UNIVERSITATIS TAGELLONICAE ACTA MATHEMATICA, FASCICULUS XL

2002

THE DIRICHLET PROBLEM FOR A PARABOLIC
SEMILINEAR DIFFERENTIAL EQUATION IN AN
UNBOUNDED DOMAIN

BY KATARZYNA URBANSKA

Abstract. The aim of the paper is to give theorems about the unique-
ness and existence of a weak solution for a parabolic semilinear differential
equation in an unbounded domain. The uniqueness and existence do not
depend on the behaviour of the solution for |z| — 4o0.

It is generally known that the uniqueness of the solutions of the Dirichlet
problem for parabolic semilinear differential equations in unbounded domains
take place in the class of the functions increasing for |z| — +o0 not faster than
e’\|$‘2, where A depends on the coefficients of the equation.

It turned out ([I], [2]) that for some semilinear parabolic equations the
uniqueness and existence of the solution of the Dirichlet problem did not de-
pend on the behaviour of the solution for |z| — +oo0.

In this paper the analogous result was obtained for a parabolic equation
with a nonlinear derivative with respect to time.

Let © € R™ be unbounded domain. We will denote by Qr = Q x (0,T)
for T'> 0 and St = 992 x (0,7"). We consider the following equation in Qr

() fuel 2= 37 (0 (@)un, )+ D bila, s, +cla,hu = f(z,8), p>2
7=l

1,j=1

with the boundary condition

(2) uls, =0
and with the initial condition
(3) u(z,0) = ug(z) for z € Q.

The following assumptions will be needed throughout the paper:
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(i) QN Bpg is a domain for every R > 0, where B C R" is the open ball of
radius R and the centre at the origin of coordinates, 9QNBr =g € C*;
(ii) asj € L=(2); b4, ¢, ce € L®(Qr); functions a;; satisfy inequality

n

Z aij(x)&&; > 1/252-2 VéEe R", v=const >0, z €,
ij=1 i=1
a;j(x) = aji(x) for almost every x € Q,
and
c(x,t) > cog >0 for almost every (z,t) € Qr;

(z
(i) f e L9((0,T); L{,.());u0 € Hy;,.(92), where

loc

loc

{u u € L" (2N Bg) foreveryR>0} 1 <r < +oo,

H&loc {u u € Hy (N Bg) for every R > O}
and 5T 5 =1

DEFINITION. A function u € L*((0,7); Hé lOC(Q)) such that u; € LT (Qr)
is said to be a weak solution of the equation , if u satisfies the integral
equality

n n
/ (]ut\p_2utv + Z i (T)Ug; Ve, + Zbi(x,t)umiv
Qr i,j=1 i=1
+e(z, t)uv — f(z, t)v) dxdt =0
for every v € C*([0,T]; C§°(Q2)) and w satisfies the initial condition (3).
We can now formulate our result.
THEOREM 1. If assumptions (z’)f(iiz’) hold and p satisfies inequalities
{ 2<p< =5, forn > 2,
p> 2, forn=1,2
then problem f has no more than one weak solution.

PROOF. We prove that if problem f has a weak solution, then this
solution is unique. On the contrary, suppose that there are two weak solutions

u1, ug of problem f.
Let u = u1 — ug. By the definition of weak solution we have

/ (\ukt]p UtV + Z i (T) Uk, Ve, —i—Zb (2, t)Upg, v
Qr

».7 1 =1
+e(z, t)ugv — f(x, t)v) dxdt =0
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for k£ = 1,2. Subtracting above the equation for k¥ = 1 from the equation for
= 2 we obtain

n
/ ((\U1t|p_2ult — |uge [P Puge)v + Z i (T) Uz, Vg +
(4) ! n =t
+ Z bi(x, t)ug,v + c(z, t)uv) dzdt = 0.
i=1
Let v be a function defined by the formula
At

v = ((Qmutcpﬂe_%) * pp * pl)0m6_7

+00 oo At At
— [ ([ bntmue @ s = 1)) gt = st e
—0o0 — 0o
where
1(p2 2
_ | w(B—z[%), [z| <R,
o ={ § o] > R
6>1,A>0,R>0.
For fixed 79,7 € (0,T") such that 79 < 7 let 6, be the function defined in [0, T’]
as follows:
On(t) =1 if 0+ 2 <t<r—2
O (t) =0, ift>7—%ort<70+i,
6, is linear and continuous on (7'0 —|— .70+ =) and (1 — 2,7 — Ly
py satisfy the condition p;(t) = pi(— f o p)dt =1 and
supp pi C [=1, 7], € N.
Using the properties of operation * and letting I — +o00 we can rewrite as
follows

/ (\ult]pzult - |th\p2th> 02 u P e Mdadt
Qr

/ / +°<>% (D)0, ()9 () N ug, (2, 1), (2, 1) dida

i,7=1
)\ too
+ 5 // a;j(z )Hzn(t)uwi(:c,t)ux].(a:,t)e*/\tdtda:
7,0=1
+o00o
+ B Z // aij(x goxj(x)ezl(t)uxi(x,t)ut(x,t)e_”dtdx
i,j=1

/ Zb x,t) uzﬁmutgo “Mdzdt + / ez, t)u@ utgp e Mdzdt = 0.
Q T

T =1
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Letting m — 400 we have
()
/ (!uu!p_zuu - \Uzt\p_2u2t> urpPe Mdwdt
QTO T

+ Z /Q %aij (x)cpﬂ(w) (uzl (7, T)ug, (z, T)e_)‘T —Ug, (T, T0) Ug, (T, To)e_)\T()) dx

A n
2 2
2,J=1

+ ﬁ Z /Q/T: aij(w)gpﬁ_lwm(x)uzi(%t)ut(l‘,t)e_)‘tdtdx

2,j=1

+ // aij(x)goﬁ(x)uxi(x,t)uwj(ac,t)e_”dtdac
QJry

n
+ Z bi(z, )ug,upp’ e Mdrdt + / c(z, t)uugpl e Mdadt = 0.
QTOJ =1 QTO,T

Prolong the functions u and f by zero for 7 < 0,while b; and ¢ by b;(x,0),
c(x,0) for 7 < 0. We claim that is true for almost every 79,79 < 7,7 €
(0,T),710 € (—=T,0). From (j5) we thus get the equality

/ <|U1t\p_2u1t - |u2t|p_2u2t> wp’e Mdzdt
~3 Z / aij(x)goﬁ(:c)uzi(q:ﬁ)uzj (z,7)e Mdx
L2 Zn: ()" t tye Mdxdt
§ a”(x)go (a:)uxz(x, )uwj($7 )6 L
+ 3 Z /Q aij(x)gpﬁflgoxj (2) g, (2, t)ug, (z,t)e M dadt

—|—/ Zbi(x,t)uxiutwﬁe_/\tdxdt—i—/ c(ac,t)uutgpﬁe_)‘tdxdt:().

T 74:1 T

Now we can obtain the following estimates:

I = / <\U1t\p_2mt - Ith\p_qut) (uu - U2t) PeMdxdt
T

> 22”/ Jug PP e Mdaxdt;
Qr



73

2

\
[N}
v

n

T =1

n
1 _
— E /2aij(ac)goﬁ(:n)uxi(x,so)um].(x,so)e AS0
= Q
i,j=1

1 - Y
5)\ I//Q Zuil PPe Mdrdt;

T 4=1

ot
v

1 n
I} =0 Z aij(x)uxiutcpﬁflgoxjef)‘tdxdt < 2ﬂn(5u2/Q Z uiigoﬁef)‘tdxdt
' T ij=1

1 NV "IN "
+ ﬂn25/ lug PP e Mdadt + ﬁ/ E @ = \gow7.|P*p2 e~ Mdadt,
p QT 9(5) QT i,j:1 ’

where k = % — 1, |agj(x)] < py 6 > 05

n n
1
_[3 = sz(%t)umlut@ﬁe_)\tdibdt S *,U/%(sl / Zuilgpﬂe_Atdxdt
QT i=1 2 QT =1
)
+ lus|PPe Mdadt + n / e Mdxdt,
P Jor C(61) Jor

where |b;(x,t)] < pg fori=1,...,n and §; > 0;

1
I, —/ c(:):,t)uutwﬁe_dedt > co/ u2goﬁe_>‘Tdac
T 2 Qr

1 1
— / ct(x,t)uzgoﬂe/\tdmdt—i—Q/\co/ u?PeMdadt.

2 T T

Summarizing, we have

25 )
<22,p_ pn’o _ ”1>/ [Pl e Mdadt

p b Qr
1 1 1 -
+(,/\y — —npou’ — 7/651) / uiiwﬁe*)‘tda:dt
2 2 2 Or ;
(6) —ﬁ/ Zn: gpﬁ_%w |P%e_>‘td:cdt - / Pe Mdxdt
0(6) QT j=1 Y ¢(61) Jor

1 1
+<f)\co — fcl> / u2g0ﬁe_)‘tdxdt <0.
2 2 .
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We can choose the constants 9, §; so that the expression (22_1’— %ﬁnzé— %nél)
is positive. Then we choose the constant A so that the expression (%)\1/ —

%nﬂé 2 %;@51) is greater than 0. Addtionally, we note that

g 2p 2p 2p
[ %, |da < 2

3_ 2p 2p 3__2p
@ r2dr < 2p-2 / (R+ ‘:L’D r=2dx
Q

Qr
2

<2v3(2R)* 7 / dw = 2°R° v,
Br
Then from @ it follows that
/ urpPe Mdrdt < C’Rﬂ_zj%'m.
Qf

It is easily seen that

/ wrPe Mdzdt = /R uzwﬁe_Atdxdt—i—/R - wrpPeMdudt
QF Qr° Qr

> / uztp’ge*)‘tda;dt
Q70

and
D

2
/ . w?e (R — Ry)’dwdt < CRP »2™™
0
T
where Ry < R. Therefore

&}
/ u?e Mdrdt < C( R ) R
Q?O R — Ry

Let € be any small positive number. Then for R large enough and n < % we
obtain

/ wle Mdxdt < e.
Ry

T
Thus
/ w?e Mdzdt =0 and u=0 in Q?O.
Ro
T
As Ry is an arbitrary number, © = 0 in Q7. This completes the proof. ]

THEOREM 2. Let assumptions (i)-(iii) hold; futhermore we assume that
the functions b; = 0 for i = 1,...,n. Then there exists a weak solution of

problem f.
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PROOF. We apply the Galerkin method. Set Q2 = Q N Bp.
Let

ug(), x € Qp_1,
uf(z) =< s(x)uo(z), =€ Qr\Qr-1,
0, x € \ Qg,

where the function s € C}(R"), 0 < s(z) <1 in Bg \ Bg_1,

_ 17 T € BR—la
S(x)_{ 0, =€ R"\ Bg;

while

R _ f(l',t), (:E,t) € QR7
JH ) = { 0. (.6) € Qr \ QR.

Let a function u™ (z,t) be of the form

where c}(t),...,cl (t) are the solutions of the following Cauchy problem

(7)

n
| (el + P2l + 3 ala)uleh, + clo.0ue = £ ) do = 0
R ij=1

(8) d (0) =uly ,cpi(0) =0, Lk=1,...,N

and up" ™ = 3" udiot (@), ) - uff in HY(QR)ie > 0.

Multiplying equation by c{c\’;(t), summing over [, for [ = 1,..., N and inte-
grating over t € (0,7), we obtain

n
N, N Np-2, N, N N, N
/R <5Uttut + g [Py uy + Z aij(x)uxiuxjt
(9) Qr ij=1

+ ez, t)ulNul — fRu{V> dxdt = 0.
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It is easy to get the following estimates

1
Jp = / culful drdt = s/ (ulN)2dz;
QR 2 9]

T R

o = / P2 (0 V2t — / u Pdzdt:
or on

N, N
Jy = /R Z i () Uy, up, ydadt

T 4,5=1

1 "~ 1 n
- 2/Q D aij(@)ugiug;do - B > aij(@)(ug (x,0)) d,

TR =1 Qo.k jj=1
1
Jy = / c(x, yu™Nul dedt > co/ (u™N)2dx
QF 2 Jann
1 1
— / c(m,O)(uéV’R)zdx— / ce(x,t)(uV)?dzxdt,
2 Qo,r 2 Jor
) 1
Js= [ e, uldedt < = / N Pdadt + — / | £ dzdt,
QE D JQE o7 JoF

where 1 > 0. So we have

1 0 1 1
Z / (M 2da + (1 - 1)/ ul Pdwdt + ao/ Y |2dz + co/ (uN)2da
2 Ja, p/Jor 2 Jo,n 2 Ja

R

1
< gor | 10" Pt ol -+ sl oo

r

and taking into account the Gronwall-Bellman lemma we obtain

1 L[
/ (u™N)ldr < o+ = / (u™)dxdt = 0+ ¢, / </ (UN)2d5'3> dt.
On 2 Jor 2 Jo Mag

It follows that

[ (P P do < g,

QT,R

(10) / lul¥ |Pdxdt < pu,
QR

T

5/ (uM)?dz < p,
QT,R

where p is a constant independent of V.
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Let e, = +. Then ezuf — 0 *-weakly in LOO((O,T);H&(QR)). From the

sequence {u’V} we can select a subsequence {u*} such that
ub — uf x-weakly in L°((0,T); Hi(QR)),
u¥ — ul* weakly in LP(QE),
|ulf [P~ 2uf — 2T weakly in LI(QF),

as k — +o0.
We show that zf* = [uff|P~2uf. Consider the sequence {X}}, where

0< Xy = / (]u,’f]p_Qu,’f - |U\p_2v> (uftC — U) dxdt = / |k [P=2 (uf )2 dxdt
QF Q7F

(11) —/ \uf|p2ufvda¢dt—/ ]P0 (uf — v)dadt,
QE Qf

T

for every v € LP(Q%). From (9) we have

n

/QR\uf\pdmdt = /QR (]‘Ruic — epubul — Z aij(a;)u’;iuf:jt — c(a:,t)ukul’f)dxdt
T

T ij=1

1 1 -
= fRuFdadt — €k/ (uf)2dx — / g aij(x)uf ub de
/Qﬁ t 2% S n t 2 /g i iUz

T.R jj=1

1 —~ ok 1 k2
+ 2/ Z aij(x)ug, uy dx 5 /QTRC(:E,t)(u ) dx
1

Qo,r ;j=1

1
—I-/ c(x,t)(uk)Qd:L‘+/ ez, t) (ub)2ddt.
2 Qo,r 2 QF

Hence

0< Xy = / (fRuiC — [uf P20k — oP 2o (uf — v))dmdt
Qf

1 / k|2 1 / - k ,k 1 k\2
— —¢g lug |“de — — aij(x)uy uy de — — c(z, T)(u”)*dx
QOVR 13 2 Q Z v Zq g 2 QT,R

2
TR ij=1

1 . k k 1 kN2 ]'/ kN2
5 E ij Uy dr + — , dr + = Jt dxdt.
+ 2/9 a](x)uxzuzj T+ 2/520;(3; 0)(u”)*dx + 5 Q¥Ct(x ) (u”)*dx

0.R i j=1
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Thus ([4])

0 < sup limXjy, < / (fRut — 2Py — P 2u(ult - v))dmdt

1
— / Z aij(z)uy uR dx — / c(x, T)(uf)?dx
Q 2 Jar g

TR” 1

1
/ g a;j(x ;AT + 5 / c(x,0)(ult)?dx
Q 2 Qo,r

O.R jj=1

(12)

—I—/ ez, t) (ul)?dxdt.
2 Jor

T

We have (from (7)), (8))

n
/ (zRv + Z aijufivxj + cufto — va) dxdt =0
Qf

ij=1

for every v € LP(QF)N L? ((0, T); H&(QR)>. Analogously as in the proof of the

uniqueness we can receive v = u;. Hence

1
/Q Z aij(x)u Z,ufjd:ﬂ + 2/Q c(z, T)(u?)?dz
T,R

TR” 1

1
13 -~ } " a; d M2d
( ) /Q a] uOm“Ozg L — 2/90,3 C(CC,O)(UO) x

0.R jj—1
+ /Q¥ (zRuf — %ct(x,t)(uR)z — fRuf)dxdt
Adding and we obtain
/R ( — 2B — P 2o (ul — vy) + 2Pl )d:cdt >0
T

and hence

/QR (zR N Mp—%) (uﬁ - v) dzdt > 0.

Let v = uft — Awt, A > 0,w € LP(QF) . Therefore

/ <zR - |U\p_21)>wtda:dt > 0.
Qf
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Letting A — 0

/ (ZR - |uﬁ|p72uf) wrdzdt = 0.
QR

T

This gives 2t = [uft[P~2uft.

From uF(-,0) — uf(-,0) weakly in L?(Q9 ). On the other hand
uk(-,0) — ulf in H}(QR). The result is u®% (z,0) = uff(z).

If R receives values 1,2, 3, ... than we have a sequence {u™(x,t)}. Prolong
every function u™ by zero beyond the domain Q7. Then for the elements of
the sequence {u"} we have the equality (for fixed R):

(14) / (|u;“|f>—2u;% + 3 aij@)ultvs, + ela, tuo - f(:c,t)v)dxdt =0
QF ij=1
for every v € L2((0,T); H} (Qr)) N LP(QEF). Let
uf —u™ = uP™ for k,m > R.
We have
/ <|ut P=2uku + Z aij(x)uk (@, t)u v—f(w,t)v)dacdt =0
QF ij=1
and hence

/QR <(’uﬂp_2 — uf" [P~ *u >U+ Z aij(x)u, k,m g + c(z, t) v)dwdt— 0.

t,j=1

Analogously as in the proof of Theorem [I} we can prove that the above

equation is satisfied by v = uf B,

We estimate respective expressions

b= [ (leb 2l g o
Qr

222_1’/62 |uf’m|pcpﬂd:zdt;

I = / Za” u’ Vg, dwdt = / ZQU kmum ’Bd:cdt

z]l 4,j=1

/ Z aj ()uf ug ™ B~ Yo dadt = I + I3,
T,7=1
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where
L= / Z a;j(x kmum QP dxdt
Ti,j=1
/ Z CL” km k:m ﬁdl’
727j 1
/ Za” (g, 0)ur e Yol dx
Qo ; 1,j=1

122:6/ Z% ubmu "o, dadt

T 4,j=1

1 m k,m
Siﬂnél,u /TZ k ) ﬁdmdt+ Bn251/ luy |p<pﬁd:cdt

1,]= 1 QT

e 2\(,0 ]P 2dmdt

sz 1

_ p=2 .
where xk = %ﬁ —1;

13:/ c(x,t)uk’mvdxdt:/ oz, P P drdt

1 2 1
=5 /QT c(x,T) (ukm> goﬁdar — 2/
1 2

c(x,0) (uo ) dx

Summarizing we obtain

2
<22_p_672;51>/ ’km’p Bdxdt + 1// Z km) PPz
Qr

Qr =1
L1, k2 8y < X 2 AR
0 U pdr < =fnd1p Z u,?" ) P dxdt
2 QT 2 Q‘r =1
n

_2p_ 2p_ 1 2
p p—P2|<pxj\p—p2d:Bdt+2cl/ <ukm> PPdadt.

Ti,j=1
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Let € > 0. Then, analogously as in the proof of the uniqueness, from the
above inequality, we may obtain the following estimates

" 2
/QRO (]uf’m]p + Z (u:’;;m> >d:cdt <g,
T i=1

/ [P (z, 1))2de < e, T €[0,T),
Q7 Ry
where Ry is an arbitrary positive number.

We have proved that the sequence {u*} satisfies the Cauchy condition. It
follows that this sequence is convergent. Observe that

wf = g in 15,,(Qr), uf = win L2((0,7); H1,,(®),

loc

ub — u in C’([O,T];L2 (Q)).

loc
On the other hand uf — wug in H&loc(Q). Thus u satisfies the initial con-
dition. Letting m — 400 in and by above convergences we conclude
that u is a weak solution of problem —. The proof of the theorem is
complete. O
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