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14. Explicit abelian extensions of
complete discrete valuation fields

Igor Zhukov

14.0

For higher class field theory Witt and Kummer extensions are very important. In fact,
Parshin’s construction of classfield theory for higher local fields of prime characteristic
[P] isbased on an explicit (Artin—Schreier—Witt) pairing; see[F] for ageneralization to
the case of a perfect residue field. Kummer extensions in the mixed characteristic case
can be described by using class field theory and Vostokov's symbol [V1], [V2]; for a
perfect residuefield, see[V3], [F].

An explicit description of nhon Kummer abelian extensions for a complete discrete
valuation field K of characteristic O with residue field kx of prime characteristic p
is an open problem. We are interested in totally ramified extensions, and, therefore,
in p-extensions (tame totally ramified abelian extensions are always Kummer and their
class field theory can be described by means of the higher tame symbol defined in
subsection 6.4.2).

In the case of an absolutely unramified K there is a beautiful description of all
abelian totally ramified p-extensions in terms of Witt vectors over ky by Kurihara
(see section 13 and [K]). Below we give another construction of some totally ramified
cyclic p-extensionsfor such K. The construction is complicated; however, the exten-
sions under consideration are constructed explicitly, and eventually we obtain a certain
description of the whole maximal abelian extension of K. Proofsare givenin[VZ].

14.1

Werecall that cyclic extensionsof K of degree p can be described by means of Artin—
Schreier extensions, see [FV, 111.2]. Namely, for acyclic L/K of degree p we have
L =K(x), 27 —x = a, where vk (a) = =1 if L/K istotally ramified, and vx(a) =0
if L/K isunramified.
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Notice that if vx (a1 — ap) > 0, then for corresponding cyclic extensions L1/ K
and Ly/K wehave L1 Ky = LoKyr. (If vig(a1—ap) > 1, then, moreover, L1 = L5.)
We obtain immediately the following description of the maximal abelian extension of
K of exponent p: Kap = KS‘P“’ I1, K4, where K = K(x), 2P —x = —p~1d, and
d runsover any fixed system of representativesof £} in Ox. Thisisapart of amore
precise statement at the end of the next subsection.

14.2

It is easy to determine whether a given cyclic extension L/K of degree p can be
embedded into a cyclic extension of degree p™, n > 2.

Proposition. In the above notation, let b betheresidue of pa in k. Then thereisa
77.71
cyclic extension M /K of degree p" suchthat L ¢ M if andonlyif b € kg?

The proof is based on the following theorem of Miki [M]. Let F be afield of
characteristic not equal to p and let ¢, € F. Let L = F(o), o =a € F. Then
a € F*PNp(,.) rF(Gn)* if and only if thereis a cyclic extension M /F of degree
p™ suchthat L C M.

Corollary. Denoteby K®P" (respectively K&7" ) the maximal abelian (respectively
abelian unramified) extension of K of exponent p™ Choose A; C Ok, 1 <7< n,
in such awaythat {d:d € A;} isan F,-basis of kﬁ’( /k:p for i <n—1andan

F,,-basis of kﬁ’{ for i=n. Let K; 4 (d € A;) beany cyclic extension of degree p’
that contains = with 2 — 2 = —p~1d. Then K®»" /K isthe compositumof linearly
disoint extensions K; /K (1<i<mn; d runsover A;)and KS’P’Z’”/K.

’VL—1
Fromnow on, let p > 3. Forany n > 1 andany b € k% , we shall give
a construction of a cyclic extension K, ;/K of degree p" such that =z € K, g4,
zP —x = —p~1d, where d € O issuchthat itsresidue d isequal to b.

14.3

Denote by G the Lubin-Tate formal group over Z,, such that multiplication by p init
takestheform [p]la(X) = pX + XP.

Let O bethering of integers of thefield £ defined in (2) of Theorem 13.2, and v
thevaluationon FE.
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Proposition. Thereexist g; € O, i € Z, and R; € O, i > 0, satisfying the following
conditions.
(1) go=1 mad p0O, g; =0 mod pO for 7 0.
(2) Ro=T. ' '
3 vlgi) > —i+2+ [L] + [28] for i < —1.
(4) Let g(X) = ¢ XD R(X,T)=> R;X'®?—D*L Then

—oo =0

9(X) t¢ [plaR(9(X), T) = g(X +¢ R([plc X, T")).

Remark. We do not expect that the above conditions determine g; and R; uniquely.

However, in[VZ] acertain canonical way to construct (g, R) by aprocessof the p-adic
approximation is given.

Fix asystem (g, R) satisfying the above conditions. Denote
§=3 SMXC I =71x+ .

=0
the serieswhich isinverseto R with respect to substitution in O[[X]].

Theorem. Let d € O3,. Consider (1, ..., 3, € K3 such that

8~ Br=-p 1Y Si@" (-p),

i>0
+o0 ) )
80— B = —p 1> g ) p) A G2

Then K .,n1=K(B1, ...,B,) isacyclicexension of K of degree p™ containing
a zero of the polynomial X? — X +p~1a" .
Remark. Wedo notknow which Witt vector correspondsto K .—1/K inKurihara's

theory (cf. section 13). However, one could try to construct a parallel theory in which

(the canonical character of) this extension would correspond to (c_lpnfl, 0,0,...) €

14.4

If oneisinterested in explicit equations for abelian extensions of K of exponent p™
for afixed n, thenit is sufficient to compute acertain p-adic approximationto g (resp.
R) by polynomials in Z,)[T, 71, X, X1 (resp. Z)[T, T~ X]). Let us make
this statement more precise.
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In what follows we consider afixed pair (g, R) constructed in [VZ]. Denote
Kj’dpn_l = K(ﬂl? R 7ﬂ])
Let v be the (non-normalized) extension of the valuation of K to K A

()= —pt— e —pI, =1,
We assert that in the defining equationsfor K |

with (g, R) such that

Then

dpn—l .

on-1 thepair (g, R) canbereplaced

(1) v(Gi—gi) >n+maXjz1 ,1(—j—i-pI+p tep e 4pTI) i€,
and
2 v(R; — R;) >n—1i, i>0.

Theorem. Assume that the pair (§, R) satisfies (1) and (2). Define S as R—1. Let
~ ~ ~ n_1 .
By —Br=—p "> Si(d" )-p),

i>0
B =By = —p g )y B 2

Then K(B1, .., 5) = K(B1, - - -, Bn)-

Proof. Itiseasytocheck by inductionon j that Bj € Kj gon-1and v(ﬁj—ﬂj) >n—j,
ij=1 ... n.

Remark. For afixed n, one may take R; =0 fori >mn, g =0 forall sufficiently
small or sufficiently large .

14.5

If weconsider non-strictinequalitiesin (1) and (2), then we obtain an extension K oL
such that f(n’dpn_lKur = Kn’dpn_lKur. In particular, let n = 2. Calculation of (R, g)
in[VZ] showsthat

0, 1< —1

gi = D 2 ’ 1=-1
1+p - T2=1(1—1T7), i=0

Therefore, one may take §; = 0 for i < =1 or i >0, g1 = p - Tlfzpfl, g0 =

1+p- % (L—TP). Further, onemay take R = TX. Thus, we obtain the following
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Theorem. For any d € O%, let K14 = K(y), where y» —y = —p~1d. Next, let
Kz 40 = K(y1,y2), where

_ -1
y; —y1=—p dP,

R T

_ 1
Yh —y2=—p tyr+p > 51— d"

Then
1. Al IN(Ld/K are cyclic of degree p, and all f(gdp/K are cyclic of degree p?.
2. K /K isthe compositum of linearly disjoint extensions described below:
@ K 1,4/ K, where d runs over a system of representatives of an F,-basis of
ki [k
(b) f{z,dp /K, where d runs over a system of representatives of an F,-basis of
ki ;
© K& /K.

14.6

One of the goals of developing explicit constructions for abelian extensions would be
to write down explicit formulas for class field theory. We are very far from this goal
in the case of hon Kummer extensions of an absolutely unramified higher local field.
However, the K -group involved in the reciprocity map can be computed for such fields
in atotally explicit way.

Let K be an absolutely unramified n-dimensional local field with any perfect
residuefield. Then[Z, §11] givesan explicit description of

UDKYK = {a,B1, ..., Bp-1} 1@, B € K* v(a — 1) > 0).

Noticethat the structureof K\*PK/U(1)K< K, i.e., the quotient group responsible for
tamely ramified extensions, iswell known. We cite here aresult in the simplest possible

case K = Q,{{t}}.

Theorem. Let K = Q,{{t}}.
1. Forevery a € UjKyP(K) thereare n; € Z,, j € Z \ {0} which are uniquely
determined modulo p¥e ()1 and thereis ng € 7, which is uniquely determined

such that

a= an{l—ptj,t}.
J

2. For any j #0 we have
pUQP(j)+1{l — ptj,t} =0.
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Proof. Use explicit class field theory of section 10 and the above mentioned theorem
of Miki.

Question. How does {1 —pt/,t} acton K .. 1?

[F]
[FV]

[K]
[M]
[F]

(V1]

[v2]

(V3]

[VZ]

[Z]
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