo+a + llgllz1a) -

where ¢ > 0 is a constant depending only on the constants p, K1, and the
geometry of the domain D. O
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LEMMA 2. We consider the linear homogeneous initial-boundary value prob-
lem

(5) { Flv(t,x) = 8(t,x) in D, i€ S,

v(t,z) =0 on T.

Assume that § € Cg(D),0G € C** N C?* 0 and (H,) hold. Let §(t,z)
vanish on 0G and let v be a solution of problem . Then, for any (8, 0 <
8 < 1, there exists a constant K > 0, depending only on (B, u, K1, Ko and the

geometry of the domain D, such that the following a priori (1 + 3) — estimate
holds

(6) IVl < K1[6]lo-

Moreover, there exists a constant K > 0 depending on the same parameters
as K such that

T — 1-p T

(7) IITrs < K772 (16l
forO< T <T. O

Let n = n(t,z) € Cs(D). We define the nonlinear Nemytskii operator F

F:n—Fn, F={F:icS}
setting
F'n)(t, ) == f(t,z,m), i € S,

We assume that the operator F has the following properties, which hold

forany 7, 0 <7 <T:

(I) the operator F maps the space Co® (D7) into oot (D7), and for each

function u € C’;ﬁ“(ﬁ) satisfying ||u[|?), < M the following estimate

holds
[F[u]lle” < BA A+ [lulli"),
for some B > 0 independent of u;

(IT) the operator F is continuous in the space C5™*(D") in the following
sense: if u,,u € Cgt*(D") and

lim ||u, — UH{D—:@ =0 then lim ||F[u,]—F[ulllp T =0.
V—00 V—00

3. Theorem on the existence.

THEOREM. Let all the assumptions hold and 7 € (0,T] be a sufficiently
small number. Then there exists a solution of the problem , in the
domain D", where 0 < 7 < 7" < T, and z € Cnga(ﬁ") N CéJrﬁ(ET), 0<ac<
6 <1.
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Proor OF THEOREM. Denote
A ={u:ue O D), |ulfia <M, u(t,z) =0 onT7,
0<7<T0<a<l}

where M > 0 is a constant.
The set A} is a closed convex set of C&*(D").
For u € A};" we define a mapping T setting
z = Tul,
where z is a regular solution of the problem
(8) FU(t, ) = Filu|(t,#) in D7, i€ S,
z(t,x) =0 on I'".
From property (I) and Lemma it follows that, for u € A}}", problem

-7

has the unique solution z € C&2™*(D").
Moreover, by Lemma [2 and @, for any positive 0, 0 < 6 < 1, there exists
a constant K = K () that

T — 1-6 T
2175 < K2 |Flu]lg
for 0 < 7 < T and by property (I), we obtain

DT — 1-0 DT
Izlhe < K772 B(1+ [|ullry,).

If we assume that ||u[|?, < M and
M a1
9 0<7<mi [_7 T} :=71"
(9) 7 < min{ KB+ ) bi=71
then for § = « we get finally
l2l1Pfa < M.

Therefore, T maps the set A} into itself, i.e., T(A}) = {T[u] : u €
AV c Ay for 1, 0 <7 < 7R

Let 0 = B and 0 < a < 8 < 1. Then from Lemma [2 it follows that the
set T(A}/") is a bounded subset of the space C};ﬁ (D7), therefore (see [,
Theorem 1.31, p.11 or [7], Theorem 1, p.188) this set is a precompact subset
of C}JO‘(ET).

To prove that the mapping T is continuous we notice that, if u,,u € AR}IO‘
and z, = T[u,], z = T[u] then, by the definition of T, we have

{ Filzl — 2(t,2) = Fi[u,|(t,z) — Fi[u](t,#) in D7, i€ S,
z(t,x) — 2(t,z) =0 on I'".
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Using estimate to this problem we obtain
ITw] — Tl |25 = 2 — 2125 < K2 |[Flu,] — Flu]|[§”

If we assume that
lim ||lu, — u||1D+ﬁ =0,

v—00

then, by property (II), we have
lim [Flu,] - B =0,
V—00

Finally by @
lim [|T[w,] — T[]l =

V—00
i.e., the mapping T is continuous.

Thus, finally, by the Schauder fixed point theorem ([8] or [10], Theorem
2.A, p.56) we conclude that the mapping T has a fixed point z € A;f . There-
fore z is a solution of problem (), and it belongs to CH’G (D). By Lemma
it follows that z also belongs to C3™*(D"), i.e., 2 € 02+a( )N C’Hﬂ( D),
O<a<pf<lfor0<7<7* where 7" defined by @D is a sufficiently small
number. O

REMARK 2. If we suppose additionally that (see [7], p.204):
(") there exists a positive constant My such that, for every M > M, we
have
K||F[u]llo < M in D
for all functions u € C;ra(ﬁ) satisfying ||lu||f,, < M, where K is the
constant appearing in Lemma [2}

then problem , has a solution in the whole domain D. O
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