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Abstract: The structura organization of the Danish Gymnasium
greatly hinders cross-curricular activities. However, it is possible
to integrate other subjects in the mathematics curriculum, not the
least due to the existence of the so-called “aspects’. | will dis-
cuss a particular course on modeling ozone depletion which was
framed by the “model aspect”. The organization and outcome of
the course are linked to three types of competencies: mathemat-
icd, technological and reflective. | will focus on the reflective
competency, in particular the critical evaluation of mathematical
models and their use. One conclusion isthat modeling furthers al
three competencies, and thus should be given more emphasis in
mathematics instruction. However, if the reflective competency
is to be furthered, the topic must be seen in a broader societal
context, and this would be better supported by cross-curricular
activities.

Kurzreferat: Facheribergreifende Aktivitaten in einem Fach?
Modellierung der Ozonzerstérung in einer 12. Klasse. Die
strukturelle Organisation eines danischen Gymnasi ums behindert
facherlbergreifende Aktivitéten enorm. Es ist jedoch moglich,
andere Féacher in das Mathematikcurriculum zu integrieren, nicht
zuletzt wegen der sogenannten “Aspekte’. Im folgenden wird
ein spezidler Kurs zur Modelierung der Ozonzerstérung disku-
tiert, der in den Rahmen des “Modell-Aspekts’ gestellt wurde.
Organisation und Ergebnis des Kurses waren mit drel Kompe-
tenzen verbunden, némlich mathematischen, technischen und re-
flektiven. Die Betonung in diesem Beitrag liegt auf der reflek-
tiven Kompetenz, insbesondere auf der kritischen Bewertung
des mathematischen Modélls und seiner Anwendung. Unsere
Schlu¥olgerung ist die, dald Modd lbildung alle drei Kompe-
tenzen fordert. Deshalb sollte ihr im Mathematikuntericht ein
vid groferes Gewicht beigemessen werden. Soll jedoch reflek-
tive Kompetenz gefordert werden, so mul3 das Thema in einen
breiteren gesellschaftlichen Kontext gestellt werden, was durch
facherlbergreifende Aktivitéten besser unterstiitzt wiirde.

ZDM-Classification: A40, D30, M10

1. The lack of cross-curricular activities in a Danish
Gymnasium

According to the officia mathematics curriculum for Dan-
ish Gymnasiums (10th-12th grade), students are to achieve

*Part 2 will be published in ZDM 30(1998) No. 4.
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Cross-curricular activities. Part 1*

confidence with mathematics as a means of formulat-
ing, analyzing and solving problems within different sub-
jects or disciplines. This could be percelved as an en-
couragement to engage in cross-curricular activities com-
bining different school subjects. However, the structural
organization of teaching does not support this type of
cross-curricular activity. Several levels of mathematics are
taught, and the students can choose various other subjects
on different levels, so not all students in a classroom fol-
low the same courses. This is one of the drawbacks of the
system.

This does not mean, however, that al sort of cross
curricular activities must be excluded. Claus Michelsen
(personal  communication) distinguishes between three
ways of organizing cross-curricular activities:

a) It can be within the subject itself (mathematics or the
mathematics lessons), but providing a perspective on
the subject, seeing mathematics from outside the field
itself, so to speak. Typica examples would be con-
sidering the philosophy of mathematics, the history of
mathematics, applications, the notion of proof, etc.

b) It can be organized as a coordination of subjects, where
the same or related topics are treated from several per-
spectives in different subjects and lessons. An example
isworking on absorption of ionized radiation in physics
while working with exponentia growth in mathemat-
ics.

¢) Finaly, one can undertake work on an interdisci-
plinary topic, which goes beyond individual subjects
and makes them indistinguishable. The topic could be
becoming more familiar with a different culture in a
multitude of ways and perspectives, it could be work-
ing with the possible conflicts concerning energy re-
sources in the future, etc.

In order to combine mathematics with other subjects
in one of the two latter ways, the teachers would have
to exhibit a good deal of creativity in maneuvering within
the given structures. Instead, the first approach is generally
used, where non-mathematical topics are introduced in the
mathematics class to the extent it is necessary in order to
address a topic which would otherwise have been covered
through cross-curricular activities.

The mathematics curriculum does provide some space
for this type of activity. According to the centrally deter-
mined curriculum, the so-called aspects (the model aspect,
the historica aspect, and the aspect concerning the internal
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structure of mathematics) must be addressed.

The model aspect must give the students knowledge of
the congtruction of mathematica models as representa-
tions of redlity and impressions of the possibilities and
limitations of applying mathematical models, and also en-
able students to carry out a modeling process in simple
situations (loosely trandated from Bekendtgerel se, 1990).

The requirement of working with the aspects forces
the teacher to consider mathematics in a broader context.
However, the very general and open description of the as-
pects on a goal level only, sustains the teacher’s freedom
to organize the instructional space and learning activity
according to her own experience, bdiefs, vaues, etc. This
methodological freedom of the teacher is highly rated in
the Danish educational system. On the other hand, it may
be seen as a problem, because the 1989 reform introduced
the aspects without installing a pardlel change in assess-
ment. This signals a lack of priority of the aspects, as
there is no evaluation of the students' ability to, say, per-
form a modeling process on their own. And together with
the methodological freedom, it makes it easy to give the
aspects low priority in the instructional activity.

Given that it is required to work with the aspects, they
can be treated either integrated with some topic(s) or sep-
arately. In the high level mathematics stream, there are 20
lessons set aside for an optiona theme, and it is common
to cover one or more of the aspects in this connection.

Naturally, cross-curricular activities would serve an im-
portant function in the study of mathematical models and
modeling, as such models are always models of something
— whether aready existing or to be constructed. As thisis
rarely possible due to the structure of the Gymnasium, the
teacher will in most cases have to limit hersdlf to draw in
competencies from other fields. | will describe an example
where this was the case.

2. An example: Modding ozone depletion in 12th grade
My example dates back to 1992, but | find that it till illus-
trates several important points. Before | go into more de-
tails on this, | will outline the progression of the“ course’.
The students were in their final year of a Danish Gymna-
sium, and had all chosen the highest level of mathemat-
ics. Modeling ozone depletion covered the modeling as-
pect and the optiona theme. The course was taught by the
students' regular mathematics teacher, Barge Rasmussen,
together with Iben Mg Christiansen, as part of her doc-
toral work. In the following, | will refer to either of these
as the “teacher”.

The starting point was the students' own suggestion of
what important problem in the world they found it worth-
while to consider. The choice of the ozone depletion prob-
lem was not surprising, considering the public awareness
on ozone depletion over Scandinaviain that very period of
1992. On the basis of this suggestion, a selection of clip-
pings from articles were given to the students. They stud-
ied this as part of ther homework and used it in formu-
lating a list of questions which were summarized into the
following problem statement, generally agreed upon: How
will the ozone depletion develop on the basis of global
efforts (especially concerning CFC-gases)?

Analyses

With the teacher functioning mainly as chalk holder and
chairperson, the factors influencing processes in the strato-
sphere were listed for four periods of the year. Since it be-
came necessary to describe processes of change as result of
these factors, the students were asked for a mathematical
notion that encompasses the concept of change. Differen-
tial equations were suggested as the first thing, and agreed
upon.

From this, it should be clear that the students had al-
ready been introduced to differential equations. However,
the focus had been on solving ODEs. Furthermore, there
were great differences in performance across the class-
room. One thing with which the students were not famil-
iar was functions of several variables. But this caused no
problems — the students found it obvious that this concept
is necessary in describing changes that depend on several
factors.

After creating a qualitative overview of processes and
their effects, mathematization was undertaken. It was
marked by four types of considerations:

a) The question of what could actually be described math-
ematicaly (for instance, some temperature dependency
was left out from the model as the temperature is un-
predictable).

b) A method of describing the rate of change resulting
from chemica processes was adopted from Solomon,
1990.

c) Determination of chemical reaction constants.

d) Some smplifications were made in order to make the
modeling within the students' reach. For instance, it
was considered too complicated to describe the gradual
disintegration of the polar vortex, so instead it was
assumed that the vortex disappeared from one day to
the next, stopping all depletion processes, and allowing
for an instant mixing of the ozone-depleted and the
ozone-rich air.

It should be noted that these assumptions did not come
from the teacher but were devel oped through the classroom
dialogue.

At this time, the students appeared uncomfortable with
the unfamiliarity of a classroom which was not controlled
strictly by the teacher. The teachers decided to give them
a worksheet on the relation between released amounts of
CFC and chlorinein the stratosphere. This was considered
to be useful in the students' further understanding of and
work with modeling the ozone depletion itself, and it took
care of the formal requirement of written homework.

Finaly, the model was completed on the class, and the
students continued working with it in smaller groups, re-
formulating it into difference egquations which could be
programmed directly, so as to perform runs of the model
on a computer. Some groups got a bit further, introducing
refinements of the model.

The resulting model showed great yearly variations in
the ozone abundances over the Polar area, which was very
much as expected on the basis of the scientific articles
studied. The ozonelevel in theremaining part of the strato-
sphere appeared to decrease exponentially as years passed,
though rather dowly. The introduction of a ban on CFC
could be seen to have a significant effect, but the time de-
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lay was evident, and some students were surprised by the
extent of ozone depletion reached in the meantime. The
one group that had time to introduce an expression for the
formation of ozone could inform the class that with a stop
for CFC, the amount of ozone would return to the former
level, though rather slowly.

The way in which the students related to their results
varied a great deal. Some caled the teacher over and
pointed out that the ozone would be gone in the year so
and so. Others expressed their doubt in the results with
the generation of every screen picture.

The course was completed by giving the students an
evaluation questionary on what they thought about their
own model, modelsin general, and the form of the course.

3. Developing different types of competencies in the
classroom

In close correspondence with the model aspect, the goal
of the course was not simply to engage the students in
modeling, but to give them an exemplary insight in the
strengths and limitations of applying mathematica mod-
eling to complex problems situated in asocia and political
context. Thus, | find that working with such an example
could (and should) promote three different kinds of com-
petencies.

One competency is the mathematical. A detailed clari-
fication of what | mean by mathematical competency re-
quires a careful consideration of what is understood by
mathematics and clearly would be out of reach in the
present paper. Let it be enough to say that even though
our classification is inspired by Skovsmose, | do not com-
pletely follow his characterization of mathematica com-
petency. He talks about “Mathematical knowledge, which
refers to the competency normally understood as mathe-
matical skills including competencies in reproducing the-
orems and proofs, as well as mastering a variety of ago-
rithms’ (Skovsmose, 1993, p. 99).

| want explicitly to include mathematical activities such
as abstracting, generalizing, challenging ideas and notions,
formulating conjectures, suggesting and refuting proofs,
exemplifying, constructing new concepts, etc. In doing so,
| strive to embrace the perception of mathematics argued
by recent philosophies of a more social-constructivist na
ture, with an emphasis on the processes of mathematical
activities rather than on the outcome, and with an aware-
ness of the socid setting of mathematical activities, in-
cluding the values connected to mathematics (cf. Ernest,
1991; Bishop, 1988/91).

Technological competency is another. With Skovsmose,
1993, p.99, | refer to this as the competency to apply
mathematics to problems not mathematized before, and as
part hereof the competency to construct models. Reflec-
tions directed towards obtaining the best possible solution
of the problem will be part of putting technological com-
petency into practice.

Finaly, reflective competency comprises reflecting on
the use of mathematics, the link between a mathematical
mode and what it was intended to do, the effect of using
models, etc. It encompasses more than critical perspec-
tives on models, but that is the main point addressed here
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(see, however, Christiansen, 19964a). These reflections are
directed by a critica interest in recognizing that which is
restrictive and oppressive through locating meaning and
action in a societal context. They offer an ethical perspec-
tive on models and their applications.

As has been indicated through the description given
above, the contextualization — or rather imbeddedness in
a context — of the notion of functions of severa vari-
ables helped students in constructing a first understanding
of the concept, that is, what has been referred to as ba
sic ideas/Grundvorstellungen (vom Hofe, 1995), on which
the more forma mathematical notion can be based and
devdoped. Comparing to the didactica phenomenology
of Freudenthal, | find that the authentic topic served to
provide phenomena on which to base the development of
the Grundvorstellungen necessary to give meaning to the
mathematical notions. | seethis as an indicative of the fact
that bringing applications into the classroom will improve
the students' understanding of mathematics.

This was supported by the students' performance on
solving differential equations in connection with the work-
sheet and after the course. For one, several students clearly
improved their performance in comparison to before the
course. It appeared that the imbeddednessin a context had
helped some students in developing their understanding
and competencies. Some students mentioned this in their
evaluation, stating that the connection to reality had made
the calculations easier for them. One student found that
this connection made it possible to evaluate the “truth” of
the result. Thereby, he wrote, the instruction becomes less
theoretical than usual, as the introduction of some form
of practice creates a parallel illumination of the problem.
Several other students wrote that whereas standard math-
ematics exercises are solved by finding a suitable formula
in the book and applying it, there was no given method
to solve the worksheet questions. Another student found
that he had to evduate the results repeatedly and that dif-
ferent results and a discussion of the question had been
possible. Thus, also a different perception of mathematics
as an activity was supported by the course.

I will not go into further details concerning the develop-
ment of atechnologica competency with the students in
the ozone depletion course. It would take more than one
incidence of modeling to say something substantial about
technological competency. Rather, | want to focus on the
deve opment of reflective competency.

The ozone example could illustrate some important
points concerning models and their use (see Christiansen,
19964, section 11.1), but could this potential be maintained
if the students were presented with a reduced (and more
accessible) version of the problem? In the following, | will
describe the ideas behind the course organization, go into
more details with the possible content of reflective compe-
tency, and finally address the outcome of the course with
a particular focus on reflective competency.

4. Cour se organization

“Owing to the pedagogically well-intended sdlection of exam-
ples, those chosen are generally very misleading. They are too
smple, too smooth, giving the student a wrong impression of
formal concepts matching reality. The students do not see the
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true problem in modeling, in smplification and generalization,
in the formulation, analytical trestment and numerical solution
of equations, in the interpretation and control of the results — or
they see them only in a systematicaly reduced form.” (Booss-
Bavnbek, 1991, p. 77)

As one guideline in the organization of the actual course,
it was defined that the authenticity of the problem should
be upheld to such an extent that the students would see
the problem as related to ozone depletion rather than as
something introduced as a means to demonstrate or illus-
trate some mathematics. This would make a discussion of
the relevance, conseguences, and problems of applying the
model feasible. The complexity of the problem should also
be maintained to an extent which would require making
a choice of smplifications in the system description. By
engaging in the performance of such simplifications, the
students would not only experience an important element
of modeling, they would also have the chance to experi-
ence conflicts between the modeler’s and the user’s point
of view.

These guiddines concerning content were linked to two
pedagogical principles, namely that the work should be
problem-centered and participant-directed.

Problem-centered has a speciad meaning to me (cf.
Vitha et a., 1995). The work should be centered around
formulating and solving a particular problem, in contrast
to working through pre-structured material. This serves a
double point. First, in the organization of the content, as
the formulation of a problem makes the content opera-
tional to what essentially is a research process by goa-
orienting the activity. Second, it serves an instructional
point because working to generate/formulate a problem
forces the students to obtain a preliminary overview of
the material and the topic and necessitates analyzing rather
than simply comprehending the given information, but also
because it clarifies the purpose of the activity and thereby
helps to overcome the potentia conflicts between the nor-
mal requirements, the hidden curriculum, and the students’
expectations.

Participant-directed recognizes both the teacher and the
students as participants. This implies that neither party
holds complete control over the content. Instead, it must
be submitted to negotiation. This makes it more likely that
the students' work will link onto their epistemic interests.
Furthermore, the negotiation of the content makes it nec-
essary to consider the purpose of engaging in the activity.
This goes well with the problem formulation.

These guiddines were applied in the actual course, as
aso indicated in the above description. It points to the
necessity of carefully considering the topic which is used
as a starting point for such activity. Rather than construct-
ing examples to serve instructional purposes, the activity
gains from beng closely connected to an authentic prob-
lem — especially if the goal is to give the students a basis
for a critical insight in models and modeling. And this
is the very type of insight which should — among oth-
ers, naturally — be promoted in the future if we want an
empowering mathematics education for all.

Analyses

5. Critique of models in the classroom

If students are to obtain an awareness of the role of math-
ematics in society — and many reasons can be given why
thisis desired — they must encounter some authentic mod-
€els (cf. Hirsberg & Hermann, 1991, p.191; Niss, 1990,
p. 70). However, the knowledge of the existence of such
models is not enough to ensure critica competency. The
students must also be able to “see through and evaluate
others application of mathematics to problems external to
mathematics’ (Niss, 1984, p. 25, my trandation).

This implies more than an analysis of the mathematical
qualities of the model. It cdls adso for an investigation
of the representational quality of the model and of the
possibilities for verification. Ultimately, students should
experience that these aspects may vary with the modd,
and that the issues necessary to address vary with the use
of the model in a broader context.

My analyses of the ozone depletion example and simi-
lar cases indicate that it is meaningful to the understand-
ing of mathematics in society to let a “critique of mod-
els’” encompass more than the reliability question (Chris-
tiansen, 19964). It should aso concern the fulfillment of
the model’ s felicity conditions. This implies asking under
what circumstances the model isreliable, useful, meaning-
ful, and who is obligated by these conditions in the use of
the modd .

Furthermore, the acts performed through the introduc-
tion of a model to a problem must be considered. One
must distinguish between the act of modding and the act
of using the modedl. This implies a distinction between
the intentions behind the construction of the mode, the
intentions behind its use, and the effects of its use.

The effects of using a model can be addressed in par-
ticular. Skovsmose, 1990, recognizes four such effects: an
ateration of the interpretation or construction of the prob-
lem, a limitation of the group of possible participants in
the problem solving procedure, a change in the structure
of argumentation, and an influence on the type of solu-
tion. Christiansen, 19963, finds a common effect of using
models to be atechnocratic transformation by which a po-
litical or ethical problem is transformed into one that can
be addressed by technological means. The ozone example
has the potential to address al these issues in a more or
less exemplary way.

These are the important considerations behind striving
to maintain the complexity and authenticity of the model,
at least to a certain extent, as addressed above. It remains
to be addressed whether it is actually feasible to introduce
such complex issues in the classroom in such a way that
there is a move towards the mentioned goals.

6. Reflections on models exercised by students in the
ozone depletion course
The most common type of reflectionsin the students’ writ-
ten evaluations concerned the reliability of modes as de-
scriptive tools. They had many suggestions to what could
be wrong with their own ozone depletion mode's and how
these could be improved.

There was some variation in the students’ confidence in
their models. Some thought that it had little connection to
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reality or that it had especially many blank spots compared
to models in general, while others found that the model
showed the tendency of ozone depletion. Many students
did not, however, find it trustworthy in this respect, as
they had confidence in a positive effect of agreements to
reduce CFC emissions. In this sense, the students’ attitudes
and beliefs made them inclined to disregard the result of
their own modeling and calculations. This may well have
been different if the students had worked with a topic of
which they had more knowledge beforehand — yet another
argument in favour of cross-curricular activities.

Severa students pointed out that the model’ s correspon-
dence to reality depends on the level and kind of theory
on which it is based. It was noted, however, that in any
case the modes can show tendencies only, that they are
theoretical constructs which cannot be trusted, and that
modeling necessitates making assumptions wherefore the
model needs to beimproved and adjusted. Thus, reliability
considerations were central to the students’ reflections.

Some students found the models useful in addressing
what can be done to prevent further ozone depletion. They
expressed that despite the uncertainties of the mode, it
should be taken as an indication of the range of the ozone
depletion under different circumstances and should be
used as the basis for regulating the situation. Still, such an
approach reflects a technological perspective on the prob-
lem — it is assumed that the problem can be controlled
through the right initiatives. Undoubtedly a necessary line
of pursuit, but nonetheless an approach which ignores the
underlying fundamental ethical issues of baancing per-
sona comfort and pollution.

Such issues were raised by some students during the
modeling. Thus, a few students opposed, almost aggres-
sively, discussing the details of the ozone depleting pro-
cesses and the model. They fdt that the effect of the CFCs
was certain enough, and that instead the focus should
be on how to limit CFC emissions immediately. As part
hereof, some of the fundamental political and ethica is-
sues were raised — the dilemma between obtaining bet-
ter living standards with lower consumption of resources,
between maintaining standards of living and taking envi-
ronmental precautions, between reducing production costs
and transforming production according to environmental
concerns.

However, the technological and the ethical approaches
were never combined or connected in reflections on the
use of models. | find that one reason for this was the
lack of connection to the political and ethical issues in
the organization of the course, the organization of which
enforced a focus on constructing a model.

The main effects of using models reflected on by the
students concerned the possible actions which could be
derived from the models. The students seemed to find
that the recognition of the ozone depleting effect of CFCs
should lead to a complete stop for emissions — an al-or-
nothing-view — while they did not recognize the possibility
of using the quantifications in arguing for allowing CFC
emissions within certain limits.

In general, there appeared to be a recognition of model-
ing as a useful tool in obtaining more clarity on a problem,
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while little consideration was given to the model’ s possible
effects through transformation of the problem — such as
the technocratic transformation. Perhaps the recognition of
the technocratic transformation and similar uses of models
cannot be recognized when the political context of using
the modd is not sufficiently taken into consideration.
This is yet another indication that a problem submitted
to classroom activity must be rather authentic and with
a good deal of the origind complexity if it is to support
the development of a broad range of competencies. And if
reflective competency is to be furthered, the problem must
not be disconnected from the societal context in which it
is originaly embedded. Still, it should also be taken into
consideration that this was the students' first encounter
with modeling and modd's, and like any other competency,
reflective competency does not develop over night.

8. Conclusion

| find that the official mathematics curriculum for the
Danish Gymnasium supports some interesting and rele-
vant perspectives through the inclusion of the aspects —
though it is somewhat countered by the lack of inclusion
in the assessment. It does so without limiting the teach-
ers’ methodological freedom. | have discussed a particular
incidence of teaching within the modd aspect, and | find
that this particular way of addressing issues concerning
models and modeling have a great potential in developing
the three described competencies. It must be recognized
as a possible strength in the organization of this particular
course that the authenticity and complexity of the prob-
lem were maintained to as large an extent as possible, and
that the course was problem centered and participant di-
rected. On the other hand, | find that the structure of the
Danish Gymnasium inhibits cross-curricular activities and
that this confines the development of the competencies in
severa ways.

In particular, the exclusion of the societal context of a
topic may limit the development of certain aspects of re-
flective competency, especially those concerning the use
of models. And this exclusion is hard to overcome with-
out cross-curricular activities — it is hard for the mathe-
matics teacher to create space to include such activities,
when other aims must be pursued according to the of-
ficia curriculum. If the development of all three com-
petencies should be promoted — and | think it should —
there must a greater emphasis on modeling, working with
authentic and complex problems, ec. rather than on prac-
ticing algorithms and reproducing knowledge. In order for
this kind of mathematical activity to occur, the curricu-
lum must create space which preferably should encourage
cross-curricular activities.

In the present paper, | have touched on the instruc-
tiona organization only briefly. However, the outcome of
such a course is extremely sensitive to the organization
and forms of communication supported (see Christiansen,
1996b, 1997, and 1998). | find that the authentic case must
be taken seriously, the modeling should be god-oriented
yet open-ended, students must be supported in develop-
ing ways of modeling through careful guidance, and com-
munication between teacher and students should support



ZDM 98/2

the students' modeling activity including reflection on the
prdiminary model at any time. All in all, there must be
a breach of the traditional exercise-directed instruction,
promoting instead a truly problem-directed approach. In
this sense, promoting cross-curricular or modeling activ-
ities does not do the job, if the pedagogica organization
is not also taken into consideration in close connection to
the organization of the content.
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