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9. Local reciprocity cycles

Ivan Fesenko

In this section we introduce a description of totally ramified Galois extensions of alocal
field with finite residue field (extensions have to satisfy certain arithmetical restrictions
if they are infinite) in terms of subquotients of formal power series Fy [ X 11°. This
description can be viewed as a non-commutative local reciprocity map (whichisnot in
general a homomorphism but a cocycle) which directly describes the Galois group in
terms of certain objects related to the ground field. Abelian class field theory as well
as metabelian theory of Koch and de Shalit [K], [KdS] (see subsection 9.4) are partial
cases of thistheory.

9.1. Group U® —
N(L/F)

Let F' be alocal field with finite residue field. Denote by ¢ € G alifting of the
Frobenius automorphism of Fy/F.
Let F'¥ bethefixedfield of ¢. Theextension F'¥/F istotaly ramified.

Lemma ([KdS, Lemma 0.2]). There is a unique norm compatible sequence of prime
elements 7y in finite subextensions E/F of F¥/F.

Proof. Uniquenessfollowsfrom abelian local classfield theory, existencefollowsfrom
the compactness of the group of units. O

In what follows we fix F'¥ and consider Galois subextensions L/F of F¥/F.
Assume that L/F is arithmetically profinite, ie for every x the ramification group
Gal(L/F)* isopenin Gal(L/F) (see aso subsection 6.3 of Part I1). For instance, a
totally ramified p-adic Lie extension is arithmetically profinite.

For an arithmetically profinite extension L/F define its Hasse—Herbrand function
hyp p:[0,00) — [0,00) @ hp /p(x) = limhy p(z) where M/F runs over finite
subextensionsof L/F (cf. [FV, Ch. 1l §5]).
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If L/F isinfinitelet N(L/F") bethefieldof normsof L/F. Itcanbeidentifiedwith
kr((I)) where N corresponds to the norm compatible sequence 7 (See subsection
6.3 of Part 11, [W], [FV, Ch.IlI §5]). e

Denote by ¢ the automorphism of N(L/F)y and of its completion N(L/F)
corresponding to the Frobenius automorphism of Fy,/F'.

I o
Definition. Denote by UN(/L7F) the subgroup of the group U N of those elements
whose F-component belongsto Up. An element of U;(/L7F) such that its F'-compo-

nentis e € Ur will becaled alifting of ¢

The group U° NTETF) /Un(,r) isadirect product of a quotient group of the group
of multiplicative representatives of the residue field £k of F', acyclic group Z/p®

and a free topological Z,-module. The Galois group Gal(L/F) acts naturally on

N(L/F)/ N(L/F)-

9.2. Reciprocity map NL/F

To motivate the next definition we interpret the map Y7,/ (defined in 10.1 and 16.1)
for afinite Galois totally ramified extension L/F' in the following way. Sincein this
caseboth 7wy and 77, areprimeelementsof Ly, thereise € Ur,, suchthat my = mpe.
Wecantake & = 0. Then 771 =el=7¢. Let n € U- besuchthat ¥~1 =¢. Since
(noe—le=lye—1 = (plo— 1%0)@ 1 we deduce that ¢ = n7¢~1y{1=9)¢, with p € UyL.
Thus, for ¢ = n7¢—1

Yi/p(0) = Nyjpms = Ny pémod NyjpL®, &9 =nt

Definition. Fora o € Gal(L/F) let U, € U be a solution of the equation

N(L/F)

(recall that id — (L /F) UN(/L7F) is surjective). Put

NL/F GaI(L/F) / N(L/F)> NL/F(O'):UJ mod UN(L/F)-

(L/F)

Remark. Compare the definition with Fontaine-Herr’'s complex defined in subsec-
tion 6.4 of Part I1.

Properties.
(1) Npre ZYGaA(L/F), U<> . /Unr,/r)) isinjective.

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



Part 1. Section 9. Local reciprocity cycles 295

(2) For afinite extension L/F the ﬁ-component of Nz,r(0) isequa to the value
Y1, r(0) of the abelian reciprocity map Y7, (seethe beginning of 9.2).

(3) Let M/F beaGaloissubextensionof L/F and E/F beafinite subextension of
L/F. Then thefollowing diagrams of maps are commutative:

NL/E
Ga(L/E Ga(L/F
(L/E) —— (L/ )/ N(L/E) (L/F) —— N(L/F)/ N(L/F)
NL/F o
Ga(L/F) —— N(L/F)/UN(L/F) GaI(M/F) UN(M/F)/ N(M/F)-
<
(4) Let Un NI be the filtration induced from thefiltration U n NTLTF) on thefield

of norms. For an infinite arithmetically profinite extension L/F with the Hasse-

Herbrand function h;,r put Gal(L/F), = GaI(L/F)hZ/lF(”). Then Ny, maps

GaI(L/F)n\GaI(L/F)n+1 |nt0 U (L/ )UN(L/F)\ ntl N(L/F)UN(L/F)

(6) Theset im(N,r) isnot closed i |n general with respect to multiplication in the
group

UN(/L7F) /Un(z/r)- Endow im(Ny,r) with a new group structure given by z x y =

mNZ/lF(x)(y). Then clearly im(N ) isagroup isomorphicto Gal(L/F).
Problem. What is im(Ny,/z)?

One method to solve the problem is described below.

9.3. Reciprocity map fHL/F

Definition. Fix atower of subfields F' = Fg — F1 — E> — ..., suchthat L = UE;,
E;/F isaGaoisextension, and E;/FE;_ 1 iscyclic of prime degree. We can assume
that |E;+1 @ ] = p forall i > ig and |E;, : Epl| isrelatively primeto p.
Let o; beagenerator of Gal(F;/E;_1). Denote
X;=U%1
E

Thegroup X; isa Z,-submoduleof U, - . Itisthedirect sumof acyclic torsion
group of order p™i, n; > 0, generated by, say a; (a; =1 if n; =0)and afree
topological Z,-module Y;.

We shall need a sufficiently “nice” injective map from characteristic zero or p to

characteristic p
. O’/L‘—l
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If F' isalocal field of characteristic zero containing anon-trivial pthroot ¢ and f; is
a homomorphism, then ¢ is doomed to go to 1. Still, from certain injective maps (not
homomorphisms) f; specifically defined below we can obtain asubgroup | | fi(Ugf_ )

0/\
N(L/F)’

= (i) _
Definition. If n; =0, set A" ¢ UN(L/E) to be equal to 1.

If n; >0, let AD U NETE) bealifting of a; with the following restriction: A(i)
isnot aroot of unity of order apower of p (thiscondition can always be satisfied, smce

the kernel of the norm map is uncountable).

Lemma ([F]). If AD %1, then ;41 = A(‘) " belongsto X ;1.

E;+1

Note that every 3;+1 when it is defined doesn’'t belongto X?”,,. Indeed, otherwise

n; —1

we would have A%_"" = ~P for some v € X;+1 and then A%)\p t= ~¢ fora
i+l i+l

root ¢ of order p or 1. Taking the norm down to E; we get of R Em/B T 1,

which contradicts the definition of «;.

Definition. Let 3; ;, j > 1 be free topological generators of Y; which include ﬁz

whenever f; is deflned Let B e U (7B, Dealifting of B ; (ie. B

L 1
Bij), suchthatif §; ; = 0;, then ng) = B%l = A%l)p for k > i.
k
Defineamap X; — U by sendl ng a convergent product o H B ’» where

N(L/E:)
0<c<ni—1, ¢ €7y, to AT, BEDY (the latter converges). Hence we get a
map

fi U}% UN(f/\E) UN(/F)

which depends on the choice of lifting. Notethat f;(c) 5=
Denoteby Z; theimageof f;. Let

Zyr = Zyr({Ei, fi}) = {H 2020 ¢ 7, }

Yiyr={y €Uy Y€ Zpp}

(L/F)

Lemma. Theproductof z( inthedefinitionof Z, - converges. Z;,x isasubgroup

o )
of UN(/L7F). The subgroup Y7, contains Uy /ry-
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Theorem ([F]). For every (uz ) € U;T(/L—/\F) there is a unique automorphism 7 in the
group Gal(L/F) satisfying
(Ué\i)lilp = I_ITfl mod ZL/F'

If (UE\) S YL/F’ then 7 = 1.

Hint. Step by step, passing from E to E;l 0

Remark. This theorem can be viewed as a non-commutative generalization for finite
k of exact sequence (x) of 16.2.

Corollary. Thus, thereis map

%L/FU;(T,?F)—}GaI(L/F% }CL/F((UL/Z‘\L)):T

The compositeof N, and 3, istheidentity map of Gal(L/F).

9.4. Main Theorem

Theorem ([F]). Put

Heyr: U;G?F)/YL/F — Ga(L/F), Hpp(lug)) =T
where 7 is the unique automorphism satisfying (uz)'~# = M™~* mod Z. . The
injective map H - isabijection. The bijection

NL/FGaI(L/F) — U°

i YV

induced by N,/ definedin 9.2 isa 1-cocycle.

Corollary. Denote by ¢ the cardinality of the residue field of F'. Koch and de Shalit
[K], [KdS] constructed a sort of metabelian local class field theory which in particular
describes totally ramified metabelian extensions of I’ (the commutator group of the
commutator group istrivial) in terms of the group

n(F) = {(u € Up,&(X) € FPIIXT]) 1 €(X)7 7 = {ub(X)/X }

with a certain group structure. Here {u}(X) isthe residue seriesin F, P[[X]]* of the
endomorphism [u](X) € Op[[X]] of the formal Lubin-Tate group corresponding to
TrF, q, U.

Let M/F be the maximal totaly ramified metabelian subextension of F,, then
M/F is arithmetically profinite. Let R/F be the maximal abelian subextension
of M/F. Every coset of U;@F) modulo Y3,/ has a unique representative in
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im(Nys 7). Send a coset with a representative (UQ) el — (FcCcQcM,

N(M/F)

|Q : F| < oo0) satisfying (ua)l—‘f’ = (rg)™ ! with 7 € Gal(M/F) to

(u%l, (ug) € U° (FCECR,E:F|< ).

N(/R7F))

It belongsto n(F), sowe get a map

. <

Thismap isabijection [ F] which makes Koch—de Shdlit’stheory acorollary of the main
results of this section.

[F]

[FV]

(K]

[KdS]

(W]
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