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Abstract

The groups of link bordism can be identi ed with homotopy groups via
the Pontryagin{Thom construction. B.J. Sanderson computed the bordism
group of 3 component surface{links using the Hilton{Milnor Theorem, and
later gave a geometric interpretation of the groups in terms of intersections
of Seifert hypersurfaces and their framings. In this paper, we geometrically
represent every element of the bordism group uniquely by a certain standard
form of a surface{link, a generalization of a Hopf link. The standard forms
give rise to an inverse of Sanderson’s geometrically de ned invariant.
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1 Introduction

By an n-component surface{link we mean a disjoint union F = Ky [ ::: [ K, of

called a component, which may or may not be connected, and possibly empty.
Two n-component surface{links F = K; [::: [Kn and F' = K! [::: [ K},
are bordant if there is a compact oriented 3-manifold W properly embedded
in R4 [0; 1] such that W has n components W1;:::; Wy with @W; = K;
fog [ (—K!) flg. Let L4 be the abelian group of link bordism classes of
n-component surface{links. The sum [F]+ [F] of [F] and [F"] is de ned by
the class of the split union of F and F°. The identity is represented by a trivial
n-component 2-link. The inverse of [F] is represented by the mirror image of
F with the opposite orientation.
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300 Carter, Kamada, Saito and Satoh

Brian Sanderson [17] identi ed the bordism group Lg4., of (oriented) n-
component surface{links with the homotopy group 4(_{‘;115?) using a gener-
alized Pontryagin{Thom construction, and computed the group via the Hilton{
Milnor Theorem. Using the transversality theory developed in [2], Sanderson
[18] also gave an explicit interpretation of the invariants using Seifert hypersur-
faces.

Speci cally, let F =K; [ K, be an n-component surface{link. It is known
(cf. [19]) that each K; bounds a Seifert hypersurface M;j, i.e., an oriented com-
pact 3-manifold with @M; = K;. The double linking number, denoted by
DIk(Kj; Kj), between two components K; and K;j is the framed intersection
Mi Kj 2 4(S®) = Z,. The triple linking number, denoted by TIk(K;; Kj; Kk),
among three components Kj, K;, and K, is the framed intersection M; K;j
My 2 4(S*) = Z. Then Sanderson’s geometrically de ned invariant

H:L4;n!A=(F_:{:7' %) (Fz 17 Z;)

n(n—1)(n—2) n(n—1)
3 2

is given by
H(F]) = ((TIk(K;; Kj; Ki); TIk(Kj; Ki; Ki)1 i<j<k n; (OIk(Ki; Ki))1 i<j n);
and it was shown [18] that this gives an isomorphism.

The purpose of this paper is to give an inverse map

G A= (? _:{:z'_%\) (Fz_:{'zr _z?) ¥ Lsn

nn—1)(n—2) n(n—1)
3 -2

of H, by giving an explicit set of geometric representatives for a given value
of Sanderson’s invariant. The representatives are generalized Hopf links, called
Hopf 2-links (without or with beads), which are de ned in Sections 2 and 3.

More speci cally, we identify (Z ::: Z) (Z2 ::: Z) with the abelian
group which is abstractly generated by a certain family F of Hopf 2-links
without or with beads and the homomorphism G maps each generator to its
bordism class. We prove that this homomorphism G is surjective. (It is clear
that H G = 1, just use the obvious Hopf solid link and/or normal 3-balls as
Seifert hypersurfaces when you evaluate H.) Then G is an isomorphism which
is an inverse of Sanderson’s homomorphism H (up to sign). The surjectivity is
a consequence of the following theorem.

Theorem 1.1 Any n-component surface{link F is bordant to a disjoint union
of Hopf 2-links without or with beads. More precisely, [F] 0 modulo hFi,
where hF1i is the subgroup of L4., generated by the classes of elements of F.
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A theorem of Sanderson 301

Our proof constructs bordisms to unions of Hopf 2-links geometrically, and thus
gives a self-contained geometric proof of the Sanderson’s classi cation theorem,
without using the Hilton{Milnor theorem.

The paper is organized as follows. Section 2 contains the de nition of a Hopf
2-link and its characterization in the bordism group. Hopf 2-links with beads
and their roles in the bordism group are given in Section 3, which also contains
the de nition of the family F and a proof of the Theorem 1.1. We describe
alternate de nitions of DIk and TIk in Section 4.

2 Hopf 2-Links

A Hopf disk pair is a pair of disks D; and D5 in a 3-ball B2 such that there is
a homeomorphism from B2 to a 3-ball

f(x;y;z) j X2 +y2+2z2 9g

which maps D; to
foy;z) jx2+y? 1;z=0g

and D, to
focy:;z)j(y—1%+2z> 1;x=0g

homeomorphically. The boundary of such a disk pair is a Hopf link in B2,

A pair of solid tori Vi; Vs in R* is called a Hopf solid link if there is an embed-
ding f: B3 S! 1 R*suchthat f(D; S') =V, for i = 1;2. The boundary of
a Hopf solid link is called a Hopf 2-link, which is a pair of embedded tori in R*.
A simple loop f((a point of B3) S1) is called a core loop of the Hopf solid link
and the Hopf 2-link. Any simple loop in R* is ambient isotopic to a standard
circle in R® R*. Since there are only two equivalence classes of framings of

(or trivialization of N( ) = B3 S?), any Hopf 2-link is deformed by an
ambient isotopy of R* so that the projection is one of the illustrations depicted
in Figure 1. If it is deformed into the illustration on the left side, it is called
a standard Hopf 2-link; and if it is deformed into the illustration on the right
side, it is called a twisted Hopf 2-link.

We assume that a Hopf disk pair is oriented so that the boundary is a positive
Hopf link. If the core loop is oriented, a Hopf solid link and a Hopf 2-link are
assumed to be oriented by use of the orientation of the Hopf disk pair and the
orientation of the core loop. (In this situation, we say that the Hopf 2-link is
oriented coherently with respect to the orientation of the core loop.)
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302 Carter, Kamada, Saito and Satoh

Remark 2.1 Let F =T; [ T, be a Hopf 2-link whose core loop is . Then
F is ambient isotopic to —F = —T; [ =T, in N( ), where —F means F with
the opposite orientation. Let F' = —T,; [T, and —=F' = T; [ —=T,. Then F’
and —F" are ambient isotopic in N( ). When is oriented, one of F and F'
is oriented coherently with respect to , and the other is oriented coherently
with respect to — . Since and — are ambient isotopic in R*, F, —F, F?
and —F" are ambient isotopic in R*.

R G

gluing gluing with 1-full twist
Figure 1

Lemma 2.2 For a Hopf 2-link F = T; [ T,, the following conditions are
mutually equivalent.

(1) F is standard.
(2) DIk(Ty;T2) =0.
(3) F is null-bordant.

Proof Using a Hopf solid link, we see that for the left side of Figure 1,
DIk(T1;T2) = 0 and for the right, DIK(T1;T2) = 1. (This is also seen by
Remark 4.1.) Thus (1) and (2) are equivalent. Suppose (1). Attach 2-handles
to T, and T,. Then T, and T, change to 2-spheres which split by isotopy, and
hence F is null-bordant. Thus (1) ) (3). It is obvious that (3) D> (2). |

Let and ° be mutually disjoint oriented simple loops in R*, and let F =

Ty [T, and F'=T{ [ T} be Hopf 2-links whose core loops are  and ¢ such

that F and F' are oriented coherently with respect to the orientations of ~and
. Let ¥ be an oriented loop obtained from [ ° by surgery along a band

B attached to [ °. Let E be a 4-manifold in R* whose interior contains
; Vand B.

Lemma 2.3 In the above situation, there is a Hopf 2-link F® = TP [T whose
core loop is ¥ such that FY is bordant in E to the 2-component surface{link

(M LTHLLTY.
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A theorem of Sanderson 303

Proof Consider a tri-punctured sphere  embedded in E [0; 1] whose bound-
aryis@ =@ [(—0, )with@ =( [ %) fogand @ = ¥ fig.
There exists an identi cation of a regular neighborhood N( ) in E [0;1]
with B3 such that the Hopf 2-links F and F' in E  fOg correspond to
(@D1 [@D,) @ ,where D; [ D, B3 is an oriented Hopf disk pair. The
desired F" is obtained as (@D, [@D,) @ . O

The transformation described in Lemma 2.3 is called fusion between two Hopf
2-links. The inverse operation of fusion is called ssion of a Hopf 2-link.

Lemma 2.4 Let F =T, [T, be atwisted Hopf 2-link. The order of [F] 2 La4:»
is two.

Proof It is a consequence of Lemmas 2.2 and 2.3. |

3 Hopf 2-Links with Beads and Proof of Theorem 1.1

Let beasimpleloopin R* andlet N( ) = B® be a regular neighborhood.
We call a 3-disk B3 f g ( 2 )ameridian 3-disk of , and the boundary a
meridian 2-sphere of . Let Dy [ D, be a Hopf disk pair in a 3-disk B3. Let
f: B3 S! § R* be an embedding, and let p1;:::;pm be points of St. We call
the image f(@D; S')[f(@D, SY)LF@B® fpg) [:::[F(@B® fpmg) a
Hopf 2-link with beads. Each meridian 2-sphere f(@B% p;g) is called a bead.
We denote by S;;j) a twisted Hopf 2-link (as an n-component surface{link) at
the ith and the jth component, and by S . a standard Hopf 2-link (as an
n-component surface{link) at the ith and the jth components with a bead at
the kth component, respectively. Let F denote a family of Hopf 2-links

TSGijiy i1 <3 <kg LfSqxjyJi <J <kg LfSjii<ig;

and hFi the subgroup of L4, generated by the classes of elements of F.

Remark 3.1 Let F =T; [ T2 LS be a Hopf 2-link Ty [ T, with a bead S
whose coreis . By Remark 2.1, —T{ [ To [ S and Ty [ —T2 [ S are ambient
isotopic in N( ). By an ambient isotopy of R* carrying to— , —T:[T>[S
is carried to Ty [ T2 [ —S. Therefore, any Hopf 2-link with a bead obtained
from F by changing orientations of some components is ambient isotopic to
F=T; [Tz [S or T, [T2 [—S
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We denote by S(i;j;k) the Hopf 2-link Sy such that the orientation of the
bead is reversed. It is clear that [S(_i;j;k)] = —[S¢i;jiy] In Lan (for example, use
Lemmas 2.2 and 2.3). Thus, in the following proof, we do not need to take care
of an orientation given to Sg;:j:k)-

Proof of Theorem 1.1 (Step 1) Let M; be a Seifert hypersurface for K;

the intersection My \ Ky, which is the union of oriented simple loops in Ky (or
empty). Let N(Ky) = D? Ky be a regular neighborhood of Ky in R*. For a
component  of Ay, let Vi( ) be a solid torus D? ( D? Kyg=N(Ky)
in R* and Ty( ) the boundary of Vi( ). They are oriented by use of the
orientation of a meridian disk D2 f g of N(K\) and the orientation of
Then [ 12 Hy(Ky) corresponds to [T1( )] 2 H2(E(Kk)) by the isomorphism

H1(Ky) = HY(Ki) = HY(N (Kk)) = Ha(E(Ky))

obtained by the Poincare ang Alexander dualities, where §(Kk) is the exte-
rior of Ky. Put Vl(Alk)S= 2a, V1( ) andSTl(Alk) = oa, T1( ). The
surface Ky is bordant to r=> T1(A1x) in R*n(" =, Ky), for they cobound a 3-
manifold CI(M1n( " 2=, V1(A1k))), where CI d@otes the closure. Thus, without
loss of generality, we may assume that Ky is -, T1(Auw).

Consider a Seifert hypersurface My for Ki. For a component 2 A, let
Vo( ) = Ni( ;M) be a regular neighborhood of  in My such that the union
V1( )[V2( ) forms a Hopf solid link in R* with core , see Figure 2 (the gure
shows a section transverse to ). Let Ny( ;M) be a regular neighborhood
of in Mg with Ni( ; My) intN>( ;Mg) and let C( ) be a 3-manifold
CI(N2( ;MnN1( ;My)). By C( ), the 2-component surface{link T1( ) [
Kk is bordant to T¢( ) [ (@V2( ) [ @(CI(MnN2( ; My))). This 2-component
surface{link is ambient isotopic to @V1( )'[(@V2( )'[Ky), where Vi( )'[V2( )"
is a Hopf solid link obtained from the Hopf solid link V ( ) [ V2( ) by pushing
out along N1( ; M) using C( ), see Figure 2. We denote by ° a loop obtained
from by pushing o along My so that ' is disjoint from My and it is a core
of the Hopf solid link V{( )" [ V2( ).

PVA°=S VOVAO=S V°dA°=S 0
ut Vi(Aw) 2, V1( )", V2(Aw) 2a, V2( ), and Ay 2A1 -
The n-component surface{link F = Ky [ ::: [ K, is bordant to F® = Kfl) L
L Kr(,l) such that

8 w_S
< Kp7 = Ro, 0Va(AL)Y;
= KW =@Vo(A) [K; forj=2;:::n:
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\%! (OL) V2
surgery push
out
Va(a)

o; My)

Figure 2

(Step 2) Let M, be the Seifert hypersurface for K, used in Step 1. By the
construction of A},, My \ A}, = ;. For each k with 3k n, we may
assume that M, intersects Ky and A°1k transversely. Using My, we apply a
similar argument to Step 1 to modify K, up to bordism. For a component  of
Ao = Mo\ Ky, let Vi( ) be a solid torus D? ( D? Kg=N(Ky))inR*
g]d V() asolid torus N1( ; My). The intersection My \ N (Ky) is V1(Ax) =
2a, V1( ) and the intersection M2 \ N(Alk) is a union of some meridian

3-disks of Al, . Let F® be an n-component surface{link K2 [::: [K such
that

g K® = 1, ovi(An:
KD = pon
= OV2(A12)" [ ( k=3 @V1(Ax)");
- Kj(z) = @V2(Agj)’ [ OVa(Azy) [K; forj=3;:::n

By use of a 3-manifold which is M, removed the above intersections, we see
that F® is bordant to an n-component surface{link F®" which is the union
of F® and some meridian 2-spheres of A0 with labels 2 for k =3;:::;n. The
meridian 2-spheres are the boundary of merldlan 3-disks that are the intersec-
tion Mz \ N (A,). The surface{link F®" is bordant to the union of F® and
some standard Hopf 2-links Sy or S(1 k:2) whose core loops are small trivial

circles in R*. Figure 3 is a schematic picture of this process (in projection in
R?), where an isotopic deformation and ssion of a Hopf 2-link are applied.
Since [Sqk:2)] belongs to hFi, we see that F®' is bordant to F@® modulo
hFi.

(Step 3) Inductively, we see that F(~D is bordant to F® = K® [::: [ K
modulo hFi such that
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[ - =l

Figure 3
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K = (k=1@V2(AG5)) L( k=541 @Vi(A))  forjwithl j
i i
( k=

L0V (AG)) [K; for j withi<j n:

Speci cally, we see that F (=1 js bordant to an n-component surface{link which
is a union of F® and some meridian 2-spheres of A} | such that k; < i and
ko & 1. These 2-spheres are the boundary of the meridian 3-disks that are the
intersection M; \ N (A} , ). Since [Sk,;ix,] belongs to hFi, F(~Y is bordant
to F® modulo hFi.

Thus F is bordant to F™M = K™ [::: LK™ modulo hFi such that

It is a union of Hopf 2-links and the link bordism class is in hFi. |

Recall that Sanderson’s homomorphism

H:L4;n!A=(F_:{:7' %) (17_2 :{;7: Z§)

n(n—1)(n—2) n(n—1)
3 2

is de ned by
H(F]) = ((TIk(K;; Kj; Kk); TIK(Kj; Ki; Ki))1 i<j<k n: (DIK(Ki; Kj)1 i<j n)

J<kg [ ffjji<]g bea basisof A such that ejjx = (0;:::;1;:::;0)
where 1 corresponds to TIk(Kj; Kj; K), e‘}jk = (0;:::;1;:::;0) where 1 cor-
responds to TIk(Kj; Kg; Kj), and fj; = (0;:::;1;:::;0) where 1 corresponds
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to DIK(Kj; Kj). Give an orientation to each Sg;;j.x) such that
8
= TIK(Si;Sj;Sk) = +1; TIK(Sk; Sj;Si) = —1;
_ TIk(Ssi Sk Si) =0; TIK(Si; Sk; Sj) = 0;
- T|k(Sk;Si;Sj) = -1; T|k(Sj;Si;Sk) = +1:

We consider a homomorphism G: A ¥ Lg.n with G(ejjk) = [S¢i:jil, G(e‘}jk) =
—[Sqix:jl: and G(fij) = [S(i;j)], which is well-de ned by Lemma 2.4. Then we
have H G =id. Theorem 1.1 says that G is surjective.

Remark 3.2 In general, for any n-component surface{link F, it is known
(cf. [3]) that for any distinct i; j; Kk,

DIk(Kj; Kj) = DIK(Kj; Kj);
TIk(Ki; Kj; Kk) = —Tlk(Kg; Kj; Kj);
TIk(Kj; Kj; Ky) + TIk(Kj; Ky; Kj) + Tlk(Ky; Kj; Kj) = 0:

From these formulas, it follows immediately from the condition H([F]) =
H([F") that DIk(K;; Kj) =DIk(K}; K}) and TIk(K;; Kj; Kj) =TIk(K}; K} Kp)
for any distinct i; j; k.

4 Remarks on Linking Numbers

In this section we comment on di erent de nitions and aspects of the generalized
linking numbers, DIk and Tlk. To mention an analogy to projectional de nition
of the classical linking number (cf. [14]), we start with a review of projections
of surface{links.

Let F =K; [ [ Kn bean n-component surface{ and let F = p(F) be a
surface diagram of F with respect to a projection p: R* ¥ R3. For details of
the de nition of a surface diagram, see [4, 5, 15] for example. The singularity
set of F consists of double points and isolated branch/triple points. The
singularity set is a union of immersed circles and arcs in R®, which is called
the set of double curves. Two sheets intersect along a double curve, which are
called upper and lower with respect to the projection direction. A double curve
is of type (i;j) if the upper sheet comes from K; and the lower comes from
Kj. We denote by Dj; the union of double curves of type (i;j). For distinct
i and j, Djj is the union of immersed circles. (If Dj; contains an immersed
arc, its end-points are branch points. So the upper sheet with label 1 and
the lower sheet with label j along the arc come from the same component of
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F. This contradicts i & j.) Let Di“? be the union of immersed circles in R®
obtained from Dj; by shifting it in a diagonal direction that is in the positive
normal direction of the upper sheet and also in the positive normal direction
of the lower sheet of F along Dj; so that Dj; and Di“} are disjoint. Let Bj;
be a link (i.e., embedded circles) in R? which is obtained from Dj; by a slight
perturbation by a homotopy, and let @f} be a link in R? which is obtained from

Di’Jf similarly. Give B;; an orientation and Igaf the orientation which is parallel
to that of Bjj. The linking number between B;; and @;} does not depend on

the perturbations and the orientation of B;;, which we call the linking number
between Djj and D,“JL Then we have

Remark 4.1 The double linking number DIk(Kj; Kj) is equal to a value in
Z, = 10;1g that is the linking number between D;j and Di’Jf modulo 2.

At a triple point in the projection, three sheets intersect that have distinct
relative heights with respect to the projection direction, and we call them top,
middle, and bottom sheets, accordingly. If the orientation normals to the top,
middle, bottom sheets at a triple point matches with this order the xed
orientation of R3, then the sign of is positive and "( ) = 1. Otherwise the
sign is negative and "( ) = —1. (See [3, 5].) A triple point is of type (i;]J; k) if
the top sheet comes from Kj, the middle comes from K;j, and the bottom comes
from K. The following projectional interpretation of triple linking numbers
was extensively used in [3] for invariants de ned from quandles.

Remark 4.2 The triple linking number TIk(Kj; Kj;Ky) is (up to sign) the
sum of the signs of all the triple points of type (i;]; k).

Let f: Fy [F2[F3 ¥ R* denote an embedding of the disjoint union of oriented
surfaces Fj representing F = K; [Ko [ Ks. De neamap L: F; F, F3 I
S3 S8 py

f(x1) —F(x2) . f(x2) — F(Xs)
JiF(x) = FOxJj " Jif (x2) — F(x3)j]
for X3 2 F1, X2 2 Fp and x3 2 F3. In [12] it is observed that the degree of L
is (up to sign) the triple linking number TIk(K1; Kz; K3).

For further related topics, refer to [1, 6, 7, 8, 9, 10, 11, 13, 16].

L(X1; X2;X3) =

Acknowledgments The authors would like to thank Akio Kawauchi, Brian
Sanderson, and the referee for helpful suggestions. JSC is being supported by

Algebraic & Geometric Topology, Volume 1 (2001)



A theorem of Sanderson 309

NSF grant DMS-9988107. SK and SS are being supported by Fellowships from
the Japan Society for the Promotion of Science. MS is being supported by NSF
grant DMS-9988101.

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

(10]

[11]

(12]

[13]

[14]

Bartels, A. and Teichner, P., All two dimensional links are null homotopic,
Geometry and Topology, Vol. 3 (1999), 235{252.

Buoncristiano, S., Rourke, C.P., Sanderson, B.J., A geometric approach to ho-
mology theory, London Mathematical Society Lecture Note Series, No. 18. Cam-
bridge University Press, Cambridge-New York-Melbourne, 1976.

Carter, J.S., Jelsovsky, D., Kamada, S., Langford, L., and Saito, M., Quandle
cohomology and state-sum invariants of knotted curves and surfaces, preprint
at http://xxx.lanl.gov/abs/math.GT/9903135 .

Carter, J.S. and Saito, M., Reidemeister moves for surface isotopies and their
interpretations as moves to movies, J. Knot Theory Rami cations 2 (1993),
251{284.

Carter, J.S. and Saito, M., Knotted surfaces and their diagrams, American
Mathematical Society, Mathematical Surveys and Monograph Series, Vol 55,
(Providence 1998).

Cochran, T.D., On an invariant of link cobordism in dimension four, Topology
Appl. 18 (1984), no. 2-3, 97{108.

Cochran, T.D. and Orr, K.E., Not all links are concordant to boundary links,
Ann. of Math. (2) 138 (1993), no. 3, 519{554.

Fenn, R. and Rolfsen, D., Spheres may link homotopically in 4-space, J. London
Math. Soc. (2) 34 (1986), no. 1, 177{184.

Kirk, P.A., Link maps in the four sphere, Di erential topology (Siegen, 1987),
31{43, Lecture Notes in Math., 1350, Springer, Berlin-New York, 1988.

Kirk, P.A. and Koschorke, U., Generalized Seifert surfaces and linking numbers,
Topology Appl. 42 (1991), no. 3, 247{262.

Koschorke, U., Homotopy, concordance and bordism of link maps, Global anal-
ysis in modern mathematics (Orono, ME, 1991; Waltham, MA, 1992), 283{299,
Publish or Perish, Houston, TX, 1993.

Koschorke, U., A generalization of Milnor’s -invariants to higher-dimensional
link maps, Topology 36, 2 (1997), 301{324.

Massey, W.S. and Rolfsen, D., Homotopy classi cation of higher-dimensional
links, Indiana Univ. Math. J. 34 (1985), no. 2, 375{391.

Rolfsen, D., Knots and links, Publish or Perish, Inc., 1976.

Algebraic & Geometric Topology, Volume 1 (2001)



310 Carter, Kamada, Saito and Satoh

[15] Roseman, D., Reidemeister-type moves for surfaces in four dimensional space,
in Banach Center Publications 42 (1998) Knot theory, 347{380.

[16] Ruberman, D., Concordance of links in S*, Four-manifold theory (Durham,
N.H., 1982), 481{483, Contemp. Math., 35, Amer. Math. Soc., Providence, R.I.,
1984.

[17] Sanderson, B. J., Bordism of links in codimension 2, J. London Math. Soc. (2)
35 (1987), no. 2, 367{376.

[18] Sanderson, B. J., Triple links in codimension 2, Topology. Theory and appli-
cations, Il (Pecs, 1989), 457{471, Collog. Math. Soc. Janos Bolyai, 55, North-
Holland, Amsterdam, 1993.

[19] Sato, N., Cobordisms of semiboundary links. Topology Appl. 18 (1984), no. 2-3,
225{234.

University of South Alabama, Mobile, AL 36688
Osaka City University, Osaka 558-8585, JAPAN
University of South Florida Tampa, FL 33620
RIMS, Kyoto University, Kyoto, 606-8502

Email: carter@mathstat.usouthal.edu
kamada@sci .osaka-cu.ac.jp
saito@math.usf.edu
satoh@kurims.kyoto-u.ac.jp

Received: 9 October 2000 Revised: 11 May 2001

Algebraic & Geometric Topology, Volume 1 (2001)



