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On the Stabilizability
of a Slowly Rotating Timoshenko Beam

W. Krabs and G. M. Sklyar

Abstract. In this paper we continue our investigation of a slowly rotating Timoshenko beam
in a horizontal plane whose movement is controlled by the angular acceleration of the disk of
a driving motor into which the beam is clamped. We show how to choose a feedback control
allowing to stabilize our system (the beam plus the disk) in a preassigned position of rest.
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1. Introduction and statement of the stabilizability problem

In [1] we considered the following linear model of a slowly rotating Timoshenko beam
in a horizontal plane derived in [2]:

w(z,t) —w' (z,t) — &' (z,t) = —0(t)(r + z)

E(@,t) — & (@, 1) + &, 1) + ' (2, 1) = 6(1) } (€ (0,1),t>0)  (1.1)

where w(z,t) means the deflection of the center line of the beam at the location z € [0, 1]
and time ¢ > 0, 5 (x,t) means the rotation angle of the cross section area at a: and t,

w = wy, § &, w' = wy, & =&, 0 is the rotation angle of the motor disk, 0= dt, and
r is the radius of the disk. The boundary conditions are of the form
w(0,t) = £(0,£) =0
w'(1,t) +&(1,8) =0 (t >0). (1.2)
¢'(1,t)=0

It is assumed that the motion of the beam is controlled by the acceleration 6(t) of the
rotation of the motor disk. The problem we deal with in [1] is to transfer the beam from
a position of rest into a position of rest under a given angle within a given time 7" by
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means of a choice of control f(-) € Ly[0, T]. It has been shown that such a control exists,
if the time T is large enough. This result relies essentially on the moment method, in
particular, we made use of [3: Theorem 1.2.17].

In the present paper we consider another problem for this model of a Timoshenko
beam.

Problem of strong stabilizability. Find a linear continuous functional

p(w, i, &,&,9,0)

such that every solution of problem (1.1) - (1.2) with feedback control

e(t) = p(’U)(', t)7 w(a t)a 5(7 t)7 £(7 t)v e(t)a H(t))

tends to 0 when ¢ — +o00 in the following sense:

/ (1) > 0, / ety 0 (1.3)
/1 w(x,t)dz — 0, /1 E(z,t)%dz — 0 (1.4)
0(t) —0, O(t)—0 (1.5)

as t — +o0o. Note that conditions (1.3) - (1.4) mean the extinguishing of the total energy
of the beam and conditions (1.5) mean the stabilization of the disk in the position § = 0
which, obviously, can be considered as an arbitrary preassigned one. In addition note
that conditions (1.3), due to Friedrichs inequality, imply

1 1
/ w(x,t)?dt — 0, and / E(z,t)%dt — 0 (t = +00).
0 0

The main result of the paper is based on the theorem on strong stabilizability of
contractive systems [4: p. 1324] which, in turn, is a consequence of the Sekefal’'vy-Nagy
and Foyas theorem on strong convergence to zero of powers of a contractive operator
[5: p. 102].

2. The singular values of the disk radius

Following [1] we rewrite (1.1) - (1.2) in the operator form

()0 o0

where H = L2((0,1),C?), the linear operator A : D(A) — H is defined by

v\ —y —
A (z) - (y’—z”-l—z)
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" D(A) = {(Z) € H?((0,1),C?) y,(lff)z(:l)zzo)zf:;)): 0}

and b= (""7") € H.
In [1] we proved that this operator A is positive and self-adjoint and the smallest
eigenvalue of A is larger than 1.

The main part of this Section is devoted to the question on the orthogonality of
eigenvectors of the operator A to the vector b. Let (z) be a given eigenvector of A
corresponding to eigenvalue A (A > 1). Bearing in mind that (g) € D(A), we obtain

<<Z> ,b>H = —/Ol(r+w)y(w)d:c+/olz(w)dw

_ %/01(7‘ +2)(" () + 2 (@) do + /01 2(z) de

- g(y'a) +2(1) — y'(0) — 2(0))
(W0 - o - 90) - [ )+ [ i
Ty - sy + A 01 2(a) do

=~ 5/(0) ~ 5y + 1 (~ (1) +7(0) +y(1) - y(0))

= (- r/(0) +£(0)

Further, we take advantage of the direct form of eigenvectors obtained in [1: Section 2]:

y(z) = C1e"® + Cae™ 17 4 C3eM3” + Cyre™ H3%
A A A A
z(x) = —01£6“1$ + Cy—e M7% 4 C’3£e”3”” - C4£e_“3w
M1 751 K3 K3

Ulzm, ps=1\-A=VA, Ci, Cy Cs C4

are some complex constants defined from boundary conditions.
With the notation of this work we have from (2.2)

where

—ry'(0) +2'(0)
= —’iT(Clﬁl — 020'1 -+ 030'3 — 040'3) + \/X( — Cl — 02 + 03 + 04)

where 01 = VA — \/_X and o3 = v/ A 4+ V. Reality of the functions y and z means that
Cz = Cl and 04 = 03. Let

(2.3)

Ci=a+i8, Co=a—18, C3=~v4+1), Cq=ry—1id.
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Then (2.3) reads
/ !/
—ry'(0) + 2/ (0) = 2r(Boy + do3) + 2VA(y — ).

The boundary conditions y(0) = 0 and 2(0) = 0 give

+y=0
Ty (2.4)
0’3,8 + 01(5 = 0.
Therefore,
o2 A
—ry’'(0) + 2'(0) = 2r6 <0— + 03) +4V Ay =4 (7“50— + \/X')/) : (2.5)
3 3

It follows from here that the equality ((¥,b), = 0 is possible (for some value of the
radius of the disk) if and only if 6y < 0. To analize this possibility we make use of the
other pair of boundary conditions which with our notation reads

o3(asinoy + Bcosoy) + o1(ysinos + dcosoz) =0 }

acosoy — fBsing; —ycosoz + dsinog = 0.

With regard to (2.4) this gives

Py+o01R6=0
T (2.6)
0’3R’Y + Q(S =0
where
P =o0;sino3 — o38ino;
Q =01 sinal — 0'3$iI10'3
R = cosos + cosoy.
It follows from (2.6) that
PQ = O'10'3R2 Z 0.
Let us show that actually
PQ = 0'10'3R2 > 0. (27)
In fact, let
R = cososz + cosop = 2cos 73 ;al cos 73 ; 9 _ 0.
On the other hand, from [1: Formula (2.9)] we have
(05 — 01)% cos? 72 ; 7L = (03 + 01)? cos? %

and, therefore, cos 257+ = 0. But the latter equality is impossible because it is easy to
seethat 0 < 1< o3 —01 < V2< 5 as A > 1. This proves (2.7).
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Remark 2.1. Note that (2.7) implies immediately that all the eigenvalues of the
operator A are simple. In fact, since R # 0, then from (2.4), (2.6) follows that the
dimension of the eigenspace corresponding to the eigenvalue A equals 1.

Taking (2.7) into account we get

P+Q_—(O’ —J)tan01+a3
rR 77T 2

Thus, 6y < 0 if and only if
2rk < 01+ 03 < 7w+ 27k (keZ).

Lemma 2.1. For a given eigenvector (Z), A('Z) = )\(@z’), there exists a value r of
the disk radius such that <(:Z),b>H = 0 if and only if

27rk<\/,\+\/X+\/A—\/X<7r+2wk (k € 7). (2.8)

As follows from (2.5) — (2.6) the corresponding value is given by

0'18i1'10'1—0'38i1’10’3 (2 9)
r= . .
VA(cos a3 + cos 1)

We call all such values of the disk radius the singular ones. It is shown in [1]
that for every k € N there exists exactly one eigenvalue A = Agx41 of the operator A
satisfying (2.8). Therefore, (2.9) defines a sequence {rj}x>1 of the singular values. Let
us determine the asymptotic behaviour of this sequence. To this end we use the next
two properties of the eigenvalues A [1]:

i) \/Aok41 ~ § + 7wk if kK — oo and, as a consequence,

s 1
aék) = \/)\2k+1+ VA2k41 ~ 5 + 7k + 3

1

s
ng) = \/A2k+1 =V A2k+1 ~ 5 + 7k — 2

if k — oo.

i) (oS + (M2 (1+ cos(o{F + U&k))) = (0P — 5M))2 (1+ cos(o{F) — ogk))) and, as
a consequence, taking into account of (2.8),

k) O_gk)

2

oék) -+ a§k) aé

5 = (aék) - agk)) cos

(ogk) + ogk)) cos
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Applying i) - ii) we obtain from (2.9)

(agk) — aék)) sin oék) + ng)(sin agk) — sin agk))

Tk =
v/ Aok+1(cos aék) + cos Jgk))

(agk) — a:(,,k)) sin o:(,,k)

a ((agk))2 — (ai’“))2) cos aék) — aik)Q cos oék) + ogk)2

(k) (k)
+,./1— L tan 93 " %1
VA2k+1 2
sin %
— o2 1 — tan 5
2

(1)
= — COS — an —
2 2

as k — oo.
Lemma 2.2. The set of the singular values of the disk radius is given by a sequence
{re}2, which is convergent to (1 —cos i) tan 3 as k — oc.

Obviously, in the case when the disk radius has a singular value there exists a
fundamental frequency of the beam which is invariable under the influence of the control,
i.e. system (2.1) is not controllable. So later on we shall assume the disk radius to be
of a non-singular value.

3. The operator equation of motion

For our further purpose it will be necessary to describe the motion of the system (the
beam plus the disk) by means of a single operator equation of first order in a Hilbert
space.

In [1] we have shown that the operator A in (2.1) is strictly positive and self-adjoint.
Further, we have shown that A has a complete orthogonal sequence of eigenfunctions
(g; ) € D(A) (j € N) and a corresponding sequence of eigenvalues A; € R of multiplicity

one (see Remark 2.1) such that 0 < A; 1T 00 as j — 0o. We even know that A; > 1. All

this implies that
oo y y 2
2 j
28((2)-(4)), <=

D(A) = (Z) cH|y

(1) =2 (1) (40, (%)

on D(A). Further, there exists a ”square root” Az of A which is also a self-adjoint

linear operator with domain
oo ) 2
> (1) (%)), <
= z Zj H

and

D(A?) = (Z) €H



On Stabilizability of a Timoshenko Beam

J

and given by

on D(Az2). It is easy to see that

OB ) (),

for all (%) € D(A) and all (¥) € D(A?). If we introduce vector functions

Y(z,t) = (w(z, ), &(z, 1), iz, 1), £, 1))

- . r€[0,1],t>0
b(x) = (0,0,b(z)") ( )

and define a matrix operator by

N

A:( 0 I), D(A) = D(A) x D(A}),

-A 0
then (2.1) can be rewritten in the form
V(1) = AY () + b(u(?)

for ¢ > 0, where u(t) = 6(t).
Let # = D(A2) x H. Then # is a Hilbert space with scalar product

= (4 ()23 (1)) +((2).(2))

137

(3.1)

for all v1 = (y1, 21,91, 21)7 and vo = (Yo, 20, U2, 22)T in H. Further, it follows for every

v=(y,2,7,%)7T € D(A) = D(A) x D(A?) that

TSN
SPISFIRNS
\/
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which implies that A : D(A) x D(Az) — H is monotone. Let v; = (y1, 21, 71, 21)7 and
ve = (Y2, 22, U2, 22) T in D(A) be given. Then it follows that

s = (4t (B) 4t (1)) =(a(2).(2)),
() (1)) (a(m)(2))

= _<UI;AU2>7-L

which implies that A is skew-adjoint, i.e. A = —A* where A* : D(A) — H denotes
the adjoint operator. Since D(A) = H, it follows that A is maximal monotone. This
in turn implies that (A, D(A) x D(Az)) generates a C°-semigroup {7 (¢)|0 < ¢ < oo}
on H which is a contraction, i.e. ||7(¢)|] < 1 for all ¢ > 0. For every vg € D(A) =
D(A) x D(A?) the unique solution Y : [0,00) — D(A) x D(Az) of the problem

Y(-,t) =AY (-,t) (t>0)
Y(,O) =0

is given by Y'(,#) = T (t)vp for t > 0. Now let us define a linear operator A : D(A) x
C? - H xC? by

(Y AY
.A 01 = 02 forall Y € D(A) and ((91, (92)T € (CQ.
62 0

Then A turns out to be an infinitesimal generator of a C°-semigroup {7 (t)| 0 < t < oo}
on A x C? which is given by

N Y T@)Y
T | 61| = 61 +16 for Y € # and (61, 0:)T e C2.
05 05

If we introduce a vector function Z : [0,00] — D(A) x C? by

t
Z(t) = | 0.(1) (t=0)
)

and define b = (b7,0,1)7, then (3.1) with u(¢) = 6(¢) can be rewritten in the form

Z(t) = AZ(H) +bu(t) (¢ > 0). (3.2)

Let p € (H x C?)* = H x C? be an arbitrary continuous linear functional. Then the

operator A + bp is a finite-dimensional perturbation of A and consequently (see [6])
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generates a strongly continuous semigroup which we denote by {ﬁ(t),t > 0}. Thus the
problem of strong stabilizability as formulated in Section 1 turns out to be the problem
of existence (and construction) of a functional p € (H x C?)* such that 7,(¢t)Z — 0 as
t — 400 for every Z € H x C2.

It is easy to show that the operator A: D(A) x D(A2) — H = D(Az) x H has an
orthogonal complete sequence of eigenelements

Yj Yj
23 23
Y: = J and Y_ . = J € N
I KiYj I — 5 Y; (GeN)
1% —14j%

with corresponding eigenvalues pyj; = +iy/A; (5 € N). This implies that the operator

A D(A) x C2 - H x C? also has an orthogonal sequence of eigenelements Z; =
(Y%,0,00T (k € 2\{0}) with corresponding eigenvalues iy, = pur (k € Z\{0}) and in
addition an eigenelement Z = (0, 1,0)7 with eigenvalue fiop = 0. For all k € Z\{0} it
follows that

. 24),, 0 = (B i), = i <b, (gw ) >H. (3.3)

Ik
This leads to the following

Theorem 3.1. If the radius of the disk is of singular value, then strong stabiliz-
ability s tmpossible.

Proof. By assumption there is some k£ € N such that <b, (gk )>
k
because of (3.3) that

g = 0 which implies

(b, Zsk)s, 2 = 0. (3.4)
From here we infer
- = - ~ - ~ —AYj
(A+bp) Z = A" Zy + (bp)* Z, = A" Z + (b, Zg )y o P* = 0 = — L.
h/_/ O

=0

This implies '7;* (t)Z = e # ' Z}, and therefore

2 cos v/ At (yk>
2k
702+ 2-0) = | 2/ sin VAt ()

(1)
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This, finally, leads to

<:7V;J(t)(Zk + Z—k)’ Zk+ Z_k>’Hx(C2

= (Z+ Z_x, 7; O (Zk+ Zk)) 5y 2

(1)) [ 2 (3)
:< (8) , 2\/Esin\/Et<g”:) >

HX(C

which implies ﬁ(t)(Zk + Z_ ) #~ 0 as t — oo and shows that strong stabilizability is
impossible il

4. Construction of the stabilizing control

In order to prove stabilizability of (3.2) we make use of the following theorem on the
strong stabilizability of contractive systems [4: Theorem 5|. Consider a system of the
form

Ccil—at::Aa:—l-Bu (x€e Hyuel)

where H and U are Hilbert spaces, the operator A generates a strongly continuous
contractive semigroup {T'(t) : t > 0} and b € [U, H]. Let there exist to > 0 such that
the set o(T(tp)) N {z € C: |z| = 1} is at most countable. Then in order that the
system is strongly stabilizable it is necessary and sufficient that there does not exist an
eigenvector z( of the operator A corresponding to an eigenvalue A (Re A = 0) such that
xo € Ker B*. At the same time notice that this theorem cannot be applied directly,
because the semigroup {'7'(15) : t > 0} is not contractive. Therefore, first of all we find a
perturbation A+ bp of the operator A such that the generated semigroup {’7;,(15) 1t >0}
is contractive in a suitable norm of H x C2.

Let p > 0 be given. Then we define p,, € (H x C*)* = (H x C?) by
pul(Z) = =17, Zo)puxc (4.1)
where Zy = (0,0,1)7. Then

(./Z‘}‘%])M)ZO =0
(A +bpu) 2k = AZy, — 14 Zk, Zoynxc2b = i Zi, (k € Z\{0})
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follows. Further, one can show that —p is a simple eigenvalue of A +Zpu whose corre-
sponding eigenelements are multiples of

—p(A+ 207
pP(A+p)"
1

Z, =
m
1

With the aid of this eigenelement we define a scalar product in H x C? by

<Z1a Z2>u = ||ZIJ:||’?-£><<C2 <Z1, ZO>'HX<C2 <Z2a ZO)'HX((?

_ _ (4.2)
AR A Y AR VAR Sy

HxC?

for Z1, Z? € H x C? which leads to the norm

1
2

120 = (1Zullixce |2, Zodaaxce [* + | Z = (2, Zooucr Z )

for Z € H x C?. 1t is easy to see that | Z]|xxc2 — 0 as || Z]|, — 0 and vice versa. Thus
these two norms are equivalent to each other and, therefore, stabilization in one of them
implies stabilization in the other.

Lemma 4.1. The eigenvectors Zy, (k € Z) and Z,, of the operator .Z#—Zpu form a
complete orthogonal system in H x C? with respect to the scalar product (4.2).
Proof. Let k,j € Z be chosen such that k£ # j. Then
(Zk: Zi)u = 1 Zullzixce (ks Zo)rxez (Zi Zo)auxce)

+ <Zk — (Zk, ZO)’HX(CZ Zy, Zj — (Z;, ZO)’HX(CZ ZH>
——— ——_— ——

HxC?

= Z, Zj)uxc
= (Y%, Yj)n
= 0.

Let k € Z be chosen arbitrarily. Then

(Zis Zuhu = 1 Zul3sxcz $Zks Zo)puxcz {2y Zouxce

-~

+ <Zk - <Zk320>7-£x((32 Zyy Zy — (Zy, §0>ch2 Zu>
—_—— —_———

~ J/

HxC?

-~

=0
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which shows the orthogonality of the system {Z : k € Z} | J{Z,} with respect to the
scalar product (4.2).

Now let Z € H x C2? be chosen arbitrarily. Then one calculates

<Z> Zu>u = ||Zl/«||’2}-£><(C2 <Z, ZO)Hx(C2 }
(Z,Zk)p = Z —Z, Zoyaxc? Zr Zk)pyen (k€ ZL).

Now let

(4.3)

Then (Z, Zo)pxc> = 0 and (Z, Zi), = (Z, Zi)uxce (k € Z) follow, hence (Z, Zy) g x>
=0forallk € Z. Let Z = (Y, 01,02)T. Then this implies (Y, Y3)% = 0 for all k € Z\{0},
hence Y = 0.

From (Z, Zo)yxc = o1 we obtain o1 = 0. Finally, (Z, Zy) = 0 implies o5 = 0.
Therefore, assumption (4.3) implies Z = 0 which shows that the system {Z; : k €
Z}\U{Z,} is complete and concludes the proof il

Next we prove

Theorem 4.1.

(i) The semigroup {7},“ (t)|t > 0} which is generated by .Z%—Zpu is contractive with
respect to || - ||, i.e. ||Tp, (t)||x <1 forallt>0.

(ii) For every n € N the spectrum 0(’7},” (n)) of the operator '7;,” (n) is an at most
countable set.

(iii) Under the assumption of non-singularity of the disk radius there does not exist

an eigenvector VA #0 0fj+gpu such that (Z,Z)M =0.

Proof. (i) Let Z € D(A) be given. Then by Lemma 4.1 Z = aZ, + Y 1.
(in the sense of || - || ,-convergence) which implies

eYVA*

— 00

(.Z#—Zp,)Z = —/LO[ZM + Z O[k/Lk,Zk

k=—o0

Since {Z,, Zx| k € Z} is an orthogonal system with respect to (,-), and Re(ux) = 0 for
all k € Z, it follows that

<7 2 2 G 2 2
Re((A+bpu)Z,Z), = —plal*|| Zul; + > Jowl® Re(ue) | Zel |2

k=—o0 -0 -

A)).
— a2, (7€ DiA)

<0
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This implies Re((A+bp,)*Z, Z), <0 for all Z € D(A*) = D(A). Hence (A +bp,)* is

a monotone linear operator. This implies that (.Z —{—Zp,J* is accretive, i.e.
[(A+bpy)* = ADZ|, > A Zll,  forall A>0and Z € D(A").

In turn this implies that the range R((ﬁ+gpu) -l ) = H xC? for all A > 0, since j+3pu
is closed. Hence A +Zpu is maximal monotone and therefore generates a contractive
semigroup {7, (t)|t > 0}.

(ii) Let us define Z, = ||Z,;*Z, and Zy = || Zx||;* Zx, for k € Z. Then, for every

Z = <Z, ZM>HZM + Z <Z, Zk>p,2k: € H x C?

k=—o00

we obtain

Tp, (W) Z = "™ (Z, Z,)u 2+ Y e ™(Z, Zi)uZn

k=—o0

©w

for every n € N. From this we infer that the eigenvalues of 7;“ (n) are given by e #"

and e**™ (k € Z), with corresponding normalized eigenelements Z, and Z; (k € Z).
By the spectral mapping theorem [7] it follows that

0(Ty, (n) = {emmm omn (k€ 2))

©

where M denotes the closure of the set M. Since iy = +iv/A for k € Ny and (see [1])

1
)\ze ~ )\gg_l ~ Z((2£ — 1)7‘()2 as £ — oo

it follows that 0'(7;3“ (n)) can only have a finite number of accumulation points and is
therefore at most countable.

(iii) From (4.2) it follows that

<Z,uab>u = ||Zu||’%-txc2 #0

<Z05b>pb = _<Z07Zp,>;,b = % 7£ 0.

Therefore it remains to prove that (Zg,b),, # 0 for k € Z\{0}. From (4.2) it follows
that

(Zi, ) = | Z |l 2xce SZk,ZothZJSb, §0>’H><(C2J

-~ -~

+ <Zk —Zn, Zo) s x> Z;ug_ (b, Zo)pxc Zu>
—_———— ——— HxC?

= <Zka b)?—[x@ - <Z/€’ZM>’H><(C2 .
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From (3.3) (Zg, b)axce = pr((Y*1),b),, follows. Further we obtain
Ikl

(Zk7Zu>7-Lx(C2 = _<AZk7ZM>Hx(C2 = 0 3 91//,
2p HxC2
1 1 1 ~
= E<~AYkaYu>H = _E<YkaAYu>H = _E<ZkaAZu>7-tx<C2
1 ~
= E<Zk,pM(ZM) b+ “ZN>H><<C2 .

—p

This implies _
(ke — 1) Zks Z ) pxce = —1{Zk, D) pxce

hence

(Zky ) xc2

2y, 2, e =
< I Hie — K

since py # p for all k € Z\{0}. Summarizing we obtain

= () () 0), =22 (%) ),

2
Because of 2k £ 0 and <(i’||']z: ) b); # 0 for all k € Z\{0} (due to the non-singularity

of the radius of the disk) it follows that (Z,b), # 0 for all k € Z\{0}. This concludes
the proof of Theorem 4.1 i

Thus all assumptions of [4: Theorem 5| are satisfied, if the radius r of the disk is
non-singular. This leads to the strong stabilizability of the system

7 = (A+bpy)Z + bu.

According to the proof of [4: Theorem 5] this can be achieved by the control u =

—(Z,b),. Hence, system (3.2) is strongly stabilizable with the aid of the control
u=—p(Z, Zo)uxcz — {(Z,b),- (4.4)

On using Z(t) = (Y1(t), Ya(t), 61(2), 02(t))T and b = (0,b,0,1)T we obtain (Z, Zo)sxc2
= 0s.
Further, it follows from (4.2) that

<Z, b)u = 02 HZMHg{xCQ + <Z - QQZM’ b— ZM>’H><<C2

=(Z,b)rxcz — {Z, Zp)uxcz — 02(Zu, byarxce + 202]| Zy 35 co -
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Let Z, = (Y*, —uY™, —%, 1)T where Y* = — (A + p2T)~b. Then we obtain

(Z,b) = (—pY™*,b) g — (Z, Z ) rxcz + 20| Z, |51 c2
= VLY bty T V2 b4 Y m = u0

+ (= L4 (Y, 0) 1 + 20| 2302 ) 05

where

1Zul3iccs = (V" Y7) papy + 050 Y )m + g + 1 (4.5)

If we put Y =Y and 0, =0, then Y5 = Y and 0y = 9, and summarizing we obtain

w=—(Y,Y") apy + Vbt Y ) — 50

, ) (4.6)
+ (= 14+ Y, 0 i + 20 Zull3xce — )0

Theorem 4.2. If the radius of the disk is non-singular, then system (3.2) is strongly
stabilizable with u given by (4.6), (4.5) which is a real function.
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