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17. An approach to higher ramification theory

Igor Zhukov

We use the notation of sections 1 and 10.

17.0. Approach of Hyodo and Fesenko

Let K be an n-dimensiona local field, L/K a finite abelian extension. Define a
filtration on Gal(L/K) (cf. [H], [F, sect. 4]) by

Gal(L/K)' =Y, j (GKP(K) + Ny KPP(L) /Ny KiP(L)), i€ 27,
where Ui K, P(K) = {U;} - K-P(K), Ui = 1+ Pg(i),

Y bt KOP(R) /Ny K(L) = Gal(L/K)

is the reciprocity map.
Then for asubextension M /K of L/K

Ga(M/K)' = Ga(L/K)! Gal(L/M)/ Gal(L/M)

which isahigher dimensional analogue of Herbrand' stheorem. However, if one defines
a generalization of the Hasse—Herbrand function and lower ramification filtration, then
for n > 1 thelower filtration on asubgroup does not coincide with theinduced filtration
in general.

Below we shall give another construction of the ramification filtration of L/K in
the two-dimensional case; details can befoundin[Z], seealso [KZ]. This construction
can be considered as a development of an approach by K. Kato and T. Saito in [KS].

Definition. Let K be a complete discrete valuation field with residue field &y of
characteristic p. A finite extension L/K is called ferociously ramified if |L : K| =
|k : kK lins-
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144 I. Zhukov

In addition to the nice ramification theory for totally ramified extensions, thereis a
nice ramification theory for ferociously ramified extensions L/ K suchthat kp /ky is
generated by one element; the reason is that in both cases the ring extension O, /0O x
is monogenic, i.e., generated by one element, see section 18.

17.1. Almost constant extensions

Everywhere below K is a complete discrete valuation field with residue field kj of
characteristic p suchthat |kx : k%.| = p. Forinstance, K can be atwo-dimensional
local field, or K = F,(X1)((X2)) or the quotient field of the completion of Z,[17],)
with respect to the p-adic topology.

Definition. For thefield K define abase (sub)field B as

B=Q, C K if char(K) =0,

B =T,((p)) C K if char (K) = p, where p isan element of K with vg(p) > 0.

Denote by ko the completion of B(Rx) inside K. Put k = k39N K.

The subfield £ is a maximal complete subfield of K with perfect residue field.
It is called a constant subfield of K. A constant subfield is defined canonically if
char (K) = 0. Until the end of section 17 we assume that B (and, therefore, k) is
fixed.

By v we denote the valuation Kd9" — Q normalized so that v(B*) = Z.

Example. If K = F{T}} where F is a mixed characteristic complete discrete
valuation field with perfect residue field, then k£ = F'.

Definition. Anextension L/K issaid to be constant if thereis an algebraic extension
l/k suchthat L = K.

An extension L/K is said to be almost constant if L C LjL, for a constant
extension L1/K and an unramified extension L,/ K.

A field K issaidto bestandard, if e(K|k) = 1, and almost standard, if some finite
unramified extension of K isastandard field.

Epp’s theorem on elimination of wild ramification. ([E], [KZ]) Let L be a finite
extension of K. Thenthereisafinite extension k' of a constant subfield k£ of K such
that e(Lk'|Kk') = 1.

Coroallary. Thereexists a finite constant extension of K which is a standard field.
Proof. Seethe proof of the Classification Theoremin 1.1.

Lemma. The class of constant (almost constant) extensions is closed with respect to
taking compositums and subextensions. If L/K and M /L are almost constant then
M /K isamost constant as well.
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Part I. Section 17. An approach to higher ramification theory 145

Definition. Denoteby L. the maximal amost constant subextension of K in L.

Properties.

(1) Every tamely ramified extension is almost constant. In other words, the (first)
ramification subfield in L/ K isasubfield of L..

(2) If L/K isnormal then L./K isnormal.

(3) There is an unramified extension Ly of Lo such that L.Ly/Lo is a constant
extension.

(4) Thereis a constant extension L’ /L. suchthat LL!/L! isferociously ramified
and L. N L = L.. Thisfollowsimmediately from Epp’s theorem.

The principal idea of the proposed approach to ramification theory isto split L/ K
into a tower of three extensions: Lo/K, L./Lo, L/L., where Lg is the inertia
subfield in L/K. The ramification filtration for Gal(L./Lo) reflects that for the
corresponding extensions of constants subfields. Next, to construct the ramification
filtration for Gal(L/L.), one reducesto the case of ferociously ramified extensions by
means of Epp’s theorem. (In the case of higher local fields one can aso construct a
filtration on Gal(Lo/K) by lifting that for the first residue fields.)

Now we give precise definitions.

17.2. Lower and upper ramification filtrations

Keep the assumption of the previous subsection. Put
A={-10}U{(c,s):0<seZ}U{(i,r):0<reQ}.
This set islinearly ordered asfollows:
-1 <0< (c,d) < (i,7) forany i, j;
(c,7) < (c,j) foranyi < j;
@i,7) < (i,7) forany i < j.

Definition. Let G = Gal(L/K). Forany o € A we defineasubgroup G, in G.
Put G_1 =G, and denoteby Gg theinertiasubgroupin G, i.e.,

Go={9€ G:v(g9(a) —a) >O0fordlaec O}
Let L./K beconstant, and let it contain no unramified subextensions. Then define
Gei = prH(Gal(l/k):)
where [ and £ arethe constant subfieldsin L and K respectively,
pr: Ga(L/K) — Gal(l/k) = Gal(l/k)o
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is the natural projection and Gal(l/k); arethe classical ramification subgroups. In the
general case take an unramified extension K’/K suchthat K’'L/K’ is constant and
contains no unramified subextensions, and put G ; = Gal(K'L/K'). ;.

Finally, define G ;, ¢ > 0. Assumethat L. isstandard and L/L. isferociously
ramified. Let t € Op, t ¢ k7. Define

Gii={g9€G:v(g(t) —1t) > i}

foral ¢ > 0.

In the general case choose a finite extension '/l such that I’L. is standard and
e('L)I'L,) = 1. Thenitisclear that Gal('L/l'L.) = Ga(L/L.), and I'L/I'L. is
ferociously ramified. Define

Gm‘ = Gal(l/L/l,Lc)m
fordl ¢ > 0.

Proposition. For afinite Galoisextension L/K thelower filtration {Gal(L/K)q aca
iswell defined.

Definition. Define a generalization hy,x: A — A of the Hasse-Herbrand function.
First, we define

CDL/K: A—A
as follows;

®p/g(@)=a fora=-10;

L 1 ' -
q)L/K((Cvl))_(C,e(Tm/O !GaI(LC/K)c7t|dt> forall i > O;

Dk (7)) = (i,/ |GaI(L/K)i7t|dt> forali > 0.
0
Itiseasy toseethat @, isbijective and increasing, and we introduce
hL/K = LPL/K = CDZ}K
Define the upper filtration Gal(L/K)* = Gal(L/K)n,, , x(«)-
All standard formulas for intermediate extensions take place; in particular, for a
normal subgroup H in G wehave H, = HN G, and (G/H)* = G*H/H. The
latter relation enablesoneto introducethe upper filtration for aninfinite Galoisextension

aswell.

Remark. Thefiltrations do depend on the choice of aconstant subfield (in characteris-
tic p).
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Part I. Section 17. An approach to higher ramification theory 147

Example. Let K = F,((¢))((7)). Choose k = B = [F,,((7)) as aconstant subfield.
Let L=K(@), » —b=a € K. Then
if a =77 i primeto p, then the ramification break of Gal(L/K) is (c,1);
if @ =7~Pit, i primeto p, then the ramification break of Gal(L/K) is (i, );
if @ =7"", i primeto p, then the ramification break of Gal(L/K) is (i,i/p);
if a =7tP, i primeto p, then the ramification break of Gal(L/K) is (i,i/p?).

Remark. A dudl filtrationon K/p(K) iscomputed inthefinal version of [Z], seealso
[KZ].

17.3. Refinement for a two-dimensional local field

Let K beatwo-dimensional local field with char (kx) = p, andlet k be the constant
subfield of K. Denote by

v = (01, 02): (K99 - Q% Q

the extension of the rank 2 valuation of K, which is normalized so that:

e vy(a) =v(a) fordl a € K*,

o v1(u) = w(u) foral u € Ugag, Where w isanon-normalized extension of vy,
on k?(g, and 7 istheresidueof u,

e v(c) = (0, e(k|B) " tui(c)) forall ¢ € k.

It can be easily shown that v is uniquely determined by these conditions, and the
value group of v|g- isisomorphicto Z x Z.

Next, we introduce the index set

A= AUQ: =AU {(il,iz) ti1,02 € Qi > O}
and extend the ordering of A onto A, assuming
(i,i2) < (i1,42) < (i1,72) < (i,73)

forall ip <5, iq <.

Now we can define G, ;,, where G is the Galois group of a given finite Galois
extension L/K. Assumefirstthat L. isstandard and L/L. is ferociously ramified.
Lette O, t ¢ k7 (e.g., afirstlocal parameter of L). We define

Giyip ={9 € G v(t1g(t) = 1) > (i, i)}

for i1,i2 € Q, i > 0. Inthe general case we choose !’/1 (I is the constant subfield
of both L and L.) suchthat I'L. isstandardand I'L /I’ L. isferociously ramified and
put

Giw’z = GaI(Z/L/l/LC)il’iz.
We obtain awell defined lower filtration (Go)acua, 0N G = Gal(L/K).
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Inasimilar way to 17.2, one constructs the Hasse—Herbrand functions
@y A2 — Az and Wa ) = ®;7 . Which extend ® and W respectively.
Namely,

(i1,i2)
3 11 ((i1, i2)) = /(O | ledw/Kya

These functions have usual properties of the Hasse—Herbrand functions ¢ and
h =1, and one can introduce an A»-indexed upper filtration on any finite or infinite
Galoisgroup G.

17.4. Filtration on K™©P(K)

In the case of a two-dimensional local field K the upper ramification filtration for
K®/K determinesacompatiblefiltrationon K3 P(K). Inthecasewhere char (K) = p
this filtration has an explicit description given below.

From now on, let K beatwo-dimensional local field of prime characteristic p over
aquasi-finite field, and k& the constant subfield of K. Introduce v asin 17.3. Let 7,
beaprimeof k.

For al o € Q2 introduce subgroups

Qa:{{ﬂ'k,U} : UGK’V(U_1)>Q}CVK;Op(K);
Qfln) = {a c K;Op(K) : pta € Qa};
Sa=Cl |J Q.

n>=0
For asubgroup A, Cl A denotes the intersection of all open subgroups containing A.
The subgroups S,, constitute the heart of the ramification filtration on K3 (K).
Their most important property is that they have nice behaviour in unramified, constant
and ferociously ramified extensions.

Proposition 1. Supposethat K satisfies the following property.
(*) Theextension of constant subfields in any finite unramified extension of K isalso
unramified.
Let L/K beeither an unramified or a constant totally ramified extension, o € Q2.
Then we have Np/kSa,L = Sa K-

Proposition 2. Let K be standard, L/K a cyclic ferociously ramified extension of
degree p with the ramification jump A in lower numbering, o € Q2. Then:

(1) Nk Sa,r = Sa+(p—1h,k» if &> h;

(2) Np/kSa,r isasubgroupin S,q i Of index p, if o < h.
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Now we have ingredients to define a decreasing filtration {fil, K5P(K)}aca, ON

KP(K). Assume first that K satisfies the condition (*). It follows from [KZ, Th.
3.4.3] that for some purely inseparable constant extension K’/ K thefield K’ isalmost
standard. Since K’ satisfies (*) and is almost standard, it isin fact standard.

Denote

- t
filag oy K5 P(K) = Say 0

fili.ap K3 P(K) =Cl | filag.a, KP(K) for az € Qs

a1€Q
Tk =cl | fila K3P(K);
acQ?

filo; KyP(K) =Tx+{{t,u} : uck, vy(u—1)>i}foralieQx,
if K =k{{t}}isstandard;

fil s KyP(K) = Ngo i file i K3 P(K'), where K’/ K is as above;

filo KyP(K) = UQKLP(K) + {t, Rk }, where U(Q) K, P(K) = {1+ Pg(1), K*},
t isthefirst local parameter;

fil_y KyP(K) = KyP(K).

It is easy to see that for some unramified extension K /K thefield K satisfiesthe
condition (*), and we define fil,, K3 P(K) as N 75 fila KXX(K) foral a >0, and
fil_y K3P(K) as KyP(K). It can be shown that the filtration {fil, K3 (K)}aca, iS
well defined.

Theorem 1. Let L/K beafiniteabelian extension, a € Ay. Then Ny fil, Ky (L)
isa subgroupiin filg, , . (a) K P(K) of index | Gal(L/K),|. Furthermore,
filo, (@) Ko () N Np, K3 (L) = Np g filo K3P(L).
Theorem 2. Let L/K beafinite abelian extension, and let
Yol K3 (K) /Ny K3¥(L) — Gal(L/K)

be the reciprocity map. Then

Yy (fila K3P(K)  mod Ny, K3(L)) = Gal(L/ K)®
for any a € As.

Remarks. 1. Theramification filtration, constructedin 17.2, does not giveinformation
about the classical ramification invariants in general. Therefore, this construction can
be considered only as a provisional one.
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2. Thefiltration on K3P(K) constructed in 17.4 behaves with respect to the norm
map much better than the usual filtration {U; K3 P(K)}icz; . Wehopethat thisfiltration
can be useful in the study of the structure of K *°P-groups.

3. In the mixed characteristic case the description of “ramification” filtration on
K;‘)p(K ) is not very nice. However, it would be interesting to try to modify the
ramification filtration on Gal(L/K) in order to get thefiltration on K, (K) similar to
that describedin 17.4.

4. 1t would be interesting to compute ramification of the extensions constructed in
sections 13 and 14.
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