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Exponential Stability
of a
Nonlinear Distributed Parameter System

J. Tervo and M. Nihtila

Abstract. A nonlinear parabolic partial differential equation model describing the behaviour
of a distributed parameter fixed-bed bioreactor is studied here. Exponential stability around
the steady state solution for exponentially decaying deviations in the input and disturbance
are proved via abstract formulation of the model as an evolution equation and by utilizing
semigroup theory and asymptotic stability of the corresponding evolution operator.
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1. Introduction

Several different stability concepts have been developed for linear as well for nonlin-
ear partial differential equations and the corresponding evolution operators (see, e.g.,
Amann [2: p. 68], Lions [14: p. 172], and Curtain and Zwart [5: p. 215]). As compared
with the stability of finite-dimensional systems we are facing more complicated situa-
tions. Even in the case of linear partial differential equations the location of the poles
of the transfer function of the distributed parameter system does not determine directly
the stability as is the case of finite-dimensional systems. More refined funtional-analytic
and function-space tools are needed. Moreover, the variety of different partial different
equation system models is larger depending, e.g. on the location of inputs and outputs,
and on the corresponding operator classes defined on abstract function spaces (Banach
or Hilbert spaces).

Here, we consider stability properties of solutions of a nonlinear system related to
a distributed parameter fixed-bed bioreactor. The system is a infinite-dimensional one.
It is governed by partial differential equations of parabolic type, i.e. they are so-called
evolution equations (c.f., e.g., Tanabe [21]).

The distributed parameter model of the system has its background in biological
water treatment processes [7, 8, 13]. The goal of the process is to remove harmful
nitrogen compounds from drinking water or from communal waste water. The process
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is modelled by two coupled partial differential equations. They describe the growth and
substrate (nitrogen) consumption of certain microorganisms. These are immobilised
on a fixed bed in the reactor tube. The water to be treated and which includes the
substrate flows through the reactor.

The spatially one-dimensional model of the fixed-bed bioreactor consists of a pair
of nonlinear partial differential equations

ou
a—tl = —kquy + p(uq, ug)uy
(1)
8U2 82’11,2 8“2
=D — ()22 —
ot ez~ W, ~ Rl uzu

where the spatial variable = belongs to the interval G = (0,1) C R and the evolving
time ¢ belongs to the interval R, = (0,00) (remark that by R, the interval [0, c0) is
denoted). The boundary conditions applied here are due to Danckwerts [6] and they
are of the form

Ous c(t)
—(Oa t) = —(u2(03 t) - S(t))
o b (t€Ry). (2)

In the equations the states u; = ui(z,t) and us = us(z,t) are the concentrations of the
biomass of the microorganisms and the substrate, respectively. The specific growth rate
of the microorganisms (in biomass)

U2

)

is due to Contois, 1959. This makes system (1) nonlinear. The input flow ¢ is the
control variable and the input substrate concentration S is a disturbance variable in the
system. They are generally smooth functions of time, i.e. ¢ = ¢(t) and S = S(¢). The
output function y (the measured variable) is the substrate concentration at the end of
the reactor, that is,

y(t) = ua(1,1).

The initial condition

w1 (z,0) = uio(x) } 3)

uz(z,0) = uzo ()

is chosen in such a way that u19 and ugo are the steady state solutions of problem (1)
- (2) before the simulated step changes the input function c(¢) and/or the the initial
concentration S(t) of the substrate. In the steady state ¢ and S are independent of time
and in that case they are denoted by € and S. Other parameters are positive. We do not
list their meanings here but we refer to the contributions [7, 8], where the model and
the parameters from the system-theoretic point of view are explained in more detail.

Simulation studies carried out pointed out that the assumption of equally distributed
concentrations on the constant cross-sectional area of the reactor tube was adequate (c.f.
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[17, 23]), justifying the use of the single space variable, the scaled distance from the
input of the reactor tube (the length of which is scaled equal to 1). Boundary conditions,
which are different from (2), have been proposed for dispersion models of our type (c.f.
[20]), and applied in [13].

In Section 2 problem (1) - (3) is put into the abstract form

F(t,v)}

where A(t) is a linear unbounded operator in appropriate Banach spaces and F (¢, v)
is a nonlinear function. This enables us to consider the existence, stability and other
issues of solutions as an application of the semigroup theory (see, e.g., [1, 2, 5, 9, 10,
18, 21]). The existence of a positive classical global solution u = (u1, ug) of problem (1)
- (3) such that

0+ A(t)v
v(0

Uy € Cct ((0,

). C(G))
Ug € Cl ((0, é

0), N
00),C(G)) N

C(R_HC(@)) }
C((0,00),C*(@)) N C(R,C(@)

was proved in [11] as an application of the semigroup theory. Numerical computations
for the original nonlinear system in the state space seem to support analytical stability
result obtained here, not only in the spatially 1-dimensional but also in the spatially
3-dimensional case [17, 23].

In Section 3 we show that the steady state solution of problem (1) - (3) is attractive.
The proof is based on the fact that the evolution operator U(¢, ) of the operator A(t)
can be shown to be asymptotically stable in the relevant spaces considered here. The
asymptotic stability of U(¢, 7) follows from the results for quasilinear parabolic equations
on the interpolation-extrapolation spaces studied in detail in [2]. It is well-known that
exponential stability of the solutions both in finite-dimensional and infinite-dimensional
cases influences on the input-output stability of the system (c.f. [5]). Consequently, it
is a central issue of our system study for control.

We give some preliminary notations applied here:

Let G be an open set in R*. C(G) is the space of continuous functions on G equipped
with the norm ||w||c(5) (= [lwlleo) = sup, g |w(z)|. Further, L,(G) (1 < p < o0)
is the Lebesgue space of p*"-power integrable functions f : G — C and W*P(GQ) (s €
R, 1 < p < o0) is the Sobolev-Slobodeckii space (see [2]).

Let A be an interval in R. Then C'(A, X) is the space of all [ times continu-
ously differentiable functions f : A +— X, when X is a normed space. The space
CP~(A,X) (0 < p < 1) is the space of Holder continuous functions f : A — X
equipped with the usual norm (see, e.g., [2: p. 40]). In the product space X; x X5 of
Banach spaces X1 and Xo we use the norm ||(w1, ws2)||x; xx, = [|[wi]|x, + ||w2]|x,-
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2. Abstract formulation of the partial differential equation
system

The original partial differential equation problem (1) - (3) will be converted into the

abstract form
v+ A(t)v = F(t,v
+ A(t) - (t, )} )
v(0) = o

where A(t) is a linear unbounded operator and F'(t,v) is quadratically bounded by
v. This means that the linearized version of the original partial differential equation
problem is given by

v(0

I

b+ A(t)v = F(t,0) }

2.1 Preliminaries. Consider the problem

Our _ f(u1, u2) — kquq
5’3 o N (5)
2 2 2
ﬁ — 52 - c(t)% — k1f(ula u2)
for (z,t) € G x Ry,
0
%02 0,1) = W us(0,1) ~ 500) @
Quz (1 1y — g
8—.’13( ’ ) -
for t € Ry, and
u(z,0) = up(z) = (u10(x), u20()) (7)

for z € G. Above we denoted

Uiz

G=(0,1) and  f(u1,u2) = p(un, u2)un = fi 2
2W01 2

Occasionally we also use the notation
f(u) = f(Uh Uz) for u= (U1, u2).

Throughout the paper we assume that ¢ and S are positive C1 (R )-functions and that
¢ and S are locally Lipschitz continuous. In addition we assume that u1p and ugo are
positive C!(G)-functions.

Let u; and uy be solutions of the steady state equations

0 = f(uy,u2) — kquin
uy  _Ous (8)

—Cn— — kif(u1, )

0:D8x2 oz
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for S(t) = S and c(t) = ¢, for x € G, with the two-point boundary conditions

s [ —

%(0) = 5 (@(0) = 5) -
Oy

o D=0

where ¢ = ¢(0). The solutions %; and %y can be computed in closed form and they have
the expressions

() = chosh(q(l —z)) + psinh(g(1 — z)) ope
2 g cosh(q) + (a + p) sinh(q)

— Hm — kd
= ok

Cc P k1(/,bm—k}d) P2
P:— = — = = _ P .
p PTo ¢ e 0 1TV T

The pair (4, us) is the equilibrium point of the dynamical system (5) - (7) when c=¢
and S = S. The constants P, p,a,q are positive for the original relevant parameter
values.

(10)

Uz (z)

where

Remark 1. The maximum principle for parabolic systems [19] implies the following
comparison result for the solutions: Suppose that ¢ and S are positive constants such
that

c(t)

Sib el
_ te .
S(t) <3S *
Let @ be the steady state solution corresponding to constant values ¢ and S of the
control ¢(t) and disturbance S(t). If up < u, then

u < 1. (11)

This result implies especially that the solutions of problem (5) - (7) are bounded when
the control ¢(t) and the disturbance S(t) are bounded. In fact, estimate (11) is natural
from the physical viewpoint.

2.2 Linearization. The nonlinear problem (5) - (7) is linearized around the steady
state (10). Consequently, a careful analysis for the nonlinear term f has to be carried
out. Formally f can be linearized by using the decomposition

28 @y + 2L (@ + g(w)

8’[1,1 U9

fu+w) - f(u)

where the residual g(w) must have certain appropriate properties. From (8) we get

Us

L R— 12
kotiy + 1y @ (12)

(U, W2) =
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which also implies the last equation in (10), i.e. Uy = Us “Z;;:d. Applying (10) and (12)

we find by a routine computation that

of _ _ U1 U
~J — — Uy ——
By (@) = p(u1, u2) — pmk2 (hatis + W2)?
uj Pom — ka
=kqg— umk 2 m
d = Hm#2 (k2ﬂ1 + ﬂ2)2 kokg (13)
_ K
i
=laz.
It can be seen also that )
Uy
= aqa. 14
(ko + u2)? “ (14)
Similar computations show that
8f _ E% (,U'm - kd)z
- = k = =:as. 15
Oz (U) HUm 2(k2ﬂ1 —|—ﬂ2)2 uka ag ( )

Based on these calculations the following lemma, which guarantees a successful lin-
earization, is proved.

Lemma 1. There exist constants C > 0 and 6 > 0 such that
f@+w) — f(w) = arwy + asws + g(w) (16)
where a1 and as are given above and where g(w) satisfies
”g(w)”C(E) < C”w”ij(é)xc(a)

for all w € C(G) x C(G) such that ||w||0(5)xc(5) < 4.

The norm abbreviations || - || = || - ||C(5) and ||-[|2 = || - ||C(5)xc(5) are used in the
proof, which is given in Parts A and B.

Proof of Lemma 1. Part A: Denote u = @+ w. Then by using (13) - (15) we
have

1@+ w) — £(@) — (a1wy + azws)]|,

ULU2 U1U2 U3 uf
= fm ‘ kout + us - kou1 + s B ((k251 + ﬂg)?‘wl k2 (kowy + 52)2102) 1
= i ||k2 Ut ———wq + Ut ——w;

(kou1 + ug) (kouy + ua) (kou1 + u2)(kouy + ua)

—2 —2
U5 Uy (17)
—|——w1+ky———w
((kzm + Ug)? ! 2 (kotiy + U2)? 2) 1
<,LL {H ﬂg’dz _ ﬂ%
=] (B2ut + ug) (kotin 4+ u2)  (koUr + Ua)? 1
— —2
ui1Ur Uq
+ k — w11 + ||w .
2 (kouy + ug)(kotiy +ua)  (koty + U2)? 1} (Il + flwalh)
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Part B: Furthermore, we have

i

uUiUy ﬂ%

(kouy + u2)(kouy + u2) B (ko + ug)?

1

! U U —2
= H (kouy + ug)(koty + Ug)? (T Tawy + ujws) 1
< {' 1 U1Us
= Ulkomn + | || (hyw + o) (oot )
1 ﬂ% }
" U T w + [|lw .
'k2U1+U2 1 (k2u1+U2)2 . (” 1||1 || 2||1)

Suppose that
lw1]|1 + |Jwell1 < %wlgg min{; (), Ty ()} =: 6.

Then we find that _ _
uj(z) = uj(z) — u;(v) + uj(v)
=u;(z) — w;(z)
> inf ,(2) ~ sl
> L inf ﬂj(.’L‘)

2 ze€G

> 1 in 77
2 3 inf min {u;(z)}

. C1
for all z € G. Hence when (19) holds, we see that
kouq(z) + ug(x) > (k2 + 1)cq (x € G)
1 1
: Cl-

S | ——
‘ kou1 + uo 1 (kZ + 1)61
Combining (18) and (20) we find that for ||w||s = ||w1||1 + ||wa|]1 < 0

which implies that

H U1Uq ﬂ%
(k‘2u1 + Uz)(kgﬂl + ﬂz) (k2ﬂl + ﬂ2)2 1
1 Uil us }
<qC +C |7/
- { ! kou1 + Uo 1 kou1 + o 1 ! (kgﬂl + ﬂ2)2 1

X (lwaly + [lwz]r)
=: Ca|w][2
where ('3 does not depend on w. Similarly we find that

UgUo ﬂ%

(kouy + ug)(kotin +T2) (ko1 + Ug)?
for ||w||2 < 6. Hence we find from (17) that

f@+w) — f(@) — (a1w1 + asws) = g(w)
where ||g(w)]|1 < Cyljw]||3 for ||w|l2 < § which completes the proof i

< Cs|wl|2
1

83

(18)

(19)

(20)

(21)

(22)
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_Remark 2. Consequently, the above considerations show that the mapping f :
C(G) x C(G) — C(G) is differentiable in the neighbourhood of .

Denote U = (Uy,U;) = u — u. Substracting equations (5) - (6) and (8) - (9) side by
side we get

% = f(U+7) — (@) — kals (23)
oU,  9°U. Oz +us) _0u
s N AT
for (z,t) €e G x Ry,
%(0, £ = %[(@ +0)(0,8) — S(t)] — %[ﬂz 0) - 9)]
85 (24)
oz
fort € Ry, and
Ui(z,0) = uio(z) — u1(z) (25)
Us(z,0) = ugo(w) — Ua(w)
for z € G. Due to Lemma 1 problem (23) - (25) can be put into the form
%:(al—kd)Ul-l-az(b +g(U) (26)
2 B 26
W % )% fett) - 02— haaalUs — ksl — kag (D)
for (z,t) € G x Ry,
0Us o _ clt) W =20y~ Wsy 4 E3
g(‘)’” =3 Va(0,0) + —5—(0) - 55°S() + S (27)
—2(1,t)=0
oz
for t e Ry,
Ui(z,0) = uio(w) — U1(w) (28)
Us(z,0) = ugo(z) — U2(x)

By substituting the transformed variable v = (v1,v2) = (kUy,Us + s(t)) with k =
1
(k1 Z—;) ’ into system (26) - (28) and by making the definition

D Jeft)—c_
s(t) = @ D

§] (29)
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we obtain the system

0 1 3\
% = (a1 — kq)v1 + Kagvs — Kags(t) + ng(;vl, V9 — s(t))
8’1)2 82’02 8’02 _ 8ﬂ2 k1a1
Z72 _ 72 _F) = _ > 30
ot 0x2 c(t) ox (c(t) =) ox K vl (30)
1 )
— kragvs + k1azs(t) — kw(;vl, Vg — s(t)) + 5(t)

for (z,t) € G x Ry,

—(0,¢ —=v(0
352( ) = £20(0) o
%(1,& =0
fort € Ry, and
v1(z,0) = K(uio(z) - () } (32
va(z,0) = ug(z) — ua2(x) + s(0).

Define a linear operator

A(t) : C(G) x Ly(G) = C(G) x Ly(G)

by
_ Ows  c(t) Jws
_ 2,p 2 _ 2\ = 2 (1) =
D(A(t)) = C(G) x {w2 ew (G)‘( " w2> (0)=0, —=2(1) }
02 0 k
A(t)’w = — (((11 - kd)w1 + KRag2W2a, DWI? - C(t)% - 1:1 w1 — k1a2w2>

for w € D(A(t)). Since W2P(G) C C*(G) (because n = 1) for p > 1 the terms ws(0),
we (1), and %(0) are well-defined. Furthermore, define

F(t,w) = (—/mgs(t) + H/g(%wl, wy — s(t)) ,
_ le(t) z]% + Frass(t) — klg(%wl, ws - s(1)) + s'(t)> |

Then problem (28) - (32) gets the abstract form

dt

D Ay = F(t,v) } (33)

v(0) = v

where
vo(z) = (n[ulo(x) — (2)], o () — Ta(z) + 3(0)).
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3. Stability of solutions

3.1 The evolution operator of A(t). We use the notations and theory of [2]. Let
for s € [—-1,1] and p € (1,00) be
WeP(G) ifo0<s<1
SP (1) — <s<
Wy (G) = { (W—2(@))" if -1 <s<0.

Define time-dependent Sobolev spaces WB’(Iz) (@) by

2% (0) = c(®w(0) =0 and 2%@ )_o}.

B(t) (G) {w € WZ’I)(G) or or

In addition we define Banach spaces

E(t) = C(G) x Wf;’g)(G) and Ea+% =C(Q) x Wéa,p(G)

where —% <a< % The operator A(t) can be interpreted as a bounded operator

Ei— Ej (that is, A(t) € L(E1,E0)) by
(A Ap
Al) = <A21 Azz(t)>
where for w = (w1, ws) € Ey

kiaq

Apwy = (kd - al)wla Ajpwy = —Kagwa, Aqqwy = (]

and where ,
A (t) : WHP(G) = W5 PP (G) = (WP (@)

is the operator corresponding to the antilinear form ags(t) : WH?(G) x W' (G) — C
such that

1
Ows Ovy
(1) (w2, v2) = / pZz o +k1a2wgv2+c(t)—vg dz + c(t)wa(0)2(0),
dr Ox
0
that is,
1
(Ans( = [ (-0 + el 52 + Faoawn ) vads = ana(®)(ws, )
22(t)wa, v2) 8302 ¢ or 182W2 | V20X = G22(1) (W2, U2
0

(which follows by partial integration).
For the definition of the (parabolic) evolution operator

U(t,7): C(G) x Ly(G) = C(G) x Ly(G)
for A(t) we refer to [2: pp. 45 - 47]. The solution v of problem (33) satisfies the

(Volterra) integral equation

o(t) = U(t, 0)vo + / Ut 7)F (r, v(7)) dr. (34)

For this operator the following estimates are proved.
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Theorem 1. There exists a constant 6 > 0 such that when [c]cp ®,) < 0, where

0 < p < 1, then the operator A(t) has an evolution operator U(t,7) : C(G) x L,(G) —
C(G) x Ly(G) and there ezist o € (1,1] and B> 0 such that for w € C(G) x W*P?(G)
and for0 <7 <t

U, Tywlls < Me™PED w3 (35)
Ut 7)wlls < M(t = 1)@= De P | (36)
where we use the abbreviations || - ||s = || - ||C(5)xwa,p(G) and || - |la =1 - ||C(5)pr(G).

For the definition of the quantity -] Cr- (&) S€e [2: p. 40].

Proof of Theorem 1. We shall only outline the proof and omit many details. The
proof is given in Parts A, B and C.

Part A: Let Ao(t) = A(t)gw)- It is well-known that the operator Ag(t) (¢t > 0)
generates an analytic semigroup on Ej with domain E(t) (see, e.g., [1, 9, 10, 18, 21))

and then with the notations of [2] Ao(t) € H(E(t), Ey).

Part B: Using the relation x = (ki Z—;)E and the fact that, for w € Lo(G) X

ow ow
DZ2(0)w2(0) = —c(t)wa(0)wa(0) and “—2(1)=0
oz oz
we find that, for all w € L2 (G) x W55, (G),
R(A(t)w, w)L,(q)2
1 1
=R [(kd — al)/ wiw1dx + klaz/ wWoWadx
0 0
1 1
— /430,2/ w2m1d$ + klal / w1w2d$
0 0

+ c(t)ws (0)w3(0) + D / Owa Dws 4+ it) —wgda:]

= (kg — *dr + k ’d
(kg al)/o |wi |“dz + 1az/0 \wa|“dx (37)

1 1
—/1(12?)?/ woW1dx + klal?R/ wiWadx

8w2 8w2 !

1
+ c(t) w2 (0 \2+D/ ——d:v—}-c(t) §|w2\2

0

:(kd—al)/ |w1|2da:+k1a2/ s |2dz
0

Lt
2

8’11)2

(w2 (1)* + [w2(0) "] -
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Equation (37) immediately gives that for w € La(G) X W;’(i)(G) we have the estimate

R(A(t)w, w) Ly(@yy2 > min{kg — a1, kraz}wl|7, gy xwrzc)- (38)
Part C: Equation (38) and Part A imply that for p = 2
o(Ao(t)) C{z€C|Rz=~}  (t=0) (39)
where v = min{kq — a1, k1a2}. Here v is positive since

_ _ 2
—kd(,U/m kd) and klag = kl 7(#’"" kd)

kd —a] =
! Hm :u’ka

are positive for relevant parameter values. Since G is bounded we know (from elliptic
theory) that inclusion (39) is valid for any p > 1 .

The continuity of ¢, inclusion (39) and well-known estimates for elliptic operators
(cf. [1: p. 42]) imply that for any o > —y and w > 0

ol + A(-) € C(R4, H(E\, Eo, k,w))

where x > 0. The space C’(EJF, H(E,, Ey, &, w)) is defined as in [2: p. 11]. Furthermore,
we find that (for 0 < p < 1)

A oo @&, 208180y < [Cloe-@,)-
Hence when [c|g,- g, is small enough we find that [2: Assumption (IL. 5.0.1)] holds.
Choosing 8 = _ = 3, [2: Lemma I1.5.1.3] implies the assertion i
Remark 3. Based on the assumption ||c'||c(@+) < ¢ it can be concluded that

The evolution operator of A(t) — 11 is
U(t,7)=ePloU(t, 1) 0 e ™!

for 0 < B1 < B. This evolution operator satisfies for w € C(G) x W*P(G) and for
0 < 7 <t the estimates

IO, nwlls < Me™E=AED |3 (40)
1O m)wlls < M(t - 7)~ @ 2)em G|y, (41)

where the norms are given in Theorem 1.

3.2. Local asymptotic stability. Here we prove a result about the long-time be-
haviour for the solutions of problem (5) - (7). The basic idea of the proof is standard
(cf., e.g., [3]). However, the verification contains some special estimates which must be

computed. In the proof we establish the required estimates. The proof is given in Parts
A, B, and C.
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Theorem 2. Let max } < a < 1. Then there exists a constant § > 0 such that

if
1”0 (c =)o <8, [le” D]l < 6 (42)
1S =)l <6, [€MS)|0o <& (43)
and if
o — Ullo@ xwen(a) <0 (44)
then
}E& Ju(-,t) — E||c(6)><woz,p(c;) = 0. (45)
Proof. Part A: Denote V = e¢f1ty. Then system (33) becomes
av
— +[A(t) — LIV = PP F (L, e7Prt
dt +[ () ﬂl ]V € (76 V) (46)
V(0) = 210y =: V.

Consider the nonlinearity F(t,V) = et F(t,e=#1*V). We find that

F(t,V) = et (—na2s(t) + kg, —[c(t) — c]aa% + kiags(t) — kig + s(t))
g=4g (%e‘ﬂlche—ﬁlth - s(t)) .
Since G = (0,1) C R, the Sobolev inequality implies that
lulo, < Cillilwer@ — (ue Wo(G))

when L < . Hence due to Lemma 1 we find that there exists constants 0 < ¢’ < 1 and
Cy > 0 such that for [|V||3 + ||s]|co < 0’ (c.f. Theorem 1 for the norms)

1PV < G{IVIE+ [e#0s(t)] + | elt) — dl| + [*5)] }. - (47)

Part B: We find, by adding and substracting a term in (29), that

s(0) = 25 { Um0 - “Pis @ - 31 - et -3} (18)
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The assumptions imply that |c|, |¢| and |S|, |S| are bounded from above and that ¢ is
bounded from below by a positive constant. Hence there exist constants C's > 0 and
C4 > 0 such that

s(t)] < Cs {le(t) — | +S(t) - 51} (50)

5@ < Ca{lett) — ol +S(1) = 81+ le(t) | + 19(1) } (51)
In addition, we find that ||Vp||s < 6" if

e e LG (52)

Part C: Suppose that ||[Vo|[s + ||s]lcc < . Then there exists ¢ > 0 such that
IV (®)||3 + ||8]|co < & for t € (0,¢"). Due to (47) and (50) - (52) we get for ¢ € (0,1')

V()3 = HU(t,o)VO + /OtU(t,r)F(r, V(7)) dr

3

t
< U OValls + [ U DF( V() adr
0
t
< Me= PP V4|5 +/ M(t — 7-)—(oz—%)e—(ﬂ—ﬁl)(t—f)||F||4d7-
0

¢
< Me—(ﬂ—ﬁl)t||%||3+/ M(t — 7)~ (@ D= (B=B1) =) (53)
0
X Cz{||V(7')||§ + €A1 7s(1)| + ‘eﬁlT[c(T) - E]| + ‘63173(7)‘ }dT

SMe‘(ﬂ“’l)tHVoHs*MC?{ sup [[V(7)[I3 + [|e”* sl oo

te[0,t")

+||eﬂl(~)(c_5)||oo+||eﬂ(-)é||oo}/ —(a—}) = (B—B0)T g,
0

where the abbreviation ||F||4 = ||F (7, V(7))|l4+ was used. From (50) - (53) we are able
to conclude that there exists § > 0 such that if

le” e =2l <8, [l Véfloo < 6
1”1 (S = S)lloo < 8, [l Slo0 < 6

and if
||’LLO —ﬂ“g < (5,

then
[V)lls <1 (t€[0,t1)) = [V(®)llz<do < (t€[0,t1)).

This implies that V is bounded (||V(?)||s < 61) on R, that is, v satisfies |[v(t)]|s <
Cse™P1t for all t € R. Hence, due to the assumption, we have

lu(t) =alls = [U@®)lls = [|(Fv1,v2 = s()ls < Cs {l[v(®)]ls + |s(t)[} < Cre™*.

This completes the proof il
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4. A remark on the output tracking problem

One of the specific questions in the controller design related to problem (5) - (7) is the
solvability of the following output tracking problem:

For the given reference function y* € C(R;) with 0 < y*(¢) < S(t) for all t € R
find the control ¢ = ¢(u, y*) (sufficiently smooth) such that the output

y(t) =uz(lL,t) =y*(t)  (tE€Ry)

at least approximately and/or asymptotically. Also, the stability (in appropriate spaces)
of the associated closed loop system is significant in practical situations. For example,
changes in S cause disturbances in the state and output of the system.

In mathematical setting the producing of the prescribed reference output y*(t)
means the non-homogeneous boundary condition

uz(1,t) = y*(¢)- (54)

From

uy
ot

u1(z,0) = uy(x)

= —kqui + f(u1,ug)

we can at least in theory solve the unknown u;, say u; = 6(use,t). From (6) we obtain

D32 (0, 1)

) = (0,0) — 5()

Hence we find that uy satisfies the problem

Ous 0%us D%(O, t) Ous

ot b 0x2  uy(0,t) — s(t) 9 kS (O(uz, 1), uz) (55)
0
ua(L,t) = 4" (1), 52 (1,0) =0 (56)
uz (7, 0) = us(w). (57)
Denoting Vi = us and V5 = % problem (55) - (57) gets the form
M,
ox (58)
oV, _ 10n V2(0,1) k1
9z Dot T —s@ 2T p/ 0V
Vl(.’B, 0) = ﬂz(l‘) (59)
Vi(l,t) =y*(t), Va(l,t)=0 (60)
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Furthermore, we denote Wy = Vi —us(x) and Wy = V5. Then we have for W = (W1, Wa)

W aw = Pt W)

ox (61)
W (1) = (y*(t) —u2(1),0)

where A is an operator L,(Ry)? — L, (R, )? such that

D) = LR x WP R, AW =~ (W, 1 %0

and

Oy Wy (0)
0z Wh(0) + 1 (0) — s(¢)

F(t, W)= ( W2+%f(0(W1 +ﬂ2,t),W1+ﬂ2)).

In this approach the existence and stability properties of system (61) would be inter-
esting. The corresponding control law is given by

B Wy (0,1)
C= W00+ 10(0) —s@)

The solvability of the output tracking problem given above remains open.
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