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THE INITIAL BOUNDARY VALUE PROBLEM FOR THE HIGH
ORDER PARABOLIC EQUATION IN UNBOUNDED DOMAIN

BY LECH ZAREBA

Abstract. In this paper we consider the initial boundary value problem
for the following equation us + A1u+ Asus + g(us) = f(z,t) in unbounded
domain, where A; is a linear elliptic operator of the fourth order and A,
is an linear elliptic operator of the second order. We establish the theorem
on the uniqueness of the weak solution for the problem 7.

In paper [7], the uniqueness of a weak solution in the class of functions
which do not grow faster than the function e®®! for |z| — co has been shown
by the method of introducing a parameter. In many papers authors have con-
sidered this problems in unbounded domains for the parabolic equations of the
higher order with the first derivative with respect to time. There is much less
papers which concern the problems for the parabolic equation with the second
derivative with respect to time. In particular, in papers [1]-[3] and [5]-[6],
authors have considered the Cauchy problem for the parabolic equation of the
high order and the properties of its solutions. In the paper [7], authors have ob-
tained some conditions for the uniqueness of the solution of the initial boundary
value problem for the general linear parabolic systems in unbounded domains.

Let Q C R” be an unbounded domain and 0Q € C*, QN Br = QF be a
domain for all R > 0,
where Br = {z € R",|z| < R} and Qr = Q x (0,7), Q¥ = Qf x (0,7),
Q=@ N{t=17}, Qry.y = QX (10,71).
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We shall consider the equation of the form

(1)

ug(,1) + Z (af]l(x)u;m:c] (mvt)>1'k1'l -
ik l=1
- Z (al](x)uwz (‘T’ t))xj - Z (bij($’ t)utxi (.CU, t))Ij+
i,j=1 i,j=1

+a(z)u(z) + g(x, t,uy) = f(x,t)

in the domain Q7.
For this equation, we put the following boundary and initial conditions

(2)
(3)

ou
U|ST =0, @|ST =0,

U’t:() = UO(UC), Ut\t:o = ul(l')a

where Sp = 09 x (0,T) and v is a normal vector for Sp. Let us start with

some

Ok

loc

notation.
1y
ovk—1

L}.(Q) = {u e L2(QF), VR > 0}.

Q) ={ue Hk(QR) tulponBg =0, loonBy = 0,VR > 0}, k=1,2,

For the equation , we adapt the following system of assumptions:

(A1)

(Az2)

(As)

(B)

(G)

af} € L>(Q); af}(m) = Zfl(x), for almost all x € §;
> af}(:v)gij{kl >az Y. fizj for almost all z € Q
i,k l=1 ij=1

and for all £ € R""1/2 where ag > 0 is a constant;

Aij, Qijg, € L(Q),1,5 =1,...,n; a;j(z) = aji(z), for almost all z € Q;
n

> aij(2)&& > 0, for almost all z € Q and for all £ € R™;

ij=1

a € L>®(Q), a(x)>ag> 0 for almost all x € Q, where ay is a constant;

bij € L®(Qr), Y bij(z,0)&& > by Y & for almost all (z,t) € Q-
ij=1 i=1

and for all £ € R”,j where by > 0 is a constant;

The function (x,t) — g(z,t,§) is continuous for every £ € R

and the function { — g(z,t,&) is measurable for almost all (z,t) € Q-

and satisfies the following inequalities:

(9(z,t,&) — g(@,t, n))(§ — 1) = gol§ — pfP for almost all (z,t) € Q7 and

for all &, 4 € R, go = const > 0;

lg(z,t,6)] < q1l€lP7Y, p € (1,400) for almost all (x,t) € Q, and for

all £ € R.
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Under this assumptions, we will obtain the uniqueness of a weak solution

of problem f .

DEFINITION. We call a function u a weak solution of problem f if

ue L? ((O,T); Hf(;j(ﬂ)), uy € L? ((O,T); (Hfgf(ﬂ))*>,

up € L ((0, T); Hﬁ;j(ﬂ)) NLP ((0, T); Lfoc(9)> ,

and u satisfies the following integral equation

n
/ut(x,T)U(ac,T)dx—i— / [—utvt + Z afj(ac)uxixjvxm +
Q

Or ij k=1

+ Z i (T) Uz, Ve, + a(T)uv + Z bij(z, t)uzve, + g(z,t, ut)v} dxdt
i,j=1 6,j=1
:/f(x,t)vdxdt+/ul(x)v(x,O)d$

Qr Q
Voe 1? ((0,T>; H,‘Z;S(Q)) N LP(<0,T>; Lfac(m), v €L’ ((0,T>; L%oc(m),

where supp v is bounded.

Let L )
_ ) g(#F—z[?), for 0<|z|<R,
or(®) { 0, for |z| > R.
Now, we define the function ¥ by the formula
(4) U(2) = [r(@)’, B> 1.
From there follows
_ 2x;
Wy, = B(OR)" R Oas = =5 [Rn | <2
for i =1,2,..,n. Hence
v 2‘??572 B—=2
R
where C' = 4432, for i = 1,2, ...,n. From and we obtain

\1,2
(6) — < CCeRr)”?
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and
(7) ‘\I/fvzftfg’ < ,UJO(QbR)Biz'
THEOREM. If conditions (A7) (A3, [B)] [(G)| hold, then problem f

has at most one weak solution in the class of the functions u such that

/ [|u|2 ) lul+ ) |uxixj|2] ddt < "™ VR >0,
QR

i=1 ij=1

where a > 0 s a constant.

PROOF. To obtain a contradiction, suppose that there exist two solutions
ul, u? of problem f such that u! # u?.

Let 79,71 € (0,7), 70 < 7 be fixed and ©,, be a continuous function on
[0, 7] such that

is a linear function in (79 + %,7‘0 + %) and (17 — %,7-1 — %),
Om(t) =41, if To+2<t<m—2
0, if m— L <tort<T+ L.

By {p;} we denote the sequence which satisfies the following conditions

T 11
pl(t) = pl(_t)u / Pl(t)dt = 17 supp pi C |:_l7 l:|7

—00

l € N, 1> 2m, [4]. Moreover, we put

v = <(@mut\116_72t) K Pl) @me_%t, v >0,

where * denotes the convolution with respect to t. Now, if we apply * to

functions !, u?, then for u = u' — u? we obtain

n n
/ [utvt + Z af}(x)uxixjvzkzl + Z i (T) Uz, Ve, + a(w)uv
QT Z‘7]’7k7l:1 7’7]:1

(8)

+ Z bij (2, t)ute, vz, + (92, t,u7) — gz, t,u)))v|dadt = 0.
ij=1
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Let < -,- > denote a scalar product in L?(QF). Taking into account the

assumption of the theorem and form of function v we obtain the following
equality

Ii(m,l) == — /utvtdxdt:
Qr
= ; /ut@m . <(@mut\IleW2t) * pp * pl> e~ % dadt
Qr

— /ut@;n ((@mut\lleét) * pp * pl> e~ % dadt

Qr

— /ut@m ((@mut\f[/ey) * pp * pl> e~ % drdt

t

o2

\o\% O\ﬂ O\H §

< (WOme ) % pr, (uOme™ 2 ) ¥ p¥ > dt

< (w®he™ 7 ) % pr, (W Ome™ 7 ) % ppl > dt

< (utGme_%t)t * Py (ut@me_%t) * Pl\l’ > dt —

v
- 2

u?©2 e " dadt — / u20,,0! e ' drdt — 0 —

Qr Qr

= / (%@31 — 0,0, Jute M Wdzdt,
Qr

when [ — +o00. Next

n
Iy(m,l) :== / Z af}uxirjvxkxldﬂsdt =L+ I+ 15
O Bikl=1



100

Here

IQI(m ) / Z al]uxlx] . <(@mumkm‘1}e—g) * Py *pl> Gme_%tdxdt

¢ t
Z < a; < mu:vizvje_é> * 1, <®muxkxl€_é> * U > dt
t

T
- _at _at
<a @muxixje 2 ) ko, | Oz, e 2 | xp ¥ > dt

/ < a; <@muxixje_y> * pl,l<@;nukale_y> x U > dt
1

~.
<.

T
_at
/ < a; <@muxixje 2 > * Pl
0 Z7]7 7l:1
_at _at
(;(@mul‘kftle 2) = (G;qzul“kl“le 2 )) * ¥ > dt

Y _
g aU Ug,z;© (2®m — O g,z e Wdadt,
QT ’j’kl 1

when [ — 400,

t t
I2(m,1): / Z am Uz;z; Om (@me_é(umk‘lixlﬂ— uml\Ika)) % py* pre” 2 dadt

—t
Z a’LJ uﬂle’] (Utzk\IJ Utg;l\I/xk)e T dxdt,
QT 7]7kl 1

when [ — 400,

Ig(m l ::/ Z azjum z; O - <@m6_gutqjazm> *pl*ple_%tdl'dt

n
kl 2 —t
g ;5 Uiz Ut Oy, Wy eV dadt,
i,J,k,l=1
QT 05K,
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when [ — 4o00. For the next integral we have

Is(m,l) := / Z iUy Vg ddt

Qp W=l
n
= / Z iUz, O - <@m€_yutwjﬁ/> * ] * ple_%tdacdt
Oy i=1
n t t
+ / Z iUz, O - <@me_éutllxj> * ] * ple_%dmdt
Op i=1
n n
—>/ Z aijuxiumj@?n\l'e'ytdxdt—i—/ Z aijuxiut@%n‘lixje*wd:cdt,
Qr W71 Qr B

when [ — 4-o00. For the next integral we obtain

Iy(m,l) := / Z bijtz, Ve, drdt

Op H3=1
- _at _at
= / Z bijutz; Om - (@me 2 umj\lf> * pp ok pre” 2 dxdt
Qr =1
n
=+ Z bijutz, Om - (@me_gut\llw» * py ok ple_%tda:dt
Qr b=t
n n
— Z bijumiumj@?n\lfe_%dxdt + Z bijuxiut(%fn\lfwje_vtdxdt,
Qr BI=1 Qr BI=1

when | — +00. And for next one there is

Is(m,1) = /(g(x,t, up) — g(z, t,u?))vdedt
Qr
— /(g(x,t, ul) — g(x, t,u?))u 02 Ve Vdrdt
Qr
and

Is(m,1) = /auvdmdt—> /auut@?n\lfe'ytd:cdt.
Qr Qr
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If we pass with m to infinity, we obtain

1 1
3 /u?e_W”\Ifdx—z/u?e_WO\I'dm

O, Oy
1 ~ v
+ 3 Z i Uz Uy, € Wdx
0y, bikl=1
1 . kl —yT0
—-3 Z i Uz U, € Wdx
G, iikl=1
n
+ / Bu?kll(:z) + % Z af}uxixjuxm‘l!
(9) Qryme i gk l=1

n n
kl kl
+ Z Qi Ug;z; (utwk \Ijaﬁluta:l \lek) + E aijuv’vixjutlpzkxl

1,5,k,1=1 i,k 1=1
n n

+ E i () U U ; ¥ + E @ij ()t ug Wy,
ij=1 ij=1

n n
+ Z bij(x, t) U, Utz ; ¥ + Z bij(x, ) Uz, us Vo,
ij=1 ij=1

+ a(x)uut\:[] + (g(fﬂ, t7 U?) - g(l’, t? utl))ut\:[j(x)] ei’ytdxdt - 07

for almost all 79,7 € (0,7]. If we extend u,aij;,bij, f,a,g by zero for t < 0,
then we can choose such 7y in @D that

1
3 / ute OWdr = 0
Oy

and

1 n
kl —
3 E A Uy Wy, © 10U dr = 0.
o, Bdki=1
0

From condition |(A ;)| we infer

n

n
1 1
o kl oy oy
I = 5 E iUz Uy Wdr > 02 g Uy, | €” T W,
-, i,5,k,l=1 Qr, 1,j=1



103

Next
v S v -
I ::§ . Z af}uwixjuwkzle*”ﬁqfdx > §a2 / Z ]uxixjfefm‘ljdﬂfa
QTO’TI i,5,k,1=1 QTO’Tl 1,5=1
n
I = Z af}(az)uww (umk\lfxl + Uty \I/mk>evtda:dt
Qro y A=
n n
= Z (af})uxixjumk\l/zle_wdmdt+ Z (aﬂ)uwizjutzlﬁ/xke_'ytdxdt
_ bakI=1 O, bikil=1
v 2 53
/ Z [ [taa, <\I, W) +5(|umk|2+ uml|2)\11] e dudt
,5,k,1=1
=9 3 g 2= 0(x) o, 2(6R)5—2e dudt,
QTZ ! Q. W=t
Iy = Z a%umxjute*w\lkaxlda:dt
O, idkl=1
1 - 2 1 2 (Veya )2 t
= Z \lexj| U(x) + —|ug|"—==— e "dxdt
by 09 LG
QT
52&2 2 —~t n4,UO 2 B—2 —t
]uxixj\ e "W (x)dxdt + 2%, lug|“(dR)" “e " dxdt.
Q- W= Q-

From assumption [(Ag)|and the initial condition we obtain

n
I3 = Z aijumi,umje_vt\lf(x)dxdt
QTile
/ Z (aijuz;uq e (1)) dx 4 = /Z Uz U € N () dadt
7-1 b=l Qr =1

n
Z aijuxiugjjeiﬂﬂ-lql( x)dx + / Z il g, € Wt\Il(z)dxdt.
Q-,—l i’jzl ).7 1
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Next, we have

n
L= /Z aijuxiutefwtlllxjdxdt

Q, =1
T n
= /Z(aiju,ute dt—/ ZGW uuge MU, dxdt
0 i,j—l Q, W=l
/ Z Qi U, € My, dazdt / Z ajjuue” Vo, dxdt
QT i,7=1 O- i,7=1
iy 2 (Way)?]
g Z Sqlu?T + | G dxdt
Q, =1 01
.. 2
/Z [&;!uwﬂ ‘11+ ( ij)2’U|27< Ej) }e‘”tdxdt
Q, HIi=1
/Z[aw e P W |+ [ |x1uxlxj\2] “ddt <
T 5,5=1
a1” t 2 ¢
< /|u\ qu) 2e 7da:dt+ 3" 54/\u| We "dxdt
Qr
52%” t t
lu|?(¢ e dzdt + n55 Z]um| Ve M dadt

+ “1” o / g 2(6) 2 dadt + "0 “0 / (uf2(én)P 26T dadt.
Qr Qr
From |(B) - )b there follows

Iis = / Z bijUts,; Ut ; € T )d:xdt>b0/2|utm |2e M () da,
Q. =l g =1
Iie :/Z bz’jutxiute_w\llmjamdt
Q- =1
VAN 10,2
=3 / 2 [50(1’”)2!%?‘1’ * 50|ut|2(x1j)]6 " dadt
Q. W=t
n3?2
60b n/Z’Utac |2 ’Yt\Il d dt"‘ /|ut’ ¢R *’Ytdxdt'
Q- =
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Next, from [(Ag)[and the initial condition, we infer

L, :/a(az,t)uute_%\lfdxdt
Qr

1
B /(a|u|2\116_7t)td1‘+g/a(:n,t)]uF\Ife_wd:Edt

T1 T

/|u|2\Ife_"md:U+gao/|u|2\lfe_7td:ndt.

T1 T

Moreover, by condition |(G), we obtain

1
> —q
2

Lis = /(g(x,t,u?) — g(z, t,u}))ulWe M dadt > 0.
Qr
From the estimates of the integrals Is — I1g and @D, we obtain

1 —YT
2/ ulWe™ 7T1d1:+— / Z|um |2We 1 dx

QTI 7'1 ij=1

—1—5 / \u|2\Ife_7ﬁdx+§ / |ug |2 We ™V dadt

Qry Q‘fo 1

[ 8

+ |5 - 2a2” } / Z (U, |2 T ddt
) Qrory 1
[ 0§ )

+ by — n365 — On 571] / Z]um \2\116 Mdxdt
- Q i=1

(10) ~ (5 9 T0-7T1

T R / lu? Ve " dxdt

R
Qrg.71
4 932 onal 52 2.0
S A L A / lue|2(6R)P~2e M ddt

269 o 4 2

T0-T1

2 2 0 2
+ [nzﬂo + a%nﬂ ] / u?(pr)?2e " dudt
5

70,71

4
a2ﬁ / ZW%I; (pr)°P2e "V dadt.
Qry,71
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Let R; be fixed and Ry < R.
Now, we choose ’y Yo+ 71, 02 =
do = 53 20 65 = 20,
From , we obtain the followmg inequality

0 / Z[\utlz |t |* + \u|2]qfe Wl drdt <

Ry BI= 1
(11) n
< KRB—Q/ > [|ut|2 + g, |* + |u|2} e 0t dzdt.
Qp !

Then, from , we conclude:

anQ, 0y = n2>’71—max{ao7a2

(12) Yo / we_%t\l’dxdtSKRﬂ_2/we_70tdxdt,

™ qr

n

where w = ) l:’ut‘Q + ’Uxiij + ’u‘Q]
ij=1

In Qf

1 B
13) W) =@ = | (R~ DR +lab)] = (R R
Using we obtain, from ,
Yoe T (R — Ry)P / wdzdt < KRP2 / wdxdt
R

Ry
or "
(14) / dodt < ( R )ﬂew dxd
wdzdt < — — | wdzdt.
R—-R R2 /
m R
R
Since P}gnoo 7 = 1, we get, from
K1
15 wdzxdt < ——e"°7 | wdzdt.
R2
3 70 e

Let R = Ry. Then

K 1
16 / wdxdt < —76707 / wdxdt.
(16) Yo (R2 — Ry)?

Ry Ro
T T
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Moreover, let p, = £z (s) = Ry + spg, Ra(s) = Ri(8) + pr,s =
0,1,....,k — 1. Then inequality for Ri(s), Ra(s) and pg will take the form

K1
(17) / wdzrdt < ——e7°7 / wdxdt.
Yo p
Qfl(s) K QEQ(S)

From the form of Ri(s), Ra(s) , p and (L7)), we infer

K k
(18) /wdwdtﬁ <2> enr / wdxdt.
Y0P% )

R
7'1 QT2

k
Choosing K and ~p such that (7522) < e~ ! putting the constants , \, a, by
k

such that By = 2™, Ry = 2" m € N, k = X2"HL N =2+ [a], v =
boA22m*1 by = 8K - e, and assuming that

/ wdzdt < e

Ro
2

we obtain, from ,
/ wdzdt < el~rT1070) / wdzdt < e(—r+y0m0+aR3)

Ry Ry
T T

Since
—K + Y7o + aR% =(-24a—[a] + bo)\27'0)2m+1 (—1+ bo)\27'0)2m'~'1
T

/ wdzxdt < e 2"
Qg
Hence for m — 400, w(z,t) = 0 almost everywhere in Q... If 7o < T', then we

can by analogy prove that w( t) = O almost everywhere in Q7 25, etc.
Hence u(z,t) = u!(z,t) — u?(x,t) = O

it follows that for 79 = min{7T’
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