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Representation Formulas
for
Non-Symmetric Dirichlet Forms

S. Mataloni

Abstract. As well-known, for X a given locally compact separable Hausdorff space, m a
positive Radon measure on X with supp[m] = X and Co(X) the space of all continuous
functions with compact support on X the Beurling and Deny formula states that any regular
Dirichlet form (€, D(€)) on L?(X,m) can be expressed as

Ewn) =& @)+ [wkan) + [| (@) - uw) (@) - vw)id.d)

for all u,v € D(£) N Co(X) where the symmetric Dirichlet form £¢, the symmetric measure
j(dz,dy) and the measure k(dz) are uniquely determined by £. It is our aim to prove this
formula in the non-symmetric case. For this we consider certain families of non-symmetric
Dirichlet forms of diffusion type and show that these forms admit an integral representation
involving a measure that enjoys some important functional properties as well as in the sym-
metric case.
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0. Introduction

It is well known that the Dirichlet forms are suitable tools to describe the variational
principles of irregular bodies. In order to formulate such principles, regular Dirichlet
forms have been studied. For these forms a rich representation theory is available,
based on the fundamental formula of Beurling and Deny (see [1, 2]) and extended by
Silverstein [9, 10], Fukushima [4] and Le Jean [6].

Let X be a given locally compact separable Hausdorff space and let m be a positive
Radon measure on X such that supp [m] = X. Let Cy(X) be the space of all continuous
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functions with compact support on X. The Beurling and Deny formula states that any
regular Dirichlet form (€, D(€)) on L?(X,m) can be expressed as

Elwn) =)+ [ wok@n)+ [ (ule) = ulw)((0(e) = ow)i(de,dy

for all u,v € D(£) N Cy(X), the symmetric Dirichlet form £¢, the symmetric measure

j(dz,dy) and the measure k(dz) occuring in the formula being uniquely determined by

&. These terms are respectively called the diffusion part, the jumping measure and the
killing measure of £.

A particular class of regular Dirichlet forms has been recently developed by many
authors — it is the family of diffusion forms. A regular Dirichlet form is called a diffusion
if both its killing and jumping measures vanish. In this case the form & = £¢ admits
the integral representation

E(u,v) = /X i(u,v)(dz) Vu,v e D(E°)

where fi(u,v) is a Radon measure-valued non-negative definite symmetric bilinear form

on D(E). Such a measure is called local energy measure of £, or briefly energy measure
of £. The measure p has indeed a “local character” in X, that is, the restriction of
the measure i to any open subset A of X only depends on the restriction to A of the
functions in its argument. Moreover, u satisfies the following properties:

Leibniz property: For every u,v,w € D(E) N Cy(X),
gluv,w) = vi(u, w) + uip(v, w)

in the sense of measure.

Schwarz inequality: 1f ¢ € L?>(X, fi(u,u)) and ¢ € L*(X, ji(v,v)), then @i is inte-
grable with respect to the total variation of |fi(u, v)| and

/X | | fi(u,v)| (dz) < </X o i, ) (dx)>% </X P (dx)f

for every u,v € D(£) N Co(X).

Chain rule: Let u € D(E)NCy (X) and let f € C'(R), with bounded derivative and
f(0) =0. Then f(u) belongs to D(£) N Cy(X) and for every v € D(E) N Co(X)

i(f(uw),v) = f'(w)pi(u,v)
in the sense of measure.

Truncation rule: For every u,v € D(E) N Cy(X) we have

ﬁ(u+’ 'U) = X{u>0}ﬁ(ua U)
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where x4 denotes the characteristic function of the set A.

The aim of this paper is to show that these results hold without any symmetry
assumption on the form £.

Actually, in Section 2 we prove that any regular non-symmetric Dirichlet form
(€,D(€)) on L?*(X,m) can be expressed for u,v € D(E) N Cy(X) as

E(u,v) = E%(u,v) +/ wvk(dz)

* //Xxx_d [“(x) (v(z) —v(y)) +v(y) (u(y) — u(z))|j(dz,dy),

the non-symmetric non-negative definite form £¢, the measures j(dz,dy) and k(dx)
occuring in the formula being uniquely determined by £. We point out that the measure
k is the Killing measure associated with the symmetric part € of €. The form £°¢ and
the measure j(dz,dy) are not symmetric, that is £°(u,v) # £°(v,u) and j(dz,dy) #
j(dy, dx).

In Section 3 we prove that £¢ admits the integral representation
E(u,v) = / p(u, v)(dz) Vu,v € D(E°)
X

where p(u,v) is a Radon measures-valued non-negative definite non-symmetric bilinear
form on D(€) and we show that such a measure enjoys the same properties as in the
symmetric case. This fact allows us to extend many results on diffusion forms to the
non-symmetric case, for example in [7] we extend to non-symmetric Dirichlet forms,
the results obtained by Dal Maso and A. Garroni in [3] for second order non-symmetric
elliptic operators.

We conclude the paper with an example in Section 4.

1. Preliminaries on non-symmetric Dirichlet forms

We shall consider the Hilbert space H = L?(X,m), where X is a given locally compact
separable Hausdorff space and m a positive Radon measure on X such that supp [m] =
X, i.e. m is a non-negative Borel measure on X which is finite on compact sets and
strictly positive on each non-empty open set. By (u,v) = [, uv dm we denote the inner
product of H, and by || - || the related norm. Let D(£) be a linear subspace of H and
let £: D(€) x D(E) — R be a bilinear map.

Definition 1.1. A pair (£, D(£)) is called a closed form (on H) if D(£) is a dense
linear subspace of H and € : D(€) x D(€) — R is a non-negative definite bilinear form
which is symmetric and D(€) is complete with respect to the intrinsic norm

ullpeey = Ex(u,u)? = (£(u,u) + (u,w))?.

To give an analogous definition for non symmetric forms, one has to define the
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— symmetric part of € as &(u,v) = 1(<S'(u v) + E(v,u))
— antisymmetric part of £ as £ (u,

2
v) =
Clearly, (& (u,v), D(£)) = (E(u,v) + E(u,v), D(E)).
Then we have the following
Definition 1.2. A pair (£, D(€)) is called a coercive closed form (on H) if D(E) is

a dense linear subspace of H and £ : D(€) x D(€) — R is a bilinear form such that the
following conditions hold:

i) Its symmetric part (€, D(E)) is a closed form on H.

i) (£, D(&)) satisfies the following “weak sector condition ”: there exists a constant
K > 0 (called continuity constant) such that

E1(u,v)| < K& (u,u)2E (v,v)?  Yu,v e D(E),

ie. (£1,D(E)) is continuous with respect to the intrinsic norm on D(E).

Let us recall now the main definitions and properties of coercive closed forms which
are necessary in the following sections (see [5] for furthers details), while we refer to [4,
8] for properties of symmetric closed form.

Definition 1.3. A coercive closed form (£, D(€)) (on H) satisfies the strong sector
condition if there exists a constant K € (0,00) such that

|€(u,v)| SKg(u,u)%g(v,v)% Vu,v e D). (1.1)
Definition 1.4. A family {Gg}g>o of linear operators on H with D(Gg) = H for
all 8 € (0,00) is called a strongly continuous contraction resolvent on H if
i) fGp is a contraction on H for all g > 0.
ii) Go — Gg = (B — a)GoGg for all o, 5 > 0.
iii) limg_, o fGpu = u for all u € H.
For any given coercive closed form (€, D(£)), always there exists a strongly contin-

uous contraction resolvent {Gg}sso associated with (€, D(£)). It is defined as follows:
for all u € H, Ggu is the unique element in H such that

Ep(Gpu,v) := E(Gpu,v) + B(Gpu,v) = (u,v) Vv e D(E).

Moreover, the range R(Gg) of G is contained in D(£). Let us also observe that
resolvent is not a self-adjoint operator actually, naming coresolvent the adjoint operator
of G, we have that, for any given coercive closed form (£, D(£)), always there exists a

strongly continuous contraction coresolvent {Gz}g>0 associated with (£, D(E)), and it
results that, for all u € H, Ggu is the unique element in H such that

Es (v, G?u) D= S(v,éﬂu) + ﬂ(v’éﬁu) = (u,0) } Vv e D(E).
Ep(v,Ggu) = E(Gu,v)
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Finally, let us recall that, if G is the resolvent associated with the coercive closed
form (£, D(E)), then we can define, for g > 0,

EP) (u,v) := B(u — BGpu,v) Vu,v e H. (1.2)
Thus
EB (u,v) = E(BGpu, v) Vue Hve D(E)
and
ﬂlim EP) (u,v) = &(u,v) Vu,v € D(E). (1.3)
—00

For further details see [5].

We conclude this section giving the definition of non-symmetric Dirichlet form. As
usually, we put for all u,v: X — R

uVov:=sup (u,v), uAv:=inf(u,v), u":=uv0, u :=—(uA0).

Definition 1.5. A coercive closed form (£, D(£)) is called a non-symmetric Dirich-
let form (on H) if, for all u € D(E), it results

Ew—ut AlLu+ut A1) >0
utAleD(E) and : (1.4)
Ew+utAlu—ut A1) >0
Proposition 1.6. A coercive closed form (£, D(€)) on L?(X,m) is a non-symmet-
ric Dirichlet form if and only if the Markovian property
for each € > 0 3 a function @, : R — [—€,1+ €| such that } (L5)

pe(t) =1t (t€[0,1]) and 0 < pe(ta) — pe(t1) <ta —t1 ifty <ty
and, moreover,

peou € D(E)
liIEIi)i(I)lfg((Peouau_(Psou)ZO Vue D(E)

liminf &(u — pe o u, e 0ou) > 0
e—0

holds.
Proof. See [5: Proposition 1.4.7] i

Theorem 1.7. A coercive closed form (£, D(E)) is a non-symmetric Dirichlet form
(on H) if and only if the resolvent {8Gg} associated with the form is Markovian (i.e.
{BGg} is bounded and 0 < BGgu < 1 m-a.e., whenever u € L*(X,m),0 < u <1
m-a.e.).

Proof. See [5: Theorem 1.4.4] B

In the following we study some particular non-symmetric Dirichlet forms, named
regular non-symmetric Dirichlet forms. From now on we denote by Cy(X) the space of
all continuous functions with compact support in X.
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Definition 1.8. A pair (£, D(E)) is called a reqular form if it possesses a core, that
is a subset F' of D(E) N Cy(X), which is dense in Co(X) with the uniform norm and in
D(&) with the intrinsic norm.

Proposition 1.9. Let (€, D(E)) be a reqular non-symmetric Dirichlet form on H =
L%(X,m). Let K be a compact set and let U be an open set of X with K C U. Then
there exists a function ® g such that

S e D(E)NCH(X)
@K =1on K
supp [®x]| C U.

Proof. Since X is a locally compact Hausdorff space, by the Uryshon lemma, there
exists a function f € Cy(X) such that f =1 on K and supp [f] C U. Let us consider
2f € Co(X). By regularity of £, D(£) N Cp(X) is a dense subspace of Cy(X). Then
there exists a sequence {9, } € D(E) N Co(X) such that

9 () — 2£(2)] < [t — 2f|]oo < % VneN, zeX.

For any fixed 7, sufficiently large, it results that 15 — + > 1 on K and 1 := ¢ — % <0

n

on X —U. By (1.4) it follows that ®x := 9* A 1 is the required function il

2. Beurling-Deny formula in the non-symmetric case

We are concerned now with a general representation theorem on regular non-symmetric
Dirichlet forms, firstly presented by Beurling and Deny in the symmetric case in their
famous paper [2]. Let us start with two fundamental lemmas.

Lemma 2.1. The following statements are true:

(i) Let S be a positive linear operator on L?(X,m) (i.e. Su > 0 m-a.e. whenever
u € L3(X,m),u > 0 m-a.e.). Then there exists uniquely a positive Radon measure o
on the product space X x X such that, for any pair of Borel functions u,v € L?(X,m),

(Su, v) = //X (@ )o(ds.dy). (2.1)

(ii) Let S the adjoint operator of a positive linear operator S on L?(X,m) and let
6 be the unique positive Radon measure on the product space X x X associated with S
by (i). Then for any pair of Borel functions u,v € L?>(X, m) one has

(Su, v) = //X () (e)s(de, dy). (2.2)

(iii) Let B(X) be the family of all Borel subset of X. Then

o(ExF)=6(F X E) VE,F € B(X). (2.3)
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(iv) If, in addition, S is Markovian (i.e. S is bounded and 0 < Su < 1 m-a.e.
whenever u € L?(X,m),0 <u <1 m-a.e.), one has

o(X x E) <m(E) VE € B(X) (2.4)
and, ifS’ 1s Markovian, one has

7(Ex X)<m(E) VE e B(X). (2.5)

Proof. Firstly we observe that, if S is a symmetric operator, the proof of the lemma
is given in [4: Lemma 1.4.1] and it results that o is a positive symmetric Radon measure.

Let us start to prove that (2.4) follows by (2.1). Let assume, at first, that m(X) < oo
and let be xg the characteristic function of the set £ € B(X). Then

o(X X E)= //XXEJ(dx, dy)
- | xx@xe@otar. )

= (Sxx,XE)

< /XXE(.’L‘) dm
=m(E)

since S is Markovian. Let now be m(X) = co. By the assumptions on X and m, m is
o-finite, actually let {X,,} be a sequence of compact sets such that X; C Xo C --- C
Xn C -+ and lim, oo X, = U2 X, = X. As before one easily check that

o(X, x E) < /X xe(x)dm.

Letting the limit as n — oo, we obtain the thesis. Analogously, if S is Markovian, (2.2)
implies 6(X x E) < m(FE) then, by (2.3), (2.5) follows.

To prove statement (i), let us denote by Co(X x X) the family of all continuous
functions with compact support on X x X. Let us denote by Cy(X x X) the set of
functions f € Co(X x X) such that

!
f(a:,y):Zui(x)vi(y) Vui,v; € Co(X),(z,y) € X x X

and consider the functional

l

I(f) = (Sui,vi)  Yui,v; € Co(X).

1=1

By some analogous arguments to those used in the proof of [4: Lemma 1.4.1], we can
show that if f(z,y) > 0, then I(f) > 0. Since Cp(X x X) is dense in Cp(X x X), we
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can extend I to a positive linear functional on Cy(X x X). Then there exists a unique
positive Radon measure ¢ such that

_ //X S y)o(da, dy).

Choosing f(z,y) = u(z) v(y) and I(f) = (Su,v), we obtain

(Su,v) //Xxx Yo (dz, dy).

Statement (ii) follows by statement (i). Indeed, by (i) there exists uniquely a positive
Radon measure & on the product space X x X such that, for any pair of Borel functions
u,v € L2(X, m), one has

(Su,v) //X i w(z)v(y)o(de, dy) = (v, Su).

Then, interchanging the role of u and v, we obtain

(Su,v) = (u, Sv) = //XXX u(y)v(z)o(dz, dy).

It remains to prove statement (iii). Indeed, let E, F € B(X). Then one has

o(E x F) //XXX ()0 (dz, dy)

= (SxE, xXF)

= (XE, SXF)

_ //X _x()xr(@)5(da dy)
=6(F x E)

and the proof is complete I

Remark 2.2. Let us remark that, by Lemma 2.1/(iv), the measures o(- x X) and
o (X x-) are absolutely continuous with respect to m and the Radon-Nikodym derivatives
satisfy the relations

o(dr x X) <1 and O<U(X><d:c)

0<
- dm dm

<1 m-a.e. (2.6)

Lemma 2.3. Let {8Gg}gs0 or {BGs}s>0 be a Markovian resolvent or coresolvent
in L2(X,m), respectively (see Theorem 1.7). Then there exist some positive Radon
measures og or og for every B > 0 such that the approximating form EB) associated

with Gg or @g for every B > 0 (see 1.6) has the representation form

EP) (u,v) = ﬂ/X wo(1 — sg(z))dm + B//)(xX u(z)(v(z) —v(y))og(dz, dy) (2.7)
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where
(2.8)

£B) (v, u) = ﬂ/X wo(1 = 35 (x))dm + ,3//“)( w(@)(v(@) = v(y)op(dn,dy)  (2.9)

where
og (X X d.’I?)

dm

§,3(.’IZ) = y (2.10)

respectively.

Proof. Firstly we prove that SGg is a positive linear operator on L?(X,m). For
every u € Co(X), u > 0, let us put v = m Since 0 < v < 1 and BGp is Markovian,

then 0 < BGgv < 1. Hence 0 < BGgu < ||ul|eo- Let u € L?*(X,m), u > 0. Then
there exists a sequence {u,} € Co(X), u, > 0, such that u, — u in L2(X, m). By the
continuity of BGg we have BGgu, — BGgu with BGgu, > 0, thus SGgu > 0. Now, by
Lemma 2.1 one has

G = dz., dy).
(6Gpu, v) zﬁ;xszx>v@nog<aa y)
Since, by (1.2), it results that

EP) (u,v) = B(u— BGpu,v) = B(u,v) — B(BGpu,v),

EB) (u,v) = 5/ (z)v(z) dm — ﬂ//XXX (y)op(dz, dy)
=5 uapla dm+ﬁ// Do(e) - v(y)los(de, dy)

—5//X _ule)v()os(dz, dy)

Let us observe now that, by the Fubini Theorem,

//XxX u(z)v(r)og(dr, dy) = /X u(z)v(xz)og(de x X)

then

hence, by (2.8),
EPB) (u,v) = ,8/ uv(dm — og(dz x X)) + ﬂ//xxx u(z)[v(z) — v(y)]|og(dz, dy)
— ,3/ uv(1 — sg(z))dm + ﬁ//Xx —v(y)]og(dz, dy)

and (2.7) is proved.
To prove (2.9) it is enough to start with
8(6)(v,u) = B(u— ﬂégu,v)

and to make the same arguments used to prove (2.7) i
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Remark 2.4. Interchanging the role of v and v and with a change of variables z
and ¥ in (2.9) and (2.7), we obtain two further representation forms of £():

EPB) (u,v) ﬂ/ wv(l — $g(x dm—i—ﬁ//X X y) —u(z))og(dz,dy) (2.11)
£P)(v,u) = ﬂ/X uo(l — sp(x)) dm + ﬁ//XxX v(y)(u(y) — u(z))dp(dz, dy). (2.12)

Remark 2.5. Let (£,D(£)) be a non-symmetric Dirichlet form. Let {8Gg}g>0
be the Markovian resolvent and let {,8@5} g>0 be the Markovian coresolvent associated

with £. Moreover, let {3G3}g>0 be the Markovian symmetric resolvent associated with
éﬁ +Gg
2

the symmetric part £ of £. By simple considerations one has that ég = , hence
denoting by o and 63 the measures associated with Gg and G 8, respectively, by Lemma

2.3, and by 5 the measure associated with Gg by [4: Lemma 1.4.1], it results
og(dz,dy) + 65(dz, dy)

op(dz,dy) = 5 (2.13)
Moreover, putting
~ dr x X
Sp(@) = ( T ) (2.14)
by (2.8), (2.10) and (2.13) easily
3p(z) = 2D T 5(0) (2.15)

2
follows. These considerations, (2.7), (2.9), (2.11), (2.12) yield

i 1
EPB) (u,v) = i(f(ﬂ)(u,v) + E®) (v, u))

=8 w1 =) dm+5 [ (ula) = uw)(oe) - o(s)55(d. do)

according with [4: Formula (1.4.8)] for the symmetric case.

Now we are in a position to prove the Beurling-Deny formula for regular non-
symmetric Dirichlet forms.

Theorem 2.6. Any reqular non-symmetric Dirichlet form on L*(X, m) can be ex-
pressed as

E(u,v) = E(u,v) + /X wvk(dz)

(2.16)
[ [u@ @ - vw) + v ) - )]y
XxX—d
for all uy,v € D() N Cy(X). Here E° is a non-symmetric non-negative definite form
with domain D(E°) = D(E)NCy(X), j is a positive Radon measure on the product space
X X X off the diagonal d, and k is a positive Radon measure on X. Such elements £¢, j
and k are uniquely determined by €.

In order to prove this result we give the proof of two further theorems.
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Theorem 2.7. Any regular non-symmetric Dirichlet form on L?(X,m) can be ex-
pressed as

E(u,v) = G°(u,v) + /X uwvg(dr) + 2//X><X—d u(z)(v(z) — v(y))j(dz, dy) (2.17)

for all u,v € D(E) N Cy(X). Here G° is a bilinear form with domain D(G¢) = D(E) N
Co(X), such that G¢(u,v) = 0 for every u,v € D(G®) with disjoint supports and

G(u,v) =0 Vu € D(G°),v € O(u)

where ©(u) = {w € D(G°) : w is constant on a neighbourhood of supp [u]}, j is a posi-
tive Radon measure on the product space X x X off the diagonal d and g is a positive
Radon measure on X. Such elements G°, 7 and g are uniquely determined by £.

Proof. Let us suppose that (2.17) holds. The proof of the uniqueness of j, g and
G° is the same of the symmetric case (see [4: Theorem 2.2.1]). In particular, it results
that there exists uniquely 7 such that

E(u,v) = - //X ulw)idn,dy (2.18)

for any u,v € D(E) N Cy(X) with disjoint supports, and there exists uniquely g such
that

[ u@atin) = o) =2 u@)ole) - vl)itde,dy

for any u,v € D(£)NCy(X), with v identically equal to 1 on a neighbourhood of supp [u].

Let us prove now the existence of the measure j. By (2.7) and by (1.3), one has

EP) (u,v) = —B//XXX u(z)v(y)og(de, dy) — E(u,v)

as B — oo if u,v € D(E) N Cy(X) and supp [u] Nsupp [v] = 0. Let K1, K2 be arbitrary
compacts subset of X such that K; N Ky = () and let u,v be a pair of functions such

that
0<ueDE)NCH(X), u=1o0n K; and u =0 on K,

0<veDE)NCH(X), v=0o0n Ky and v =1 on K.

It results that
poa(kyx Ko = || poy(ds,dy
K1 XK2

< //X Bulz)o(y)op(da, dy)

= —£®) (u,v)
— —&(u,v)

< 0
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as # — oo by (1.3). Then the family of measures {803}g~¢ is uniformly bounded on
each compact subset of X x X — d, hence a sequence 3,0p, converges as 3, — 00

vaguely on X x X — d to a positive Radon measure j. Actually, if we define j = %, we
obtain that such a measure j satisfies (2.18), so we get that there exists a unique Radon
measure j on X X X — d such that

Bog — 2j vaguely on X x X —d as 8 — oc. (2.19)

Let us prove now the existence of the measure g. Let us fix a metric p on X which is
compatible with the given topology and choose a sequence of relatively compact open
sets {G;} increasing to X and a sequence of numbers §; — 0 such that

Iy ={(z,y) € Gi x Gi : p(z,y) > 8}

is a continuous set with respect to the measure j for every [, that is lim;_, o, j(I';) =
J(UR TI). By (2.7), for any u € D(£) N Cy(X) such that supp [u] C Gy, one has

EPBn) (u,u) = ﬂn/ u?(1 — slﬂn (z)) dm
G (2.20)
+ B, //G ) ula) (), (4, )

where sfl,jn (x) = 26, (d2xG0) 5 {Bn} is such that B,0s, — 2j vaguely. Moreover, by

(2.6) and (2.20) "
0< Bn/G, u?(1 — slﬂn (z))dm
= E(ﬂ")(u, u) — IBH//G o u(a:)zagn (dz, dy)
il u@uGes, e,y
< S(ﬁ")(u, u) + ﬂn//G o u(z)u(y)og, (dz, dy).

Then, by (2.19),
0 < limsup ,Bn/ u?(1— slﬂn (z))dm

n—0o0 Gy
<t +2f| @iy
G xG—d
< Q.

This implies, in particular, that the family of measures {3, (1 — slﬂn (x))dm}gso is uni-
formly bounded on each compact subset of G;. Hence an increasing sequence {f,},
B — 00 and some positive Radon measures g; on (G} exist in such a way that

Br (1l — slﬂn (z))dm — ¢ vaguely on G; as 3, — oo V1. (2.21)
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In view of (2.19) and (2.21) we have that, for every [ such that supp [u] C Gy,

E(u,v) lim Bn//Glel s z)(v(z) —v(y))ogs, (dz, dy)

n—)OO

2 // (@) (v(e) = (1)) dy) + /G u(ao()a(d)

Let us extend the measures g; to X, by setting ¢;(E) = ¢:(E N Gp). Then by (2.21),
{91} is non-increasing on each compact set. Let us denote the vague limit by g, i.e.

(2.22)

gr— g vaguely on X as [ — oo.

Letting [ — oo in (2.22), we get the expression (2.17) with

G(u,v) = lhm lim ,Bn//G s u(z)(v(z) —v(y))og, (dz, dy). (2.23)

—00 B —00

By (2.23) it is easy to prove that G¢ has the asked properties

Theorem 2.8. Any reqular non-symmetric Dirichlet form on L?*(X, m) can be ex-
pressed as

E(u,v) = F(u,v) + /X uvh(dz) + 2//X><X—d v(y)(u(y) — u(z))j(dz, dy) (2.24)

for all u,v € D(E) N Cy(X). Here F° is a bilinear form with domain D(F°) = D(E) N
Co(X), such that F¢(u,v) = 0 for every u,v € D(F°) with disjoint supports and

F(u,v) =0 VYo e D(F),uec0(v)

where ©(v) = {w € D(G°) : w is constant on a neighbourhood of supp[v]}, j is a posi-
tive Radon measure on the product space X x X off the diagonal d and h is a positive
Radon measure on X. Such elements F¢,j and h are uniquely determined by £ .

Proof. The proof is the same of the previous one using (2.11) in place of (2.7). It
is clear that

lim lim £,(1 - ( ))dm =h  vaguely on X (2.25)

Bn—00 l—00

Fo(u,v) = lim lim Bn//G ) uty) ~ u(w)op, (e dy) (2.26)

l—00 Bp—00

and j is the same of Theorem 2.7 since is obtained as in (2.19) i

We are now in a position to prove Theorem 2.6.
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Proof of Theorem 2.6. Expression (2.16) easily follows by Theorems 2.7 and 2.8
putting

Fe(u,v) + G°(u,v)

Eu,v) =

- i & oo
x [u(@)(0() = v(y)) + v(v) (u(y) - u(@))|op, (dz, dy)

and
h(dz) + g(dz) .

k(dz) = 5

£¢ is a non-symmetric Dirichlet form. Indeed,

l— o0 B —00

E(u,u) = hm lim // —u(y))’op, (dz, dy) > 0
GlXGl,p<5l

and the statement is proved H

Remark 2.9. Let us denote by 7 the positive Radon measure on the product space
X x X — d such that j(dz,dy) = j(dy,dz). We can also obtain j as the vague limit
of the sequence {63}s>0 that appear in (2.9). Moreover, using representation (2.9) in
the proof of Theorem 2.6, we obtain

E(v,u) =E%(v,u) + /X uvk(dx)
[ [ - o) + o) ls) - )], dy

with

°(v,u) = lim lim &=
£ ( ’ ) ll—)ooﬁi—)oo 2//GIXGI7P<5J
x (@) (v(z) = v()) + v(y) (u(y) - u(z)) |63, 4z, dy).

Moreover, if (£,D(£)) is a symmetric Dirichlet form, (2.16) becames the well known
Beurling-Deny formula.

3. Non-symmetric diffusion forms

By using the terminology of the symmetric case, we give the following

Definition 3.1. Let us call non-symmetric diffusion form a regular non-symmetric
Dirichlet form when the positive Radon measures j and k in (2.16) vanish.

By Definition 3.1 and Theorem 2.6 it results that £ = £°. Moreover, we observe
that the positive Radon measure k vanishes if and only if the positive Radon measures
g and h of (2.17) and (2.24) vanish; then £ = £¢ = G° = F°.
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Proposition 3.2. A non-symmetric diffusion form (£, D(E)) is strongly local, i.e.

E(u,v) =0 Vue D(E),v e O(u)
E(u,v) =0 Vv e D(E),ue O(v)

where ©(w) = {f € D(E) : [ is constant on a neighbourhood of supp[w]}.

Proof. The thesis easily follows by the identities £ = £¢ = G° = F°¢ and by their
integral representation forms (2.23) and (2.26)

In this section we are interested to consider non-symmetric diffusion forms. Our
aim is to prove that, as well as in the symmetric case, these forms admit an integral
representation.

From now on, let us denote
A i={(z,y) € Gi x Gy : p(z,y) < & }.

Let (£,D(£)) be a non-symmetric diffusion form. Then £ = £¢ = G° = F°. By (2.23)
and (2.26),

l—o0 B—00

. ) o0) = () )

= fim lim [% //A , v(y)(u(y) — u(z))os(dz, dy)
g //A @) () ~ w3 A, dy)] .

Then using (2.13), the symmetric part £¢ of £ has the expression

eeu,0) = Jim Jim |4 ] u(@)(0(e) ~ o)t dy)

E(u,v) = hm lim &5 //A (u(z) — u(y))(v(z) —v(y))os(dz, dy).

l—o0 ,6—>oo
Moreover, the antisymmetric part £¢ of £ has the expression
£°(u,v) = E%(u,v) — E(u, v)
= lim lim % {// —v(y))op(dz, dy)
l—o00 ﬂ—)oo A,

) W) (0(y) — v(a)p(dr, dy
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— //A, w(z)(v(z) — v(y))op(dz, dy)

- ) oly) = v(o))r )
~ Jim Jim § | //A (ule) + ) o) — o)) )

l—o00 f—o0

- [ @)+ u)ota) ~ o)) p(as, )
A n
= Jim Jim ] @) + ) o) o) (%577 ().

l—o0 B—00
Let us define now R
. og— 0

Then it results that

E%(u,v) = lim lim g//A (u(z) + u(y))(v(z) —v(y))os(dz, dy). (3.1)

l—>o00 B—00

Remark 3.3. Let £(u,v) be a non-symmetric diffusion form. Then by the identity
F¢ = G° and by their integral representation forms, it follows that

lim lim ﬂ// z)og(dr,dy) = lim lim B// y)og(dz, dy).
l—00 f—00 A l—00 f—00 Ag
Then, obviously, since g(dz, dy) = dg(dy, dz) one has
lim i = lim li
Jim Jim 8[ u(@@)as(de,dy) = fim tim 5] uw))zsir. )
and, since

og(dz,dy) = dp(dz, dy) + op(dz, dy)
op(dz,dy) = —os(dy, dz)

it results that

lim lim ,B// z)og(dz,dy) = hm hm ﬁ// u(y)v(y)op(dz, dy)
=00 f—00 A, Ay
— — lim 1
Jim tim 5] ey, )
Then
lim lim ,6// u(z)v(z)op(de,dy) = lim lim B// y)og(dz, dy)
l—00 B—00 A l—00 B—00 A
= 0.

With these considerations there follows easily that the symmetric and antisymmetric
part of a non-symmetric diffusion form are strongly local forms. Moreover, it is easy to
check that £¢(u,v) = —E£°(v,u) hence (3.1) is a “good” representation.



Representation Formulas 1055

Theorem 3.4. Let £¢(u,v) be a non-symmetric diffusion form and let Svc(u,v) be
its antisymmetric part. There exists a signed Radon measure [i(u,v) such that

%

£(u, v) = /X fi(u,0)(dz)  Vu,v € DEC). (3.2)

Proof. Let us consider, for any fixed pair of functions u,v € D(E¢) N Cy(X), the
linear functional

(U(u,v),¢) := lim lim %//A () (w(z) + u(y))(v(z) —v(y))os(de, dy)  (3.3)

l—o0 f—00

on Cy(X). If ¢ = 1 on supp [u] Nsupp [v], the functional ¥ (u,v) is well defined by (3.1).
Moreover, by simple calculation using Cauchy criterion, the functional ¥(u,v) is well
defined for all ¢ € Cy(X) and is bounded in Cy(X)* (the dual space of Cy(X)), hence
by the Riesz representation theorem, for any fixed u,v € D(E°) N Cy(X) there exists a
unique signed bounded Radon measure ji(u,v) such that

(U (u,0), ) = /X o(@)ii(u,v)(dz) Vo Co(X). (3.4)

Choosing now ¢ = 1 on supp [u] N supp [v], by (3.1) £¢(u,v) = Jx i(u,v)(dz) B

At this point let us define p(u,v) := f(u,v) + fi(u,v), where fi(u,v) is the energy
measure associated with the symmetric form £¢ (see [6: Proposition 1.4.1]). Hence we
have proved the following

Theorem 3.5. Let £°(u,v) be a non-symmetric diffusion form. Then there ezists
a signed bounded Radon measure p(u,v) such that

c‘,'c(u,v):/Xu(u,v)(da:). (3.5)

Such a Radon measure u(u,v) enjoys some important functional properties that
will be describe below. The following proposition shows one of the most important
properties of u: its local character.

Proposition 3.6. Let £(u,v) be a non-symmetric diffusion form and p(u,v) the
measure associated with € by (3.5). Let uy, us,v1,v3 € D(E)NCo(X) such that uy = us
and vi = v m-a.e. on A open subset of X. Then it results

xa(@)p(ur,v1) = xa(x)p(uz,v2)  on X.

Proof. The proof in the symmetric case is given in [6: Proposition 1.5.2] and in
[4: Lemma 5.4.6]. Firstly let us observe that, by (3.3) and by the antisymmetry of the
measure 6g(u,v), if v =0o0n A or u =0 on A, then

/X XA (@), v) = 0.

Then, since

‘/X Xa(@)fi(u1, v1) = xa(@)fi(uz, v2)

< ‘/X xa(@)i(ur — ug,v1)| + ‘/X xa(z)i(uz, v1 — v2)

the thesis easily follows Il
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The previous proposition states that for any open subset A of X, the restriction
p(u,v) to A depends only on the restriction of v and v to A. This allows us to define the
domain of the form restricted to A, denoted by Dy (&, A) as the closure of D(E)NCy(A)
in D(E).

Lemma 3.7. Let Q2 be a relatively compact subset of X and let A be an open subset
of Q. Let (£,Do(€,9Q)) be a reqular non-symmetric Dirichlet form on L?*(X, m). Then
there exists a sequence {pn,} € D(E) N Co(2) such that ¢, > 0 for any n € N and
Pn / xa in L.

Proof. Let us fix a metric p on X which is compatible with the given topology and
let us consider

A, = {yEA: p(y,0) > %}

where 0f2 denotes the boundary of 2. For any n € N, A, is closed and A,, C €2, so
A, is compact. By Proposition 1.9 there exists a sequence ®,, € D(E) N Cy(2) such
that, for any n € N, &, =1 on A, and supp [®,,] C A. Let us define ¢, := ¢,_1 V &,
and ¢g := ®9. Then ¢, € D(E) N Co(R), pn =1 on Ap, vn > @p-1 and @, 7 xa.
Indeed, for all z € A, p(x, Q) > p(z,0A) = § > 0, hence x € A,, for each n > §~! and
¢n(x) =1 — 1. Moreover, for all x ¢ A, ¢,(z) =0 — 0, then ¢, (z) = xa(xz)

Proposition 3.8. Let £(u,v) be a non-symmetric diffusion form and p(u,v) the
measure associated with £ by (3.5). For every u,v € D(E) N Co(X), it results that

fi(u, v) = —fi(v, u)

in the sense of measure, that is

[t o)) = = [ v, wis)

E
for every Borel set E of X.

Proof. Step I. Let Q be an open set such that supp [u] Nsupp [v] C Q. By Lemma
3.7, for any open subset A of  there exists a sequence {p,} € D(E) N Cy(2) such that
©n — Xa- By (3.2) and by the Lebesgue convergence theorem, we have

0= lim lim lim //A on(x)u(z)v(z)os(dz, dy)

n—o0 o0 f—00

— lim lim //A Xaleyule) @)os(d, dy)

=00 B—o0

— lim lim // u(z)v(z)op(dz, dy)
l=00 =00 JJ{Ax Gy p(z,y) <1}

— lim lim // u(y)o(y)p(dy, dz).
l=00 f—=00 JJ 1 AX Gy, p(z,y) <61 }

Step II. We show now that for the sequence {¢,} as before, we have

lim [ on (2) fi(wpn, von) — n(2)fi(u, v) = 0.
X

n—0o0
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Indeed, for any n € N

‘ [ oul@)ptupn; von) — i, )

S ‘/X (pn(x)/j’(,u'(pn - u, ’U(pn)

" \ | ontalituven o)

and, by the Lebesgue convergence theorem,

lim Pn (fﬁ)lj(uﬂpn - u, ’UQDTL)
X

n—0o0

= lim lim g//A xa(x)(uxa(z) — ulz) +uxaly) —u(y))

l—o00 B—00

x (vxa(z) —vxa(y))ds(de, dy)
=0

since for [ sufficiently large and for all 8 > 0

g//{Axc:,,p(m,y)<<sl}(uXA(y) —u(y))(v(z) — vxa(y))Fp(dz, dy)
_ B u — U v — ()& T
- 2//{Axc,,p<$,y><a,}( x4 (y) — u(y)) (vxaly) — v(2))p(dy, dz)

= 0.

With the same arguments we have

im [ on(z)i(u,vpn —v) =0

n—o0

and the thesis follows.
Step III. We show now that for the sequence {¢,} as before, we have

lim <pn(x) (Upn, Von) + @n () fi(ven, up,) = 0.

n—0o0

By the Lebesgue convergence theorem we have

lim Pn (m)ﬁ(wpn, 'Uﬁon) + (Pn(x)/uf'(mpna 'U'(Pn)
X

n—o00

— lim lim 5//A xa(@) (u@)o()xa (@) — u()o()xav) )55 (de, dy).

l—o00 >0

For [, B sufficiently large, we have

B// {AXGu,p(z.y)<b1} (u(@)v(z) — u)oW)xa)) s (dz, dy)

= IB//AXGI <) (= u(x)v(z) + u(y)v(y))ds(dy, dz)

1057
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by Step 1.
Step IV. By Steps II and III and the Lebesgue convergence theorem, we have

0= lim ©Pn (.T) [ﬁ(U@na 'UQOn) + /\1(’09071; U‘Pn)}

n—o0 X

= lim on () [Ij(u’ v) + fi(v, u)]

n—oo

:/Aﬁ(u,v)ﬁ-ﬁ(v,u)-

We have so proved the thesis for all open subset A of (2 subset of X. By the regularity
of measures (i the thesis holds for every Borel subset £ of {. To conclude, we just note
that since supp [u] N supp [v] C 2 we have for every Borel subset E of X

/Emu,v) =/mn<u,v>: —[Emﬁn@,u): —[Enw,u)

and the proposition is proved B

Remark 3.9. We point out that it is just the locality property of ji which enables
to state some general relations holding “in the sense of measure” as consequence of the
suitable analogous relations involving the measure of the all space.

Proposition 3.10 (Leibniz property). Let £ be a non-symmetric diffusion form
and p(u,v) the measure associated with € by (3.5). Then for any u,v,w € D(E)NCy(X)

the relations
p(uv, w) = vp(u, w) + up(v, w

hold in the sense of measure.

Proof. Since the Leibniz property holds for the symmetric part fi(u,v) (see [4:
Lemma 5.4.2]), it is enough to prove (3.6) for the measure ji(u,v). Moreover, by Propo-
sition 3.8 and Remark 3.9, we have just to prove that

/X i(w, uv) (dz) = /X w(@)ji(w, v) (dz) + /X o(@)ji(w, w) (dz).
Actually, by (3.1) and (3.2) one has

[ it )
= Jim Jim ]| (w(e) +0(0) (u(@)0() = ()55 dy)

l—00 o0

=00 f—00

// w(z) + w(y) (u(z) — u(y))ss(dz, dy)
= [ wl@itw.o)+ [ vl@yitww

b's
where the last equality holds by (3.4) and (3.3) I

~ lim lim //A | 2) + w(y)) (0(@) — v(y))Fs(dz, dy)
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Proposition 3.11 (Schwarz inequality). Let £ be a non-symmetric diffusion form
such that (1.1) holds and let p(u,v) be the measure associated with £ by (3.5). We
suppose that there exist the two Radon-Nikodym derivatives

. n)() = P ¢ 1 xm) (3.7)
i) () = P ¢ g m) (3.8)

for every u,v € D(E) N Co(X). If ¢ € L*(X, i(u,u)) and v € L*(X, a(v,v)), then
©y is integrable with respect to the total variation of |u(u,v)| and one has for every
u,v € D(E) N Co(X)

[ evlutu i@ < x ([ |sa|uuu<da:) (/[ 1w, dx))

where K is the constant that appears in (1.1).

Proof. The proof of the proposition in the symmetric case is proved in [4: Lemma
5.4.3]. By the strong sector condition (1.3) it results that, for every u,v € D(E)NCy(X),

€ (u,v)| < 5 (E(u, u) + E(v,v)),
that is, by (3.2), (3.7) and (3.8),

‘/X ul, ”><x>dm\ <% /X [, u)(@) + (v, v) ()] dm

By the local character of the measures p(u,v) and fi(u,v) it results that

[t o@an < % [l + ito,0@)] dn

for every Borel subset E of X. Choosing v = m( Yo and u = M( Ju we

pi(v,0) BE (u,u)
obtain
1

[ sty an| < & [ (5 00) @) 0. 0) o)) do

for every Borel subset E of X. Thus, we have

|, v)(2)] < K (A2 (u, w)(2) 42 (v, 0) ().

Then, as @ji2 (u,u) and Yz (v,v) belong to L?(X,m), by Holder we obtain

[ vl it < ([ ot nieran) ([ a0 in)

and the proposition is proved B

D=
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Proposition 3.12 (Chain rule). Let £ be a non-symmetric diffusion form and let
p(u,v) be the measure associated with € by (3.5). Letu € D(E)NCy(X) and f € C1(R),
with bounded derivative and f(0) = 0. Then f(u) belongs to D(E)NCy(X) and the chain
rule holds for every v € D(E) N Cy(X), i.e.

(3.9)

in the sense of measure.

Proof. The first part of the proposition is well known (see [8]), since it only concerns
the symmetric part of £. Let us prove equalities (3.9), that is, by Proposition 3.8 and

Remark 3.9,
/X u(f (), ) (dz) = /X £ (), v) (d).

Let v € D(E)NCy(X). Firstly, we can observe that if f(v) = v2, by the Leibniz property,
(3.9) holds. Now if f(v) = v3, we can apply the Leibniz rule on v? - v to have (3.9)
and in general, by the linearity of the form, we obtain that (3.9) holds when f(v) is a
polynomial such that f(0) = 0. Since v € D(£) N Cy(X), hence —M < v < M, then by
the Weierstrass theorem, we know that for every f € C*([—M, M]) with f(0) = 0 there
exists a sequence f,, of polynomials such that f,,(0) = 0 and f,, — f in C*([-M, M]).
Then we have

/X i(fn (), v) (d) = /X £ () (s, ) ().

By the Lebesgue convergence theorem, taking into account that the integrals are taken
on the compact set supp [u] where {f,,(u)} is uniformly bounded by a constant, it results
that

/f (u)pu(u, v) (dz) —>/ I (u ) (dz) Vu,v € D(E)NCo(X).
We shall prove that

/X u(fn (1), 0) (d) — /X u(f (u), v) (dz)

hence, by the uniqueness of the limit, the thesis shall follows. Actually, one has

‘/X [1(fn (), 0) = u(f(w), 0)] (dz)

= | [t = 1.0 @
< KE(fulw) = £(u), fulw) = F(w)*Ex(v,0)%.

Since
/|fn u)|?dz — 0 as n — 00
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it is enough to prove that

E(fnlw) = fu), fr(u) — f(u)) = /X p(fn(w) = fu), fu(u) = f(u))(dz)

—0

as n — o0o0. Applying the chain rule on functions f,, we have

[ 1) = 1) 1) = £() )
— [ i, Ful) ) = 2 iFul), F@)(do)+ [ 7)) ()
X X

X

— [ (G wntuu)de) =2 f@ite, f@)(do)+ [ plr(a),700) (o).
X X X
Taking the limit as n — oo, by the Lebesgue convergence theorem it follows that

E(fu(u) = f(u), fa(uw) — £(u))
—>/ (f')? (w) (u, w) (dz) — /Xf’(U)ﬂ(u,f(U))(dfv)Jr/ p(f (w), f(u))(dz)

- /X u(f (), £ () (dz) — /X u(f (), £ () (de) + /X u(f (w), f(u))dz
=0

where we have applied the chain rule in the symmetric case. Thus (3.9) is proved

The above Proposition can be also proved for a Lipschitz continuous function f,
with f(0) = 0. Then it is simple to prove the truncation rule, that is

it v)

:u(u y U :X{u>0}p'(u7v)

for every u,v € D(E) N Cy(X).

4. Example

Let X :=Q be an open subset of R* (n > 3) and let m = dz be the Lebesgue measure
on Q. Letting a;; € L], (2, dz), we define

a'ij = %(aij + ajz-) and dij = %(aij — ajz-) (1 < i,j < n)

Let us suppose that there exist two constant A, M > 0 such that

n

AE? < Z aij(2)6§; V&= (&1,--.,8a) €RY

1,j=1
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and

Let b;,d; € LT .(Q,dz) and ¢ € L such that b; —d; € L™(Q,dx) U L*®°(Q,dz) and

loc loc

>0 Vue C§o(R),u > 0.

Let us define for u,v € C§°(Q2)

ou Ov - ov - ou
E(u,v) = Z/ zgaxi%jdx-i-;/diua—%da:-l—;/biva—xidx-l—/cuvdx.

1,7=1

The closure of (£,C5°(2)) is a regular non-symmetric Dirichlet form on H = L?(X,m)
(see [5: Proposition 2.11]).

Let us observe that

is not a non-negative definite form. Actually, it results that
ou Ov bz
5(’!1, ’U Jz:l/az_ya—xiaxj Z/ 8.7,'1
d ou 10(b; + d;)
&Czdac—i-Z/( 2T)uvda:,

that is (2.16) holds with j =0, k =c— 3 >0, 3(%:‘1 i) and

= ou 0 i
E(u,v) = Z /aijau 8;] Z/

83:1

i,j=1 =1
n
0b;
=c—
h=c— 0d;
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In the case that d; = b; and ¢ = az = gb

ou (91)
“(u,v) Z /a” ox; Barj

i,j=1

is a non-symmetric diffusion form. This form satisfyes the strong sector condition (1.1)
with K = 2 41

IE(u,v)| < (%—Fl)gé(u,u)é’%(v,v). (4.1)
Let us observe that Theorem 3.4 holds with

Ou Ov
p(u,v)de = a;;(x )ﬂax dx.
i 05

For such a measure the Leibniz property and the Chain rule can be easily proved.
Moreover, the Schwarz inequality holds:

" ou Ov
/lw/)l Zama 8:::1

231

</ 3 1 gl | 2

7,7=1

n 9 3

M [ (;W - ) (zw )
- ou | L ov
M(g 1o dx) (223 [ w2 |

ou 81}

(dw)

IN

83:Z

IN

1
2 2
d:v)

M 9 Ou Ou 9 Ov 81}
Py Z/W‘WMEM Z/W“ma

,J=1 i,j=1

N

IN

Moreover, since the Schwarz inequality holds for the symmetric part, it results that

n

ou 81}
/|‘P¢‘ Zam d:l?)
3,j=1
ou 8u ov 81) ’
2 2
< (% +1) JZI/'“"% e ;/wama -

and 3 + 1 is the constant that appears in the strong sector condition (4.1).
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