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BEHAVIOR OF THE CARATHEODORY METRIC NEAR
STRICTLY CONVEX BOUNDARY POINTS

BY MAREK JARNICKI AND NIKOLAI NIKOLOV

Abstract. The behavior of the Carathéodory metric near strictly con-
vex boundary points of smooth bounded pseudoconvex domains in C" is
studied.

1. Introduction. Let D be a domain in C". Let O(D, A) (resp. O(4, D))
denote the space of all holomorphic mappings from D into the unit disc A C C
(resp. from A into D). The Carathéodory and Kobayashi metrics are defined
by

Cp(a; X) = sup{|f'(a) X| : f € O(D, A)},

Kp(a; X) =inf{A > 0: 3pcoa,n), £(0) =a, f(0)=X/A},
aeD, XeC".
Recall that Cp(a; X) < Kp(a; X).
Bedford and Pinchuk [I] proved that if D is convex and
X
d(a; X) :==inf{fA >0: 2+ — € D if |a| > A},
«
then
(1)

Similar estimates are obtained by Chen [2] (see also [5]) near finite-type convex
boundary points of smooth bounded pseudoconvex domains.

d(a; X)

<Cp(a;X)=Kp(a; X) <d(a;X), a€D, X e€C".
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Assume that D is a domain which is convex near a point ag € 0D, and 0D
does not contain any germ of a complex line through ag. Since a localization
result holds for the Kobayashi metric of D (cf. [7]), inequalities (1)) imply that

1 _.. . Kp(aX) . Kp(a; X)

2 - <1 f——— 2 <1 ——— <1
@ 2 =S e x) T dwx) S
uniformly in X € C™\ {0}. On the other hand, Graham [3] obtained a local-
ization result for the Carathéodory metric of strongly pseudoconvex domains.

The main purpose of this note is to extend Graham’s result and to get
inequalities (analogous to ) for the Carathéodory metric.

THEOREM 1. Let ag be a boundary point of a C*°-smooth bounded pseudo-
convex domain D C C". Assume that there exist a neighborhood of ag and a
biholomorphic mapping ® : U — C™ such that &(D NU) is a convex domain
whose boundary does not contain any segment with endpoint at P(ag). Then
for any neighborhood V' of ag such that D NV is connected, we have

CDmV(a§ X)

li =1
arao Cp(a; X)
uniformly in X € C"\ {0}.
In particular, if ® =1d, then
1 ;X 1 X
— < liminf Cp(a; X) < limsup Cp(a; X) <1

2 a—ag d(a, X) a—ag d(a, X)
uniformly in X € C™\ {0}.

REMARKS. (i) If the conclusion of Theorem (1| holds, then 0D obviously
does not contain any germ of a complex line through ag. There is a conjecture
that the theorem still holds under this weaker assumption.

(ii) The constants % and 1 in the above inequalities are the best possible
for n > 2. For example, let B, C C" = C x C"! be the unit ball (n > 2),
te (0,1), a(t) :== (¢,0'), X := (1,0'), and Y := (0, 1); then

Cp, (a(t); X 1 1
C, (a(t);Y) = d(a(t);Y) and S&S(t();)}()) =T o

On the other hand, we have the following

PROPOSITION 2. If ag is a C'-smooth boundary point of a plane domain

D, then
lim Cp(a;1)dist(a;0D) = lim Kp(a;1)dist(a;0D) = 1

a—agn a—ag 2

Note that the assumption of smoothness is essential as the example of a
quater-plane shows.



2. Proofs.

PRrOOF OF THEOREM [I It suffices to prove only the inequality

. CDmV(Cl;X)
3 limsup —=———~2 < 1.
( ) aﬂaop CD(a§X) N

We apply ideas from [8] and [6]: We may assume that ¢(ap) =0,V CcC U,
E :=®(DNV)is a convex domain which is contained in

IT:={ze€C":Rez <0},

and £ N Ol = {0}. Note that there exists a convex neighborhood U; C &(V)
of 0 such that for any point b € G := E N U there exists the unique point
be JE\ 02(V) with ||b — b|| = dist(b,0F), and for any a > 1, the domain F

-~

contains the image G, of G under the translation z — 2+ (b —b)(1 — 1/«)
that maps the point %b into (b — A) (use the fact that b lies on the inward
normal to OF at b and a continuity argument). Put

~

~ —-b
Fap={z€C:b+-—"cG)}.
a
Since G is convex and G N ATl = {0}, there exist neighborhoods Us CC Us CC

U; such that for any b € GNUs and any « > 1, we have b € 0G\oUy, G C Fup,
and dist(G \ Uz, 0F,p) > d(a) > 0, where §(cv) does not depend on b.

Let x be a smooth cut-off function with x =0 on C"\ U; and x = 1 on Us.
Fix an a > 1. Let a € D with b:=®&(a) € GNU3, X € C"\ {0}, and let f be
an extremal function for Cr, ,(b;Y), where Y := &'(a)X. Put p(2) := exp(21).
For any positive integer m let

7. (xfp™)o® on DNV
10 on D\V ~’

g=7>1_19;dzj = Oh; § is a O-closed smooth (0,1) form on D.
By Kohn’s global regularity result [4] and Sobolev’s Lemma, there exists
a smooth function h on D with 0h = g and

(4) [hller(py < Cliglien+1(p)
for some C' which depends only on D, where

h = DMDKh, q = Jj .
| Hck(D) Mffﬁfgksgp’ Y DZh| ngck(D) jgfﬂ}ffn\\ga”m(p)

Note that if g := fp™0x on G, then

(5) HgHC"‘H(D) < Cn”,g|’(jn+l(g) H@|‘Cu+l(v)
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with a C,, depending only on n. Using the Leibniz formula, we obtain

(6) lgllen+1() < 4" [ Oxllen+r @my | fllen+1(anum) 1P et @\us)-
The Cauchy inequalities show that
(n+1)!
(7) [ fllen+1 @z < ()"
Note that
(8) P lent1(a\vs) = m" ! exp(—m dist(G \ Uy, O11)).

It follows from inequalities - that for any € > 0 we may find a positive
integer m which does not depend on a and X, and such that

Il (py < e.

Then fv: h — h is a holomorphic function on D and sup D m < 1+e¢. Recall
that f(b) =0 and x =1 on Us > b. Hence

(1+&)Cp(a: X) = | ['()X] = exp(mReb)|f' ()Y - &]| X

Since the domains F,, ;, and G are linearly equivalent, and G, C E = ¢(DNV),
we have

~ b-b Y
|f(D)Y] = Cr,,(Y) = Cg(b+ P E)
1 1
= aC'Ga,b(b; Y)> aCDmv(a;X)-
Thus (mReby)
€ m e
(1+€)Cp(a; X) 2 ==L Cpay(a: X) — £ X].

Finally, letting a — ag, € — 04, and o — 1+, we obtain inequality . O

PRrROOF OF PrROPOSITION 2 It suffices to show that

1

9) liminf Cp(a; 1) dist(a; 0D) > 3
a—aqo

and )

limsup Kp(a;1)dist(a; 0D) < 7

a—ag

The last inequality follows from [6]. Using a similar idea, we prove @:
We may assume that ag = 0. Note that for any point a € D close to ag there
exists a point @ € 9D such that ||a —al| = dist(a; D) and a lies on the inward
normal to 9D at @. Let r be a C'-smooth defining function for D near 0, and
let @4(z) := %(a)(a— z). Put

E.:={2€C:Rez > —¢lz|]}, F.:={2€C:|z[>¢}.
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Then, for any £ > 0 small enough, we have ®,(D) C E. U F; if |a] < e. Since
a:=Py(a) > 0, it follows that

10) o) 2 Crun @ X () = Ca,, ()X - ol

where X (a) := —%(a) and G¢, = E. U F=. Note that

(11) lim CGM(l; 1)=Cg.(1;1)
a—aq
and
. 1
(12) EE%1+ Cg.(1;1) = Cg,(1;1) = 5

Indeed, to prove , let H, and H., be the images of E. and G¢g,,

respectively, under the transformation z — Z_?_l ifa < e < 1. Then H,

and ﬁgya = H., U {0} are bounded simply connected domains, and hence
Cy. = Kp. and Cpg,, = Cﬁe,a = Kfls,a' By a normal family argument, it
easy to see that lim,_.q, K Hs,a(l; 1) = Kp_(1;1) which implies . Equality
can be proved in the same way (or, using the fact that E. and Ej are

biholomorphically equivalent). Now, @ follows from , , and . O

REMARK. In a similar way as above, it can be proved that if ag is a
C'-smooth boundary point of a plane domain D, then

~ 1 2

lim Kp(a,a)dist?(a; 0D) = e and lim Bp(a;1)dist(a;0D) = £

9
a—ag T a—ag 2

where K p and Bp denote the Bergman kernel and metric of D, respectively.
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