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8. Higher local skew fields

Alexander Zheglov

n-dimensional local skew fields are a natural generalization of n-dimensional local
fields. The latter have numerous applications to problems of algebraic geometry, both
arithmetical and geometrical, as it is shown in this volume. From this viewpoint,
it would be reasonable to restrict oneself to commutative fields only. Nevertheless,
already in class field theory one meets non-commutative rings which are skew fields
finite-dimensional over their center K. For example, K isa(commutative) local field
and the skew field represents elements of the Brauer group of thefield K (see also an
example below). In [Pa] A.N. Parshin pointed out another class of non-commutative
local fields arising in differential equations and showed that these skew fields possess
many features of commutative fields. He defined a skew field of formal pseudo-
differential operatorsin n variables and studied some of their properties. He raised a
problem of classifying non-commutative local skew fields.

In this section we treat the case of n = 2 and list anumber of results, in particular a
classification of certain types of 2-dimensional local skew fields.

8.1. Basic definitions

Definition. A skew field K iscalled a complete discrete valuation skew field if K is
complete with respect to a discrete valuation (the residue skew field is not necessarily
commutative). A field K iscaled an n-dimensional local skew field if there are skew
fidds K = K,,, K,_1, ..., Kp such that each K; for ¢ > 0 is a complete discrete
valuation skew field with residue skew field K;_1.

Examples.

(1) Let k£ be afield. Formal pseudo-differential operators over k((X)) form a 2-
dimensional local skew field K = k:((X))((ﬁ)}l)), OxX = X0x +1. If char (k) =
0 we get an example of a skew field which is an infinite dimensional vector space
over its centre.
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282 A. Zheglov

(2) Let L bealocal field of equal characteristic (of any dimension). Then an element
of Br(L) isan example of askew field which isfinite dimensional over its centre.

Fromnow onlet K beatwo-dimensional local skew field. Let ¢, be agenerator of
Mg, and t7 beagenerator of M, . If t1 € K isalifting of ¢} then ¢1,¢, iscalleda
systemof local parametersof K. Wedenoteby vy, and vk, the (surjective) discrete
valuations of K, and K associated with ¢, and t].

Definition. A two-dimensional local skew field K is said to split if thereis a section
of the homomorphism O, — K; where O, isthering of integersof K.

Example (N. Dubrovin). Let Q ((u)){x,y) beafreeassociative algebraover Q ((u))
with generators =, y. Let I = ([z,[z,y]], [y, [z,y]]). Then the quotient

A=Q(w){z,y)/1

isa Q-agebrawhich has no non-trivial zero divisors, and in which z = [z,y] + I isa
central element. Any element of A can be uniquely represented in the form

Jotfrzt .ot 2™

where fo, ..., f,, arepolynomiasinthevariables z,y.

Onecan defineadiscretevaluation w on A suchthat w(z) = w(y) = w(Q ((w))) =0,
w(z,y]) =1, wa) =k if a = frz¥+...+ f,2", fr #0. The skew field B of
fractions of A has a discrete valuation v which is a unique extension of w. The
completion of B with respect to v is atwo-dimensional local skew field which does
not split (for details see [Zh, Lemma 9]).

Definition. Assumethat K7 isafield. The homomorphism

po: K* — In(K), wolx)(y) =z tyx

induces a homomorphism ¢: K5/ 0%, — AUut(K,). The canonical automorphism of
K1 is a = ¢(t) where to isan arbitrary prime element of K.

Definition. Two two-dimensional local skew fields K and K’ areisomorphicif there
is an isomorphism K — K’ whichmaps O onto Ok, Mg onto Mg and O,
onto OK&’ Mg, onto MK&'
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Part 1. Section 8. Higher local skew fields 283

8.2. Canonical automorphismsof infinite order

Theorem.

(1) Let K be a two-dimensional local skew field. If o™ Z id for all n > 1 then
char (K») = char (K), K splitsand K isisomorphic to a two-dimensional local
skew field K1((t2)) where toa = a(a)t, for all a € Kj.

(2) Let K,K' be two-dimensional local skew fields and let /1, K] be fields. Let
a™ Zid, o/ #Zid for all n > 1. Then K isisomorphicto K’ if and only if
thereisanisomorphism f: K1 — K suchthat o = f~1a/ f where a, o’ arethe
canonical automorphismsof K; and Kj.

Remarks.

1. Thistheoremistruefor any higher local skew field.
2. Thereare examples (similar to Dubrovin's example) of local skew fields which do
not split and in which o™ =id for some positive integer n.

Proof. (2) followsfrom (1). We sketch the proof of (1). For details see[Zh, Th.1].

If char (K) # char (K3) then char (K1) = p > 0. Hence v(p) = > 0. Then for
any element t € K with v(t) = 0 we have ptp~—1 = o (f) mod My where  isthe
image of ¢ in K. But onthe other hand, pt = tp, acontradiction.

Let ' betheprimefieldin K. Since char (K) = char (K;) thefield F' isasubring
of O = Og,. One can easily show that there exists an element ¢ € K; such that
a"(c) # c forevery n > 1 [Zh, Lemma5].

Then any lifting ¢’ in O of ¢ istranscendental over F'. Hence we can embed the
field F(¢') in O. Let L beamaximal field extension of F(c’) which can be embedded
in O. Denoteby L itsimagein O. Take a € K1 \ L. We claim that there exists a
lifting o’ € O of @ suchthat ' commuteswith every elementin L. To provethisfact
we use the completeness of O in the following argument.

Take any lifting a in O of a. For every element x € L we have axa™
xzmod Mg . If tp isaprime element of K> we canwrite

1

aza”t =z +61(2)to
where 61(z) € O. Themap 61: L > = — 61(z) € K1 isan a-derivation, i.e.
51(ef) = da(e)alf) + eda(f)

forall e, f € L. Takean element h such that a(h) 7 h, then 61(a) = ga(a) — ag
where g = d1(h)/(a(h) — h). Thereforethereis a; € K1 such that

(1 + artp)aza (1 + arty) "t = 2 mod ME(

By induction we can find an element o’ = ... - (1+ aztp)a such that aza' =1
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Now, if @ isnot algebraic over L, thenfor itslifting o’ € O which commuteswith
L wewould deducethat L(a’) isafield extension of F'(¢) which can be embedded in
O, which contradicts the maximality of L.

Hence @ is algebraic and separable over L. Using a generalization of Hensel’s
Lemmal[Zh, Prop.4] wecanfind alifting o’ of @ suchthat o’ commuteswith elements
of L and o' isagebraic over L, which again leadsto a contradiction.

Finally let @ be purely inseparable over L, a? =%, v € L. Let o beitslifting
k
which commutes with every element of L. Then o’ — z commutes with every
k
glement of L. If vg(a’® — 2) =7 # oo then similarly to the beginning of this proof
k k
we deduce that theimage of (a/” — z)c(a’? — )1 in K isequa to a”(c) (which
k

is distinct from ¢), acontradiction. Therefore, o/’ =z and thefield L(a') isafield
extension of F(¢) which can be embedded in ©, which contradicts the maximality
of L.

Thus, L = Kj.

To provethat K isisomorphic to a skew field K1((¢t2)) where toa = a(a)t, one
can apply similar arguments as in the proof of the existence of an element «’ such that

aza t=x (see above). So, one can find a parameter ¢, with agiven property. [

In some cases we have a complete classification of local skew fields.

Proposition ([Zh]). Assumethat K isisomorphicto k((¢1)). Put
¢ = a(t)t; P mod M, .

Put i, = 1if ¢ isnotarootof unityin & and i, = vg, (o™ (t1) —t1) if ¢ isaprimitive
nth root. Assume that & is of characteristic zero. Then there is an automorphism
f € Aut, (K1) suchthat f~1laf = 3 where

Blt1) = Gty + ity + Pyt

for some z € k*/k*(a—D |y € k.
Two automorphisms « and 3 are conjugate if and only if

(C(a)a ioc ) .I‘(OZ), y(a)) = (C(ﬁ)a iﬂa m(ﬁ)a y(ﬁ))
Proof. First weprovethat o = f3'f~1 where
ﬁ/(tl) - Ctl + xtin+l + yt%i'nﬁl

for some natural i. Then we provethat i, = ig .
Consider aset {«; : i € N} where a; = fia;_1f; Y, fi(t1) = t1 + it} for some
r; € k, a1 =a. Write

a;(t1) =t + az,it% + a3,it§ +....
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One can check that ap > = z2(C2 -0 + ap,1 and hencethere exists an element x5 € k
such that ap» = 0. Since a;;+1 = a;;, we have ap; = 0 foral j > 2. Further,
azs = z3(C3—O) + az 2 and hencethere exists an element =3 € k suchthat az3 = 0.
Then az; = 0 forall j > 3. Thus, any element a;;, can be made equal to zero if
n J(k — 1), and therefore oo = fa f~1 where

~ _ ~ in+l |, ~ in+n+1
a(t1) = (tr+ Q] + Qipan+saty” "+

for some i, a; € k. Noticethat a;,+; doesnot dependon z;. Put = = z(a) = Gip+1-
Now we replace « by &. One can check that if n|(k — 1) then

ajr=ajr_1 for2<j<k+in
and
Ahrin k. = Trx(k — in — 1) + a4, + Some polynomial which does not depend on ..

From this fact it immediately follows that a;,,+1 ,,+1 does not depend on z; and for
al kZin+1 ap+in,k can bemade equal to zero. Then y = y(a) = ain+1,in+1-
Now we provethat i, =ig . Using the formula
B (ty) = t1 + na(a) "+ L

weget ig = in+1. Thenonecan check that vKl(f_l(a"—id)f) = v, (" —id) =i,
Since 38" —id = f~1(a™ —id)f, we get theidentity i, =iz
The rest of the proof is clear. For details see [Zh, Lemma 6 and Prop.5]. O

8.3. Canonical automor phisms of finite order

8.3.1. Characteristic zero case.
Assume that

atwo-dimensional local skew field K splits,

K, isafield, Ko C Z(K),

char (K) = char (Kp) =0,

o™ =id forsome n > 1,

for any convergent sequence (a;) in K; thesequence (t2a;t, 1Y convergesin K.

Lemma. K isisomorphic to a two-dimensional local skew field K1((¢2)) where
taatyt = aa) + 8;(a)th + 62i(a)ts + Siun(a)ts ™ +...  foral a € K;
where n|i and ¢; : K1 — K, arelinear mapsand

0;(ab) = 0;(a)a(b) + afa)d; (b) for every a,b € K.
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Moreover
n_g—n — / 7 / 2i / 2itn
tyaty" = a+0i(a)ty + 05,(a)ty’ + 0y, (a)ts™" ...
where ¢) arelinear mapsand §; and & := &5, — ((¢ + 1)/2)5;2 are derivations.

Remark. Thefollowing fact holdsfor thefield K of any characteristic: K isisomor-
phic to atwo-dimensional local skew field K1((¢2)) where

taatyt = aa) + 5;(a)th + Sira(a)ty ™ + ...

where §; are linear maps which satisfy some identity. For explicit formulas see
[Zh, Prop.2 and Cor.1].

Proof. Itisclear that K isisomorphic to atwo-dimensional local skew field K ((¢2))
where

toatyt = aa) + dy(a)ta + dx(a)ts +...  fordl a
and §; arelinear maps. Then &1 isa (a?, a)-derivation, that is 61(ab) = d1(a)a?(b) +
a(a)d1(b).
Indeed,

taabtyt = taaty tobty T = (ala) + dx(a)ta + ... )(lb) + S1(D)t2 + . ..)
= a(a)a(b) + (01(a)?(b) + a(a)d1(b))ta + . .. = alab) + 61(ab)ta + . .. .

From the proof of Theorem 8.2 it follows that §; is an inner derivation, i.e. §1(a) =
ga?(a) — a(a)g for some g € K1, and that there existsa ¢ = (1 + z1tp)tp such that

tzzati% = oafa) + 5272(a)t%72 +....

One can easily check that d, isa (o2, o)-derivation. Then it is an inner derivation
and there exists ¢, 3 such that

t273at27é = oafa) + 5373(a)t§73 +....
By induction one deducesthat if
tajaty s = aa) + 0n j(@)ts ; + ...+ Ok ()57 + 0, j(a)th  + ...
then 6, ; isa (a7*1, )-derivation and there exists ¢, ;+1 such that
to 410ty Fog = 0(a) + 0 ()5 jug + o+ Ok (@5 g + Oun ()] g +
The rest of the proof is clear. For details see [Zh, Prop.2, Cor.1, Lemmas 10, 3]. [

Definition. Let i = vg,(¢(t5)(t1) — t1) € nNU oo, (¢ isdefined in subsection 8.1)
andlet r € Z/i be vk, (x)mod i where x istheresidueof (p(t3)(t1) — t1)t,". Put

_ (9%, — B257)(ta)
a = res;, ( 6’.(751)2 dt, | € Kp.
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(67,05, arethe mapsfrom the preceding lemma).

Proposition. If n = 1 then 4, don't depend on the choice of a system of local
parameters; if ¢ = 1 then a does not depend on the choice of a system of local
parameters; if n # 1 then a depends only on the maps d;+1,... ,02;_1, i,r depend
only onthemaps ¢;, j ¢ nN, j <.

Proof. We comment on the statement first. The maps §; are uniquely defined by
parameters t1,t» and they depend on the choice of these parameters. So the claim that
i, depend only onthe maps §;, j ¢ nN, j < i meansthat 4,r don’'t depend on the
choice of parameters t1,t, which preservethemaps 6;, j ¢ nN, j <.

Note that » dependsonly on i. Henceit is sufficient to prove the proposition only
for + and a. Moreover it sufficesto proveit for the casewhere n # 1, i # 1, because
if n=1thenthesets {6, :j ¢ nN} and {0;41: ... ,d2,_1} areempty.

Itisclear that ¢ dependson 6;, j ¢ nN. Indeed, it is known that ;1 isan inner
(o2, o)-derivation (see the proof of the lemma). By [Zh, Lemma 3] we can change a
parameter ¢, suchthat 6; canbemadeequa 01(t1) =t¢1. Thenonecanseethat ¢ = 1.
From the other hand we can change a parameter ¢, such that §; can be made equal
to 0. Inthiscase 7 > 1. Thismeansthat i dependson §;. By [Zh, Cor.3] any map
d; is uniquely determined by the maps 6,, ¢ < j and by an element §,(t1). Then
using similar arguments and induction one deduces that i depends on other maps ¢,
jé¢nN, j<i.

Now we prove that 7 does not depend on the choice of parameters ¢1,to which
preservethemaps 6;, j ¢ nN, j <.

Note that ¢ does not depend on the choice of ¢1: indeed, if ¢} =t1 + bz, be K
then 2"t) 2" = 2"ty 7" + (2"bz )20 =t + 7, where r € Mi \M3¥1. Onecan see
that the sameistruefor t} = cit1 + cots +..., ¢; € Ko.

Let &, bethefirst non-zero map for given t1,t,. If ¢ # i then by [Zh, Lemma 8,
(ii)] there exists aparameter #; suchthat zt;z=1 = #{™ +5,41(¢))z7*1 +. ... Usingthis
fact and Proposition 8.2 we can reduce the proof to the case where ¢ = 7, a(t1) = £t1,
a(6;(t1)) = &6;(t1) (this case is equivalent to the case of n = 1). Then we apply
[Zh, Lemma 3] to show that

i, ((8(t2) — D(t1)) = vi, ((6(t2) — D(t1)),

for any parameters tp,t5, i.e. ¢ does not depend on the choice of a parameter ¢,. For
details see[Zh, Prop.6].

To provethat a dependsonly on 6;+1, ... ,d2,_1 we use the fact that for any pair
of parameters ¢}, t5 we can find parameters t{ = t1 +r, where r € M, t§ suchthat
corresponding maps ¢; areequal forall j. Thenby [Zh, Lemma8] a doesnot depend
on ¢/ and by [Zh, Lemma3] a dependson t} =tp+a3t3+..., a; € Ky if andonly
if a1 =...=a;_1. Using direct calculations one can check that « doesn’t depend on
t/zl = agta, ag € Kik
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Toprovethefactitissufficient to proveit for t{ = t1+cth27 forany j < i, c € Kp.
Using [Zh, Lemma8] one can reduce the proof to the assertion that someidentity holds.
The identity is, in fact, some equation on residue elements. One can check it by direct
calculations. For details see[Zh, Prop.7]. 0

Remark. The numbers i,r,a can be defined only for local skew fields which splits.
One can check that the definition can not be extended to the skew field in Dubrovin's
example.

Theorem.
(1) K isisomorphic to atwo-dimensional local skew field K((¢1))((¢2)) such that

tatrty = €ty + xth + ytd
where ¢ isaprimitive nthroot, = = ct], ¢ € K§/(Kg),
y=(a+r@+2)/2t; 222,  d=gedr —1,9).

If n=1, i =00, then K isafield.
(2) Let K, K’ betwo-dimensional local skew fields of characteristic zero which splits;

and let Ky, K befields. Let o = id, o/™ =id for some n,n’ > 1. Then K
isisomorphicto K’ if and only if K¢ isisomorphicto K, and the ordered sets
(n,&,4,7,¢,a) and (n',&',7', 7', ', a’) coincide.

Proof. (2) follows from the Proposition of 8.2 and (1). We sketch the proof of (1).
From Proposition 8.2 it follows that there exists ¢1 such that «a(t1) = &t1; d:(¢1)
can be represented as ctja’. Hencethere exists ¢, such that

totaty T = £ty + ath + S (t)5 + ...
Using [Zh, Lemma 8] we can find a parameter ¢7 = t1 mod My such that
tothty L =ty +ath +ytd + ...
The rest of the proof is similar to the proof of the lemma. Using [Zh, Lemma 3] one
can find a parameter t, = t, mod M% suchthat §;(t1) =0, j > 2i. 0
Corollary. Every two-dimensional local skew field K with the ordered set
(n,&,i,7,¢,a)

is afinite-dimensional extension of a skew field with the ordered set (1,1,1,0,1, a).
Remark. Thereis a construction of a two-dimensional local skew field with a given

ﬂ (n7 f? i? T? c7 a)'
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Examples.

(1) The ring of forma pseudo-differential equations is the skew field with the set
n=1¢6=1,i=1,r=0,c=1a=0).

(2) The elements of Br(L) where L is atwo-dimensiona local field of equal char-
acteristic are local skew fields. If, for example, L isa C>- field, they split and
1 = 0co. Hence any division algebrain Br(L) iscyclic.

8.3.2. Characteristic p case.

Theorem. Suppose that a two-dimensional local skew field K splits, K1 is a field,
Ko C Z(K), char(K) =char(Kp)=p>2and a=id.

Then K is a finite dimensional vector space over its center if and only if K is
isomorphic to a two-dimensional local skew field Kq((£1))((t2)) where

tyttaty = tg + ath
with z € K7, (i,p) = 1.
Proof. The“if” partis obvious. We sketch the proof of the “only if” part.
If K is afinite dimensional vector space over its center then K is a division

algebra over ahenselian field. In fact, the center of K isatwo-dimensional local field
E((w))((t)). Then by [IW, Prop.1.7] K1/(Z(K))1 is a purely inseparable extension.
Hencethereexists t1 suchthat ¢} € Z(K) forsome k € N and K ~ Ko((t1))((t2))
as avector space with the relation
tatityt =ty + Si(t)ts + . ..

(see Remark 8.3.1). Then it is sufficient to show that 7 is prime to p and there exist
parameters t1 € Ky, tp suchthat the maps ¢; satisfy the following property:
(*) If j isnot divisible by i then 6, = 0. If j isdivisibleby i then 6, = ¢; ;67"

with some Cj/i € K.

Indeed, if this property holds then by induction one deduces that c;,; € Ko,
cjsi = (i +1)...3i(j/i — 1) +1))/(j/i)!. Then one can find a parameter t;, = bto,
b € K; suchthat §; satisfiesthe same property and 62=0. Then

-1 i
ty “tith =t1 — 0;(t)ts.

First we provethat (i,p) = 1. To show it we prove that if p|i then there exists a
map ¢; such that 6j(t11’k) =% 0. To find this map one can use [Zh, Cor.1] to show that
2 k
ip(t]) 70, 0;,2(t7 ) 70, ..., d;pe(t] ) #O.
Then we prove that for some ¢, property (*) holds. To show it we prove that if

property (*) does not hold then there exists amap 4; such that 5j(t7{k) Z 0. Tofind
this map we reduce the proof to the case of i = 1 mod p. Then we apply the following
idea.
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Let j = 1mod p betheminimal positiveinteger suchthat ¢; isnot equal to zeroon

Kfl. Then one can prove that themaps d.,,,, kj < m < (k+1)j, ke {1,... ,p—1}
satisfy the following property:
there exist elements ¢, ,, € K1 such that

O — Cm20 — . — cm7k5’f)|Kfl =0
where §: K1 — K4 isalinear map, 5|Kfz isaderivation, 5(t{) =0 for j ¢ p'N,
S =1, ey = e(6,2)) s ¢ € Ko.
Now consider maps 5~q which are defined by the following formula
t;latg =q+ gi(a)tiz + (g;/l(a)t"zﬂ +..., a€Kj.

Then 6, + 8, + 3921 646, = 0 forany q. Infact, 6, satisfy someidentity which is
similar to the identity in [Zh, Cor.1]. Using that identity one can deduce that
if
j =1mod p and there existsthe minimal m (m € Z) such that 5mp+2i]sz Z0
it j f(mp +2i) and Gpezi] 1 7 365-2”"”’)/ 7| ot forany s € K otherwise, and
1 1

5q(t7il) =0 for g <mp+2i, g% 1mod p,
then
(mp + 2i) + (p — 1); isthe minimal integer such that ¢, p+2i)+(p—1); ]Kpm Z0.
1

To complete the proof we use induction and [Zh, Lemma 3] to show that there exist

parameters t; € K3, t suchthat 5q(t11’L) =0for ¢g# 1,2mod p and 532- =0on Kfl.
O

Corollary 1. If K isafinite dimensional division algebra over its center then itsindex
isequal to p.

Corollary 2. Suppose that a two-dimensional local skew field K splits, K1 isafield,
Ko C Z(K), char(K) = char(Kp) = p > 2, K is a finite dimensional division
algebra over its center of index p*.

Then either K isacyclic division algebra or hasindex p.

Proof. By [JW, Prop. 1.7] K1/Z(K) is the compositum of a purely inseparable
extension and acyclic Galois extension. Then the canonical automorphism « hasorder
p' for some I € N. By [Zh, Lemma 10] (which is true also for char (K) = p > 0),
K ~ Ko((t1))((t2)) with

; itpl ol
t2(1t2_1 = afa) + 5Z(a)t‘2 + 5i+pl (a)ttzﬂﬂ + 5i+pl (a)tL2+2p +
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where i € p'N, a € K. Supposethat o # 1 and K is not a cyclic extension of
Z(K). Thenthereexistsafield F ¢ K1, F ¢ Z(K) suchthat o|r =1. If a € F
then for some m the element o™ belongs to a cyclic extension of the field Z(K),
hence 5j(apm) = 0 for al j. But we can apply the same arguments as in the proof
of the preceding theorem to show that if ¢; 7 O then there exists amap 4§, such that
6;(a?™) # 0, acontradiction. Weonly need to apply [Zh, Prop.2] instead of [Zh, Cor.1]
and note that od = xda where ¢ isaderivationon Ky, v € K1, * = 1mod Mg,
because a(t1)/t1 = 1mod Mg, .

Hence tpat,* = a(a) and K1/Z(K) isacyclicextensionand K isacyclicdivision

agebra (K4(t5 )/ Z(K), o, 5 ). 0

Corollary 3. Let F' = Fp((t1))((t2)) be atwo-dimensional local field, where Fy isan
algebraically closed field. Let A beadivision algebra over F.

Then A ~ B ® C, where B isacyclic division algebra of index prime to p and
C is ether cyclic (asin Corollary 2) or C isa local skew field from the theorem of
index p.

Proof. Notethat F' isa Ch-field. Then A; isafield, A;/F; isthe compositum of a
purely inseparable extension and a cyclic Galois extension, and A; = Fyp((u)) for some
u € Az. Hence A splits. So, A isasplitting two-dimensional local skew field.

It is easy to see that the index of A is |A : F| = p?m, (m,p) = 1. Consider
subalgebras B = C4(F}1), C = C4(F>) where Fy = F(u?"), F> = F(u™). Then by
[M,Thl] A~B®C.

Therest of the proof is clear. O

Now one can easily deduce that

Corollary 4. The following conjecture: the exponent of A isequal to its index for any
division algebra A over a Cp-field F' (seefor example [PY, 3.4.5.])
has the positive answer for ' = Fo((t1))((t2)).
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