Steps in Differential Geometry, Proceedings of the Colloquium
on Differential Geometry, 25-30 July, 2000, Debrecen, Hungary

LOCAL AND GLOBAL SOLUTIONS OF THE NAVIER-STOKES
EQUATION

A. PRASTARO

ABSTRACT. A brief report is given on our recent results [5,6] proving ex-
istence of (smooth) global solutions of the 3D nonisothermal Navier-Stokes
equation (NS), and (non)uniqueness of such solutions for (smooth) boundary
value problems.

1. GEOMETRY OF THE NAVIER-STOKES EQUATION AND LOCAL AND GLOBAL
EXISTENCE THEOREMS

The non-isothermal Navier-Stokes equation (NS), for incompressible fluids, on
the Galilean space-time M results a 74-dimensional submanifold of the second
order jet-derivative space JD*(W) [2], where W = JD(M) x p T{M Xy TYM,
with JD(M) = first order jet-derivative space for motions, i.e., first derivative of
sections m : T — M of the Galilean affine fiber bundle 7 : M — T, where T
represents the time axis. T9M = M x R. A section s : M — W, of 7 : W — M is
a triplet s = (v, p, 6), where v = velocity vector field, p = isotropic pressure field,

= temperature field. More precisely, with respect to an inertial frame ¢, (NS)
is defined by the following equations:

div(pv) =0
(1) (NS)c JD*(W):{ div[pv®@v—P]—pB =0, P=—pg-+2xeé
p3e =< P,é > —div(q), q = vgrad(6)

with é the infinitesimal strain, g = the vertical metric field of M, x = viscosity,
v = velocity field, v = thermal conductivity, e = internal energy, B = body
volume force. To the above equations we must add the thermodynamic constitutive
equations for e, x and v. We can assume e = e(), v = v(0) and x = x(0). For the
sake of semplicity we shall assume that v and x are constant and C, = (96.e) =
constant. Furthermore, we shall assume the body volume force conservative: B =
—grad(f). Let us consider a coordinate system adapted to the frame ¢: M : (z%),
0<a<3; W:(z%ip,0),1<i<3; JDW): (xa,j:i,p,&a'c%,pﬁ,@@), 0<p<
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3. Then, (NS) can be written in the following form:
(2)
FO=i*G, +3167=0
(NS){ Fi=i*Ri+i°i pGl 439 ptpid+a5 515 4+a% TI 4p, " 4p(dz,.f) g7 =0, 1<j<3

F*=00pCp+i" 0,0, B pCp+i* P Wi +3% a5 Wh  +F 52 Y, /P =0
with
RI=—2x[G}; (0ws.g")+ G, (0zs.g"") +(02i.0x5.9"7)]
Sisz—2x[—G§kg"5—Gfpgpséi—Zngg”—i-é';(Bacp.gps)]
T’_(:]‘LSEQX(gS‘] 511""9155%)
(3) Eis=_pgis 1<4,5,k,p,5<3
Wka*ZXGZijs(angSi)
Wi =2x[GY,.9509 7 +G +(0mk g7 ) gse]
Y, P=2x[grsg'P+640.]

Here G§p are the spatial components of the connection coefficients of the canonical
connection on the Galilean space-time. Then, (IN.S) results an algebraic submani-
fold of JD?(W). The following theorem gives an important structure property of
the Navier-Stokes equation.!

Theorem 1. Equation (NS) is an involutive but not formally integrable, and nei-
ther completely integrable, PDE of second order on the fiber bundle m : W — M.

Into (NS) we can distinguish an important sub-PDE (NS):

@ (NS) © (NS) c JDXW) < J2(W)

where the framed numbers denote the dimensions of the corresponding overstanding

objects.? (TV?) is an involutive formally integrable PDE, but with zero character-
istic distribution. (Also the characteristic distribution of (NS) is zero.) Of course
for the set of solutions Sol(—) of these equations one has the following inclusions:

—

Sol(NS) C Sol(NS). Furthermore, one has the following exact commutative dia-
gram:

0 — Ws),, — JD*W)

! !
(5) 0 — s — Jp2w)

! !

0 0

IThis and the following theorems in this section will be stated without proofs. These, and
other informations, can be found in refs.[3,4,5].

2J2(w) is the second order jet space for 4-dimensional submanifolds of w [1-5]. JD2(W) is an
open submanifold of s2(w).
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where the index "+1” denotes ”first prolongation”. The local expression of (NJS)
is the following:

FO=i* QY +4167=0
F=i* (0o .Gl )+ah GI, +4l,68=0

o — sai

(6) (NS) R Fi=i®RI+a° pGl +&°dd ptpad +a% SI° &% TI 4pigh +p(8ai. f)g" =0
FA=00pCp+i"040:. B™ pCp+3" &P Wip+a 25 W), +aF 25V, =0
0<a<3, 1<5<3

where the symbols of the coefficients are like before. (NS) is an affine fiber bundle
over the affine submanifold (C') C JD(W). More precisely, we can write (NS) =
Uge(c)(NS)g, where (NS)q is a 46-dimensional affine submanifold of w;%(q) with
associated vector space the symbol (g2)q of (NS) at any point ¢ € (NS)g. Fur-
thermore, (C) is a fiber bundle over W. One has the following exact commutative
diagrams:

(7)

JD?2(W) D (NS§) — W — 0

L ! I

JD(W) D () — W — 0 0 — g2 = vT(NS) — 73 19T(C) — 0
| |
0 0

—

The Cartan distribution Eo(NS) of (NS) is the Cauchy characteristic distribu-
tion associated to the contact ideal Co C Q°*(J3(W)) generated by the following
differential forms:

=dF°=(dzo .G, )i* da*+GI, di* +dik sy
€0, =dF)=[(0x30z0 .G, )3" +(92p.GI) )k do’ +(0a .G ) di* + G dih +di),,
e =dFI=A3 da®+B] di* +pdi}+S]° di + T di ¥, + g% dpy,
(8) e*=dF*=Agdz’®+ Bdi"+C*d0o +D5da? +E do;,
w/=did —il de®,  wl=di),—il jda”
wi=dp—padz®, wizdpafpa@da:ﬁ
WO=do—0,da™,  w2=dby—04pdc?

1<j<3, 0<a<3

with

AJ =i% 0z R1)+i'3° p(0z0 .Gl ) +35 (820.S1°) ik, (820 . T]')

+p(0za.9")(8i. f)+pg* (8zadz; . f)+(0za .9 )i

B} =i*2pGI, +il p+R]

9) Ap=0;.(025.E*)+3" &P (0. Wip)+ (0. WL, ) +3* 23 (925.Y,7)
By =0y, pCp+i? (Wip+Wpi )+, Wi,

Co=i*pC), (2°=1)

Dr=i"Wp +2iFY;P

1<4,5,k,p,s<3, 0<a,B<3




266 A. PRASTARO

Therefore
(10) Co=<whwl e > 1<I<5 0<J<4, 0<a<3.

—

The Cartan distribution Eo(NS) is generated by vector fields of the following type:

(11) |

C=X[030+i], 0 j+paOp+0a00+il 05 +pasdp’+05000° )+ X7 ;0557 +Yas0p™’ +Zas00°"

where the components X, Xiﬁ, Yo, Zap satisfy the following equations:

XO[AI Bl it +pid 513k 49" par]+TI* XE =0

(12) XC‘[Aa+Bki§+C’S9a5+pCp90.a+DZ£§LY]+EiSZ?5:0 ‘
XP[(02p0za. .G )3" +(0m5.GY ) )+ (0ma .Gl )+, G ]+ X3, =0
1<5j<3,0<a<3

— —

Therefore, Eo(NS) is a distribution of dimension 46: dimEy(NS) = 46. (The
Cartan distribution Eo(NS) on (NS) is of dimension 50.)

Theorem 2. (Existence of local regular solutions for (NS)). For any initial
condition of (N.S) belonging to the augmented equation (TVF), i.e., for any point q €
(TV-S\) C (NS), we can construct a (smooth) reqular solution of (NS) C J2(W), that
is a 4-dimensional (smooth) submanifold V. C W such that its second holonomic
prolongation V3 is contained into (NS) and q € V?),

Theorem 3. (Cauchy problem for (NS) C J2(W)). Any (regular) integral

—

submanifold N C (NS) C (NS) C J}(W) of dimension 3 that satisfies the initial
conditions and the transversality conditiowth respect to a time-like vector field
¢ € 5(Ca), (where Cq is the ideal encoding (N S) given in Theorem 1, and s denotes
Yinfinitesimal symmetry”), generates a (regular, smooth) solution of (NS) if N has
no frozen singularities [1].

In order to pass from local existence theorems to global ones and characterize the
topology of these global solutions, it is necessary to consider the integral bordism
group in dimension 3 of (NS). In the following we give a short summary of these
concepts. (For more details and proofs see refs.[2,3,5]. See also refs.[7] for some
further applications.)

We shall say that a p-dimensional, p < 3, compact closed smooth integral man-
ifold N C (NS) is admissible if the following conditions hold: (i) The set X(V)
of singular points of N has no open subsets and has no frozen singularities; (ii)
For N passes at least one integral manifold V' of dimension p 4+ 1 such that its set
Y(V) of singular points has no open subset; (iii) 3(NN) can be solved by means
of integral deformations. From Theorem 3 it follows that the set of such admissi-
ble p-dimensional, p < 3, compact closed smooth integral manifolds is not empty.
We define integral bordism in (NS) the usual bordism [2], but with the ad-
ditional requirement that the manifolds contained in (NS) must be admissible

integral ones. We denote by Q,(,NS) the set of integral bordism classes [N](yg) of
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(NS) with 0 < p < 3. The operation of taking disjoint union (J defines a sum
+ on QZ(,NS) so that it becomes an abelian group (integral p-bordism group of
(NS)). We call bar singular chain complex of (NS), with coefficients into
an abelian group G, the chain complex {C,,((NS);G),d} where C,((NS);G) is
the G-module of formal linear combinations with coefficients in G, ), A\jc;, where
c; is a singular p-chain f : AP — (NS) that extends on a neighborhood U C RP*1,
such that f on U is differentiable and T'f(AP) C Eo(NS). Denote by H,((NS); G)
the corresponding homology (bar singular homology with coefficients in G of
(NS)). Let {CP((NS); G) = Homz(C,((NS); Z),G), 5} be the corresponding dual
complex and let HP((NS);G) be the associated homology spaces (bar singular
cohomology with coefficients into G of (N.S)). Let us denote by Gﬂé{is) the
corresponding bordism groups in the singular case. Let us denote also by [N livs)
the equivalence classes of integral singular bordisms. In the following, for semplic-
ity, we will consider the case G = R only and we will omit the apex G in the
symbols.

Theorem 4. (Integral bordisms groups in (NS)). In the following table we
summarize the calculated integral bordism groups of (NS).

Table: Integral bordism groups in the Navier-Stokes equation

p [o0® [olT= T afee o
0 Z Z R R
1 0 0 0 0
2 Z Z 0 0
3 0 0 0 0

Theorem 5. (Tunnel effects in the Navier-Stokes equation). In the set of p-
dimensional, 2 < p < 4, integral manifolds of (NS) one has manifolds that change
their sectional topology (tunmel effect). In particular, in the set Sol(NS), of
all solutions of the Navier-Stokes equation, there are also solutions V' that present
(multi)tunnel effects. This means that V are 4-dimensional amissible integral man-
ifolds contained into (NS) on which there exist Morse functions f : V. — [a,b],

with OV = f_l(a)Uf_l(b) where a and b are regular values, such that there
are disjoint k-cells e C V \ Ny and disjoint (4 — k)-cells (e.)i™" < V \ Ny,

i
1 <4 < vy, =number of critical points with index k, k = 0,--- ,4, such that: (i)
e N Ny = 9eF; (ii) (e.)™F NNy = 9(e.)i™; (iil) there is a deformation retrac-
tion of V onto No U {U; keF}; (iv) there is a deformation retraction of V' onto

N U{Ui ()i () (e)F 7 =g € Vi (e)i %M ek, (h denotes transverse).

i
These solutions are not, in general, representable are image of second derivative of
sections of the fiber bundle m: W = JD(M) x5 TOM x 0 TOM — M.
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2. (NON) UNIQUENESS THEOREMS FOR BOUNDARY VALUE PROBLEMS

Definition 6. We define global (smooth) solution of (NS) any (smooth) so-
lution of (NS) that is defined in any space-like region inside the boundary and for
any t > to, where tg is an initial time.

Theorem 7. (Existence of global (smooth) solutions of (N.S)). For a generic

(smooth) boundary value problem contained into (NS) C (NS) exist global (smooth)
solutions of (NS).

Proof. A boundary value problem for (N S) can be directly implemented in the
manifold (NS) C JD?*(W) C JZ(W) by requiring that a 3-dimensional compact

space-like (for some t = tg), admissible integral manifold By, C (NS) C (NS)
propagates in (N.S) in such a way that the boundary OB describes a fixed 3-

dimensional time-like integral manifold ¥ C (TV?) C (NS).2 Y is not, in general,
a closed (smooth) manifold. However, we can solder Y with two other compact
3-dimensional integral manifols X;, i = 1,2, in su/chi way that the result is a closed
3-dimensional (smooth) integral manifold Z C (N.S) C (NS). More precisely, we
can take X; = B, so that Z = X1UypY is a 3-dimensional compact integral
manifold such that 9Z = C is a 2-dimensional space-like integral manifold. We
can assume that C is an orientable manifold. Then from Theorem 4 it follows
gat\ 0X5 = C, for some space-like compact 3-dimensional integral manifold Xy C
(NS). Set Z = ZUC X5. Therefore, one has Z = X1 Jy5Y Up X2. Then, from
Theorem 4 it follows that there exists a 4-dimensional integral (smooth) manifold

—

V C (NS) C (NS) such that 0V = Z. Tt follows that the integral manifold V is a
solution of our boundary value problem between the times ¢y and t1, where tg and
t, are the times corresponding to the boundaries where are soldered X;, i = 1,2
to Y. Now, this process can be extended for any to > t;. So we are able to find
(smooth) solutions for any ¢ > to. Therefore we are able to find global (smooth)
solutions. Remark that in order to assure the smoothness of the global solutions

so built it is enough to develop such constructions in the infinity prolongation

Theorem 8. Boundary conditions do not assure, in general, the uniqueness of
solutions.

Proof. We shall use the following lemmas. (For their proofs see ref.[6].)

Lemma 9. For any admissible 3-dimensional space-like integral manifold there
exist (global) solutions of (NS), but these are not unique.

Lemma 10. For the Navier-Stokes equation with viscosity x # 0, the Reynolds
number identifies characteristic nunbers associated to 3-dimensional, (resp. 1-
dimensional closed), space-like submanifolds By C V of solutions V. C (NS),

3We shall require that the boundary 9By, of B is orientable.
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but these numbers are not, in general, characteristic for the solutions V, i.e., the
Reynolds number does mot identify 1-conservation law and neither conservation
laws for (NS).4

Lemma 11. In the set Sol(NS) of solutions of the Navier-Stokes equation (NS),
there are also ones where are present different domains, some corresponding to
stable flows and other to unstable flows.

Let us consider, now, a boundary value problem for (N.S) C JD*(W) C JZ(W)
defined by means of a 3-dimensional compact space-like (for some ¢t = tg), ad-
missible integral manifold B C (N.S) propagating in (/N.S) in such a way that the

—

boundary 0B describes a fixed 3-dimensional time-like integral manifold Y C (N S).
Now, from Theorem 7 and Lemma 9, it follows that we can find many ”character-
istic vectors” that agree on the boundary Y, i.e., many global (smooth) solutions
that satisfy fixed boundary conditions. In fact, let us consider Y diffeomorphic
to a manifold X C W by means of the projection mao : JF(W) — W. Let us
assume, for example, that X is topologically equivalent to S3: X ~ S3. As W
is an affine fiber bundle over M of dimension 9, it follows that there are many
4-dimensional disks D* such that dD* = S3. In other words, there are many com-
pact smooth 4-dimensional manifolds Z C W such that 0Z = X. If we consider
their second holonomic prolongation Z() C J2(W) one has 3Z(?) =Y. In general
Z®) is not contained into (NS). However, as (NS) is a deformation retract of
J2(W), we can deform Z() in such a way to become a regular integral manifold
V C (NS) with OV =Y. This is equivalent to say that (N.S) is of (p)-homotopy
type, 0 < p < 3. (For a detailed proof see ref.[5].) Of course, as dim(N.S) = 74 and
dim Eo(NS) = 50, at different Z there correspond, in general, different integral
manifolds V' such that 0V = Y. Furthermore, taking into account the triviality
of the first integral bordism group QgNS) of (NS), we can have also solutions that
produce some singular points in the corresponding flows. In fact, let us consider
a loop in By,. Its propagation could produce a tunnel effect forming, at some

instant t > tg, n loops, since the first integral bordism group, Q(INS), of (NS) is

trivial: QgNS) = 0. This corresponds to the production of a tunnel effect in the
integral flow lines of the fluid. These are, of course, compatible with the boundary
conditions. Sources of such tunnel effects are eventual unstability of flows. In fact,
as Lemma 10 and Lemma 11 say, a 3-dimensional space-like submanifold B, C V/,
where V is a solution of (N.S), can evolve following other solutions V’ # V, pass-
ing for B, when the solution V' at B; becomes unstable, (e.g., if the characteristic
Reynolds number R, (t) of B; exceds the critical Reynolds number). (For details
see ref.[6].) Therefore, we can conclude that, since (N.S) is a PDE that satisfies

4Recall that a p-conservation law, 0 < p < 3, is a function on the integral bordism groups
Q;NS) or QI(,NS)*'“’. A conservation law for (N.S) is a differential 3-form « on JD> (W) such that
aly (o) = 0, for any solution V() € (NS)too. Any conservation law identifies a 3-conservation
law. (For more details see refs.[2,3,5].)
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the (p)-homotopy principle, 0 < p < 3, and standing the triviality of the bordism
groups QgNS) and Q(lNS)“", (as well as ng\gs) and Qg{is)“"), boundary conditions
do not assure, in general, the uniqueness of solutions. ([l

Remark. From Theorem 8 it follows as a by-product that the Navier-Stokes
equation produces solutions which exihibit finite-time singularities. But this does
not contradicts Theorem 7 that states thaulﬁre are global smooth solutions for
any ”initial condition” in the sub-equation (N.S) of the Navier-Stokes equation. In
fact a global smooth solution may be eventually unstable and, therefore, will not
be possible to completely observe it in experiments. (Here ”completely” means
”for any time”.) O

Example 12. (Incompressible Newtonian fluid: Isothermal nonsteady
state laminar flow in circular pipe). Let us assume: (a) the pipe is horizontal
and very long (¥); (b) there is not flow for t<o; for t=0 it is applied a gradient of
pressure: 207PL - (¢) the field of velocity has the following structure: (v;)=(v.=0,v9=
0,v.=v.(r,t)). Then the motion equation and continuity equations give the following
equation:

p(0t-v.) =07 Ly Lo (r(Or-v2))]

v, (r,0)=0, 0<r<R
boundary conditions: v, (0,t)=finite
v, (R,t)=0.

(13)

As a consequence we get:

(14) o)=L (1 (5)%) =8 3 eI o)

where r=xt/pR?, a,= zeros of Bessel function J,, J,= Bessel functions with i>0.?
Therefore, it should appear, from above calculations, that the solution is unique for
the fized boundary conditions. But all depends on the fact that we have just at the
beginning fixed a flow type (laminar flow). Of course many other flow types can oc-
cur with the same boundary conditions! In fact, it is well known that laminar flows
are unstable for high Reynolds numbers. Of course these unstable and turbulent
flows respect the same boundary conditions than laminar flows.

The Euler equation, (E), for incompressible fluids can be considered the limit
case of the Navier-Stokes equation (NN.S) for zero viscosity (x = 0) and zero thermal
conductivity (v = 0), (or, equivalently, for isothermal case). Of course, for such an
equation continue to hold Theorem 2, Theorem 3, Theorem 4, Theorem 5, Theorem

o

7 and Theorem 8 by simply substituting (N.S) and (N.S) with (E), but there are
not more informations coming from Reynolds number as it is always oco-valued. In
fact, in the case of the Euler equation Lemma 10 does not work more, (as x = 0).
We have, instead, an important 1-conservation law, absent in the Navier-Stokes

5Tor details on the calculations see ref.[6].
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equation. However, this conservation law does not guarantees, in general, the
conservation of the local vorticity. In fact, we have the following theorem.

Theorem 13. The vorticity (or spin) identifies a 1-conservation law (strenght

of

the vortex) f : ﬁﬁE)*w — R on the first causal integral bordism group QEE)M

of the Euler equation.% This is, in general, a partial obstruction to the change of
the local vorticity.” It becomes a full obstruction in the D = 2 case.’
Proof. See ref.[6]. O
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SEmphasize that such a conservation law does not exist for the Navier-Stokes equation.
"This interpretes the well known phenomenon called enstrophy [6].
8In this case, a global smooth solution that at some instant ¢, has zero vorticity, will remain

irrotational for any ¢>tq. (This agrees with a well known behaviour of the Euler equation.)



