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STABILITY OF NONLINEAR FUNCTIONAL DIFFERENCE
EQUATIONS

BY ZDZISEAW KAMONT

Abstract. We give a theorem on the error estimate of approximate so-
lutions for difference functional equations of the Volterra type with an
unknown function in several variables. The error is estimated by a solution
of an initial problem for nonlinear differential functional equation. We ap-
ply this general result to the investigation of the convergence of difference
schemes generated by mixed problems for evolution functional differential
equations. We assume nonlinear estimates of the Perron type with respect
to the functional variable for given operators.

1. INTRODUCTION

Nonlinear parabolic differential functional equations and first order partial
functional differential equations have the following property: difference meth-
ods for suitable initial or initial boundary value problems consist in replacing
partial derivatives with difference operators. Moreover, because differential
equations contain a functional variable which is an element of the space of
continuous functions defined on a subset of a finite dimensional space, we need
some interpolating operators. This leads to nonlinear difference functional
problems which satisfy consistency conditions on all sufficiently regular solu-
tions of functional differential equations. The main task in these considerations
is to find a finite difference approximation of an original problem which is sta-
ble. The method of difference inequalities or simple theorems on recurrent
inequalities are used in the investigation of the stability of nonlinear difference
functional problems.
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These considerations as a rule require a lot of calculations to reach the
convergence result so the main property of the corresponding operators was
not easy to be seen. The aim of the present paper is to show that the re-
sults mentioned above as well as many other theorems are consequences of a
result concerning an abstract nonlinear difference functional equation with an
unknown function in several variables.

Our results are based on a comparison technique. It is important in the
paper that we have assumed nonlinear estimates of the Perron type for a
given function with respect to the functional variable and that we use ordinary
differential functional equations as comparison problems. It is easy to see that
conditions indicated above are identical with the assumptions that guarantee
the uniqueness of solutions of initial boundary value problems.

Now we formulate our functional differential problems. For any metric
spaces X and Y, by C(X,Y) we denote the class of all continuous functions
from X into Y. We will use vectorial inequalities with the understanding that
the same inequalities hold between their corresponding components. Write

E=0,a] x (=b,b), D = [~do,0] x [d,d],

where a > 0, b = (by,...,b,) € R", b; > 0for 1 < i < n, and dy € Ry,
d=(di,...,dy) € R}, R =[0,400). Let c=b+dand Q = EU Ey U E,
where
Ey = [—dp,0] x [—¢,¢], OoE =10,a] x ([—¢, ]\ (=b,b)).

For a function z : 2 — R and a point (¢,z) € E, where E is the closure of E, we
define a function z(; ) : D — R by 2 )(7,y) = 2(t+7,2+y), (1,9) € D. Then
Z(1,) is the restriction of z to the set [t—dy, t] x [x—d, v+d] and this restriction is
shifted to the set D. For ¢ : E — R we put £ = (&,¢') and & = (£1,...,&).
Write ¥ = E x C'(D,R) x R™ and suppose that f : ¥ - R, ¢ : EgUJE — R,
a : E — R are given functions. The require o satisfy ag(t,z) < t and
a(t,z) € E for (t,x) € E. We consider the functional differential equation

1) Bu(t,7) = (1, 2001, Oa(t,)
with the initial boundary condition

(2) z(t,x) = p(t,x) on EygUyE,

where © = (21,...,2,) and 02 = (04,2, ..., 0z,%). We will consider classical

solutions of , . We give examples of equations which can be derived from
by specializing f and «.

~ Exampre 1.1. Assume that dg =0, d = 0, where 0 = (0,...,0) € R" and
f:E xR xR" —Ris a given function. We define f as follows:

flt,z,w,q) = f(t,z,w(0,0),q) on X.
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Then reduces to the differential equation with deviated variables

(3) Oz(t,x) = f(t,x, z(a(t, x)), 0z2(t, T)).
ExXaMPLE 1.2. Suppose that f :EXR xR xR®” — Ris a given function

and a : E — RMY" satisfies the conditions: —dy < ap(t,z) —t < 0 and
—d < d(t,x) —x < don E. Write

f(tv z,w, Q) = f(ta z, ’LU(Oé(t, J?) - (t7 33')), ’LU(O, O)a Q) on X.
Then is equivalent to the differential equation with deviated variables

(4) Oz(t,x) = f(t,x, 2(t, z), z(a(t, x)), 0z 2(t, x)).
Note that initial boundary sets corresponding to and are different.
EXAMPLE 1.3. Suppose that 3,7 : E — R and
—dp < (Bo — ao)(t,x) <0, —do < (70 — )(t,x) <0,
—d< (f —d)(tx)<d, —d<(y —d)(tx)<d,
where (t,z) € E. For a given function f : E x R x R" — R, we put

N (v—a)(t,z)
ft,z,w,q) = f(tva:,/ w(t,y) dydr,q) on .
(B—a)(t.a)

Then reduces to the differential integral equation
~ v(t,w)
(5) Oz(t,x) = f(t,x,/ 2(1,y) dydr, Oy2(t, x)).
B(t,z)
EXAMPLE 1.4. Suppose that f :E xR xR xR"™ — R is a given function.
Put a(t,z) = (t,z) on E and

f(t..w.0) = F(t.2,00,0), [ w(r.y)dydr.a) on =
D
Then is equivalent to the differential integral equation

(6) Oz(t,z) = f( t,x, z(t, m),/ z(t+ 71,2+ y) dydr, Oy 2(t, x) )
D

It is clear that more complicated differential equations with deviated vari-
ables and differential integral problems can be obtained from . Note also
that equations and cannot be obtained as particular cases of differential
functional equations considered in [8,9].

Sufficient conditions for the existence and uniqueness of classical or gener-
alized solutions of (I, can be found in [7], see also [1,2]. Difference ap-
proximations of classical solutions to first order partial differential functional
equations were investigated in [3, 8] and [9], Chapter 5. Initial problems on
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the Haar pyramid and initial boundary value problems were considered. The
monograph [9] contains an exposition of recent developments in the field of
first order partial functional differential equations.

Now we formulate initial boundary value problems for nonlinear parabolic
functional differential equations. Let us denote by M, «,, the class of all n x n
matrices with real elements. Write 2 = E x C'(D,R) x R™ x M,,«,, and suppose
that F: 2 - R, ¢ : EgUJE — R, a : E — R are given functions. We
assume that ag(t,z) < t and «a(t,z) € E for (t,z) € E. We consider the
functional differential equation

(7) Orz(t,x) = F(t, 7, 20(t,2), O 2(t, ¥), Oz 2(t, x))
with the initial boundary condition

(8) z(t,x) = p(t,x) on EgUyE,

where

ax:vz = [axﬂjz]i,j:l,...,n'

We look for classical solutions to problem , . Differential equations with
deviated variables and differential integral equations are particular case of .
Examples analogous to f@ can be formulated for parabolic equations.

Difference approximations of nonlinear equations with initial boundary
conditions of the Dirichlet type were studied in [10,12]. The convergence
of a general class of difference schemes for parabolic equations and solutions
considered on unbounded domains were investigated in [13,23]. Monotone
iterative methods and finite difference schemes for computating approximate
solutions of parabolic equations with time delay were studied in [15-17]. Nu-
merical treatment of initial boundary value problems of the Neumann - Robin
type can be found in [16]. Approximate projection difference schemes were
developed in [18]. The numerical method of lines was considered in [11].

Sufficient conditions for the existence and uniqueness of classical or gen-
eralized solutions of parabolic functional differential problems can be found
in [4-6,14,19, 20, 22]. The monographs [4, 25] give an extensive survey of
the theory of parabolic functional differential equations.

It should be noted that all problems considered in the paper have the follow-
ing property: the unknown functions are the functional variables in differential
equations. The partial derivatives appear in a classical sense.

The paper is divided into two parts. In the first part (Section we propose
a general method for the investigation of the stability of difference schemes gen-
erated by initial boundary value problems for evolution functional differential
equations. We prove a theorem on error estimates for approximate solutions to
functional difference equations of the Volterra type with the unknown function
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in several variables. The error of an approximate solution is estimated by a so-
lution of an initial problem for a nonlinear differential functional equation. In
the second part of the paper (Section |3) we apply the above general idea to the
investigation of the convergence of difference methods for evolution functional
differential equations. We give sufficient conditions for the convergence of the
Lax difference schemes and the Euler difference methods for , (2). We also
deal with numerical methods for parabolic functional differential problems. We
prove that there is a general class of difference schemes for , which are
convergent and the convergence follows from a theorem presented in Section
2. We give error estimates for all numerical methods considered in the paper.
Our approach assumes that the differential functional equations considered
in [8,9] and [10] are particular cases of (1) and (2), respectively. On the other
hand, there are differential integral problems and differential equations with
deviated variables covered by our theorems and the results presented in the
above papers are not applicable to those equations. In the paper, we use general
ideas for finite difference equations, as such ideas were introduced in [9, 21].

2. STABILITY OF FUNCTIONAL DIFFERENCE EQUATIONS

For any two sets U and W, by F(U, W), we denote the class of all functions
defined on U and taking values in W. If A C U and f € F(U, W), then f |4
denotes the restriction of f to the set A. Let N and Z be the sets of natural
numbers and integers, respectively. We define a mesh on () in the following
way. Suppose that (ho,h’) = h, b’ = (hq,...,hy), stand for steps of the mesh.
For (r,m) € Z'*", where m = (my,...,my,), we define nodal points as follows:

t™) = rhy, 2™ = (xgml), ™)) = (myha, . mphy).

Let us denote by H the set of all values of h such that there are Ky € Z and K =
(Ki,...,K,) € Z™ with the properties: Kohg = dy and (K1hq, ..., Kyh,) = c.
Set
Ry ={ (", 20 : (r,m) € 21}
and Qp = En U Eyp, U OgE), where
Ey=ENR™™ Eop=EyNR™, 9By = pENR ™.
Let N € N be defined by the relations: Nhg < a < (N 4 1)hy and
Ey={@t" ™) eE,: 0<r<N-1}.

For a function z : @, — R, we write z2("™) = z(¢t(") 2(™). Classical differ-
ence methods for , or @, consist in replacing partial derivatives
with difference operators. Moreover, because equations and contain
the functional variable 2, ,) which is an element of the space C'(D,R) and
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solutions of difference equations are defined on the mesh, we need an interpo-
lating operator Tj, : F(Qp,R) — C(2,R). We define T}, in the following way.
Set
Ar={A=(1..., ) e{0,1}forl1<i<n}.

Suppose that z € F(2;,R) and (¢, z) € Q. Two cases will be distinguished.

I. Suppose that there exists (r,m) € Z'*" such that t() < ¢ < ¢+ and
2 <z <zt where m+1= (m1+1,...,m, +1) and (¢, 2(™) € Q,
(D) g(m+D)y € Q. Write

men = (1= 507) 32O 0
+ t _hz(t) )\g\; L(r+1mN) (:n—h:f‘(m)y\ (1 - x_h:f(m)) 17}\7
where
_ p(m no o ma)
() =TI
(156_;(771))1—/\ _ f[l(l B q:i—h,q;l(mi))l—)\i

and take 0° = 1 in the above formulas.
I1. Suppose that (t,z) € Q and Nhy <t < a. Thus we put (T3[z])(t,x) =
(Th[2])(Nho, z). Then we have defined Tj[z] : @ — R and Tj[z] € C(Q,R).
The above interpolating operator was introduced and widely studied in [9].
We consider the following seminorms in functional spaces. For z € C(Q2,R)
we put
|2]}s = max{|z(7,y)| : (1,y) € 2N ([~do,t] xR") }, 0 <t <a.
For z € F(Q,R) we write
|2llpr = max{ [z"™] (¢ 2™) € QN ([=do, t] x R* )}, 0<r < N.
The maximum norm in the space C'(D,R) is denoted by || - ||p. The following
properties of the operator T} are important in the paper.

LEMMA 2.1. Suppose that the function v : Q — R is of class C' and
vy, =0 |q,. Let C € Ry be defined by the relations

0w(t,x)|, |Opv(t,z)] <C for i=1,...,n and (t,x) € Q.

Then || Thlvp] — v ||t < C||h|| for 0 <t < Nho, where ||h|| = ho+hi+ ...+ hn.
Moreover, for z € F(Qp,R), there is | Ty[2] ||,y = ||2]|n.r for 0 <7 < N.
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LEMMA 2.2. Suppose that the function v : Q@ — R is of class C? and
vy, = |q,. Let C' € Ry be defined by the relations

Oy (t, )], O, v(t,@)|, Opya;v(t,x)| < C fori,j=1,...,n and (t,z) € Q.
Then || Ty[vn] — v ls < C||h||? for 0 <t < Nhy.

The proofs of the above properties of T}, are similar to the proof of Theorem
5.27 in [9].

Write

Ah:{x(m): —1<m; <1 forl<i<n}.

For a function 7 : A, — X, we put n(™ = n(z(™). If 2 : Q, — R and
(t), (M) € E), then the function Zrmy + Ap — X is defined by 2.,y (y) =
z(t(r),x(m) +y), y € Ap. Then z(,. ) is the restriction of z to the set ( { £(r) } X
[x(m) — W,z 4 p ] ) N R,lfn and this restriction is shifted to the set Aj. The
norm in the space F(A4j,R) is defined by

]l 4, = max { [n™]: 2™ € 4},
Set Y}, = E} x C(D,R) xF(Ap,R) and suppose that the functions F}, : ¥, — R,
a: B — R!*" are given. The function « is required to fulfil ("™ ¢ E
and a((]r’m) < t0) for (™), 2(M) € E,. For (), 20" 2 n) € V), we write
Fy[w,n]"™ = F,(t™), 2™ 2 7). Given ¢ € F(Ey; U dyEr,R), we consider
the functional difference equation
(9) 2™ = B [(Thl2])atramy s 2y |
with the initial boundary condition
(10) 2rm) = o™ o0 Eo U 8o Ep.
It is clear that there exists exactly one solution zp : 2, — R of @, .

REMARK 2.3. Difference functional equations generated by or have
the form

(11> Z(r—i_l’m) = Fh(t(r)ax(m)vz)v

where Fy, : E} x F(Q),,R) — R is an operator of the Volterra type. We give
comments on the functional dependence in .

Discretization of partial derivatives 0,z and J,,z at the point (t(T),a:(m))
leads to the following observation: the numbers Zrmtr) e — (K1, Kn),
ki € {=1,0, 1} for 1 < ¢ < n, appear in definitions of difference operators
corresponding to these derivatives. Difference operators for the derivatives 9,z
involve the numbers z("t1) and z("m+K) where —1 < k; <1lfori=1,...,n.
Thus we see that the right hand side of depends on the function z(, ..
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Since the right hand sides of or depend on the functional variable
Za(t,r), then the right hand side of depends on the functional variable
(Th[2]) arm -

It is clear that assumptions on 2, ,,y and on the functional variable corre-
sponding to (T}[2]),m) are not the same in convergence theorems. Accord-
ingly, we have decided to consider difference functional equations with two
functional variables.

Suppose that the functions vy, : Q5 — R and &, ¥ : H — Ry satisfy the
conditions

ot B (Thlon]atrom s (U8) gramy 1™ | < 5(h) on By,

}gog’m) - vg’m)} < a(h) on EypUOdyER and }llirrtl) a(h) =0, }llin%) y(h) = 0.

The function vy, satisfying the above relations is considered as an approximate
solution of @, . We give a theorem on the estimate of the difference
between the exact and approximate solutions of @, .

Write I = [—dp, 0] and J = [0, a]. For a function £ : I UJ — R and a point
t € J we define & : I — R by &(7) = &(t + 7), 7 € I. The maximum norm in
the space C(I,R) is denoted by || - ||7. Put

I={t": Ko <r <0}, Jy={t": 0<r <N}, J, =\ {1

For ¢ : I, U J;, — R we write ¢(") = ¢(t("). We need a discrete version of the
operator t — &. For ¢ : I, U J, — R and t(") € J;,, we define Gy I — R by
C[r} (T) = C(t(r) + T)7 T € Ip.

Let Ty, : F(Iy,R) — C(I,R) be an interpolating operator given by

t—tm

(12) T, [9)(t) = P 4 (1 £t

ho ho

where ¥ € F(Ij,,R). It is clear the T}, is a particular case of Tj,. We will need
the operator V' : C(D,R) — C(I,R), which for w € C(D,R) is defined as
follows:

)90 for ¢ <t < ¢ HD)]

VIw|(t) = max { |w(t,z)|: = €[-d,d]}, tel.

We formulate assumptions on comparison operators corresponding to

@. @.

AssuMPTION H[o]. The function o : J x C(I,Ry) — R4 satisfies the
conditions:

1) o is continuous and nondecreasing with respect to the both variables,
2) o(t,0) =0 for t € J, where § € C'(I,R) is given by 6(7) =0 for 7 € I,
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3) the function w(t) = 0, for ¢ € I U J, is the maximal solution of the
Cauchy problem

(13) J(t) =o(t,w), w(t)=0fortel.

Having done the above preparation, we formulate a theorem on the estimate
of the difference between the exact and approximate solutions to problem @D,
in the form convenient for our purposes.

THEOREM 2.4. Suppose that F}, : Y, = R, ¢y : Eyp, = R, a: E} — RI*7
and

1) oo™ e E, a(()r,m) < t0) for (tz(M) ¢ E, and z, : Q, — R is a

solution of @, (@,

2) there exists o : J x C(I,Ry) — Ry such that Assumption |H|o|| is
satisfied and

(14) [[Fulw,n]"™ = Fp[w, 7)™ < ln—17lla, +hoo (L7, V{w —w] ) on Y,
3) vy : Qp — X and there are By, v: H — Ry such that

|v;(f+1’m) — Fu[ (Thlvn]) gy (VR) rimy | (T’m)} < hoy(h) on Ej,

(15)
and limp_oy(h) =0,

(16) ‘gog’m) — v}(;’m)‘ < Bo(h) on Egp UpEL and limp_oBo(h) = 0.
Then there is B : H — Ry such that
(17) (2 — v) ™| < B(h) on Ej, and lim B(h) = 0.

PROOF. The proof will be divided into two steps.
I. Let us denote by g, : IpUJyp — R the solution of the difference problem

(18) ¢ = ¢ 4 hoo (7, Ty [G] ) + hov(R), 0 <7 < N —1,

(19) ¢ = By(h) for — Ko <r<0.
We prove that
(20) |(zn — vh)(r’m)‘ < ﬂ,(:) on Ej.

It follows from that (20)) holds for r = 0 and (t(o),x(m)) € Ej. Assuming
QD to hold for 0 < ¢ < r, (t(i),x(m)) € Ej,, we will prove it for » + 1 and
(tr+1) (M) € By, Tt follows easily that

| (Thlzn = vn]) 4y (T 0| < Tho [(Br) ) (7),



56

where (7,7) € D and (t,z) € E, t < t{"). We conclude from Assumption
, and the above inequality that

’(Zh _ ,Uh)(TJrl,m))

< ‘Fh[ (Thlzn]) yramy» (Z0) rm Jrm) (Thlvn]) yromy» (OR) (1 ](T’m)‘
o T = B[ (Thond) gy (o) iy 1|

< B + hoo (17, Ty [(B))) ) + hoy(h) = 6.
Hence the proof of is completed by induction with respect tor, 0 < r < N.
I1. We prove that there is 8 : H — R such that ﬂ,(:) < B(h)for0<r <N
and limy,_,0 B(h) = 0. Consider the Cauchy problem
(21) W'(t) = o(t,we + (u(h)e) + 7(h),

(22) w(t) = Po(h) fort € I,

where p: H — (0, +00), limp,_,o u(h) = 0 and (p(h)): € C(I,Ry) is a constant
function: (u(h))i(7) = p(h) for 7 € I. It follows from Assumption |H|o|| that

there is € > 0 such that the maximal solution w( ) of . . is defined
on I'UJ for ||h]| < € and
(23) %in%) w(t,h) =0 uniformly on I U J.

Suppose that h € H is fixed and HiLH < €. Let us denote by C[h] the set of all
he H such that Hh < 6 and u(h) < u(h ~v(h) < ~v(h). Then the maximal
solution w( Where h € C[h)], satisfies the condition

(24) w(t,h) < w(t,h) for teIU.J.

Let wp, (-, h) denote the restriction of w(-,h) : I UJ — Ry to the set Ij, U Jp,.
It follows from (12)) that for ¢ € J,, h e C [h] there is

(25)  (@(+s ) (7) = T [(wno (- W) ](7) = —how'(a, h) = —hoo!(a, h),
where 7 € I. There is £ > 0 such that for h € C[h], ||h]| < &
(26) u(h) > (k) > how!(a,B).

We conclude from condition 1) of Assumption [H[o] and from (2F)), that
for h € C[h], ||h|| < &, we have

W (#7, ) = o (47, (W b))y + (u(h)yry ) + 7 (R)

= 0 (0, Thg [ (ho (s 1)) g 14 (@ 1)) 000 = T [ (@ho (- )y 1+ (1 (1)) o ) +7(B)
> o (40, Ty [ (Who (- 1))y ]) +(R), 0<r <N,
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and consequently

Who (t(H_l)’ h) 2 Why (t(r)v h) + hoo‘( 75(T)7Tho [(who('v h))[r]) ] ) + hﬂly(h)’
0<r<N-1.

Since (3;, satisfies , , the above relations and 1) show that ﬁ}(;) <
wh, (#7) h) < w(a, h) for 0 < 7 < N. Tt follows from (23)), that condition
is satisfied with 5(h) = w(a, h). This proves the theorem. O

Now we formulate a particular case of Theorem We assume that the
function o(t, -) is linear and that is a classical Cauchy problem.

LEMMA 2.5. Suppose that F, : Y, = R, 5, : Egp, UOE, — R, a: E} —
R and
1) the conditions 1), 2) of Theorem [2.4) are satisfied,
2) there is L € Ry such that the estimate
| F[w, )™ = Fylw,q) "™ | < |ln = alla, + hoL|w — @)l p on Ej,.
Then
(27) ‘ug’m) - v,(:’m)| < B(h) on E,

where

ele — 1

B(h) = Po(h)e™* +~(h) if L>0,
B(h) = Bo(h) +avy(h) if L=0.
PROOF. It easily follows that the solution 3y : J, — Ry of the difference
problem
() = (14 Lho)") + hoy(h), 0 <7 < N =1, (1 = o (h),

0
satisfies the condition: ﬁ}(f) < B(h), 0 < r < N. Hence follows from
Theorem 2.4 O

The above example is important in simple applications. On the other hand,
the connection with functional differential problem , is important in
our considerations.

ExamMpLE 2.6. If v > pu > 1, Lg € R4, ¢ > 0, then the maximal solution of
the Cauchy problem

(28) W'(t) = ey/w(tr) + Low(t), w(0) =10
is w(t) =0 for t € [0,a], where a < 1.
This property of problem may be proved by using a method of differ-

ential inequalities. Note that the maximal solution of forv>1 u=1is
positive on (0, a).
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3. APPLICATIONS

In this part of the paper we give sufficient conditions for the convergence
of difference schemes corresponding to nonlinear partial functional differential
equations of the evolution type.

3.1. Mixed problems for nonlinear first order partial differential
functional equations. Let D, E, Ey, OgF, Q and E},, Eyp, OoEn, Qp, Ap be
the sets defined in Sections 1 and 2. We formulate a difference method for
initial boundary value problem , . For 1 < i < n, we define ¢; =
(0,...,0,1,0,...,0) € R™ with 1 standing on the i-th place. Let &y and
(61,...,0,) = 0 be the difference operators given by

n

1 1
(rym) _ (r+1) (r,m+-e;) (rym—e;)
(29) doz =T [z o ;1 (= +z )}7
1
Lrm) — & [ (rmite) _ L (rm—e;) -
(30) 0iz o, E z |, i=1,....n,

where z : Q, — R and (t™,2(™) € E}. Write 6z = (012, ..., 0,2). We approx-
imate classical solutions of , with solutions of the difference functional
equation

(31) 802 = (10,20 (Ty[2]) oy 520™))
with the initial boundary condition
(32) Zrm) — goglr’m) on EypUO0gEy,

where @y, @ Egpn UdoEr — R is a given function. Difference method ,
with dp and ¢ defined by , is called the Lax scheme. We claim that

problem , is a particular case of @, . Let F}, : Y, — R be defined
by

(33) Fpw, n](r’m) = An(e) + hof( t(r), m(m), w, (577(9) )
where
1 n
[ e; —e; 0 [ 6
An? = o > () + ), @ = (6@, 60 ®),

=1

1
sin® = o [n(ei) _ ,7(—61')}7 i=1,...,n.
It is easily seen that , is equivalent to @, with F} defined by
(33)-

AssumMPTION H|f,a]. The function f: Q — R in the variables (¢, z,w, q),
qg=(q1,---,qn), is continuous and
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1) there exists o : J x C(I,R;) — Ry such that Assumption |H|o]| is
satisfied and

(34) lf(t,x,w,q) — f(t,z,0,q)] < o(t,V[w—w]) on X,

<o
2) the partial derivatives (quf, . ,6qnf) = 0yf exist on ¥ and J,f €
C(%,R") and 9, f is bounded on X,
3) a € C(E,R'"™) and a(t,z) € E, ap(t,z) <t for (t,x) € E.

THEOREM 3.1. Suppose that Assumption|H|f, ol is satisfied and

1) he H and
1 ho .
(35) }(9qlft$wq)‘20, onX, fori=1,...,n,
2) zp : Qp — R 18 a solution of , (@ and there is Bo : H — R4 such
that
(86) [ — ™| < Go(h) on EopnUdEn and lim fo(h) =0,

3) v:Q — R is a classical solution of , @ and v is of class C' on Q.
Then there is 8 : H — Ry such that

(37) [(on =)™ < B(h) on B and Jim 5(h) =0,
where vy, is the restriction of v to the set Q.

ProoF. We apply Theorem to prove . Suppose that F}, is given
by . It follows that zj satisfies @, and there are v, Gy : H — R4
such that conditions , are satisfied. Now we estimate the difference
Fpw,n] — Fp[w, 7], where w, w € C(D,R) and n, 1 € F(Ap,R). Write

(38) rm) — ho [f(t(’"),x(m),w,én(g)) _ f(t(’"),:n(m),w,én(e))]
and

(39) Q(r’m)(T) = (t(r) 2™ , 0 57)( ) +76(n — 77)9))

It follows from and from Assumption m |f, f| that

(40) Fyfuw, 77](””) B, [w gl = gm)

+s Z (240 o, r@emrar ]
= Zn 7)) ;—’,10 /0 20, 1(Q™())dr) |.

It is easily seen that
(41) | U™ < hoo (17, Vw — @]) on Ej.
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We conclude from , , that the operator F}, satisfies condition .
Thus we see that all the assumptions of Theorem [2.4] are satisfied and assertion

follows. O

Now we formulate a result on the error estimate for the difference Lax
scheme. For z = (z1,...,2,) € R" we put [|z|] = (|z1],...,|zs]) and |jz| =
lz1] + ...+ |z

LEMMA 3.2. Suppose that the function f: 3 — R is continuous and
1) the partial derivatives (Oq, f,...,0q4,f) = Ogf exist on ¥ and O4f €

C(Z,R"),
2) h € H and there are L,M € R, L = (Ly,...,Ly,), M = (M,...,M,)
such that
(42) H@qf(t,m,w,q)u <L on ¥ and nhoL <h' <hoM
3) there is L € Ry such that
(43) |f(t, 2, w,q) = f(t,2,@,9)| < Ljw—@[p on %,

4) zp : Q — R is a solution of , (@ and there is By : H — Ry such
that condition (@ 1s satisfied,

5) condition 3) of Assumption |H|f,al| is satisfied and v : Q@ — Ry is a
classical solution of , (@ and v is of class C? on Q,
6) the constant C' € Ry is defined by the relations

|attv(t7x)’7 |at$iv(t7$)|a |a$ixjv(t7x)’ <, (t,fL‘) €N, 4,5=1,...,n
Then
(44) |(zn = vn) "™ < B(h) on By,

where v, = v |, and

- = eLa —1 ~
(45) Blh) = ao(h)e"® +5(N)—=— & L>0,
(46) B(h) = ag(h) +ay(h) if L=0,
where ¥(h) = Ahg + Bh3 and
C 1 & 5
A= 1+ QoM \ENIM], B = Lo+ m)*.

ProoF. It follows from , ({43) that condition is satisfied and, con-
ll , (32)

sequently, difference method is convergent We deduce from .,
(43) and from Lemma-that the operator F}, given by (133|) satisfies condition
(15) with v(h) = (h). We thus get estimate (44) from Lemma 2.5 and the
proof is complete. O
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REMARK 3.3. In the result on the error estimate, we need estimates of the
derivatives of the solution v of problem (IJ), (2). One may obtain them by the
method of differential inequalities.

Now we consider functional difference problem , with g and § =
(61,...,60n) given by

1
4 (rm) — = [ (r+1m) _ _(rm)
(47) 00z P [2 z ]
and
(48) §;2rm) = %[z(’"’m“i) — z("’m)] for 1 <1 < ko,
(49) 5i2(r,m) _ %[z(r,m) _ Z(r,mfei)] for ko+1<i<n,

where 0 < kg < n is fixed. Difference scheme , with g and ¢ defined
by f is called the Euler method. Let F}, : Y, — R be defined by

(50) Fyw,m ™™ = 7@ 4 ho £, 20w, 7)),
where

(51) 5z‘77(9) = %[77(6") — 77(9)] for 1 <1 < ko,
(52) oin® = %[n(e) — =] for ko +1<i<n.

It is clear that problem , with dp and & given by f is
equivalent to (@, with Fj, defined by f.

THEOREM 3.4. Suppose that Assumption|H|f,al is satisfied and

1) h € H and for (t,z,w,q) € X we have

(53) 8Qif(t7x7w7Q) 2 0 fOT’ 1 S 1 S KO,
(54) O, f(t,x,w,q) <0 for ko+1<i<mn,
and
"1
(55) L=ho Y 5|0 f(t,w,w,q)| >0,
i=1

2) zp : Qp — Ris a solution of , @ with &g and & given by 7(@
and there is By : H — R such that condition (@ is satisfied,
3) v:Q — R is a classical solution of , @ and v is of class C' on Q.

Then there is B : H — Ry such that condition is satisfied, where vy, =

v |q,-
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PRrROOF. We apply Theorem to prove . It follows that zj satisfies

@, with Fj, defined by f and there is v : H — R4 such that
condition is satisfied. Now we estimate the function Fj,[w,n] — Fy[w, 7],

where w, @ € C(D,R) and ,7 € F(A, R). Let U™ and Q"™ (1) be defined
by (38), with én and 67 given by , . It follows from Assumption
H |/, o that

(56) Fufu, ] — Fyfin, 7)) =y
"1
n [1 — he Z; "

Ko 1 1 .
oY [ 0@ ar (=)
i=1""

[ ous@emear] o-0)®
0

n 1
“ho Y- o [ @y dr ()

i=k+1

It follows from , 1} that the operator F}, satisfies (14]). Then all the

assumptions of Theorem are satisfied and the assertion (37]) follows. O

REMARK 3.5. In Theorem [3.4] we have assumed that the function
sign O, f = (sign O fs---,,sign Bqnf)
is constant on Y. Relations , can be considered as a definition of k.

Now we give a result on the error estimate of the Euler difference method.

LEMMA 3.6. Suppose that

1) all the assumptions of Theorem[3.4] are satisfied with o(t,w) = Lollw|p,
where Lo € Ry,

2) v:Q — R is a solution of , (@ and v is of class C? on Q,

3) there are L, M € R"} such that hoL < h' < hoM.

Then there are A, B € Ry such that estimate is satisfied with B(h) given
by (44). (46) and 7(h) = Ahg + Bhi.
The above Lemma is a consequence of Lemmas and

3.2. Nonlinear parabolic functional differential equations. We for-
mulate a difference method for initial boundary value problem , . Write

T={(i,j)eN*: 1<ij<n, i#j}

and suppose that we have defined the sets 'y, I'_ C I" such that 'L UT'_ =T,
', NI'_ = (. In particular, it may happen that I'y = () or I'_ = (). Moreover, we
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assume that (i,5) € T'y when (j,i) € Ty. Let 2 : Q;, — R and (¢, 20™) € E),.
We define

l [Z(r,m+ei) _Z(r,m)} 5—Z(r,m) _ 1

h; L T h
We consider the difference operators (01, ...,d,) = ¢ defined by and ,

5;1-Z(r,m) _ [Z(r,m)_z(r,mfei)]’ 1<i<n.

respectively. We apply the difference operators §(2) = [(52- § ]ij:l _, given by
(57) iz = 66 Zrm) =1, n,

and

(58) 8ij 2™ = 3 (6 67 2™ 67 65 27 for (i,j) €T,

(59) 5zt = ~[6F 6 2m) 6765 2™ ] for (4, 5) € Ty

1
2
In the same way we define the difference expressions 0n?) = (6,7, ..., 5,7
and 5(2)77(9) = [52-]-77(6) ]i,j:l,...,n’ where 1 : A, — R. Suppose that ¢, : Fyp U
OoFEp — R is a given function. We approximate classical solutions of ,
with solutions of the difference functional equation

(60) 602t = F (1, 2™ (T [2]) oy, 62177, 8220

a(r,m) 1)

with the initial boundary condition
(61) 2(rm) = go,(f’m) on Eyj UOyE}.

It is clear that there exists exactly one solution zp : €2 — R of the above
difference scheme. We claim that difference method , is a particular
case of @, . Let Fy : Y, — R be defined by

(62) Fuwo, 7™ = 0@ 1 hoP (10, 2™ w570, 65

with the above defined 67®) and §@n?. It is clear that problem , is

equivalent to @D, with Fj, defined by .
ASSUMPTION F[F,«]. Suppose that the function F' : = — R in the vari-
ables (t,z,w,q,s), s = [sijlij=1,..n, is continuous and

1) the partial derivatives

O F = (0, F,...,0q,F), OsF = [0,,F

Sij ]i,jzl,...,n

exist on Z and 0,F € C(E,R"), 0,F € C(E, Myxy) and the functions
O0qF, OsF are bounded on Z,
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2) for each P = (t,x,w,q, s) € E the matrix 0,F(P) is symmetric and
(63) 05, F(P)>0for (i,j) €Ty, 0y, F(P)<0for(i,j) €T,

Sij

n

1 1
i=1 ! (i,5)er

(65) las..F(P) — ii\as..F(P)\ — 1\8 F(P)|>0,1<i<n

hi i j:1 h] ij 2 qi - Y — = )

J#i
3) there is o : J x C(I,R4) — R4 such that Assumption [H o] is satisfied
and

(66) | F(t,z,w,q,5) — F(t,,@,q,s)| <o(t,V[w—w]) on E,

4) a € C(E,RY™) and a(t,x) € E, ag(t,z) < t for (t,x) € E.
We give comments on assumptions f.

REMARK 3.7. Suppose that hy = hy = ... = h, and there is gg > 0 such
that

n
05, F(P) — Z}asijF(P)‘ > g,
j=1
J#i
where P € =. Assume also that the function 9, f is bounded on =. Then there
is € > 0 such that for ||h|| < &€ condition is satisfied.

REMARK 3.8. We have assumed that the functions sign ds, F' : & — R,
(i,7) € T, are constant on =. Relations can be considered as the definition
of 'y and T'_.

REMARK 3.9. Inequality states that we have assumed relations be-
tween hg and h'. More precisely, we assume that hg is sufficiently small if A’ is
fixed.

THEOREM 3.10. Suppose that Assumption |H|F, ol is satisfied and

1) there is ¢ > 0 such that hy < ¢hj, i, j=1,...,n,
2) zp : Qn — R is a solution of @, and there is By : H — Ry such
that

(67) |ptrm) — o™ < By(h) on Eg U doEy and lim fo(h) =0,

3) v:Q — R is a classical solution of (@, (@) and v is of class C? on SQ.
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Then there is 3 : H — R such that
(68) |(vp, — 2,) ™| < B(h) on Ej, and lim §(h) =0,

where vy, = v |q,, .

ProoF. We apply Theorem to prove . Suppose that F}, is given by
. It follows that zj, satisfies (9)), and there is v : H — R, such that
condition is satisfied. Now we consider the difference Fj,[w,n] — Fy[w, 7]
where w,w € C(D,R) and 0,7 € F(Ap,R)). Write

W) = g [£(£0, 2™ w, 570, 6@ @) = £(10 2™ @, 57 6@y @],

where (t("), (™) € B} . Tt follows from Assumption |H[F, o]|and from f

that there are functions
S’h:E;l—ﬁRi, Sh = (Sn1s---+Shn),
S’h:E;l—HR", Sh—(_h 7~-,‘§h.n)7
Qn: El, = Myxn, Qn= [Qh-ij ]i,j:l,...,n

such that
Qhrlgn) >0 on Ej for (i,j) €T, Zth <1 on Ej,
=1
and
(69) Fh[wﬂ?](r’m) Fy[w, ](7" m) W(Tm 1 _ Z Qh, p ) 0)
+ Z 51(7’77”) 77 _ 77 (ei) + ZS}(LT;W) (77 _ 77)(—61')
i=1
+ Z QU (n—mete) | 4+ (n—qp)meme))
( 7])€F+
+ >0 QU (- TEt) | 4 (- pyleme)).
(3,7)€l—
Moreover,
() S8 +ZS“”)+2 Sy ZQ,{‘;”):O on Ej.
i=1 (4,5)€l

We conclude from (66]) that
‘ W(T’m) | < o(t™,Viw —w]) on Ej.

The above inequality, (69) and imply . Thus we see that all the
assumptions of Theorem are satisfied and the assertion follows. O



66

Now we formulate a result on the error estimate for difference method ,

. For X,Y € M, «,, where
X = [$ij]i,j:1,...,n’ Y = [yij]i,jzl,.“n’
we put
n
[(1X1) = [l ]y, IX D= D ]
ij=1

and we write X <Y if z;; < y;; fori,j = 1,...,n. Let us denote by M, the
class of all X € M, such that z;; >0 for¢,7 =1,...,n.

LeEMMA 3.11. Suppose that

1) F : £ — R satisfies conditions 1), 2), 4) of Assumption |H|F,al and

there is L € Ry such that
|F(t,2,w,q,5) — F(t,z,w,q,5)| < L|w—w|p on E,

2) h € H and there are L € R, and B € M,

nxn’
[|0,F(P)|] <L, [|0;F(P)|] <B, P=(t,z,w,q,s) €E,
3) zp : Qp — R is a solution of (@), and there is Bo : H — R4 such
that condition (@) 18 satisfied,

4) v : Q~H R is a classical solution of (@, (@) and v is of class C* on Q
and C' € Ry is defined by the relations

‘&Eimjv(t, ac)}, }8mimjmuv(t,3:)‘, ‘&ci%wumyv(t, x)! < ConQ,

such that

where 1,7, u,v =0,1,...,n and xg = t.
Then
(71) (21, — vp)™™| < @(h) on Ey,

where vy, = v |q, and

and
B 1 ~ 9 A1 3 )
3(0) = gho+ ECIAI + C (Gl + SIMIL.) max{hs: 1<i<n).

PROOF. We deduce from condition 2) and from Lemma that the oper-
ator Fj, : Sp[R] — R given by satisfies condition with y(h) = 7(h).
We thus get estimate from Lemma and the proof is complete. O
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