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The Generalized
Riemann-Hilbert Boundary Value Problem
for Non-Homogeneous Polyanalytic

Differential Equation of Order n
in the Sobolev Space W,, ,(D)

Ali Seif Mshimba

Abstract. Given is a nonlinear non-homogeneous polyanalytic differential equation of order n
in a simply-connected domain D in the complex plane. Initially we prove (under certain condi-
tions) the existence of its general solution in W, ,(D) by first transforming it into a system of
integro-differential equations. Next we prove the solvability of a generalized Riemann-Hilbert
problem for the differential equation. This is effected by first reducing the boundary value
problem posed to a corresponding one for a polyanalytic function. The latter is then trans-
formed into n classical Riemann-Hilbert problems for holomorphic functions, whose solutions
are known in the literature.
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1. Introduction

We consider the following non-homogeneous polyanalytic differential equation of order
n in a given simply-connected bounded domain D in the complex plane C:

ow F(z w {8’”""“10 })
oz "7 9zmoE (1)

n>m,keNy,m+k<n,(0,0)# (m,k) # (0,n),n € N.

The right-hand side is a continuous function of its variables z € D, w and the partial

derivatives of w of order not exceeding n and excluding ‘Z%,ﬁ’, which are denoted here
by {m} Following [5, 6] the general solution of equation (1) may be expressed in

dzmozZk
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the form

) =0+ Tono (G0 { S )

=)+ [ Kotz =07 (¢.0(0) {jj;;g; b acan

where @ is a polyanalytic function of order n in D, and T ,, p is a generalized Cauchy-
Pompeiu type singular integral operator:

(2)

CCmnr
(n— 1)z

—n)l(=1)" 15m—1 .
Km,n(z) =< ((m)_(1)|7)r ALY ifn<0 (3)

Zm—lgn—l m—1 1 n—1 1
2 .
(m—l)!(n—l)!w<10g|z‘ - Z - — —) if m,neN.

zm—1zn—1 ifm<0

\

When m =1 or n = 1, the corresponding summation in the formula is dropped. The
kernel K,, ,, of the integral operator Ty, ,, p has no singularity on D, except possibly at
the origin. Moreover, it follows from the properties of the operators Tp,, x, p (m+k < n)
that To . pf € Wy (D), if f € L,(D) (1 <p < o0) (cf. 2,5, 6]).

Suppose w € W, (D) is a solution of equation (1). Thus w may be expressed in
the form (2), and hence we obtain

ow ow

— =0, + T—l,n,DFa o — QE + TO,n—l,DF

0z 0z
oFw  OFP oFw  OFP
—=—++T pppF, —=—+Tpn_ F (0<k<
8Zk 8zk + k7 7D 8Ek 8Ek + 07 k,D ( n)

and, in general,

8m+kw am—l—kq)
0zmozF  9zmozZF

+T_pn—k,pF (n>m,k;m+k <n).

Consequently, we arrive at the following result (cf. [12, 15, 21])).

Theorem 1. The function w € W, ,(D) (2 < p < 00) defined by equation (2) is
a general solution of the non-homogeneous polyanalytic equation (1) if and only if for a
given in the domain D polyanalytic function ® € W, ,(D) of order n, (w,{hmr}) is a
solution of the system

w(z) = @(2) + Ton,pF (¢, w(C), {hm 1 (O)}) (2)

o tEP
hm,k (Z) = W + T—m,n—k,DF(Ca w(C)’ {h’m,k(g)}) (Z) (4)

n>m,ke€Ny,m+k<n,(0,0)# (m, k) # (0,n),n € N.
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We note in passing that the integral operators T, .o (m+k =0 < m? + k?) are
of singular Calderon-Zygmund type, and may be viewed as analogues of Vekua-type
integral operators IIp and IIp defined by

o=
o=

(cf. [8, 11, 17, 18, 22]). They are singular and must be understood in the sense of
Cauchy’s principal value. Moreover, they satisfy the Calderon-Zygmund inequality (cf.
[5, 6, 8, 17, 18, 22])

p,D (5)

dfdn

dfd

”Tm,n,Df

lp.0 < Apl|f]

where

Ap = |Tmnpllp, Ap>A2=1 (1 <p<00).
On the other hand, if m + k > 0, then T,,  p are regular or weakly singular integral
operators, and they may be viewed as generalizations of the Cauchy-Pompeiu integral
operators Tp, T'p, T}, and the potential operator Pp given by

To (s =——//<_ dédn, TDf<z)=—3// 2 dean
T (2 =——// =L dsdn, Pof(z) == [| 5(O1og(¢ 2l dgan

Moreover, since ||Ky,.nll1,0 < C(m,n,D) =const, it follows from the convolution the-
orem of W. H. Young (see [17], for instance) that Ty, » p maps the Banach space
L,(D) (1 <p<oo)into itself, and the estimate

| Tm k.0 fllp.o < C(m, k, D) [[fllpp (1 <p<oo,m+k>0) (6)

holds.

2. Existence of the general solution

We make the following assumptions on the right-hand side of equation (1):

(A1) F(z,w,{hmx}) is a continuous function of its variables z € D, w and the partial
derivatives of w of order not exceeding n and excluding 68;’4’, which are denoted
here by {hm i}

(A2) There exists a tupel (w*,{h}, 1}) (w*,h}, 4 € Ly(D),2 < p < 00) such that
F(z,w*, {hy, }) € Lp(D).

(A3) F(z,w,{hm}) satisfies a Lipschitz condition of the form

F(z,0(2), {hm,k(2)}) = F(2,@(2), {m,(2)}

ngmax{ max [ x(2) — s (2)]. |w(z>—w<z>|}

m-+k<n

+ Ly max |hm k(2) — ﬁm,k(z)‘

almost everywhere on D. While 0 < Ly < 1, L; may take any positive value.
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Note. It follows from assumptions (A2) and (A3) that F(z,w,{hmr}) € Ly(D)
(2 < p < o0) if w and all the elements of {h, 1} belong to L, (D).

We introduce the following Banach space £,(D) (2 < p < 00):

Ly(D) = {(w, {hmx})| w, hm € Lp(D)}

n>m,k €Ny,m+k<n,(0,0)# (m,k) # (0,n),n € N.

0. ()l = max {5l 0. 7 8% il max fhmeillon} (7> 0).
m+k<n m+k=n

Next we define a mapping P in £,(D) through the right-hand side of (4). For any tuple
(W, {hm k}) € Lp(D) we set

(VVa {Hm,k}) = P(w’ {hm,k})

W(z) = ®(2) + To,n,0F (¢, w(C)s {hm()})(2)

Hooa2) = o 0 T P (G 00O, T (1) ) ")
n>m,k€Ny,m+k<n,(0,0)# (m, k) # (0,n),n € N
® €W, ,(D) (2<p< o0) a polyanalytic function in D.
It follows immediately from the preceding discussion that P maps £,(D) (2 <p < o0)
into itself.

We next show that, under certain conditions, PP is contractive in £,(D), so that
we can apply the Banach fixed point theorem. To this end we consider the images

(W, {Hm.}), (W, {Hmi}) of (w, {hmi}), (@, {hmi}) € Lp(D), respectively, under the
mapping P. We then have

MW~ Wllp < A Tom, 0l | F (220, {han i) — F 2, @, (o)),

».D ||w — W]

) -
< Toml (Lymax { | sz (e = o

p,D}

<N\ Ton,pllp (L1 +vLa) || (w, (i }) = (@, (A}

Similarly we obtain

Ly max ||hm,k—hm,k||p,D)
k=n

7||Hm,k - ﬁIm,k

50 < It llp (L1 + Y L) [0, L }) = (@, (o)
~ 1 o~
1B~ Hoplly < IToanmp,pllp (S L+ La) [0 (s 1) = (3, ()|

for0 <m+k <nand a+ S =mn with (o, 8) # (0,n). On account of the relations

C(m,k,D) forO<m-+k<n

7m0l = { iie ™ for sk (<p<o)
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where IIp is the strongly singular Vekua-type integral operator, we arrive at the estimate

| (W, {Hin i) = (W {Hom i }) |
1
< (58 + L2 ma {VIITo,n,DIIp,vaEggn [a— ||HD||p}

X H(w, {hmi}) — (w, {T’mk})”

and P is contractive in Lp(D) (2 <p < o0) if

1
(ZL1+ o) maX{vllTo,n,Dllp,v max [T, s,0llp: ||HD||p} <L (9)
y m+k<n

This condition may be satisfied if the constants L1, Ls and v can be chosen properly
and the domain D made sufficiently small. It is known (cf. [5, 6, 8, 12, 17, 18], for
instance) that

IIpll, >1 (1 <p<o0) and IIIp||2 = 1.

Thus for a chosen £,(D) (2 < p < oo) weneed Ly, 0 < Ly < 1, such that Ly||IIp||, < 1.
Next we choose the constant v > 0 large enough so that, for the given L; > 0, (%Ll +
L,)||p|l, < 1 also holds. Finally, since ||To.n.pllp and ||T—m n—k.Dllp, 0 < m +k < n,
vary directly with the area of the domain D, we may satisfy estimate (9) eventually be
reducing the size of D.

If estimate (9) is realized, then P has a unique fixed element (b, {hm1}) € Lp(D)
(2 < p < 00) and w is the general solution of equation (1) corresponding to the given in
D polyanalytic function ® € Wy, ,(D) of order n. Moveover, w € W, ,(D) (2 < p < 00):

W (2) = ©(2) + To.n,pF (¢, 0(C), {hmk(O)})(2)

gk

= o T T n—i,0F (¢, 0(0), {hm x(C)}) (2)

P 1o (2)

n>m,keNy,m+k<n,(0,0)# (m,k) # (0,n),n € N.

Theorem 2. Under assumptions (Al) - (A3) and (9) the non-homogeneous poly-
analytic differential equation (1) admits a uniquely defined solution w € W, ,(D) (2 <
p < 00) given by equation (2) for every prescribed in the domain D polyanalytic function
® € W, (D). This solution defines a mapping from ® — w = R(QP).
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3. The generalized Riemann-Hilbert problem for polyanalytic
functions

We consider the following boundary value problem for a polyanalytic function ® of order
n:

nP
8_n:O onD={z:|z] <1}
0z
o 1d (10)
Re (ak—}_Zbk)W](t)_ck() on 0D (k‘ZI,,n)

where ag, by, cr, € Wi_1 ,(0D) (2 < p < 00) are prescribed real-valued functions on
0D. Moreover, (ay + ibg)(t) # 0 for all t € 9D.
A polyanalytic function ® of order n may be expressed as

= Z ZP 9, (2) (¢, holomorphic).

Thus

n e n—1
W?ng;_l:i“(%%) (G L

k 1n kk—1 E—1
Sy (")
a=08=0
el dn—a—ﬁ—l
XP;}-ﬁ —a—ﬁ)' 2 a1 #()

Since on 0Dt = % we shall replace Z by % in the expression above and then reduce
the given boundary conditions for the polyanalytic function ® to n eqivalent Riemann-
Hilbert boundary value problems for some holomorphic functions G (k = 1,...,n)
which are defined in terms of the holomorphic functions ¢, (p=0,...,n —1). Thus

8n—1(I) 1 n—kk—1 8 n—k k—1
Gon gt = 2. 2. ( o ) B )
a=0 =0
n—1 n—a—p3—1
p! a+pB— d f
Y e et
p=a+ps
Hence =14
— Re [(ak +by) () ¢ ni kf(_l)ﬁ(n o k) (k 8 1)
o p
a=0 =0
n—1 n—a—[B—1
P—! n+a+ﬂ—l)—1u
“ 2 e A gi—a—p=1 ()|
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N Re [(ax + ibi) () * 1 "Gr(0)] = enlt)  (k=1,...,n) (11)
where ek ﬂ -
=23 ( 905"
a=04=0
n—a—pB—1 (12)
Xp;ﬂ TR n+a+ﬂ—p—1h(pp(z).

The solution of the Riemann-Hilbert problem (11) is known (see [9, 11, 14, 16]). If
ki = index [(ag — ibg), 0D] > 0, then the general solution Gy, is given with the aid of
the Schwarz integral as

NG (2) = Xk(.) [/6 iR (t) t+z dt—i—Pmk(z)] (13)

2mi | Jop (ar +ibi)(t) X, (t) (¢ —2)t

where P, is a polynomial of degree not exceeding xj and X, is the canonical solution
of the corresponding homogeneous problem

Xi(2) = 2" expI'i(2)

1 o, aw, (ar —ib)(E)\ t+2
re) = g s (0t e e

If any of the ki is negative, then the corresponding Riemann-Hilbert problem has a
unique solution, bounded at infinity for instance, if and only if the conditions

Ck(t) j - - %% —
/aD(akJribk)(t)X,j(t)tdt_O (j=0,...,—2k; —2) (14)

are fulfilled, and in that case the solution is given by (13) as well, with the obvious
modification that we set Py, (z) =0 (cf. [9, 11, 16]).

We investigate the possibility for the satisfaction of the solvability conditions (14).
For this purpose we consider the modified Riemann-Hilbert problem (cf. [4, 25])

Re [i* 71" " (ak + ibe) (1) Gk (t)] = ce(t) = D> Ast®  on 0D (11)

where A_; = A, are constants yet to be determined appropriately. The modified problem
is uniquely solvable for kx < 0, and the solution G to the original Riemann-Hilbert
problem (11) has the representation

en _ Xi(2) i1k i sy t+z ,
2 Gz = = /aD (an + i) (O X7 (1) ( > “) Goa (13

s=Ki+1

(ct. [4, 25)).
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In order that a Riemann-Hilbert problem with non-negative index to be uniquely
solvable 2kx + 1 point conditions need to be imposed on the solution Gy. These con-
ditions can be expressed in terms of the solution ® of the given polyanalytic equation
(10). Suppose r among the n Riemann-Hilbert problems (11) have non-negative indices,
whose sum is N. Then, we demand that

Im [ik_l(ak + ibg)(75) le_"Gk(Tj)} =dj (j=12,...,N+r)
Tj € 0D, Ty, # T for m #n,d; € R
It can be shown that 2! "G (z) € W1,(0) (2<p<o0,k=1,...,n) and estimates of
the form
12" "G llp,p < Ck(ak, bx, p, D) |lckllp,op

127" Grll1p,0 < Ki(ar, bk, p, D) llexlli—1 p o0
hold (cf. [12, 14, 15]).

Suppose we have determined all n holomorphic functions G, (k =1,...,n) uniquely.|]
We proceed to compute the required polyanalytic function ® by expressing the holo-

morphic functions ¢, (p = 0,...,n — 1) in terms of Gx. We shall make use of the
following three facts:

(15)

(k=1,...,m2<p<o0) (16)

1. Derivatives of ® with respect to z, y can easily be expressed by the holomorphic
functions G. It follows from (12) that

on—id DO \n—a—v—i atv
somrosays = (st an) (50 Zz%
n—q—v—j q+v

=i 3 ; )

P dn—a—ﬂ 1

—p——

s
p=a+p

= i G (2)

on 0D (i.e. z=1).

z
2. Derivatives of @ with respect to z,Z can be expressed by the derivatives with
respect to z,y, and hence in terms of G. Indeed, on 0D we have

n—kk—j _ _ n—j
=9~ nqzoyz;) )%i q+u<nq k)(ky])axn_?_yj%yﬁ,,

n—k k—j T (17)
=2 3 S e (M) (7, )it T G 2)

q=0 v=0
ey (”;’“) 'i;f(—l)"(’“;’)GHUM )
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forn >k > j.

3. The holomorphic functions ¢, can be expressed by the derivatives of the poly-
analytic function ® with respect to z and Z.

Thus
8n—1q> an—l n—1

ozn—1 gzt
p=0

On the other hand, it follows from (17), with £ = n and j = 1, that

Z0,(2) = (n— Dlpn_1(2).

onle = (22)t" nz_:l(_l)'/<n ; I)Gy+l(z) on 0D.

oz 1 =
Hence we may conclude that
onr(z) = <2z>1—"§(—1>”(” “NGuia(z)  on oD
nol (n—1)! i v )T '

Next we have, on the one hand,

8n—2q) 8n_2 e e
g7 = g (7 () 7 na ()

=Mn—-2)pnpo(z)+(n—DZe,_1(2).

On the other hand, we deduce from (17), with £ = n and j = 2, that

oL n _nn—Z (=2
5712 =227yt z_:o(—l)( 5 )G,,+2(z) on OD.

So we can obtain for ¢, the representation

on-2(2) = - 2)! [2 nf(—l)"(” ") Gusa(2) — (- 1)1 (2)

14
v=0

on 0D.

Similarly we compute ¢, _3, ..., @1, @o- Suppose we have computed ¢, _1,Yn_2a, ...,
@n—j+1- Then we compute ¢,_; as

L I L et . = oIz
g = o 2 Tl =)+ 3 e G

On the other hand, for £ = n formula (17) yields

n—j

=y Y (" N Guss ().

v=0

or—Iid
ozn—J
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We thus arrive at the general representation

T D D (et [ E N o R L

n—j(2) = _,|[2_"z_" —1”( )V+jz— SOpZT]
(n — ! =0 v pem g1 oz

for ppo—; (j =1,...,n). Hence all n holomorphic functions ¢; (j =0,...,n — 1) are

uniquely determinable, and with them the polyanalytic function ® as well. Furthermore,

since ag, bg,cx € Wi_1 ,(0D) (2 < p < oc), we conclude that z'~"Gr(z) € W1 ,(D)
p’

(cf. [1, 10, 12, 14, 15, 19, 20]). It thus follows from (12) that

n—1 n—1 . n—a—1
Ien B n— 1) 7! a—j @ .
ran=x (", LGt g 10 € Wiy (OD)
and, in particular,
dn—a—l
W%‘(t) € Wi_1,(0D) (jya=0,...,n—1).
Hence
n—1
chjEWl_%m(BD) (]20,1,...,71,—1).

It now follows from the properties of traces of functions that
pj € W,_1,(0D) and ¢;, ® € W, (D) (j=1,...,n)

and the estimates

|

|pJ)SZCH(paIn1n£X”Ck”n8D

I (1,k=1,...,n;2 < p < 00) (18)

ljp.0 < Ca(p, D) max ek 1-1,p,0D

hold (cf. [1, 10, 12, 14, 15, 19, 20]).

4. The generalized Riemann-Hilbert problem for equation (1)

We now take up the following boundary value problem for the function w:

n m-+k
8_w:F<z,w,{78 w}) on D
oz" 0zmozk
o Ly

8$"_k8yk_1

n>m,ke€Ng,m+k<n,(0,0)# (m, k) # (0,n),n € N

Re |(ay + ibg) }(t) =ck(t) on 0D (k=1,...,n) (19)
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where ag, by, cr, € Wi_1 ,(0D) (2 < p < 00) are prescribed real-valued functions on
P k)
0D with (ag + ibg)(t) # 0 for all t € OD.

It was shown earlier that for every polyanalytic function ® € W, ,(D) (2 <p < o0)
there exists a unique solution w € W, ,(D) to the partial differential equation (1). This
solution is represented by (2). We shall now exploit the arbitrariness of the polyanalytic
function @ to construct the solution of the boundary value problem (1), (19). For this
purpose we shall write ® as

¢ = éc + (I)(w,h)

where ®., @, ) are solutions of the boundary value problems

) an—1¢c
n—1

n—1

) 0
= —Re [(aj + ib;) WTO,n,DF('a w, {hm,k}) | ()
‘= Guw,n),j(t) on 0D

for j =1,...,n. Since F(z,w,{hmi}) € L,(D) (2 < p < o0), then Ty ,, pF € W, ,(D)
(cf. [5, 6]). Moreover,

8n—1

gan—rgyi-1 Lo F ()

k—1

.

:.k_l""“ n—k (k-1
2D D1 (D W C il G L VTSSO
a=0

B=0
€ Wi (D),

i.e. gow,n),j € Wl_%m((()D) (2<p<oo;j=1,...,n) (cf. [1,10, 11, 12, 19, 20]).

Polyanalytic functions which satisfy boundary conditions of the form (20) have been
constructed earlier, and we deduce from there that ®., @, ) € Wy (D) (2 <p < 00)
and, in particular, the estimates

»,0 < C(p, D) ||g(w,n)jllp,op < C1(p, D) || To,n,pF|

kp,0 < Ca(p, D) |Ton,DF |lnt1-k,p,0

1D (w,m)l 1,p,D

(21)

”thh)

hold for k,7=1,...,n and 2 < p < .

We now define a mapping Q in the Banach space £,(D) (2 < p < 00). For any
tuple (w, {hm k}) € Lp(D) we set

(W {Hum k}) = Qw, {hm k})
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where
W (2) = ®c(2) + P(uw,h)(2) + Ton,0F (¢, w(C); {hm,k(C)}) (2)
m-+k
Hm,k(z) = BzTJ(;Ek ((I)c(z) + ¢(w,h) (Z)) + T—m,n—k,DF(Ca ’U)(C), {hm,k(C)}) (Z)

n>m,k€Ny,m+k<n,(0,0)# (m,k) # (0,n),n € N.

The operator Q is uniquely defined, and it maps the Banach space £,(D) (2 <p < o0)
into itself. Moreover, the following result holds.

Theorem 3. If (w,{hm.r}) is a fixed point of the operator Q, then w is the solution
of the given differential equation (1) which also satisfies the boundary conditions (19).

We next derive the C(lnditions to be imposed in order that Q has a fixed point. Sup-
pose (W,{Hp r}), (W,{Hpm r}) are the respective images of (w, {hm_r}), (W, {hmk}) €
L,(D) (2<p<o0). If we set

=P~ o5 and [ =F(zw {hui}) - F(z,@, {hn i),

then
— - 8m+kg0
W-W= ®+ TO,n,Df; Hm,k - Hm,k = % + T—m,n—k,DF
0zm0%z
and
Y ||W - W”p,D

<v(C1(p, D) [To,n,pll1p + 1 To.0,01lp )1 1,0

< (Lamae { s s = ol 0 = 10}

p,D>’Y(Cl (pa D) ||T0,n,D

1p T ||To,n,D||p) (L +vLa) || (w, {ham i }) = (@, {Fom i} |

+ Ly max 1Ak = B l1p + ||T0,n,D||p)

m+

< (Cl (p, D) ||To,n,D]

Similary we arrive at

YN Hon o — Hun

p,D < (02( 7D) ||T0,n,D||n—m—k:,p + ||T—m,n—k,D||P)
x (L1 + L) || (w, {hm 1 }) = (@, {hm i })

and
|Ha,p = Ha,pllp,0 < (03(1% D) || Ton,plhp + ||T—a,n—ﬂ,D||p>

X (%Ll + LQ) H(w, {hm,k}) - (ﬁj’ {TLm,k})H

for0 <m+k <n,a+p =mnand (o, 3) # (0,n). Consequently, on account of relations
(8), we arrive at the estimate

(W {Hin }) = (W A Hin Dy < 511w, {ham e }) = (@, {Fem e} (22)
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where (LL; + Ly) 'k is the maximum of the three quantities
Y

v _max {Ca(p, D) ITo,n,0lln-m—ks1,0 + [ T-mn b0l }
m—+k<n

C3(p: D) [ Ton,pll1p + ILIp]lp

If k < 1, then the mapping Q is contractive in £,(D) (2 < p < 00) and it has therefore
exactly one fixed element (w, {hnm k}) € L,(D), by the Banach fixed point theorem.

The contractiveness of Q imposes certain restrictions on the constants L1, Lo,y and
the size of the domain D. Going through an argument similar to the one presented earlier
for the case of the existence of a general solution, we can secure the contractiveness of
Q, and hence the existence of a solution w € W, ,(D) (2 < p < o) of the boundary
value problem posed. It is easy to establish that the solution is unique.

Theorem 4. Under the assumptions (Al) - (A3), (15) and k < 1 the general-

ized Riemann-Hilbert boundary value problem (1),(19) admits a unique solution w €
Wyp(D) (2<p<00).
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