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IMPLICIT DIFFERENCE METHODS FOR QUASILINEAR
PARABOLIC FUNCTIONAL DIFFERENTIAL SYSTEMS

BY KAROLINA KROPIELNICKA

Abstract. Nonlinear parabolic functional differential equations with ini-
tial boundary conditions of the Neumann type are considered. A general
class of difference methods for the problem is constructed. Theorems on
the convergence of difference schemes and error estimates of approximate
solutions are presented. The proof of the stability of the difference func-
tional problem is based on a comparison technique. Nonlinear estimates of
the Perron type with respect to the functional variable for given functions
are used. Numerical examples are given.

1. Introduction. For any two metric spaces X and Y we write C(X,Y)
to denote the class of all continuous functions defined on X and taking values
in Y. Let M[n] denote the set of all n x n real matrices. We will use vectorial
inequalities, with the understanding that the same inequality hold between
their corresponding components. Let E = [0,a] x [—b,b], where a > 0, b =
(biy...,bp), by >0 for 1 <i<mn,and

OoF = [0,a] x ([=b,0] \ (—=b,b)).
Write ¥ = E x C(E,R¥) and
OE; ={(t,z) € E : z; =b;} U{(t,x) € E: x; = —bj}, 1 <j<n,
and suppose that
fs: X — M[n], gs : ¥ — R",
Js = [fsijlij=1,.ms 9s = (9s.1,--,Gsm), 1 <5<k,
G:X—-RF G=(Gy,...,Gyp)
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and
@ [=b,bl = R", o= (p1,..., 1),
by 00E; — RF, by = (1, k), 1< 5 <

are given functions. We consider the problem consisting of the quasilinear
system of differential functional equations

Opzs(t, x) = Z fs_ij(t,x,z)ﬁzizjzs(t,x)
(1) v

n
+ ng.i(t, x,2)0p,25(t,x) + Gs(t,z,2), s=1,...,k,
i=1

and the initial boundary condition of the Neumann type

(2) Z(O,(L‘) - (p(l’) for z € [_ba b]7
(3) Oz,;2(t,x) = p;(t,x) for (t,z) € o L;, 1 <j <n,
where z = (21, ..., 2x).

For t € [0,a], we write E; = [0,t] X [=b,b]. The function f is said to satisfy
the Volterra condition if for each (t,z) € E and z,z € C(E,RF) such that
z(t,y) = z(t,y) for (t,y) € E; there is f(t,x,2) = f(t,x,Z). Note that the
Volterra condition means that the value of f at a point (¢,x, z) in the space X
depends on (¢,z) and on the restriction of z to the set .

In a similar way, we define the Volterra condition for functions g and G.
We assume that f, g and G satisfy the Volterra condition and we consider
classical solutions of —. We approximate these solutions with solutions
of associated implicit difference functional equations.

We are interested in establishing a method of numerical approximation of
classical solutions to f by means of solutions of an associated implicit
difference schemes and error estimates.

The classical difference methods for nonlinear partial differential or func-
tional equations consist in replacing partial derivatives by suitable difference
operators. Then, under suitable assumptions on given functions and on the
mesh, solutions of difference or functional difference equations approximate
solutions of the original problem. The method of difference inequalities and
theorems on recurrent inequalities are used in the investigation of the stability
of nonlinear difference schemes, The proofs of the convergence are based on
a general theorem on error estimate of approximate solutions for functional
difference equations of the Volterra type with unknown function in several
independent variables.
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Finite difference approximations of the initial boundary value problems of
the Neumann type for parabolic differential or functional differential equations
are considered in [1,4].

Difference methods for nonlinear parabolic equations with nonlinear bound-
ary conditions are investigated in [10,16,17]. Numerical treatment of initial
boundary value problem of the Dirichlet type can be found in [5,9,14]. Finite
difference approximations of initial problems are presented in [8].

Error estimates implying the convergence of explicit difference schemes are
obtained in those papers by using a comparison technique.

Papers [11-13] initiated the theory of implicit difference methods for non-
linear parabolic differential equations. Classical solutions of initial boundary
value problems of the Dirichlet type for nonlinear equations without mixed
derivatives are approximated in [11, 12] by solutions of difference schemes
which are implicit with respect to time variable. Paper [13] deals with the
initial boundary value problem of the Neumann type for nonlinear equations
with mixed derivatives. Implicit difference methods for nonlinear parabolic dif-
ferential functional equations with initial boundary conditions of the Dirichlet
type are investigated in [2,6,7]. The proofs of the convergence of implicit
difference schemes are based on the method of difference inequalities.

In the paper, we start the investigation of implicit difference methods for
quasilinear parabolic functional differential systems with initial boundary con-
ditions of the Neumann type. We prove that under natural assumptions on
given functions and on the mesh, there is a class of implicit difference schemes
for f and those schemes are convergent. The stability of the methods
is investigated by using a comparison method. It is important in our consid-
erations that we assume the nonlinear estimates of the Perron type for given
functions with respect to the functional variable. As a consequence we obtain
nonlinear differential equations with a retarded variable as comparison prob-
lems for f. We show in examples that a connection with a functional
differential problem is essential for the convergence analysis of the difference
schemes.

The paper is organized as follows. In Section [2] we construct a class of
implicit difference schemes for —. The existence and uniqueness of ap-
proximate solutions, which are not so obvious as in the case of the explicit
methods, are proved in Section [3] In Section [4] which is the main part of the
paper, we give sufficient conditions for the convergence of implicit difference
schemes. Finally, numerical examples are presented in the last part of the
paper.

Natural specification of given operators enables the results of this paper
to be applied to differential systems with deviated variables and to differential
functional problems.
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2. Discretization of mixed problems. We will write F(X,Y") to denote
the class of all functions defined on X and taking values in Y, where X and
Y are arbitrary sets. Let N and Z denote the set of natural numbers and the
set of integers, respectively. For z,y € R", U € M[n], where = = (z1,...,2p),
Y= (Y1, Yn) U= [ujlij=1,.n We write

n
e[ =D lzil,  plloo = max{|pi| : 1< <k},
i=1

n
Ul :max{2|uij| 1 1<i<n},
j=1
and z *y = (191, ..., TnYn). For a function z € C(E, R¥), we put
l|z]l: = max{||2(7,2)|| : (T,2) € B}, 0<t<a.
We now formulate a difference problem corresponding to f. We define
a mesh on E in the following way. Let (ho,h’), where h' = (h,...,hy,),

stand for steps of the mesh. For h = (hg, ') and (r,m) € Z'™", where m =
(mq,...,my), we define nodal points as follows

t" =rhy, 2™ =mxn, ™ = (xgml), o almn)y,

Let us denote by H the set of all h=(hg, ") such that there exist (Ny,..., N,)=
N € N" satisfying the condition N «h’ = b. We write ||h|| = ho+h1+. ..+ hy.
Let Ny € N be defined by the relation Noho < a < (No+ 1)hg. For h € H, we
put
R ={(t"),2™) : (r,m) € 217}

and

E,=FEnN R}ll—i_n, OoEn = OgE N R]ll_'_n,

30Eh,j zaoEij}f", j=1,...,n,

By ={(tM, 2™y e B,: 0<r<Ny—1},
¥, = Ej, x C(E,RF).

Put B, = E, N ([O,t(")] X R"), where 0 < r < Ny. For a function z : Ej, —
R”, we write (") = z(¢t(") z(™)) and

I2]lhe = max{[| 2™ : (D, 2™ € By}, 0<r < No.

For each m € Z" such that 2™ € [~b,b] \ (=b,b), we consider the class of

a=(aq,...,a) € Z" satisfying the conditions:
i) Jlall =1 or Jlaf| =2,
ii) if m = (m1,...,m,) and there is j, 1 < j < n, such that m; = N;, then

aj € {0, 1},
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iii) if m = (mq,...,my) and there is j, 1 < j < n, such that m; = —Nj,
then o € {—1,0}.
iv) if m = (mq,...,my,) and there is j, 1 < j < n, such that —N; < m; <

Nj, then a; = 0.

The set of all & € Z" satisfying the above conditions will be denoted by A(™).
Let us define the following sets.

OE; = (@™, )y (1) M)y € §yE), and o € AT},
Ef =0E} U Ey,.
Equation contains the functional variable z which is an element of space

C(E,RF). Then we need an interpolating operator Tj: F(E,, R¥) — C(E,RF).
We give the following example of such operator. Put

S={A=(A1,..., ) Ai€{0,1} for 0 <i <n}.

Let w € F(Ey,R) and (t,x) € E. There exists (r,m) € Z'*" such that
t) < ¢ < ¢t g0m) < g < g(mt1) gpg (t(r)’x(m))7 (t(T+1)7x(m+1)) € E),
where m+ 1= (m; +1,...,m, + 1). We define

¢ ) (m)\ * m)\ '
— rlom T—z T—z
Taful(t ) = =5 — > wlime <h> (1‘h>

0 Xes

ot S e (@ _gm\* et =
ho 2ES h h 7

where

and we assume 0° = 1 in the above formulas. Then we have defined T},[w] on E.
For a function z € F(Ey, R¥), 2= (21, ..., 2), we put Tj,[2] = (Th[z1], - - ., Th[2x])-
It easily follows that T},[z] € C(E,RF).

The above interpolating operator has been first proposed in [3]. Put

I={(i,j): 1<i,j<n,i#j}.
Let(:E,T—>Rand—N§m§N. We define
1

“ (((nmﬂi) _ C(nm)) R ; (gmm) _ C(r,m—en) 7

?i_ (r,m) f—
5i¢ -
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where 1 < ¢ < n. Suppose that functions
on: [=b,0] — R, and ¢y, : 9By — RF, 1<j<n,

are given. We approximate solutions of f with solutions of the difference
equations

Z fsz] )(5 Z(r+1 m)
(4) v
—|—Zg5Z P(rm 52(r+1m)+G( plrm )[z]), —N<m<N, 1<s <k,

(5) Zrmta) — p(rm—a) 4. 2204] ﬂp%’ ™ on 9B, o€ AM),
j=1
with the initial condition
(6) 20m) — ) for 2.0m) ¢ [—p,b)],
where P [z] = (¢, (™) T} [2]). Difference operators
80, 6= (01,...,0n), 6@ =[],

i,J=1,...,n
are defined in the following way

(7) Joz{"™ = i(z““’m) — z(r’m)>
S ho S S )
(8) 6izgr+1,m) — % (6;’-z£7"+1,m) + 51:—Z§7‘+1,m)> , 1 S i S n,
and
9) 5“2(r+1 m — 6:5;Z§T+1’m) for 1 <i<mn,
where 1 < s < k. The difference expressions 5¢jzgr+1’m) for (i,j) € J are
defined in the following way:
(10)

if fS-ij(P(T’m) [2]) <0, then 5ijzgr+1’m) —

(11)

if f,.0;(PU™[2]) > 0, then 8;;2T1m) = % (5i+5.+z<’"+1’m> + 5?5?z<7"+1’m>> .

Difference functional problem f@ with 50, 8, 6@ defined by . is
considered as an implicit difference method for ({1 . It is 1mportant in our
considerations that the difference expressions (5,~z, 0ij2, 1 < 4,7 < n, appear

1 +5— _(r+1,m) — ¢+ _(r+1,m)
5 (8072t o7 gt 2t )
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n at the point (t(”l), :U(m)). The corresponding explicit difference scheme
consists of , @ and the system of equations

502§r ,m) Z fs 1] (r m) )5” Zgr,m)
(12) i,7=1

+ng 2)8:z™ + Gy (PU™z]), —=N<m <N, 1<s<k.
It is clear that there exists exactly one solution of problem , @, . We

prove that under natural assumptions on given functions there exists exactly
one solution uy, : Eh+ — R” of implicit difference problem —@.

LEMMA 1. Suppose that 2 : E — R* and
1) 2(t,-) : [<b,b] — REF is of class C? fort € [0,a] and Z, = Z|g,,
2) d € Ry is such a constant that

(13) ||8€L"jl"k2(tv x)HOO S J? (t,.%‘) € E7 ja k = 1) cee ,TL,

3) there is L € Ry such that

(14) 12(t, ) — Z(F, )]0 < LIt — 7.
Then
(15) |Th[24] — 2lle < Lho + d|W|%, 0<t<k.

A proof of the above lemma can be found in [7].

Estimate states that the function Z is approximated by T}[Z;] and the
error of this approximation is estimated by Lhg + d||i/||.

It is easy to prove by induction with respect to n that

z —ztm) ’ z —zlm - (m) (m+1)
Z — 1= =1for 2™ <2<z :

AES

This gives || Th[2]|l;) = |2]lhr, 0 <7 < No, where z € F(Ep,, R¥).

3. Solutions of difference functional problems.
For a function z: E} — R and a point (), x(m)) € E,, we put

(16) J™M ) = {(i,5) € J ¢ foi(PUM]) <0}, SO = T\ S5 L

S.
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AssumpTION H[f, g]. Suppose that functions fs : ¥ — M|n] and g5 : ¥ —
R™, 1 < s <k, are bounded on ¥; and

1 1 - ,
(17) _§‘gs.i(P)’+ﬁfslii<P)_Z |fsi;(P)] >0, i=1,...,n,
) =
J#i
for1<s<k, P=(tzz2)€X.

REMARK 1. Suppose that for each s, 1 < s < k, there is

(18) fS’L’L Zfszj ><€, PEE,
J#J

where € > 0, and h; = ho = ... = h,, are sufficiently small. Then condition
is satisfied. Note that condition implies that

Zfsz] 515]20 62(517"'5571)61:{”7

3,j=1

which means that problem ([I]), is parabolic, as defined in [15].

LEMMA 2. If Assumption |H[f, g|| is satisfied and @y, : [-b,b] — R¥, and
Ynj : OoEn; — Rk, onj = (Pnijs - Pnkj), J = 1,...,n, then there is
exactly one solution uy, : E,J{ — R¥, up = (up1,...,un1), of problem f@.

PROOF. Suppose that 0 < r < Ng—1 is fixed and the solution uy, of f@

is defined on Ej, .. We prove that the vectors ugﬂ’m), where (t(TH),x(m)) €
E,J{, exist and are unique. There is @), > 0 such that

(19)
Qu>2hY. QfW( Wlunl) 4o Y (PO ), 1< s <k

=1 (i,5)ed v

Problem f@ is equivalent to the system of equations

1
(r+1,m) _ (r+1,m) (rym)
Zs Q +1 |:th$ + uh.s
(20) + hO 2 : fs z] rm) uh])éijzgr-‘rl,m)

Jl

+ hongz ) [, ])832 ™ 4 hoGo(PT™ [up]) |,



183

where —N < m < N, 1<s<k, and

(21) (0D g mH) = (¢ 20y 4 9™ b (K0, 2(™),
j=1

where (t0*D 20 € 9By, a € AU and 2("t1™) are unknown. Write
Sp = {0+ M)y € B

We consider the space F(Sy, R¥). Elements of F(S),, R) are denoted by
¢ & For £ € F(S,RY), € = (&1, &), we write £ = £(z™) and

06 = (€™, -, ngl™), 6™ = [o€l™]

where 6; and 9;;, 1 <4, < n, are defined by f. The norm in the space
F(S),, RF) is defined by

€11« = max{[|¢" [loo : 2™ € Sp}.

We consider the linear operator

Uny o F(Sp, RF) — F(Sp, RY),  Un,l€] = Unralé, .-, Unril€)),
defined by

, 1<s<k,

Unrsle]™ = g (@™ + o S Fuis (P gyl 1)
(22) W=
+hOngz (rm) Uh 5£T+lm):|
where —N < m < N and

(23) Uh.r.s[g] (m+a) — Uh.r.s[g] (m=a) on a()Eh, o€ A(m)
We prove that for & € F(S),, R¥) there holds

Qn
24 Un.r[€]]]+ <
(29 1Vl < 75
Write
ATV = 20, (PO 11 1 (P = 30 gy (P )
.54 2, s.1 h? sai\dg p hzh] s.aj\Ls )
JF#i
(rem)p g oo ho o oemiy NS0 o)
Az.s.— [Z] QhZQSZ(P [Z]) + hzzfs-“(Ps [Z]) P hihj’fs.l](Ps [Z])ya
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r,m - h r,m =
Ag’ )[z] = _zzh*gfs.ii(Ps( ' )[z]) + Z h h ’fsu( [4)’7
i=1 7 (i,9)€J

where 1 <¢<n,1<s<k.
From Assumption H|[f, g|| there follows that for each m, —N < m < N,
1 < s <k, there is

Un.rs [T 1(Qn + 1) < [(Qn + AT™) [y ™)

Z A+ 1.8 (m+6i)

1 m+te;+e m—e;—e;
o 3 i e ] | |
el T
B - (m+-e;—ej ) (m—ej+e;)
oY g PO )

(1) €IS un 1
From Assumption [H and . there follows:

Qh+Agﬂm>[ n >0, AT ] >0, Ay [up]) ™™ >0,

1<i<n, 1<s<k,

(m—e;)

and

) [y, +ZA”+ hHZAE.T;@[Uh]

+ho Y thfszx " fun))
()€™ fun]

n

— ho Z 2hh fszg( [uh]):().

(1,5) €™ [up)

Thus we get

1Tl < l€]ls, —N <m<N.

T Qn —l— 1
From , we conclude that the above inequality is satisfied for (¢ 1), z(m)) ¢
0o Fn. This completes the proof of . It follows that the norm of the operator
U} is less that 1. Then there exists exactly one solution of f. Since

up, is given on the initial set {0} x [—b, b], the proof of the lemma is completed
by induction with respect to r, 0 < r < Nj. O
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Now we formulate assumptions on the regularity of G, fs, g5, a < s < k,
with respect to the functional variables.
AssumpTION Ho, f, g, G]. Suppose that Assumption is satisfied and
1) there are o : [0,a] x [0,R4] — R4 and p : [0,a] — Ry such that
i) o is continuous, nondecreasing with respect to the both variables
and o(t,0) =0 for t € [0, al,
ii) p is continuous, nondecreasing and pu(t) <t for t € [0, a],
iii) for each ¢ > 1, the maximal solution of the Cauchy problem

(25) ¢'(t) = ca(t, C(u(?))), ¢(0) =0,
is ((t) =0 for t € [0,al,
2) the estimates
1fs(t, 2, 2) = folt, 2, 2) || < o, []2 = 2]u),
195 (t, 2, 2) — gs(t, @, 2)|| < o (t, ||z = Zl|uey)
1Gs(t, @, 2) = Gs(t, z, 2)|| < ot ||z = Zl|uey)
where 1 < s < k, are satisfied on X.
For a function 7 : I, — R, we write n(") = n(¢(")).

Now we can prove a theorem on the convergence of method f@.

THEOREM 3.1. Suppose that Assumption |Hlo, f, g, G| is satisfied, Q €
R is an open, bounded set such that E C 2 and
1) the functionv: Q — RF, v = (vy,...,vy), is the solution of 7(@ and
v is of class C? on Q, and & € Ry is defined by the relations

10z, 0(t, )

|0p,2;0(t,2)|| <6 4,5=1,....n, (t,z) € E,

||oo’

2) there is co > 0 such that hihj_1 <cp,i,7=1,...,n,

3) there exists ¢ € R such that |W'||* < ¢ho,

4) the function up, : E, — RF, u = (u1,...,uy), is a solution of 7(@
and there are vo,v1 : H — Ry such that

(26) o™ — u"™ | < (k) on Egp,
o+ — ol —2 3" sl [l < (R
(27) =1
on EL, o€ A(m),
and
li = li =0.
lim yo(h) =0, lim 71(h) =0
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Then there exists a function o : H — Ry such that

(28) Hurm) U(T’m)Hooga(h) on Ej and ’llln%a(h) 0,

where vy, is the restriction of v to the set Ey,.

PROOF. Let I, : B} — RF, T'gp : Egp — RE, Toy : 9B, — RF be
defined by the relations

501),(;’”1) = Fh[vh](T’m) + Fg’m) on Ej,

v,(f’mw) Tm = 2204] J% h Rt F(T " on 8o By and a € A™),

v}(lO m) (pglm) 4 rgz), for (™ ¢ [, b].

From Lemma |1 condition 1 of the Theorem and , there follows,
that there are v,~v1,70 : H — R such that

[t <) on B,

5| < on doB,

[e6]| < () for 2 € (b4

and
li = li = lim =0.
hlmov(h) 0, hH%%(h) 0, i Ovl(h) 0

Write zp, = vy, — up. Then

T = 3 g (P gl
t,j=1
+ngz )(5 Z(T+1 m) +A(rm)+1—\(rm)

where

AT = ST i (PO un]) — foag(PO™ ug)) 808 7™

A7j71
+ Z Js. z ) Js. z( ptrm [uh])]éiv}(::Lm)

+Gs( Prmyy]) — Go(PT™uy)),
and 1 < s < k. The above relations and f imply
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(29)
Zglr;&-l,m) {1 _ A(r,m) [uh]:|

S

—h zgrsm +hOZA(rm ]Z}(er—l ,m+e;) + I ZA(rm 7“+1m €i)

1.8 +
=1
1 _ .
— .. (’r,m) (T+17m+ez e]) (7"+1 m— €z+€])
ho Z Shil; frsii(P [un]) [zh_s + 2z }
(i.9)€J{™ Tun]
1
( p(r,m) (r+1,m+ei+e;) (7”-1-1 m—e;—ej)
+ hg Z Shil, frs.ii(P [un]) [Zh B 4z }

()€™ fun)
+hoAy " + oLy ™.
From ({17]) we conclude that
30) AU >0, AT >0, 1- AP [w] >0 forl<i<n

i.8.+ 1.8.
and
ZAlS—i- +ZA15—
620N
+ Z |fhzj P(rm [uh])|+A )[uh] =0.
(i,5)ed i

Write I, = [t ¢ #(No)]. Let functions zs;:), 55:) : I, — R be defined
by

o) = max (Il - 60,2 € )},
) — e {5 e (89, 07) € B 1 (0,60 x RY) ),

where 0 < r < Nj.
Let us introduce an operator 7}, of linear interpolation on Ip,,. If ¢ : I, —
R then T}, : [0,a] — R is defined by

Tio[C1() = CU V(8 — )k + (DL = (£ = tD)hg "], 40 <t < tHD,
where ¢(") = ¢(t")). One can observe that
Tk [un = vnllygprry = Tholen] ((E)).
From f it follows that the function e}, satisfies the recurrent inequality
<’““> <&y + (264 Dhoo (¢, Thg lenl (u(t7))) + hov(h),
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where 0 < r < Ng — 1. It is easily seen that
5,(:) < z-:,(lr) + hoyi(h)e, 0<r < Ny-—1.
Thus we see that the function e satisfies the recurrent inequality
(82) & <&+ 26+ Dhoon(t"), Thg [enl (1(t7))) + ho (7(h) + e (h)).

where 0 <7 < Ny — 1 and 5,(10) < (h).
Consider the Cauchy problem

(33) /() = (26 + 1)a(t, Ty [en) (1(t))) + (v(h) + Ev1(R)), ¢(0) = y0(h).
It is clear that there exists eg > 0 such that the maximal solution wj, of
is defined on [0, a] for ||h|| < g9. Moreover,

}llir% wp(t) = 0 uniformly on [0, a].
Then wy, satisfies the recurrent inequality
(34) W™ <l + (2 4+ Dhoon (10, Ty [en) (1(27))) + o (2(h) + e (R),
where 0 < r < Ny — 1. From f it follows that

55:) < w,(:) forr=1,..., Ny,
and, consequently,

52” <wp(a) forr=1,..., Np.
Then the assertion of the theorem is satisfied with «(h) = wp(a) and the
theorem is proved. O

REMARK 2. Suppose that Assumption [H|o, f, g]|is satisfied with
o(t,p) = Lp, (t,p) € [0,a] x Ry, where L € R;.
Then we have assumed that f and g satisfy the Lipschitz condition with respect

to the functional variable. We obtain the following error estimates

i,m i,m ~ cLa ~ GCLa_l
™™ — o™ < a(R)ecEe + 5 (h)

on By, if L >0,
c

and

[ul™™ — o™ < &(h) + a¥(h) on By if L =0,
The above inequalities follow from with a(h) = wp(a), where wy, : [0,a] —
R is a solution of the problem

¢'(t) = cL{(t) +4(h),  ¢(0) = ao(h).
REMARK 3. Theorem (3.1)) holds true if Assumption|[H|o, f, g, G]|is replaced

by the following conditions.
AssumpTION HJoy, f, g, G]. Suppose that Assumption [H|f]|is satisfied and
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1) there are og : [0,a] x Ry x Ry — Ry, p:]0,a] — Ry such that
i) op is continuous, nondecreasing with respect to all variables and
oo(t,a,0) =0 for t € [0, qal,
ii) w is continuous, nondecreasing and u(t) <t for t € [0, al,
iii) for each ¢ > 1, the maximal solution of the Cauchy problem

(35) ¢'(t) = coo(t, (1), ¢(u(t)), ¢(0) =0,
is ((t) =0 for t € [0, al,
2) the expressions
”fS(t7 Z, Z) - fS(tv Z, 2)” ’ "98(757 €, Z) - 98(t7 €, 2)” ’ HGS(t? €, Z) - Gs(t7 Z, E)H )
where 1 < s < k, are bounded by ao(t, ||z — Z|[¢, ||z — 2| u))-
REMARK 4. Let us consider explicit difference method f. Then we
need the following assumption on f and on the steps of the mesh ( [4,5,8,9]):

n

1 1
(36) 1—2hozﬁfjj(P)+ho > h%hjlfij(P)lZOa
J ' !

j=1

where P € Y. If the functions f;;, 4,7 = 1,...,1, are bounded on X, then
inequality (36]) states relations between hg and b’ = (hy, ..., hy). It is impor-
tant in our considerations that condition (36| is omitted in the convergence
theorem.

REMARK 5. Note that the connection with the functional differential com-
parison problem is essential in our considerations. The following lemma points
out this property.

LEMMA 3. If 8> a > 1 and L € R4, ¢ > 1, then the mazimal solution of
the Cauchy problem

(37) (1) =[] + L), <o) =0,
is ((t) = 0 for t € [0,a], where a < 1.

PROOF. There are £ > 0 and & > 0 such that the maximal solution ¢ of
(37) satisfies the condition

((t) < Ct for tel0,€].

Write }
C =max{c, L,C}.
Then ( satisfies the integral inequality

)y <c [ /0 t [C(Sﬂ)};‘dw /0 tc(s>ds}, telo,d,
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and ((t) < Ct for t € [0,2].
From the above relations it follows that
C(t)y <Mk, tel0,8, k>1.
Then there is g¢ such that ( = 0 for ¢ € [0,&¢] and, consequently, ((t) = 0 on
[0, a]. O

REMARK 6. Note that the maximal solution of witha>1land =1
is positive on (0, a].

Now we formulate relations between assumptions on the regularity of given
functions in stability theorem presented in [1,2] and our results. For simplicity
we assume that k£ = 1. It is assumed in the above papers that there is ¢ :
[0,a] x Ry — Ry such that

1) & is continuous and nondecreasing with respect to both variables and

d(t,a) =0 for t € [0,a],
2) for each ¢ > 1 the function ((t) = 0 is the maximal solution of the
Cauchy problem

(38) C'(t) = co(t,((t)), ¢(0)=0, fortel0,al,
3) the terms

1t 2, 2) = f(t 2, 2, gt @, 2) = gt 2, 2)||, |G, 2, 2) = Gt 2, 2)]|
are bounded from above by & (¢, ||z — Z||¢).

It is important in our considerations that classical comparison problem
is replaced with , which is the Cauchy problem for an equation with
retarded variable.

From Lemma (3] it follows that there are functional differential comparison
problems of the Perron type and the corresponding classical initial problems
have positive maximal solutions.

In Section 4, we give examples of equations which satisfy our comparison
conditions.

4. Numerical examples.

ExXAMPLE 1. Write
E=10,0.3] x [-1,1] x [-1,1],
OE =10,0.2] x [([-1,1] x [-1,1]) \ ((-1,1) x (=1,1))].

Consider the differential equation with deviated variables

(39) atZ(t, z, y) = 8xxz(t> €, y) + ayyz(ta z, y) + :Eyaxyz(ta xz, y)
2(8%, @, y)| + f(t, 2,y)2(t, z,y)
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and the initial boundary conditions

(40) 2(0,z,y) =1 for (z,y) € [-1,1] x [-1,1],
(41) 0p2(,0,9) =1, Opz(t,1,y) = e fort €[0,0.2], y € [-1,1],

(42) yz(t,,0) =1, Oyz(t,z,1) =€ fort€[0,0.2], z € [-1,1],
where
ftw,y) = ay(l—t) — 2@ + v + 2%y°) — (5
The solution of f is known to be
v(t, z,y) = eV,
REMARK 7. Write

G(t,z,y,2) = 2(t3,x,y) + f(t,x,y)z(t, z,y).

Then
G(t,2,y,2) = G(t,2,y,2)| < ][z = 2]z + Lllz = 21, (t,2,y) € E.
It follows that condition 2) of Assumption is satisfied with
oo(t,7,8) = /5 + L1, p(t) =t

Write
N1 N

8;:) ZZ ‘U(M’J) T’iaj)”

21]1

() _

(T7i’j) (7‘7i7j)
&), -, .

max |u
1<i<N;
1<j<Nz
We found the approximate solutions of f using both implicit and ex-
plicit numerical methods, and taking the following set of steps of the mesh:
ho = 0.001, hy = 0.002, hy = 0.002.

Note that the function f and the steps of the mesh do not satisfy condi-
tion which is necessary for the explicit method to be convergent. In our
numerical example the average errors of the explicit method exceeded 100,
while the average errors e, for fixed () of implicit method are given in the

following table.
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TABLE OF ERRORS &, €,

t En(t) en(t)
0.20 41-10°° 80-106
0.21 34.107° 10-107°
0.22 44 .107° 13-107°
0.23 55-107° 17 -107°
0.24 68-107° 21-107°
0.25 81-107° 26 -107°
0.26 96 -107° 31-107%
0.27 11-107% 36-107°
0.28 12.107% 42-107°
0.29 14 .107% 48 -107°
0.30 10-107% 54.107°

EXAMPLE 2. Write
E =10,0.2] x [-1,1] x [-1,1],
OE =10,0.2] x [([0,1] x [0,1]) \ ((0,1) x (0,1))].

Let us consider the integral-differential equation

Oz(t,x,y) = Opa2(t, ,y) + Oyyz(t, x,y) — Onyz(t, z,y)

(43) /)/ tTS%M—/ (s, z,y)ds

+ 7z(t x,y) + sin % sin %
and the initial boundary conditions
(44) 2(0,2,9) =0 for (z,) € [0,1] x [0, 1,

(45) O2(t,—1,y) =0, 0,2(t,1,y) =0 fort e [0,0.2], y € [-1,1],

(46) Oyz(t,x,—1) =0, Oyz(t,z,1) =0 forte[0,0.2], z € [-1,1].
The solution of — is known to be

T Y
t.x = sintsin — sin —.
v(t, z,y) 5 5

As in the previous numerical example, we choose the steps of the mesh
which do not satisfy condition . As we expected, the explicit method is
not convergent, and the average errors are larger than 10150, while the implicit
method is convergent and gives the following average errors.
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TABLE OF ERRORS &, €,

t gh(t) Eh(t)
0.10 26-107% 10-107%
0.11 30-107% 121074
0.12 35.107% 14-107%
0.13  40-107* 161074
0.14  46-107* 19-107%
0.15 53-107* 22.107%
0.16 61-107* 261074
0.17 70-10"% 31-107%
0.18 80-10"% 38-107%
0.19 93-107% 46-107%
0.20 10-1073 57-107%

EXAMPLE 3. Write

=0,0.2] x [-1,1] x [-1,1],

E =10,0.2] x [([-1,1] x [-1,1]) \ ((~1,1) x (=1,1))]

Let us consider the integral-differential equation

Opz(t,x,y) = Opa2(t, x,y) + Oyyz(t, x,y) + Opyz(t, x,y)

(47) 2
/ 273, 9)dr + f(t,7,9)2(t,7,)
and the initial boundary conditions
(48) 2(0,2,5) = 0 for (z,9) € [~1,1] x [1,1],
(49) Dpz(t,—1,y) = 2ysinte™2Y,  d,z(t,1,y) = 2ysinte?
for t € 0,0.2], y € [-1,1],
(50) Oyz(t,x,—1) = 2wsinte™**,  Jyz(t,x,1) = 2z sinte*
for t €10,0.2], z € [-1,1],
where
B 9 9 V1—cost? 1

The solution of f is known to be

v(t, z,y) = sin te>®Y.
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REMARK 8. Write

t2
G@Lyﬂﬁ=¢é 2(T,x,y)dr + f(t, 2, y)2(t, 7, y).

Then

$2
|G(t,x,y,z) - G(t,l‘,y, 2)| < \// ||Z - Z”TdT + LHZ - z”t
0

<Vlz=2Zz|pe+Llz—-Z|:, (t,xz,y)€E.
It follows that condition 2) of Assumption [H|oy, f, g, G||is satisfied with
UO(taT’ S) = \/§+LT’ iu(t) = t2'

As in the previous numerical example, we choose the steps of the mesh
which do not satisfy condition . As expected, the explicit method is not
convergent, and the average errors are larger than 1023, while the implicit
method is convergent and yields the following average errors.

TABLE OF ERRORS &, €,

t gh(t) Eh(t)
0.10 26-107% 10-107%
0.11 30-1074 12.107%
0.12 35-1074 14.107%
0.13  40-107% 16 -1074
0.14 46 -1074 19.107%
0.15 53.1074 22.107%
0.16 61-107% 261074
0.17 70-107% 31-107%
0.18 80-107* 38-107%
0.19 93.107* 45.107%
0.20 10-1073 58-107%

As in the first example, the functional nature of the comparison problem
is necessary here.

The above examples show that there are implicit difference schemes which
are convergent, while the corresponding classical methods are not convergent.
This is due to the fact that we need relation for steps of the mesh in the
classical case. We do not need this condition in our implicit method. Implicit
difference methods presented in this paper have the potential for applications
in the numerical solving of differential integral equations or equations with
deviated variables.
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